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Abstract. We study the motion of a rigid body of arbitrary shape immersed in a viscous
incompressible fluid in a bounded, three-dimensional domain. The motion of the rigid body is
caused by the action of given forces exerted on the fluid and on the rigid body. For this problem,
we prove the global existence of weak solutions.
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1. Introduction

We consider a coupled system of nonlinear partial and ordinary differential equa-
tions modeling the motion of a rigid body inside of a fluid flow. The governing
equations for the fluid flow are given by the classical Navier–Stokes system whereas
the motion of the solid is governed by the equations for the balance of linear and
angular momentum. The motion of the rigid body is caused by the action of given
forces exerted on the fluid and the rigid body.

Suppose that a rigid body B moves inside of a domain D0 filled up with a
viscous fluid. At the initial moment of time, the body occupies a set S0 ⊂ D0,
where S0 is the closure of a simply connected domain S0. This is the reference
configuration. The Cartesian coordinates y of points of the body at the initial
moment are called material or Lagrangian coordinates. We assume that the center
of mass is located at y = 0. The trajectory of any material point y is completely
described by two functions:

t 7→ Q(t) ∈ SO(3) and t 7→ x(t) ∈ R3,
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where the second function is just the trajectory of the center of mass of the rigid
body. The equations of the trajectory of any material point have the form

x(y, t) = Q(t)y + x(t), y ∈ S0. (1.1)

Thus, at the time t, the body occupies the set S(t) where

S(t) =
{
x ∈ R3 | x = Q(t)y + x(t), y ∈ S0

}
. (1.2)

As a matter of convenience, let us recall some notation from tensor algebra
which we are going to use. We shall use only fixed Cartesian coordinates. For
that reason, we will not distinguish between tensors and their coordinate matrices
with respect to the chosen Cartesian coordinates. Thus, algebraic operations with
tensors can be expressed via algebraic operations with matrices. Denoting by
M3×3 the space of all real 3×3 matrices and adopting the convention on summation
over repeated lower Latin indices running from 1 to 3, we shall use the following
notations:

u · v = uivi, |u| =
√

u · u,
u ∧ v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1) ∈ R3,

u⊗ v = (uivj) ∈M3×3, A : B = tr(A∗B) = AijBij , |A| =
√
A : A,

A∗ = (Aji) ∈M3×3, trA = Aii, and Au = (Aijuj)

for ∀u = (uj) ∈ R3, ∀v = (vj) ∈ R3, ∀A = (Aij) ∈ M3×3, and ∀B = (Bij) ∈
M3×3.

The motion of the fluid is described by the velocity field vf . The vector vf (x, t)
is interpreted as the velocity of the fluid material point which has Cartesian coor-
dinates x at the time t. This provides the Euler description of the fluid motion.
With (1.1), one can give an Eulerian description of the motion of the solid body
B:

vs(x, t) = Q̇(t)Q∗(t)(x− x(t)) + w(t), x ∈ S(t), (1.3)

where

w(t) = ẋ(t) =
dx(t)
dt

(1.4)

and we use the notation for the derivative in time

ḃ(t) =
db(t)
dt

,

if a function b depends on time only.
Since Q(t) ∈ SO(3), the matrix Q̇(t)Q∗(t) is skew symmetric. Thus, one can

determine the rotation vector ω(t) by the identity

Q̇(t)Q∗(t)z = ω(t) ∧ z, z ∈ R3. (1.5)

Then, (1.3) can be written in the form

vs(x, t) = ω(t) ∧ (x− x(t)) + w(t), x ∈ S(t). (1.6)
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The dynamics of the coupled fluid-rigid body system is described by the fol-
lowing system of partial and ordinary differential equations:

ρf∂tvf (x, t) + ρfdiv
(
vf (x, t)⊗ vf (x, t)

)
− divσf (x, t) = ρf f(x, t)

div vf (x, t) = 0

σf (x, t) = 2νε
(
vf (x, t)

)
− pf (x, t)I

(1.7)

for all x ∈ D0\S(t), t ∈ [0, T ],

ms ẇ(t) =
∫
∂S(t)

σf (x, t) n(x, t) ds + ρs
∫
S(t)

f(x, t) dx

Jω̇(t) = Jω(t) ∧ ω(t) +
∫
∂S(t)

(x− x(t)) ∧
(
σf (x, t) n(x, t)

)
ds

+ρs
∫
S(t)

(x− x(t)) ∧ f(x, t) dx

(1.8)

for all t ∈ [0, T ], and

vf (x, t) = vs(x, t), x ∈ ∂S(t), t ∈ [0, T ],

vf (x, t) = 0, x ∈ ∂D0 t ∈ [0, T ].
(1.9)

Here, ρf > 0 and ρs > 0 are the constant densities of the fluid and the rigid
body, respectively, ms = ρs|S0|, f is a given external force per unit mass, σf is
the Cauchy stress tensor in the fluid, pf is the pressure field in the fluid, ν is the

constant viscosity of the fluid, ε(v) ≡ 1
2

(∇v + (∇v)∗), I is the identity matrix,

n(·, t) is the unit outer normal vector to the surface ∂S(t) of the set S(t), and the
inertial matrix J of the body is defined by the following identity:

(Ja) · b = ρs
∫
S(t)

(a ∧ (x− x(t))) · (b ∧ (x− x(t))) dx (1.10)

for any a,b ∈ R3.
The system (1.1)–(1.10) must be complemented by the initial conditions{

vf (x, 0) = vf0 (x), x ∈ D0\S0

vs(x, 0) = ω0 ∧ x + w0, x ∈ S0
(1.11)

and {
ω(0) = ω0, w(0) = w0

Q(0) = I, x(0) = 0.
(1.12)

We always seek solutions vf , Q, x, ω, and w to the initial-boundary value problem
(1.1)–(1.12) which satisfy the relation

dist {∂D0, S(t)} > 0 for all t ∈ [0, T ], (1.13)

i.e., the rigid body does not touch the confining boundary of the fluid domain.
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In (1.7), we have used the following differential operators:

∇p = (p,j), ∇v = (vi,j), div v = (vi,i),

divσ = (σij,j), and ∂tv =
∂v
∂t
,

where the comma in the lower indices indicates differentiation with respect to the
corresponding Cartesian coordinate; for example, p,i

def= ∂p/∂xi.
The goal of this paper is to prove the global existence of weak solutions to

the initial-boundary value problem (1.1)–(1.12). In particular, the problem we
consider corresponds to the motion of a rigid body of arbitrary shape immersed in
a fluid; the fluid and the rigid body are subject to prescribed external forces and
the fluid is subject to square integrable initial data. Of course, one should expect
some restrictions on T but they are connected with condition (1.13) only. This
problem, in different settings, was studied by other authors. The case D0 = R3

was treated in [8] and [9], essentially for the steady case. For a bounded domain
D0 in R3, the existence of at least one local strong solution, even for many bodies
inside of D0, was proved in [2]. The authors of that paper assumed that the
initial data have square integrable derivatives. In [1], the one body problem was
considered in the case of a bounded domain D0. Those authors assumed that the
body is a ball, the external force f is equal to zero, and the initial data are square
integrable. Their definition of a weak solution is similar to the one given here and
their main theorem states the existence of at least one such a weak solution.

We also note the papers [3] and [5] on the closely related topic of the existence of
weak solutions to initial-boundary value problems for the Navier–Stokes equations
in domains with prescribed time-varying boundaries. The paper [4] is related in
a different way; in it, the steady self-propelled motion of a body in a viscous
incompressible fluid is studied.

We next discuss a consequence of (1.7) and (1.8), assuming that a solution to
(1.1)–(1.12) exists and is smooth. We first introduce

ρ (x, t) =

{
ρs, x ∈ S(t)

ρf , x ∈ D0\S(t),
v(x, t) =

{
vs(x, t), x ∈ S(t)

vf (x, t), x ∈ D0\S(t).
(1.14)

Next, let V be a sufficiently smooth solenoidal function in D0×]0, T [ such that

V(x, t) = 0, x ∈ ∂D0, t ∈ [0, T ],

and

V(x, t) = Ω(t) ∧ (x− x(t)) + W(t), x ∈ S(t), t ∈ [0, T ],

for some t 7→ Ω(t) ∈ R3 and t 7→W(t) ∈ R3. Then, using (1.10) and integrating
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by parts, we obtain∫
D0

[
ρ(x, t)

(
∂tv(x, t) ·V(x, t) +∇v(x, t) : (V(x, t) ⊗ v(x, t))

)
+ 2νε(v(x, t)) : ε(V(x, t)) − ρ(x, t) f(x, t) ·V(x, t)

]
dx = 0 (1.15)

for any t ∈ [0, T ].
It turns out to be more convenient to interchange the roles of the reference and

current configurations. To this end, we make the following change of variables and
functions:

ρ(x, t) = ρ(y), v(x, t) = Q(t)u(y, t), x ∈ D0, y ∈ D(t), (1.16)

where
D(t) =

{
y ∈ R3 | y = Q∗(t)(x− x(t)), x ∈ D0

}
, (1.17)

and

ω(t) = Q(t)ω(t), w(t) = Q(t)w(t), J = Q(t)JQ∗(t). (1.18)

Now, (1.4)–(1.6) and (1.9)–(1.14) take the form

ẋ = Q(t)w(t), (1.19)

Q∗(t)Q̇(t)z = ω(t) ∧ z ∀ z ∈ R3, (1.20)

us(y, t) = ω(t) ∧ y + w(t), y ∈ S0, (1.21){
uf (y, t) = us(y, t), y ∈ ∂S0, t ∈ [0, T ],

uf (y, t) = 0, y ∈ ∂D(t), t ∈ [0, T ],
(1.22)

(Ja) · b = ρs
∫
S0

(a ∧ y) · (b ∧ y) dy, a,b ∈ R3, (1.23){
uf (y, 0) = uf0 = vf0 , y ∈ D0\S0,

us(y, 0) = ω0 ∧ y + w0, y ∈ S0,
(1.24)

ω(0) = ω0, w(0) = w0, Q(0) = I, x(0) = 0, (1.25)

dist{∂D(t), S0} > 0, t ∈ [0, T ], (1.26)

and

ρ(y) =

{
ρs, y ∈ S0,

ρf , y ∈ D(t)\S0,
u(y, t) =

{
us(y, t), y ∈ S0,

uf (y, t), y ∈ D(t)\S0.
(1.27)

If we choose a test function U such that

V(x, t) = Q(t)U(y, t), x ∈ D0, , y ∈ D(t),

U(y, t) = Ω(t) ∧ y + W(t), y ∈ S0,
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where Ω(t) = Q∗(t)Ω(t) and W(t) = Q∗(t)W(t), then (1.15) yields the identity∫
D(t)

[
ρ(y)

(
(∂tu(y, t) + ω(t) ∧ u(y, t)) ·U(y, t)

+∇u(y, t) : (U(y, t) ⊗ (u(y, t) − ω(t) ∧ y−w(t))
)

+ 2ν ε(u(y, t)) : ε(U(y, t)) − ρ(y)Q∗(t)f(Q(t)y

+ x(t), t) ·U(y, t)
]
dy = 0

(1.28)

for any t ∈ [0, T ].

2. The notion of weak solutions and main results

In order to define the notion of weak solutions to the initial-boundary value prob-
lem (1.1)–(1.12), or, equivalently, to the initial-boundary value problem (1.19)–
(1.28), we need to introduce some sets and function spaces.

First, we introduce the set of admissible configurations

R def=
{
D ⊂ R3 | S0 ⊂ D = {y ∈ R3 | y = Q∗(x− x), x ∈ D0}

for some Q ∈ SO(3), and for some x ∈ R3}.
Next, let us choose a ball D+ with the center at the origin such that D ⊂ D+ and
dist{∂D+, D} ≥ 1 for all D ⊂ R.

We shall use the usual Lebesque and Sobolev spaces Lr(D;R3) and W l
r(D;R3),

respectively. Now, for D ⊂ R, we define the set

C∞(D) def=
{
v ∈W 1

∞(D+;R3) | spt v ⊂ D, div v = 0 in D+,

v(y) = ω ∧ y + w for any y ∈ S0, for some ω ∈ R3, and for some w ∈ R3}.
We denote by H(D) and H1(D) the closure of the set C∞(D) in L2(D+;R3) and
W 1

2 (D+;R3), respectively. We assume that

D0 and S0 are of class C2. (2.1)

Then, one can claim that for any D ∈ R, the following statements are valid:

(1) the embedding H1(D) into H(D) is dense and compact;

(2) H(D) =
{
v ∈ L2(D+;R3) | v = 0 in D+\D, div v = 0 in D+,

v(y) = ω ∧ y + w for any y ∈ S0, for some ω ∈ R3,

and for some w ∈ R3
}

;

(3) H1(D) = H(D) ∩W 1
2 (D+;R3).

(2.2)
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We also assume that
(Ja) · a ≥ γ0|a|2, a ∈ R3, (2.3)

for some positive number γ0.
We extend the function ρ to the whole ball D+ by setting

ρ
def=

{
ρf in D+\S0 ,

ρs in S0.

Then, for any D ⊂ R and for any u ∈ H(D), we let

E(u) def=
1
2

∫
D+

ρ |u|2 dy =
1
2

(∫
D\S0

ρf |u|2 dy +ms|w|2 + (Jω) · ω
)
.

Concerning the external force, we assume that

A2
f = max{ρf , ρs} sup

0≤t<+∞

∫
D0

|f(x, t)|2 dx < +∞ and f ∈ C(D × [0, T ];R3)

(2.4)
for any bounded domain D ⊂ R3 and for any T > 0. Concerning initial data, it is
assumed that

u0 ∈ H(D0) (2.5)

and
d

def= dist{∂D0, S0} > 0. (2.6)

Definition 2.1. We say that a function u is a weak solution to the initial-
boundary value problem (1.19)–(1.28) if it has the following properties:

u ∈ L∞
(
0, T ;L2(D+;R3)

)
∩ L2

(
0, T ;W 1

2 (D+;R3)
)
, (2.7)

u(·, t) ∈ H1(D(t)) for a.a. t ∈ [0, T ], (2.8)

where

D(t) def=
{
y ∈ R3 | y = Q∗(t)(x− x(t)),x ∈ D0

}
∈ R for all t ∈ [0, T ], (2.9)

and the functions

Q ∈W 1
∞(0, T ;M3×3) and x ∈W 1

∞(0, T ;R3) (2.10)

satisfy the relations

x(t) =
∫ t

0
Q(τ)w(τ) dτ for all t ∈ [0, T ], (2.11){

Q∗(t)Q̇(t)z = ω(t) ∧ z for all z ∈ R3 and for a.a. t ∈ [0, T ]

Q(0) = I, Q(t) ∈ SO(3) for all t ∈ [0, T ],
(2.12)

u(y, t) = ω(t) ∧ y + w(t) for all y ∈ S0 and for a.a. t ∈ [0, T ], (2.13)
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and, for almost all t ∈ [0, T ], the function u satisfies the variational identity∫
D+

ρ(y)
(
u(y, t) ·U(y, t) − u0(y) ·U(y, 0)

)
dy−

∫ t

0

∫
D+

ρu · ∂τU dydτ

+
∫ t

0

∫
D+

{
ρ
(
(ω ∧ u) ·U +∇u : (U⊗ (u− ω ∧ y−w))

)
+ 2ν(ε(u) : ε(U)) − ρF ·U

}
dydτ = 0

(2.14)

for all U ∈ W 1
∞(D+×]0, T [;R3) such that U(·, τ) ∈ C∞(D(τ)) for all τ ∈ [0, T ],

where
F(y, t) def= Q∗(t)f(Q(t)y + x(t), t),

and u also satisfies, for almost all t ∈ [0, T ], the energy inequality

E(u(·, t)) + 2ν
∫ t

0

∫
D+

|ε(u)|2 dydτ ≤ E(u0) +
∫ t

0

∫
D+

ρF · u dydτ. (2.15)

The initial data are fulfilled in the following sense:

the function hU(t) =
∫
D+

ρ(y) u(y, t) ·U(y, t) dy is continuous

on [0, T ] for all U ∈ C([0, T ];L2(D+;R3)) such that

U(·, t) ∈ H(D(t)), t ∈ [0, T ], and hU(0) =
∫
D+

ρ(y) u0(y) ·U(y, 0) dy.

(2.16)

Our main results are as follows.

Theorem 2.1. Assume that conditions (2.1) and (2.3)–(2.6) hold. Then, there
exists a positive number T0 = T0(u0, f , d, S0, D0) such that for any T ∈]0, T0[ there
exists at least one weak solution to the initial-boundary value problem (1.19)–(1.28).
Weak solutions satisfy all the relations (2.7)–(2.16). Moreover, only one of the
following cases can be realized.

1. T0 = +∞.
2. Let {Tk > 0}∞k=1 be any sequence such that Tk ↑ T0. For given Tk, choose

an arbitrary weak solution to (1.19)–(1.28) satisfying Definition 2.1. Let the
function t ∈ [0, T ] 7→ Dk(t) ∈ R correspond to the chosen weak solution. Then,

dist{∂Dk(Tk), S0} = dist{∂D0, Sk(Tk)} → 0 as k → +∞.

In fact, all the statements of Theorem 2.1 are simple consequences of the fol-
lowing theorem.
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Theorem 2.2. Let

λ+
def= inf

{∫
D+

|ε(v)|2 dy | v ∈
o

W 1
2 (D+;R3),div v = 0 in D+,

v(y) = Ω ∧ y + W, y ∈ S0, for some Ω ∈ R3

and for some W ∈ R3,

∫
D+

ρ |v|2 dy = 1
} (2.17)

and

T∗(E0, Af , d) def= min

{
1,

d

2
√

2

((
diamS0√

γ0
+

1√
ms

)√
E0 +Ef

)−1
}
, (2.18)

where

E0
def= E(u0) and Ef

def=
A2

f

4νλ+
.

Then, for any weak solution to the initial-boundary value problem (1.19)–(1.28)
satisfying Definition 2.1 with T = T∗, we have the estimate

dist{∂D(t), S0} ≥
d

2
for all t ∈ [0, T∗]. (2.19)

Moreover, there is at least one weak solution to (1.19)–(1.28) satisfying Defini-
tion 2.1 with T = T∗.

Proof of Theorem 2.1. Suppose that we are given an arbitrary collection {f ,u0, d}
satisfying (2.4)–(2.6). Assume that a positive number T exists such that there
is a weak solution to (1.19)–(1.28) satisfying Definition 2.1. Let us denote by T0
the supremum of such T . According to the second statement of Theorem 2.2 we
have T0 > 0. If T0 = +∞, then we take another collection {f ,u0, d}, satisfying
conditions (2.4)–(2.6). Thus, we assume that T0 < +∞.

Suppose that the last statement of Theorem 2.1 is false. Then, there is a
sequence {T k > 0}∞k=1 with the following properties:

T k ↑ T0 (2.20)

and, for each k, there is a weak solution u(k) to (1.19)–(1.28), satisfying Definition
2.1 with T = T k, such that the function t ∈ [0, T k] 7→ Dk(t) ∈ R, corresponding
to this solution, satisfies the inequality

lim sup
k→+∞

dist
{
∂Dk(T k), S0

}
≥ 2d0 > 0. (2.21)

For ε > 0, by (2.20) and (2.21), one can find a positive number k = k(ε, d0) such
that

T0 − ε < T k < T0 (2.22)

and
dist

{
∂Dk(T k), S0

}
≥ 3

2
d0. (2.23)
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Our goal is to choose a number ε in order to arrive at a contradiction with the
definition of the number T0. From Definition 2.1 and from (2.23) it follows that a
number Tk exists such that

T k −
ε

2
< Tk ≤ T k, u(k)(·, Tk) ∈ H1(Dk(Tk)),

dist {∂Dk(Tk), S0} ≥
5
4
d0,

and

Ek + ν

∫ Tk

0

∫
D+

|ε(u(k))|2 dydt ≤ E0 +EfTk ≤ E0 +EfT0, (2.24)

where Ek = E(u(k)(·, Tk)). To obtain (2.24) from (2.15), we have used the defini-
tion of the number λ+ and the Cauchy inequality.

By Theorem 2.2, there exists a weak solution ũ(1), defined on the interval
]Tk, T

(1)
[, such that ũ(1)(·, Tk) = u(k)(·, Tk), D̃(1)(Tk) = Dk(Tk). Here T

(1)
=

Tk + T∗
(
Ek, Af ,

5
4
d0

)
,

T∗
(
Ek, Af ,

5
4
d0

)
= min

{
1,

5c1 d0

8
√
Ek +Ef

}
≥ ( see (2.24) )

≥ T (1)
∗ = min

{
1,

c1 d0

2
√
E0 + (T0 + 1)Ef

}
where

c1 =
1√
2

(
diamS0√

γ0
+

1√
ms

)−1

.

We also know that

dist{∂D̃(1)(t), S0} ≥
5
8
d0, t ∈ [Tk, T

(1)
].

It should be noted that in order to apply Theorem 2.2, one needs to involve some
fixed rotation and translation.

Next, there is a number T (1) such that

T
(1) − ε

22 < T (1) ≤ T (1)
, ũ(1)(·, T (1)) ∈ H1(D̃(1)(T (1))),

dist{∂D̃(1)(T (1)), S0} ≥
9
16
d0,

E(ũ(1)(·, T (1))) ≤ Ek + (T (1) − Tk)Ef ≤ E0 + (T0 + 1)Ef .

Clearly, the functions

u(1)(·, t) =

{
u(k)(·, t), 0 ≤ t ≤ Tk
ũ(1)(·, t), Tk ≤ t ≤ T (1)

and D(1)(t) =

{
Dk(t), 0 ≤ t ≤ Tk
D̃(1)(t), Tk ≤ t ≤ T (1)
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provide a weak solution to (1.19)–(1.28), satisfying Definition 2.1 on the interval
]0, T (1)[.

Proceeding in such a way, we obtain that, for any m, there are two functions
u(m)(·, t) and D(m)(t), satisfying Definition 2.1 on the interval ]0, T (m)[. Here, the
number T (m) can be estimated from below in the following way:

T (m) ≥ T k −
ε

2

m∑
i=0

1
2i

+
m∑
i=1

T
(i)
∗ ≥ T k − ε+

m∑
i=1

T
(i)
∗ ,

where

T
(i)
∗ = min

{
1,

c1 d0

2i(E0 + (T0 + i)Ef )

}
.

Moreover,

dist
{
∂D(m)(T (m)), S0

}
≥ d0

2m
.

Thus, setting

T ′0
def= T k − ε+

∞∑
i=1

T
(i)
∗ ,

we see that, for any T < T ′0, there exists a weak solution to (1.19)–(1.28), satisfying
Definition 2.1 on the interval ]0, T [. But, according to (2.22), we have

T ′0 >
∞∑
i=1

T
(i)
∗ + T0 − 2ε,

To obtain the contradiction, we take ε =
1
4

∞∑
i=1

T
(i)
∗ . Theorem 2.1 is proved. �

Theorem 2.2 will be proved with the help of a special regularization. To describe
it, we take an even non-negative function k ∈ C∞0 (R1) such that k(s) = 0 if |s| ≥ 1.
Then, we let

K1µ(t) = c∗1
1
µ
k

(∣∣∣∣ tµ
∣∣∣∣2
)
, t ∈ R1,

K2µ(y) = c∗2
1
µ3 k

(∣∣∣∣yµ
∣∣∣∣2
)
, y ∈ R3,

Kµ(y, t) = K1µ(t)K2µ(y), y ∈ R3, t ∈ R1,

where µ is a positive parameter. The constants c∗1 and c∗2 are chosen so that∫ +∞

−∞
K1µ(t) dt = 1 and

∫
R3
K2µ(y) dy = 1.
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Theorem 2.3. Suppose that all conditions of Theorem 2.1 hold and let, in addi-
tion,

u0 ∈W 2
2
(
D0\S0;R3) ∩H1(D0). (2.25)

Then, there is a function u having the following properties:{
u ∈ L∞

(
0, T∗;W 1

2 (D+;R3)
)
∩C

(
[0, T∗];L2(D+;R3)

)
∂tu ∈ L2

(
0, T∗;L2(D+;R3)

)
,

(2.26)

where T∗ = T∗(E0, Af , d). The function u satisfies the relations (2.8), (2.9) and
(2.11)–(2.13) with

Q ∈ C1 ([0, T∗];M3×3) and x ∈ C1 ([0, T∗];R3) . (2.27)

For almost all t ∈ [0, T∗], the function u satisfies the variational identity∫
D(t)

ρ(y)
[{

(∂tu(y, t) + ω(t) ∧ u(y, t)) ·U(y)

+∇u(y, t) :
(
U(y) ⊗ ((u)µ(y, t) − ω(t) ∧ y−w(t))

)}]
dy

+
1
2

(ρf − ρs)
∫
∂S0

[
u(y, t) ·U(y)

(
(u)µ(y, t) − ω(t) ∧ y−w(t)

)
· n(y)

]
ds

+
∫
D(t)

[
2ν ε(u(y, t)) : ε(U(y)) − ρ(y)Q∗(t)f(Q(t)y + x(t), t) ·U(y)

]
dy

= 0
(2.28)

for any U ∈ H1(D(t)). Here n is the unit outward normal vector to the surface
S0, and

(u)µ(y, t) def=
∫
Q+

Kµ(y− y′, t− t′)u(y′, t′)dy′dt′, Q+
def= D+×]0, T∗[.

For all t ∈ [0, T ], the energy inequality (2.15) holds. The initial conditions are
satisfied in the following sense:

‖u(·, t)− u0(·) ‖L2(D+,R3) → 0 as t ↓ 0. (2.29)

3. Proof of Theorem 2.3

In this section, we prove Theorem 2.3. To this end, we introduce a partition of

the segment [0, T∗] determined by the points tk = k∆, ∆ =
T∗
N

, k = 0, 1, . . . , N ,

into N segments [ti−1, ti], i = 1, 2, . . . , N . We look for a function uN , having the
form

uN (y, t) = u(k−1)(y) +
(
u(k)(y)− u(k−1)(y)

) t− tk−1

∆
(3.1)
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for t ∈ [tk−1, tk], k = 1, 2, . . . , N and y ∈ D+. The functions u(k), k = 0, 1, . . . , N ,
are required to satisfy the following system of equations:

u(0) = u0, (3.2)

u(k)(y) = ω(k) ∧ y + w(k) for all y ∈ S0 and for k = 0, 1, . . . , N, (3.3)

u(k) ∈ H1(Dk), k = 1, 2, . . . , N, (3.4){
Dk =

{
y ∈ R3 | y = (QN )∗(tk)(x− xN (tk)), x ∈ D0

}
dist {∂Dk, S0} > 0, k = 1, 2, . . . , N,

(3.5)


(QN )∗(t) Q̇N (t)z = ω(k−1) ∧ z for all z ∈ R3, t ∈ [tk−1, tk]

xN (t) = xN (tk−1) +
∫ t

tk−1

QN(τ)w(k−1) dτ, t ∈ [tk−1, tk]

for k = 1, 2, . . . , N,

(3.6)

{
QN (tk) = QN(tk − 0) = QN (tk + 0) ∈ SO(3)

xN (tk) = xN (tk − 0) = xN (tk + 0) for k = 1, 2, . . . , N − 1,
(3.7)

QN (0) = I, xN (0) = 0, (3.8)

and∫
D+

ρ

[(
u(k) − u(k−1)

∆
+ ω(k) ∧ u(k)

)
·U

+∇u(k) :
(
U⊗

(
(uN )µ(·, tk)− ω(k) ∧ y−w(k)

))]
dy

+
1
2

(ρf − ρs)
∫
∂S0

u(k) ·U
(

(uN )µ(·, tk)− ω(k) ∧ y−w(k)
)
· n ds

+
∫
D+

[
2ν ε(u(k)) : ε(U)− ρ (QN )∗(tk)f(QN (tk)y + xN (tk), tk) ·U

]
dy

= 0 for all U ∈ H1(Dk), k = 1, 2, . . . , N.

(3.9)

Let us briefly explain how to prove the existence of a solution uN to the problem
(3.1)–(3.9). First of all, we derive from (3.9) an a priori estimate by substituting
U = u(k) and then integrating by parts. As a result, we have∫

D+

{
ρ

u(k) − u(k−1)

∆
· u(k) + 2ν|ε(u(k))|2

}
dy

=
∫
D+

ρ (QN )∗(tk)f(QN (tk)y + xN (tk), tk) · u(k) dy.
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We again use the definition of the number λ+ and the Cauchy inequality to obtain
from the last relation the following estimate:∫

D+

{
ρ

u(k) − u(k−1)

∆
· u(k) + ν|ε(u(k))|2

}
dy ≤ Ef .

Summation by parts gives us

E(u(m)) + ν
m∑
k=1

∆
∫
D+

|ε(u(k))|2 dy +
1
2

m∑
k=1

∫
D+

ρ |u(k) − u(k−1)|2 dy

≤ E0 +Ef tm ≤ E0 +EfT∗ ≤ E0 +Ef

(3.10)

for any m = 1, 2, . . . , N .
The estimate (3.10) provides the inequality (see (2.3) and the definition of E)

1
2

(
ms|w(m)|2 + γ0|ω(m)|2

)
≤ E0 +Ef T∗ ≤ E0 +Ef . (3.11)

It follows from (3.6) and (3.11) that

|xN (t)| ≤

√
2(E0 +Ef )

ms
T∗,

|Q̇N(t)| ≤

√
2(E0 +Ef )

γ0
implies |QN (t)− I| ≤

√
2(E0 +Ef )

γ0
T∗.

(3.12)

Thus, if we introduce

DN (t) =
{
y ∈ R3 | y = (QN )∗(t)(x− xN (t)),x ∈ D0

}
, (3.13)

then

dist{∂DN(t), S0} = dist{∂D0, S
N (t)}

= inf
{
|x− x̃| | x ∈ ∂D0, x̃ = QN(t)y + xN (t), y ∈ S0

}
≥ inf {|x− y| | x ∈ ∂D0, y ∈ S0} −

(
|QN (t)− I|diamS0 + |xN (t)|

)
≥ d− T∗

√
2(E0 +Ef )

(
diamS0√

γ0
+

1√
ms

)
≥ (see(2.18)) ≥ d

2

(3.14)

for all t ∈ [0, T ] and for all N .
Having in hand the estimates (3.10) and (3.14), one can prove the existence

of a solution to problem (3.1)–(3.9). To this end, let us consider the following
problem. For a given function

vN (y, t) = v(k−1)(y) +
(
v(k)(y) − v(k−1)(y)

) t− tk−1

∆
, t ∈ [tk−1, tk], (3.15)

where k = 1, 2, . . . , N , and v(i) ∈ L2(D+;R3), div v(i) = 0 in D+, v(i) = 0 in
some neighborhood of ∂D+, i = 0, 1, . . . , N, we are looking for a function uN ,
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satisfying (3.1)–(3.8) and the variational identity∫
D+

ρ

[(
u(k) − u(k−1)

∆
+ ω(k) ∧ u(k)

)
·U

+∇u(k) :
(
U⊗

(
(vN )µ(·, tk)− ω(k) ∧ y−w(k)

))]
dy

+
1
2

(ρf − ρs)
∫
∂S0

u(k) ·U
(

(vN )µ(·, tk)− ω(k) ∧ y−w(k)
)
· n ds

+
∫
D+

[
2ν ε(u(k)) : ε(U)− ρ (QN )∗(tk)f(QN (tk)y + xN (tk), tk) ·U

]
dy

= 0

(3.16)

for any U ∈ H1(Dk), k = 1, 2, . . . , N . Since div (vN )µ = 0, the estimates (3.10)
and (3.14) hold for any solution to the problem (3.1)–(3.8) and (3.16). Solvability
of this problem can be proved easily if we take into account (3.6) and (3.16).
They show that to find u(k) and Dk we need only know u(k−1) and Dk−1. Then,
marching from k = 0 to k = N , we find uN .

Now, we see that problem (3.1)–(3.8) and (3.16) defines multivalued mapping
vN 7→ uN . Since uN satisfies (3.10) and (3.16), we easily can show that this
mapping has a fixed point. It is a solution to problem (3.1)–(3.9).

In this remainder of this section, we shall denote by c, c1, etc. all constants
which depends only on u0, Af , d, D0, S0, and µ. At times, different constants will
be denoted by the same symbol.

To prove Theorem 2.3, we will need the following result.

Lemma 3.1. For any solution to problem (3.1)–(3.9), the following estimate holds

∫
D+

| ε(u(m))|2 dy +
m∑
k=1

∆
∫
D+

∣∣∣∣u(k) − u(k−1)

∆

∣∣∣∣2 dy
+

1
∆

∫
D+

∆
∣∣∣ ε(u(k) − u(k−1)

)∣∣∣2 dy ≤ c (3.17)

for m = 1, 2, . . . , N .

Proof. Unfortunately, we can not substitute U =
u(k) − u(k−1)

∆
into (3.9) because

u(k−1) belongs to H1(Dk−1) but not to H1(Dk). To overcome this, we introduce
the following mapping z from Dk into Dk−1:

Dk−1 3 z(y) = (QN )∗(tk−1)
(
QN(tk)y + xN (tk)− xN(tk−1)

)
, y ∈ Dk.

Clearly, by (3.6) and (3.11),

sup
y∈Dk

|z(y) − y| ≤ c1 ∆. (3.18)
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Now, let us introduce the function

u(k−1)
+ (y) =

{
(QN )∗(tk)QN (tk−1)u(k−1)(z(y)), y ∈ Dk

0, y ∈ D+\Dk.

We see that

u(k−1)
+ ∈W 1

2 (D+;R3) and div u(k−1)
+ = 0 in D+ . (3.19)

However, the function u(k−1)
+ still does not belong to H1(Dk).

We introduce the set

S
d/4
0 =

{
y ∈ R3 | dist{S0,y} <

d

4

}
;

by (3.14),

S
d/4
0 ∩ ∂Dk = ∅, k = 0, 1, . . . , N. (3.20)

Next, we choose a cut-off function ϕ ∈ C∞0 (R3) with the following properties:

0 ≤ ϕ ≤ 1 in R3 and ϕ =

{
1 in S0

0 in R3\Sd/40 .

We then have∫
S
d/4
0 \S0

∇ϕ ·
(
u(k−1)

+ − u(k−1)
)
dy =

∫
S
d/4
0 \S0

div
(
ϕ
(
u(k−1)

+ − u(k−1)
))

dy

= −
∫
∂S0

n ·
(
u(k−1)

+ − u(k−1)
)
dy = −

∫
S0

div
(
u(k−1)

+ − u(k−1)
)
dy = 0.

Here, n is the outward unit normal vector to the surface ∂S0. Then (see [7]), there

exists a function v(k−1) ∈
o

W 1
2 (Sd/40 \S0) such that

div v(k−1) = ∇ϕ ·
(
u(k−1)

+ − u(k−1)
)

in S
d/4
0 \S0

and
‖v(k−1) ‖

L2(Sd/4
0 \S0) +‖∇v(k−1) ‖

L2(Sd/4
0 \S0)

≤ c1(d, S0)‖u(k−1)
+ − u(k−1) ‖

L2(Sd/4
0 \S0).

We extend v(k−1) by zero to D+. Then, we obtain

v(k−1) ∈
o

W 1
2 (D+;R3), div v(k−1) = ∇ϕ ·

(
u(k−1)

+ − u(k−1)
)

in D+,

‖v(k−1) ‖L2(D+) + ‖∇v(k−1) ‖L2(D+) ≤ c1(d, S0) ‖u(k−1)
+ − u(k−1) ‖L2(D+).

(3.21)
Now, we let

u(k−1)
∗ = u(k−1) + (1− ϕ)

(
u(k−1)

+ − u(k−1)
)

+ v(k−1) ;
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by (3.19) and (3.21),

u(k−1)
∗ ∈ H1(Dk), k = 1, 2, . . . , N. (3.22)

We introduce the additional notation

u(k) − u(k−1)
∗

∆
=

u(k) − u(k−1)

∆
+ v(k−1)

∗ , (3.23)

where

v(k−1)
∗

def= − 1
∆

(1− ϕ)
(
u(k−1)

+ − u(k−1)
)
− 1

∆
v(k−1).

Now, by (3.22), one may substitute
u(k) − u(k−1)

∗
∆

for U in (3.9). As a result, we
have∫

D+

ρ

∣∣∣∣u(k) − u(k−1)

∆

∣∣∣∣2 dy + 2ν
∫
D+

ε(u(k)) : ε
(

u(k) − u(k−1)

∆

)
dy

def= I
(k)
0 + 2ν

∫
D+

ε(u(k)) : ε
(

u(k) − u(k−1)

∆

)
dy

=
∑6
i=1 Ii.

(3.24)

Here,

I1
def= −

∫
D+

ρ
u(k) − u(k−1)

∆
· v(k−1)
∗ dy ≤ c1 (I(k)

0 )1/2

(∫
D+

∣∣∣v(k−1)
∗

∣∣∣2 dy)1/2

,

I2
def= −

∫
D+

ρ
(
ω(k) ∧ u(k)

)
:
(

u(k) − u(k−1)

∆
+ v(k−1)

∗

)
dy

≤ (see (3.10) and (3.11) ) ≤ c1

(
I

(k)
0 +

∫
D+

∣∣∣v(k−1)
∗

∣∣∣2 dy)1/2

,

I3
def= −

∫
D+

ρ∇u(k) :

((
u(k) − u(k−1)

∆
+ v(k−1)

∗

)
⊗
(
(uN )µ(·, tk)− ω(k) ∧ y−w(k)

))
dy

≤ c1

(∫
D+

|∇u(k)|2 dy
)1/2(

I
(k)
0 +

∫
D+

|v(k−1)
∗ |2 dy

)1/2

×
(

supy∈D+

∣∣(uN )µ(y, tk)− ω(k) ∧ y−w(k)
∣∣)

≤ c2

(∫
D+

|ε(u(k))|2 dy
)1/2(

I
(k)
0 +

∫
D+

∣∣∣v(k−1)
∗

∣∣∣2 dy)1/2

,
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I4
def= −1

2
(ρf − ρs)

∫
∂S0

u(k) ·
(

u(k) − u(k−1)

∆
+ v(k−1)

∗

)
×
(
(uN )µ(·, tk)− ω(k) ∧ y−w(k)

)
· n ds

≤ c1 supy∈D+

∣∣(uN )µ(y, tk)− ω(k) ∧ y−w(k)
∣∣

× 1
∆

∫
∂S0

∣∣∣ω(k) ∧ y + w(k)
∣∣∣ ∣∣∣(ω(k) − ω(k−1)) ∧ y + (w(k) −w(k−1))

∣∣∣ ds
≤ c2

(
I

(k)
0

)1/2
(where we used the fact that v(k−1)

∗ = 0 on ∂S0),

I5
def= −2ν

∫
D+

ε
(
u(k)

)
: ε
(
v(k−1)
∗

)
dy,

I6
def=
∫
D+

ρ (QN )∗(tk) f
(
QN (tk)y + xN(tk), tk

)
·
(

u(k) − u(k−1)

∆
+ v(k−1)

∗

)
dy

≤ c1

(
I

(k)
0 +

∫
D+

∣∣∣v(k−1)
∗

∣∣∣2 dy)1/2

.

Using the Cauchy inequality, we derive from (3.24) and from the estimates given
above, the following estimate:

c1 I
(k)
0 + 2 ν

∫
D+

ε(u(k)) : ε
(

u(k) − u(k−1)

∆

)
dy

≤ I5 + c2

(
1 +

∫
D+

|v(k−1)
∗ |2 dy +

∫
D+

|ε(u(k))|2 dy
)
.

(3.25)

Next, by (3.21) and (3.23),∫
D+

|v(k−1)
∗ |2 dy ≤ c1

∆

∫
D+

|u(k−1)
+ − u(k−1)|2 dy.

From the definition of u(k−1)
+ (see (3.19)), it follows that

|u(k−1)
+ (y)−u(k−1)(y)|

=
∣∣∣((QN )∗(tk)− (QN )∗(tk−1)

)
QN (tk−1)u(k−1)(z(y)) + u(k−1)(z(y))−u(k−1)(y)

∣∣∣
≤ c1∆|u(k−1)(z(y))|+

∣∣∣∣∫ 1

0
∇u(k−1)(y+θ(z(y) − y))(z(y) − y) dθ

∣∣∣∣ .
Taking into account the estimate (3.18), one can derive from the last two inequal-
ities the following relations:

1
∆

∫
D+

|u(k−1)
+ − u(k−1)|2 dy ≤ c1

(
1 +

∫
D+

|ε(u(k−1))|2 dy
)

∫
D+

|v(k−1)
∗ |2 dy ≤ c2

(
1 +

∫
D+

|ε(u(k−1))|2 dy
)
.

(3.26)
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Now, let us estimate I5 in (3.25). We have

I5 = J1 + J2, (3.27)

where

J1 = 2ν
1
∆

∫
D+

ε(u(k)) : ε(v(k−1)) dy

J2 = 2ν
1
∆

∫
D+

ε(u(k)) : ε
(

(1− ϕ)(u(k−1)
+ − u(k−1))

)
dy.

The integral J1 can be estimated easily (see (3.21) and (3.26)):

J1 ≤
2ν
∆

(∫
D+

|ε(u(k))|2 dy
)1/2(∫

D+

|ε(v(k−1))|2 dy
)1/2

≤ c1
1
∆

(∫
D+

|ε(u(k))|2 dy
)1/2(∫

D+

|u(k−1)
+ − u(k−1)|2 dy

)1/2

≤ c2

(
1 +

∫
D+

|ε(u(k))|2 +
∫
D+

|ε(u(k−1))|2dy
)
.

(3.28)

To estimate J2, we first integrate by parts and obtain

J2 = J2
′ + J2

′′, (3.29)

where

J2
′ = 2ν

1
∆

∫
∂Dk

(
ε(u(k))n

)
·
(
u(k−1)

+ − u(k−1)
)
ds

J2
′′ = −2ν

1
∆

∫
Dk\S0

div ε(u(k)) · (1− ϕ)
(
u(k−1)

+ − u(k−1)
)
dy.

For J2
′, we have (u(k−1)

+ = 0 on ∂Dk)

|J2
′| =

2ν
∆

∣∣∣∣∫
∂Dk

(
ε(u(k))n

)
· u(k−1) ds

∣∣∣∣
≤ 2ν

∆

(∫
∂Dk

|ε(u(k))|2 ds
)1/2 (∫

∂Dk

|u(k−1)|2 ds
)1/2

.

(3.30)

Now, we are going to exploit (3.20). By (3.20) and by the fact that the domain
Dk is the result of translations and rotations of the domain D0, we claim that for
any γ ∈]0, 1[ the estimate∫

∂Dk

|ε(u(k))|2 ds ≤ c
(
γ

∫
Dk\S0

|∇2u(k)|2 dy +
1
γ

∫
D+

|ε(u(k))|2 dy
)

(3.31)

holds. The constant c in (3.31) depends only on D0 and d.
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To estimate the second factor on the right hand side of (3.30), we use Lemma
A.1 of the Appendix and obtain the inequality

1
∆2

∫
∂Dk

|u(k−1)|2 ds ≤ c
(∫

∂Dk−1

|∇u(k−1)|2 ds+
∫
Dk−1\S0

|∇2u(k−1)|2 dy
)

≤ c1

(∫
Dk−1

|ε(u(k−1))|2 dy +
∫
Dk−1\S0

|∇2u(k−1)|2 dy
)

(3.32)
with a constant c1 depending only on D0.

Next, we evaluate J2
′′ with the help of (3.26)

|J2
′′| ≤ c

(∫
Dk\S0

|∇2u(k)|2 dy
)1/2(

1 +
∫
D+

|ε(u(k−1))|2 dy
)1/2

. (3.33)

For k = 1, 2, . . . , N , the function u(k) satisfies the Stokes equations

−2νdiv ε(u(k)) +∇pk = gk in Dk\S0,

div u(k) = 0 in Dk\S0,

u(k) = 0 on ∂Dk,

u(k)(y) = ω(k) ∧ y + w(k), y ∈ ∂S0,

where

g(k)(y) = ρf
{

(QN )∗(tk)f
(
QN (tk)y + xN (tk), tk

)
− u(k)(y) − u(k−1)(y)

∆

− ω(k) ∧ u(k)(y) −∇u(k)(y)
(

(uN )µ(y, tk)− ω(k) ∧ y−w(k)
)}

.

By Lemma A.2, there exists a constant c, depending on S0, D0 and d, such that

∫
Dk\S0

|∇2u(k)|2 dy ≤ c
(∫

Dk\S0

|g(k)|2 dy + |ω(k)|2 + |w(k)|2
)
.

Using (3.10) and (3.11), we obtain

∫
Dk\S0

|∇2u(k)|2 dy ≤ c1

(
1 +

∫
D+

|ε(u(k))|2 dy +
∫
D+

∣∣∣∣u(k) − u(k−1)

∆

∣∣∣∣2 dy
)
.

(3.34)
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Thus, combining (3.29)–(3.34), we obtain

|J2| ≤ c1

(
γ

∫
D+

∣∣∣∣u(k) − u(k−1)

∆

∣∣∣∣2 dy + 1 +
1
γ

∫
D+

|ε(u(k))|2 dy
)1/2

×
(

1 +
∫
D+

|ε(u(k−1))|2 dy +
∫
D+

∣∣∣∣u(k−1) − u(k−2)

∆

∣∣∣∣2 dy
)1/2

+c2

(
1 +

∫
D+

|ε(u(k))|2 dy +
∫
D+

∣∣∣∣u(k) − u(k−1)

∆

∣∣∣∣2 dy
)1/2

×
(

1 +
∫
D+

|ε(u(k−1))|2 dy
)1/2

(3.35)
for k = 2, 3, . . . , N , and

|J2| ≤ c1

(
γ

∫
D+

∣∣∣∣u(1) − u(0)

∆

∣∣∣∣2 dy + 1 +
1
γ

∫
D+

|ε(u(1))|2 dy
)1/2

×
(∫

D0

|ε(u0)|2 dy +
∫
D0\S0

|∇2u0|2 dy
)1/2

+c2

(
1 +

∫
D+

|ε(u(1))|2 dy +
∫
D+

∣∣∣∣u(1) − u(0)

∆

∣∣∣∣2 dy
)1/2

×
(

1 +
∫
D+

|ε(u0)|2 dy
)1/2

(3.36)

for k = 1.
From (3.35), (3.36), and (3.26)–(3.28), it follows that

c1I
(k)
0 + 2ν

∫
D+

ε(u(k)) : ε
(

u(k) − u(k−1)

∆

)
dy

≤ c2

(
1 +

∫
D+

(
|ε(u(k−1))|2 + |ε(u(k))|2

)
dy

)

+c3

(
γI

(k)
0 + 1 +

1
γ

∫
D+

|ε(u(k))|2dy
)1/2(

1 + I
(k−1)
0 +

∫
D+

|ε(u(k−1))|2dy
)1/2

+c4

(
1 +

∫
D+

|ε(u(k))|2dy + I
(k)
0

)1/2(
1 +

∫
D+

|ε(u(k−1))|2dy
)1/2

(3.37)
for k = 2, 3, . . . , N , and

c1I
(1)
0 +2ν

∫
D+

ε(u(1)) : ε
(

u(1) − u(0)

∆

)
dy ≤ c2

γ

(
1 +

∫
D+

|ε(u(1))|2 dy
)

(3.38)
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for k = 1. To obtain (3.38), we have used the Cauchy inequality. Applying the
Cauchy inequality once more, we derive from (3.37) the following estimate:

c1I
(k)
0 + 2ν

∫
D+

ε(u(k)) : ε
(

u(k) − u(k−1)

∆

)
dy

≤ c2
γ

(
1 +

∫
D+

|ε(u(k))|2 dy +
∫
D+

|ε(u(k−1))|2 dy
)

+
c3√
γ

(
1 +

∫
D+

|ε(u(k))|2 dy
)1/2 (

I
(k−1)
0

)1/2
+ c4
√
γ
(
I

(k)
0 I

(k−1)
0

)1/2

(3.39)

for k = 2, 3, . . . , N .
Note that

ε(u(k)) : ε(u(k) − u(k−1)) =
1
2

(
|ε(u(k))|2 − |ε(u(k−1))|2 + |ε(u(k) − u(k−1))|2

)
.

Taking into account this identity, multiplying by ∆, utilizing (3.38) and (3.39),
and choosing γ ∈]0, 1[ in an appropriate way, we obtain (3.17). Lemma 3.1 is
proved. �

Now we are prepared to complete the proof of Theorem 2.3. We wish to take
the limit in (3.1)–(3.9) as N → +∞. We introduce the function

vN (y, t) def= u(k)(y), tk−1 < t ≤ tk, k = 1, 2, . . . , N. (3.40)

Comparing (3.1) and (3.40), we see that, by (3.10) and (3.17),∫
Q+

|uN − vN |2 dydt+
∫
Q+

|ε(uN − vN )|2 dydt < c∆, (3.41)

where Q+
def= D+×]0, T∗[. We also let

FN (y, t) = (QN )∗(tk) f
(
QN (tk)y + xN (tk), tk

)
,

y ∈ D+, t ∈]tk−1, tk], k = 1, 2, . . . , N.
(3.42)

The relations (3.5) and (3.6) and the estimate (3.10) allow us to state that:

{QN} is bounded in W 1
∞(0, T∗;M3×3),

{xN} is bounded in W 1
∞(0, T∗;R3)

and, therefore,

QN → Q in C([0, T∗];M3×3), xN → x in C([0, T∗];R3) (3.43)

and
Q(t) ⊂ SO(3) for all t ∈ [0, T∗], Q(0) = I. (3.44)

We let
D(t) =

{
y ∈ R3 | y = Q∗(t)(x− x(t)), x ∈ D0

}
. (3.45)
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By (3.43) and (3.14), one can obtain

dist{∂D(t), S0} ≥
d

2
for all t ∈ [0, T∗]. (3.46)

Fix t0 ∈ ]0, T∗[ and a function U ∈ C∞(D(t0)) with dist{∂D(t0), spt |U|} =
l0 > 0. Let the function ψ ∈ C1

0 (0, T∗) satisfy the conditions

0 ≤ ψ ≤ 1 in ]0, T∗[,

ψ ≡ 1 in ]t0 − δ, t0 + δ[,

ψ ≡ 0 outside of ]t0 − 2δ, t0 + 2δ[

for some δ > 0. We have that

dist{∂D(t), spt |Ũ(·, t)|} ≥ l0
2

(3.47)

for all t ∈ [0, T∗] and all 0 < δ ≤ δ0, where Ũ(·, t) = ψ(t)U(·). Next, we set

ŨN (·, t) = Ũ(·, tk), tk−1 < t ≤ tk, k = 1, 2, . . . , N. (3.48)

It is clear that
ŨN → Ũ in L∞(0, T∗;W 1

2 (D+;R3)) (3.49)

and
FN → F in L∞(0, T∗;L2(D+;R3)), (3.50)

where
F(y, t) = Q∗(t)f(Q(t)y + x(t), t).

Moreover, we have

ŨN (·, tk) ∈ H1(Dk), k = 1, 2, . . . , N. (3.51)

Now, from (3.9), (3.10), (3.17), and (3.51), we obtain∫
Q+

ρ
[ (
∂tuN + ωNv ∧ vN

)
· ŨN

+∇vN :
(
ŨN ⊗

(
vN,µ − ωNv ∧ y −wN

v

)) ]
dydt

+
1
2

(ρf − ρs)
∫ T∗

0

∫
∂S0

vN · ŨN
(
vN,µ − ωNv ∧ y−wN

v

)
· n ds

+
∫
Q+

[
2ν ε(vN ) : ε(ŨN )− ρFN · ŨN

]
dydt = 0,

(3.52)

where vN = ωNv ∧ y + wN
v on S0, and vN,µ(·, t) def= (uN )µ(·, ti), t ∈]ti−1, ti],

i = 1, 2, . . . , N ,

E(vN (·, t)) + ν

∫ t

0

∫
D+

|ε(vN )|2 dydτ ≤ E0 +Ef (3.53)
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for all t ∈]0, T ], and∫
D+

|ε(vN (y, t))|2 dy +
∫ t

0

∫
D+

|∂tuN |2dydτ ≤ c (3.54)

for all t ∈]0, T ].
Selecting if it is necessary subsequences (still denoted by the same symbol as

the whole sequence), we obtain from (3.53), (3.54), and (3.41) that

uN ∗
⇀ u in L∞(0, T∗;W 1

2 (D+;R3))

vN ∗
⇀ u in L∞(0, T∗;W 1

2 (D+;R3))
∂tuN ⇀ ∂tu in L2(Q+;R3)
uN → u in L2(Q+;R3)
vN → u in L2(Q+;R3).

Moreover,

u(·, t) ∈ H1(D(t)) for a.a. t ∈ [0, T∗]
u ∈ C([0, T∗];L2(D+;R3))
u(·, 0) = u0

ωN → ω in C([0, T∗];R3)
wN → w in C([0, T∗];R3),

where uN = ωN ∧ y + wN and u = ω ∧ y + w on S0, and

ωNv → ω in L2(0, T∗;R3)
wN

v → w in L2(0, T∗;R3).

All this information together with (3.49), (3.50), and (3.43)–(3.47) allows us to
take limit in (3.52) for fixed µ and obtain∫ T∗

0
ψ(t) dt

{∫
D+

ρ [(∂tu + ω ∧ v) ·U +∇u : (U⊗ ((u)µ − ω ∧ y−w))] dy

+
1
2

(ρf − ρs)
∫
∂S0

u ·U ((u)µ − ω ∧ y−w) · n ds

+
∫
D+

[
2ν ε(u) : ε(U) − ρQ∗(t)f(Q(t)y + x(t), t) ·U

]
dy
}

= 0.

By the arbitrariness of ψ, we obtain the identity (2.28) for all Lebesque points
of the functions t 7→ ∂tu(·, t), t 7→ ∇u(·, t), t 7→ ε(u)(·, t) and for all functions
U from C∞(D(t)). Thus, (2.28) now follows from the definition of the space
H1(D(t)). The relations (2.9), (2.11)–(2.13), and (2.27) are obtained from (3.6),
(3.45), (3.46), and (2.26) which has been already proved. Theorem 2.3 is proved.
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4. Proof of Theorem 2.2

The first claim of Theorem 2.2 follows from inequality (2.15) and the definition
of the numbers λ+ and T∗; see the proof of Theorem 2.3 for a similar situation.
Thus, it remains to prove the second claim only.

Let D be a smooth domain such that S0 ⊂⊂ D ⊂⊂ D+ and let {ej ∈
H1(D)}∞j=1 and {λj}∞j=1 be eigenvectors and eigenvalues of the boundary value
problem

2
∫
D+

ε(ej) : ε(v) dy = λj

∫
D+

ρ ej · v dy, v ∈ H1(D),∫
D+

ρ ei · ej dy =

{
1 if i = j

0 if i 6= j.

(4.1)

The spaces H(D) and H1(D) are defined in the same way as in the case D ⊂ R.
For them, all the properties of (2.2) are valid as well. By (2.2), the system {ej}∞j=1
forms an orthogonal basis in H(D) with respect to the scalar product

(u,v)H(D)
def=
∫
D+

ρu · v dy, u ∈ H(D), v ∈ H(D).

Clearly, solutions to (4.1) belong to W 2
2 (D\S0).

For D = D0, we set e0
j

def= ej , j = 1, 2, . . . . Now, let µk → 0 as k → +∞ and

u(k)
0 =

k∑
i=1

a0
i e

0
j , where a0

j = (e0
j ,u0)H(D0).

Obviously,

E
(k)
0

def= E(u(k)
0 ) =

1
2

∫
D+

ρu(k)
0 · u(k)

0 dy ≤ 1
2

∫
D+

ρu0 · u0 dy = E0. (4.2)

We introduce

T
(k)
∗

def= T∗(E
(k)
0 , Af , d) = min

{
1,

d

2
√

2

((
diamS0√

γ0
+

1√
ms

)√
E

(k)
0 +Ef

)−1
}
.

By (4.2), we have
T

(k)
∗ ≥ T∗(E0, Af , d) = T∗ for all k. (4.3)

According to Theorem 2.3, there exists at least one function u(k) with the following
properties:{

u(k) ∈ L∞(0, T (k)
∗ ;W 1

2 (D+;R3)) ∩ C([0, T (k)
∗ ];L2(D+;R3))

∂tu(k) ∈ L2(0, T (k)
∗ ;L2(D+;R3)),

(4.4)

u(k)(·, t) ∈ H1(D(k)(t)) for a.a. t ∈ [0, T (k)
∗ ], (4.5)
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where

D(k)(t) def=
{

y ∈ R3 | y = (Q(k))∗(t)(x− x(k)(t)), x ∈ D0

}
∈ R

for all t ∈ [0, T (k)
∗ ] and, moreover,

dist
{
∂D(k)(t), S0

}
≥ d

2
for all t ∈ [0, T (k)

∗ ]. (4.6)

The functions

Q(k) ∈ C1
(

[0, T (k)
∗ ];M3×3

)
and x(k) ∈ C1

(
[0, T (k)

∗ ];R3
)

(4.7)

satisfy the relations

x(k)(t) =
∫ t

0
Q(k)(τ)w(k)(τ) dτ for all t ∈ [0, T (k)

∗ ], (4.8)

{
Q̇(k)(t)z = Q(k)(t)(ω(k)(t) ∧ z) for all t ∈ [0, T (k)

∗ ]

Q(k)(t) ∈ SO(3) for all t ∈ [0, T (k)
∗ ], Q(k)(0) = I,

(4.9)

and

u(k)(y, t) = ω(k)(t) ∧ y + w(k)(t) for all y ∈ S0 and for all t ∈ [0, T (k)
∗ ]. (4.10)

For almost all t ∈ [0, T (k)
∗ ], the function u(k) satisfies the variational identity∫

D+

ρ(y)
[(
∂tu(k)(y, t) + ω(k)(t) ∧ u(k)(y, t)

)
·U(y)

+∇u(k)(y, t) :
(
U(y) ⊗

(
(u(k))µk(y, t)− ω(k)(t) ∧ y −w(k)(t)

))]
dy

+
1
2

(ρf − ρs)
∫
∂S0

u(k)(y, t) ·U(y)
(

(u(k))µk(y, t) − ω(k)(t) ∧ y−w(k)(t)
)
· n ds

+
∫
D+

[
2ν ε(u(k)(y, t)) : ε(U(y)) − ρ(y) F(k)(y, t) ·U(y)

]
dy = 0

(4.11)
for any U ∈ H1(D(k)(t)), where F(k)(y, t) def= (Q(k))∗(t)f(Q(k)(t)y + x(k)(t), t).
The function u(k) satisfies the initial condition

u(k)(·, 0) = u(k)
0 (·) (4.12)

and the energy inequality

E(u(k)(·, t)) + 2ν
∫ t

0

∫
D+

|ε(u(k))|2 dydτ

≤ E(u(k)
0 ) +

∫ t

0

∫
D+

ρF(k) · u(k) dydτ
(4.13)

for all t ∈ [0, T (k)
∗ ].
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Using (2.17) once again, we obtain from (4.2) and (4.13) the estimate

E(u(k)(·, t)) + ν

∫ t

0

∫
D+

|ε(u(k))|2 dydτ ≤ E(k)
0 +Ef ≤ E0 +Ef (4.14)

for all t ∈ [0, T∗]. By (4.14), one may select subsequences (still denoted in the
same way) such that

u(k) ∗
⇀ u in L∞(0, T∗;L2(D+;R3))

u(k) ⇀u in L2(0, T∗;W 1
2 (D+;R3))

ω(k) ∗
⇀ ω in L∞(0, T∗;R3)

w(k) ∗
⇀ w in L∞(0, T∗;R3)

(4.15)

and

Q(k) ∗⇀ Q in W 1
∞(0, T∗;M3×3) implies Q(k) → Q in C([0, T∗];M3×3)

x(k) ∗⇀ x in W 1
∞(0, T∗;R3) implies x(k) → x in C([0, T∗];R3).

(4.16)
Moreover, it is not difficult to verify that the limit functions u, ω, w, Q, and x
satisfy the relations (2.7)–(2.13) and the energy inequality (2.15) and, therefore,
the relation (2.19). It remains to prove that (2.14) and (2.16) hold.

First we note that, by (2.4), (4.15), and (4.16),

F(k) → F in L2(D+×]0, T∗[;R3), (4.17)

where F(y, t) = Q∗(t)f(Q(t)y + x(t), t).
In the remainder of this section, we shall denote by c, c1, etc. all constants

that depend only on u0, Af , d, D0, and S0.
Now, let us fix a positive number δ1 < d/4. Clearly, there exists is a number

k0, depending on δ1 only, such that

Dδ1/2(t) ⊃ D(k)(t) ⊃ Dδ1/2(t) (4.18)

for all t ∈ [0, T∗] and for all k ≥ k0(δ1). Here, we use the notation

Dδ(t) def=
{
y ∈ R3 | dist{y, D(t)} < δ

}
Dδ(t)

def= {y ∈ D(t) | dist{y, ∂D(t)} > δ} .

We again divide the segment [0, T∗] into N segments [ti−1, ti], ti − ti−1 =
T∗
N

= ∆, i = 1, 2, . . . , N . Let
{

ei,δ1j

}∞
j=1

be the orthogonal basis in H(Dδ1(ti)),

described at the beginning of the section. Consider piecewise linear functions in t

Uδ1(·, t) = ei−1,δ1
j (·) +

1
∆

(t− ti−1)
(
ei,δ1m (·)− ei−1,δ1

j (·)
)
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for t ∈ [ti−1, ti], i = 1, 2, . . . , N , j = 1, 2, . . . , and m = 1, 2, . . . . We denote the set
of such functions by AN . Obviously, there is a number N0 = N0(δ1) such that

Uδ1(·, t) = 0 outside of Dδ1/2(t)

for all t ∈ [0, T∗] and all N ≥ N0.

Let A =
∞⋃
N0

AN . This is a countable set, i.e., A =
{
Uδ1,r

}∞
r=1. It is important

to note that functions belonging to this set possess the property (see (4.18))

Uδ1,r(·, t) ∈ H1
(
D(k)(t)

)
for all t ∈ [0, T∗], for all r = 1, 2, . . . , and for all k ≥ k0(δ1).

Now, let us substitute U = Uδ1,r into (4.11) and integrate the result in time
from t up to t+ ∆. As a result, we obtain∫

D+

ρ(y) u(k)(y, τ) ·Uδ1,r(y, τ) dy
∣∣∣τ=t+∆

τ=t

=
∫ t+∆

t

∫
D+

ρu(k) · ∂tUδ1,r dydτ −
∫ t+∆

t

∫
D+

ρ
[(
ω(k) ∧ u(k)

)
·Uδ1,r

+∇u(k) :
(
Uδ1,r ⊗

(
(u(k))µk − ω(k) ∧ y −w(k)

))]
dydτ

−1
2

(ρf − ρs)
∫ t+∆

t

∫
∂S0

u(k) ·Uδ1,r
(

(u(k))µk − ω(k) ∧ y −w(k)
)
· n dsdτ

−
∫ t+∆

t

∫
D+

[
2ν ε(u(k)) : ε(Uδ1,r) + ρF(k) ·Uδ1,r

]
dydτ.

(4.19)
We wish to estimate the right-hand side of (4.19) with the help of (4.13). We set

I(t) def=

∣∣∣∣∣
∫
D+

ρ(y) u(k)(y, τ) ·Uδ1,r(y, τ) dy
∣∣∣τ=t+∆

τ=t

∣∣∣∣∣ ≤
6∑
i=1

Ii(t), (4.20)

where

I1(t) def=

∣∣∣∣∣
∫ t+∆

t

∫
D+

ρu(k) · ∂tUδ1,r dydτ

∣∣∣∣∣
≤
(∫ t+∆

t

∫
D+

ρ |u(k)|2 dydτ
)1/2(∫ t+∆

t

∫
D+

ρ |∂tUδ1,r|2 dydτ
)1/2

≤ C1(r)∆1/2,
(4.21)

I2(t) def=

∣∣∣∣∣
∫ t+∆

t

∫
D+

ρ
(
ω(k) ∧ u(k)

)
·Uδ1,r dydτ

∣∣∣∣∣ ≤ C2(r)∆, (4.22)
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I3(t)

def=
∣∣∣ ∫ t+∆

t

∫
D+

ρ∇u(k) :
(
Uδ1,r ⊗

(
(u(k))µk − ω(k) ∧ y−w(k)

))
dydτ

∣∣∣
≤ c1

(∫ t+∆

t

∫
D+

|Uδ1,r|2
(
|(uk)µk |2 + 1

)
dydτ

)1/2

≤ c2

(∫ t+∆

t

∫
D+

|Uδ1,r|2 dydτ
)1/2

+

(∫ t+∆

t

∫
D+

|Uδ1,r|6 dydτ
)1/6(∫ t+∆

t

∫
D+

|(u(k))µk |3 dydτ
)1/3

 .

(4.23)

By the property of the smoothing kernel and the multiplicative inequality, we have∫ T∗

0

∫
D+

|(u(k))µk |3 dydt ≤
∫ T∗

0

∫
D+

|u(k)|3 dydt

≤
∫ T∗

0

(∫
D+

|u(k)|2 dy
)3/4(∫

D+

|∇u(k)|2 dy
)3/4

dt

≤ c3 ess sup
0≤t≤T∗

(∫
D+

|u(k)(y, t)|2 dy
)3/4(∫ T∗

0

∫
D+

|∇u(k)|2 dydτ
)3/4

≤ c4.

(4.24)

On the other hand, we know that

ess sup
0≤t≤T∗

(
‖Uδ1,r(·, t) ‖L2(D+) + ‖∇Uδ1,r(·, t) ‖L2(D+)

)
≤ C3(r) (4.25)

and (∫
D+

|Uδ1,r(y, t)|6dy
)1/6

≤ c5

(∫
D+

|∇Uδ1,r(y, t)|2dy
)1/2

. (4.26)

Thus, we obtain from (4.23)–(4.26)

I3(t) ≤ C4(r)
(

∆1/2 + ∆1/6
)
. (4.27)

Next, we have

I4(t) def=
1
2
|ρf − ρs|

∣∣∣∣∣
∫ t+∆

t

∫
∂S0

u(k) ·Uδ1,r
(

(u(k))µk − ω(k) ∧ y−w(k)
)
· n dsdτ

∣∣∣∣∣
≤ C5(r)∆ + c6

∫ t+∆

t

∫
∂S0

|Uδ1,r| |(u(k))µk | dsdτ
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≤ C5(r)∆ + C6(r)∆1/2

(∫ t+∆

t

∫
∂S0

|(u(k))µk |2 dsdτ
)1/2

≤ C7(r)
[
∆ + ∆1/2

(∫ t+∆

t

∫
S0

(
|(u(k))µk |2 + |∇(u(k))µk |2

)
dydτ

)1/2]
≤ C8(r)

∆ + ∆1/2

(∫ T∗

0

∫
D+

(
|u(k)|2 + |∇u(k)|2

)
dydτ

)1/2


≤ C9(r)
(
∆ + ∆1/2

)
,

(4.28)

I5(t) def=

∣∣∣∣∣
∫ t+∆

t

∫
D+

2ν ε(u(k)) : ε(Uδ1,r)dydτ

∣∣∣∣∣ ≤ C10(r)∆1/2, (4.29)

and

I6(t) def=

∣∣∣∣∣
∫ t+∆

t

∫
D+

ρF(k) ·Uδ1,rdydτ

∣∣∣∣∣ ≤ C11(r)∆. (4.30)

Combining all the estimates (4.20)–(4.30), we obtain

I(t) ≤ C12(r)∆
1
6 . (4.31)

According to Arcela’s criterion of compactness in C([0, T∗]), one can choose
a subsequence (denoted in the same way; we will exploit this agreement in what
follows) such that∫
D+

ρ(y) u(k)(y, t) ·Uδ1,1(y, t) dy →
∫
D+

ρ(y) u(y, t) ·Uδ1,1(y, t) dy in C([0, T∗]).

Using the diagonal Cantor procedure, one can find a subsequence such that∫
D+

ρ(y) u(k)(y, t) ·Uδ1,r(y, t) dy →
∫
D+

ρ(y) u(y, t) ·Uδ1,r(y, t) dy in C([0, T∗]).

for any r = 1, 2, . . . . Moreover, the energy estimate (4.13) yields∫
D+

ρ(y) u(k)(y, t) ·U(y, t) dy →
∫
D+

ρ(y) u(y, t) ·U(y, t) dy in C([0, T∗])

for any U ∈ C([0, T∗];L2(D+;R3)) such that U(·, t) ∈ H(Dδ1(t)) for all t ∈ [0, T∗].
Next, replacing δ1 by δ1/2, we may repeat the same arguments and obtain a
subsequence with the property∫

D+

ρ(y) u(k)(y, t)· U(y, t) dy

→
∫
D+

ρ(y) u(y, t) ·U(y, t) dy in C([0, T∗])
(4.32)
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for any U ∈ C([0, T∗];L2(D+;R3)) such that U(·, t) ∈ H(Dδ(t)) for all t ∈ [0, T∗]
and for some δ > 0.

In what follows, we shall use a fixed cut-off function ϕ ∈ C∞0 (R3) with the
following properties:

0 ≤ ϕ ≤ 1 and ϕ =

{
1 in S0

0 in R3\Sd/40 .
(4.33)

Now, let us introduce additional notation. For a domain D ⊂⊂ D+, we intro-
duce the spaces

Ċ∞(D) =
{
v ∈ C∞0 (D+,R3) | spt v ⊂ D, div v = 0 on D

}
,

H(D) is the closure of Ċ∞(D) in L2(D+;R3),

H1(D) is the closure of Ċ∞(D) in W 1
2 (D+;R3).

(4.34)

The scalar product in H(D) is defined as∫
D+

u · v dy

for u ∈ H(D) and for v ∈ H(D), and let

P (D) be the orthogonal projector from H(D) onto H(D). (4.35)

Next, we assume that

S0 ⊂⊂ D ⊂⊂ D+ and dist{∂D, S0} ≥
d

2
. (4.36)

Let
L2(D+) def=

{
v ∈ L2(D+;R3) | div v = 0 in D+

}
.

We take a cut-off function ϕ satisfying the conditions of (4.33). For an arbitrary

function v ∈ L2(D+), there exists a unique function v∗ ∈
o

W 1
2(Sd/40 \S0;R3) such

that
div v∗ = −∇ϕ · v in S

d/4
0 \S0

and∫
S
d/4
0 \S0

|∇v∗|2 dy = inf

{∫
S
d/4
0 \S0

|∇ṽ|2 dy
∣∣∣

ṽ ∈
o

W 1
2(Sd/40 \S0;R3), div ṽ = −∇ϕ · v in S

d/4
0 \S0

}
.

As it was shown in [7], the following estimate is valid:

‖v∗ ‖2L2(Sd/4
0 \S0)

+ ‖∇v∗ ‖2L2(Sd/4
0 \S0)

≤ c1‖∇ϕ · v ‖2L2(Sd/4
0 \S0)

,

where the positive constant c1 depends only on S0 and d.
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We extend the function v∗ by zero to the whole of D+. Next, we introduce the
operator Λ : L2(D+)→ L2(D+) by setting

u = Λv def= ϕv + v∗. (4.37)

This operator has the properties:

u = v in S0, u = 0 in D+\Sd/40 ,

div u = 0 in D+,

‖u ‖L2(D+) ≤ c2(ϕ, d, S0)‖v ‖L2(D+).

(4.38)

Moreover,

if v ∈ C
(
[0, T∗];L2(D+;R3)

)
, then Λv ∈ C

(
[0, T∗];L2(D+;R3)

)
(4.39)

and
if v ∈ L2(Q+;R3), then Λv ∈ L2(Q+;R3), (4.40)

where Q+
def= D+×]0, T∗[.

Lemma 4.1. The relation (4.32) holds for any U ∈ C
(
[0, T∗];L2(D+;R3)

)
such

that U(·, t) ∈ H(D(t)) for all t ∈ [0, T∗].

Proof. Let U be an arbitrary function satisfying the hypotheses of the lemma. We
introduce the function

Ũ(x, t) = Q(t)U(y, t), x = Q(t)y + x(t).

Clearly, Ũ ∈ C([0, T∗];H(D0)).
For fixed ε > 0, a number N = N(ε) exists such that

‖ Ũ− ŨN ‖C([0,T∗];L2(D+;R3)) ≤
ε

2
,

where

ŨN (·, t) = Ũ(·, tk−1) +
t− tk−1

∆

(
Ũ(·, tk)− Ũ(·, tk−1)

)
,

t ∈ [tk−1, tk], k = 1, 2, . . . , N, ∆ =
T∗
N
.

For each k = 0, 1, . . . , N , there exists a function vk ∈ Ċ∞(D0) such that

‖vk − Ũ(·, tk) ‖L2(D0;R3) <
ε

2(N + 1)
.

If we set

ṼN (·, t) = vk−1(·) +
t− tk−1

∆
(vk(·)− vk−1(·)), t ∈ [tk−1, tk], k = 1, 2, . . . , N,

then
‖ Ũ− ṼN ‖C([0,T∗];L2(D+;R3)) < ε,
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Moreover, ṼN (·, t) = 0 outside of D0δ for all [0, T∗] and for some δ < δ(ε), where

δ(ε) = dist

{
∂D0,

N⋃
k=0

spt vk

}
.

Now, one can make inverse change of variables and obtain

ṼN (x, t) = Q(t)VN (y, t).

Obviously, VN ∈ C([0, T∗];L2(D+;R3)), VN (·, t) ∈ H(Dδ(t)) for all t ∈ [0, T∗],
and

‖U−VN ‖C([0,T∗];L2(D+;R3)) < ε.

We now let
UN (·, t) = VN (·, t) + Λ(U(·, t)−VN (·, t)).

By (4.39), UN ∈ C([0, T∗];L2(D+;R3)). By (4.38), UN (·, t) ∈ H(Dδ(t)) for all
t ∈ [0, T∗] and

‖U−UN ‖C([0,T∗];L2(D+;R3)) < c(d, S0) ε.

Now, the statement of the lemma easily follows from (4.32). Lemma 4.1 is proved.
�

By Lemma 4.1, the function u satisfies (2.16).

Lemma 4.2.∫
D+

ρ(y) u(k)(y, t) ·U(y, t) dy →
∫
D+

ρ(y) u(y, t) ·U(y, t) dy in L2(0, T∗)

for all U ∈ L2(Q+;R3) such that U(·, t) ∈ H(D(t)) for almost all t ∈ [0, T∗].

Proof. For the function U satisfying the hypotheses of the lemma, we again use
the change of variables

Ũ(x, t) = Q(t)U(y, t), x = Q(t)y + x(t).

Let us make use of the smoothing kernel, introduced in Section 2,

(Ũ)µ(x, t) =
∫ T∗

0
K1µ(t− t′)Ũ(x, t′) dt′.

Now, we have

Ũ ∈ L2(Q+;R3), Ũ(·, t) ∈ H(D0) for a.a. t ∈ [0, T∗]

(Ũ)µ ∈ C([0, T∗];L2(D+;R3)), (Ũ)µ(·, t) ∈ H(D0) for all t ∈ [0, T∗]

and, moreover,
‖ Ũ− (Ũ)µ ‖L2(Q+;R3) → 0 as µ→ 0.
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Setting
Vµ(y, t) = Q∗(t)(Ũ)µ(x, t), x = Q(t)y + x(t),

one can see that

Vµ ∈ C([0, T∗];L2(D+;R3)), Vµ(·, t) ∈ H(D(t)) for all t ∈ [0, T∗],

and
‖U−Vµ ‖L2(Q+;R3) → 0 as µ→ 0.

Now, if we let
Uµ(·, t) = Vµ(·, t) + Λ((U)µ(·, t)−Vµ(·, t)),

where

(U)µ(y, t) =
∫ T∗

0
K1µ(t− t′)U(y, t′) dt′,

then, by (4.38) and (4.39),

Uµ ∈ C([0, T∗];L2(D+;R3)), Uµ(·, t) ∈ H(D(t)) for all t ∈ [0, T∗],

and
‖U−Uµ ‖L2(Q+;R3) → 0 as µ→ 0.

This property, Lemma 4.1, and the estimate (4.14) imply the required statement.
Lemma 4.2 is proved. �

Our next goal is to prove that∫
Q+

|u(k) − u|2 dydt→ 0 as k → +∞, (4.41)

where Q+ = D+×]0, T∗[. To this end, we are going to exploit the constructions of
Lemma 3.1. First, we introduce a new function u(k)

(1) in the following way:

(Q(k))∗(t)Q(t)u(k)
(1)(z, t) = u(k)(y, t)

y = (Q(k))∗(t)(Q(t)z + x(t)− x(k)(t)).

Clearly,
div u(k)

(1)(·, t) = 0 in D+

u(k)
(1)(·, t) = 0 outside of D(t)

u(k)
(1) ∈ L2(0, T∗;W 1

2 (D+;R3)) ∩ L∞(0, T∗;L2(D+;R3)).

(4.42)

Using the same arguments as in Lemma 3.1, one can show that∫
Q+

|u(k)
(1) − u(k)|2 dydt→ 0 as k → +∞. (4.43)
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But the function u(k)
(1)(·, t) does not belong to H1(D(t)). To provide this, we

introduce
u(k)

(2)(·, t) def= u(k)
(1)(·, t) + Λ

(
u(k)(·, t)− u(k)

(1)(·, t)
)
. (4.44)

Then, by (4.38), (4.40), (4.42), and (4.44),
{

u(k)
(2)

}∞
k=1

is bounded in L2(0, T∗;W 1
2 (D+;R3)) ∩ L∞(0, T∗;L2(D+;R3))

u(k)
(2)(·, t) ∈ H1(D(t)) for a.a. t ∈ [0, T∗].

(4.45)
By (4.41), (4.43),

‖u(k)
(2) − u(k) ‖L2(Q+;R3) → 0 as k → +∞ (4.46)

and, by (4.46) and Lemma 4.2, one can conclude that∫
D+

ρ(y) u(k)
(2)(y, t) ·U(y, t) dy

→
∫
D+

ρ(y) u(y, t) ·U(y, t) dy in L2(0, T∗)
(4.47)

for any U ∈ L∞(0, T∗;L2(D+;R3)) such that U(·, t) ∈ H(D(t)) for almost all
t ∈ [0, T∗].

We also introduce the operator

M(D) : L2(D+) 7→ W (D) =

{
q ∈W 1

2 (D\S0) |
∫
D\S0

q dy = 0

}
in the following way:

W (D) 3 p = M(D)v, v ∈ L2(D+) if and only if∫
D\S0

∇p · ∇q dy =
∫
D\S0

Λv · ∇q dy for any q ∈W (D).
(4.48)

The variational identity in (4.48) is the weak form of the boundary value problem

∆p = 0 in D\S0,

∇p · n = 0 on ∂D, ∇p · n = v · n on ∂S0.
(4.49)

Let us denote by Hr the finite dimensional space of rigid motions, i.e.,

Hr
def=
{
v | v(y) = ω ∧ y + w,y ∈ R3, for some ω ∈ R3, and for some w ∈ R3} .

In this space, we shall use the scalar product

〈u,v〉D def= ρs
∫
S0

u · v dy + ρf
∫
D\S0

∇p · ∇q dy, u ∈ Hr,v ∈ Hr,
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where p = M(D)u, q = M(D)v, and the corresponding norm ‖ · ‖D =
√
〈·, ·〉D.

If we assume that D satisfies (4.36), then∫
D\S0

|∇q|2 dy ≤
∫
D\S0

|Λv|2 dy

and, therefore, by (4.38), we have

ρs
∫
S0

|v|2 dy ≤ ‖v ‖2D ≤ c3(ϕ, d, S0)
∫
S0

|v|2 dy, v ∈ Hr. (4.50)

Let
u(k) def= u(k)

(2) − u

u(k)(y, t) def= ω(k)(t) ∧ y + w(k)(t), y ∈ S0, t ∈ [0, T∗],

v(k)(y, t) def= ω(k)(t) ∧ y + w(k)(t), y ∈ R3, t ∈ [0, T∗].

By (4.47), ∫
D+

ρ(y) u(k)(y, t) ·U(y, t) dy → 0 in L2(0, T∗) (4.51)

for any U ∈ L∞(0, T∗;L2(D+;R3)) such that U(·, t) ∈ H(D(t)) for almost all
t ∈ [0, T∗]. Let us take U = Ui, where

Ui(y, t) def=


gi(y) y ∈ S0

∇pi(y, t) y ∈ D(t)\S0

0 y ∈ D+\D(t),

pi(·, t) def= M(D(t))gi(·), gi ∈ Hr, i = 1, 2, . . . , 6,

and

ρs
∫
S0

gi · gj dy = δij
def=

{
1 i = j

0 i 6= j.

By the definition of the operators Λ and M , we have (see (4.51))∫
D+

ρ(y) u(k)(y, t) ·Ui(y, t) dy

= ρs
∫
S0

u(k)(y, t) · gi(y) dy + ρf
∫
D(t)\S0

u(k)(y, t) · ∇pi(y, t) dy

= ρs
∫
S0

u(k)(y, t) · gi(y) dy

+ρf
(∫

∂D(t)
u(k)(y, t) · n(y, t) pi(y, t) ds+

∫
∂S0

u(k)(y, t) · n(y) pi(y, t) ds

)
= 〈v(k)(·, t),gi(·)〉D(t)

def= γ
(k)
i (t)→ 0 in L2(0, T∗).

(4.52)
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We are seeking β(k)
i (t) so that

v(k)(y, t) =
6∑
i=1

β
(k)
i (t)gi(y). (4.53)

Let β(k)(t) = (β(k)
1 (t), . . . , β(k)

6 (t)) and γ(k)(t) = (γ(k)
1 (t), . . . , γ(k)

6 (t)). Then, we
have

A(k)(t)β(k)(t) = γ(k)(t), (4.54)

where

A
(k)
ij (t) def= 〈gi(·),gj(·)〉D(t) = δij + ρf

∫
D(t)\S0

∇pi · ∇pj dy, i, j = 1, 2, . . . , 6

and, therefore,
detA(k)(t) ≥ 1, t ∈ [0, T∗], (4.55)

for all k = 1, 2, . . . . Moreover, by (4.50) for v = gi and D = D(t), and, by (4.54),
(4.55) , we obtain the estimate

|β(k)(t)| ≤ c4(ϕ, d, S0)|γ(k)(t)|. (4.56)

Now, from (4.52), (4.53), and (4.56), it follows that

ρs
∫ T∗

0

∫
S0

|v(k)(y, t)|2 dydt

=
∫ T∗

0

(
ms|w(k)(t)|2 + ω(k)(t) · Jω(k)(t)

)
dydt→ 0.

(4.57)

Now, for any U ∈ L∞(0, T∗;L2(D+;R3)) such that U(·, t) ∈ H(t) for almost all
t ∈ [0, T∗], we have∫

D+

ρ(y) u(k)(y, t) ·U(y, t) dy

= ρf
∫
D+\S0

(
u(k)(y, t) − Λv(k)(y, t)

)
·U(y, t) dy

+
∫
D+

ρ(y) Λv(k)(y, t) ·U(y, t) dy.

(4.58)

By (4.38), (4.40), and (4.57),∫
D+

ρ(y) Λv(k)(y, t) ·U(y, t) dy → 0 in L2(0, T∗),

and, therefore, setting u(k)
∗ = u(k) − Λv(k), we obtain (see (4.51))∫

D+

u(k)
∗ (y, t) ·U(y, t) dy → 0 in L2(0, T∗) (4.59)
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for the same test functions U as in (4.58). Taking into account (2.8), (4.45), and
the construction of the operator Λ, one can assert{

u(k)
∗
}∞
k=1

is bounded in L∞(0, T∗;L2(D+;R3)) ∩ L2(0, T∗;W 1
2 (D+;R3)),

u(k)
∗ (·, t) ∈ H1(D(t)) for a.a. t ∈ [0, T∗].

(4.60)
Let {h0

j}∞j=1 and
{
λj
}∞
j=1 be the eigenvectors and eigenvalues of the Stokes

problem

−∆h0
j +∇p0

j = λjh0
j in D0,

div h0
j = 0 in D0,

h0
j = 0 on ∂D0,

and ∫
D0

h0
i · h0

j dx = δij =

{
1 if i = j

0 if i 6= j.

We extend the functions h0
j by zero to the whole of R3. It is easy to verify that

−∆hj(y, t) +∇pj(y, t) = λjhj(y, t) y ∈ D(t),

div hj(y, t) = 0 y ∈ D(t),

hj(y, t) = 0 y ∈ ∂D(t),

and ∫
D(t)

hi(y, t) · hj(y, t) dy = δij ,

if

h0
j (x) = Q(t)hj(y, t), p0

j(x) = pj(y, t), x = Q(t)y + x. (4.61)

Obviously, by (4.61),

hj ∈ C([0, T∗];L2(D+;R3)), hj(·, t) ∈ H(D(t)) for all t ∈ [0, T∗]

and, according to Lemma A.3,

ĥj ∈ L∞(0, T∗;L2(D+;R3)) (4.62)

for each j = 1, 2, . . . , where

ĥj(·, t) def= P (D(t))hj(·, t).

By (4.59) and (4.62), one can state∫
D+

u(k)
∗ (y, t) · ĥj(y, t) dy → 0 in L2(0, T∗). (4.63)
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But, by (4.60), we see that

c
(k)
i (t) def=

∫
D+

u(k)
∗ (y, t) · hj(y, t) dy =

∫
D+

u(k)
∗ (y, t) · ĥj(y, t) dy (4.64)

for each i = 1, 2, . . . .
Let us take an arbitrary number ε > 0 and fix it. Since λj → +∞ as j → +∞,

one can find a natural number N = N(ε) such that

ε λN ≤ 1 and ελN+1 > 1.

Then, again by (4.60), we obtain∫
D+

|u(k)
∗ (y, t)|2 dy =

∞∑
j=1

|c(k)
j (t)|2

and ∫
D+

|∇u(k)
∗ (y, t)|2 dy =

∞∑
j=1

λj |c(k)
j (t)|2

and thus ∫
D+

|u(k)
∗ (y, t)|2 dy ≤ ε

∫
D+

|∇u(k)
∗ (y, t)|2 dy +

N∑
j=1

|c(k)
j (t)|2.

If we integrate the last inequality in t over the set [0, T∗], use (4.60), (4.63), (4.64)
and the arbitrariness of ε, we obtain∫

Q+

|u(k)
∗ |2 dydt→ 0 as k → +∞.

The last relation together with (4.46) and (4.57) implies (4.41).
To obtain the variational identity (2.14), we substitute the test function with

the properties described in (2.14) into (4.11), integrate in t by parts and, using
(4.15) and (4.41), take the limit as k → +∞. As a result, we easily obtain (2.14).
Theorem 2.2 is proved.

A. Appendix

In this section, we gather some technical results that were used in the proofs of
the main results of the paper.

Suppose we are given a bounded domain D of class C2. This means that there
are positive numbers R < 1 and M having the following property. For any point
y0 ∈ ∂D, there is a matrix Qy0 ∈ SO(3), a function Ψy0 ∈ C2(B(R)), and a
Cartesian system of coordinates z such that
1. Ψy0(0) = 0, ∇Ψy0(0) = 0,
2. |∇2Ψy0(z′)| ≤M, |z′| ≤ R,
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3. ∂D ∩ ω(y0, R,M) = Qy0Γ + y0,
4. D ∩ ω(y0, R,M) = Qy0Ω + y0.
Here we have used the notations:

z′ = (z1, z2), B(R) def= {z′ ∈ R2 | |z′| < R},
ω(y0, R,M) def= Qy0C(R, 2MR) + y0,

C(R,H) def= B(R)×]−H,H[,

Γ def= {z ∈ C(R, 2MR) | z3 = Ψy0(z′)} ,
Ω def= {z ∈ C(R, 2MR) | z3 > Ψy0(z′)} .

From the above definitions, it follows that

|Ψy0(z′)| ≤ 1
2
MR2 for |z′| ≤ R.

Now, let us introduce the set

Dδ
def= {y ∈ D | dist{y, ∂D} > δ}.

Lemma A.1. Suppose that we are given a function u such that

u ∈W 2
2 (D\Dδ) and u = 0 outside of D, (A.1)

a matrix Q ∈ SO(3), and a vector x ∈ R3. We let ∆ = |Q− I| + |x| and assume
that ∆ is small enough to insure the inclusion

D̂ ⊃ Dδ,

where D̂ def= QD+ x. Then, there exists a positive constant c = c(M,A) such that,
for all sufficiently small ∆, we have the estimate∫

∂D̂

|u|2 ds ≤ c∆2

(∫
∂D

|∇u|2 ds+ ∆
∫
D\Dδ

|∇2u|2 dy
)
, (A.2)

where A def= sup
y∈∂D

|y|.

Proof. First, we note that the domain D̂ is of class C2 with the same numbers R
and M .

Let x0 be an arbitrary point in ∂D̂. Then, y0 = Q∗(x0 − x) ∈ ∂D and

∂D̂ ∩ ω̂(x0, R,M) = QQy0Γ + x0 and D̂ ∩ ω̂(x0, R,M) = QQy0Ω + x0,

where ω̂(x0, R,M) def= Qω(y0, R,M) + x. Next, we wish to obtain the equation of
the boundary ∂D in terms of the local coordinates z connected with the point x0,
i.e., x = QQy0z + x0, z ∈ C(R, 2MR). First, we set

ψ(z) = Ψy0(z′)− z3, z ∈ C(R, 2MR); ϕ(z) = ψ(z̃(z)), z ∈ C
(R

2
,MR

)
,
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where
z̃(z) = Q∗y0

QQy0z +Q∗y0
(Q− I)y0 +Q∗y0

x. (A.3)

We show that the function ϕ is well-defined. From (A.3) we easily obtain that

|z̃− z| ≤ c1(A)∆, |∇zz̃− I| ≤ c2∆. (A.4)

Thus, according to (A.4), z̃(z) ∈ C(R, 2MR) if z ∈ C
(
R

2
,MR

)
and ∆ is suffi-

ciently small. Now, assume that the points z and z̃ are connected by the relation
(A.3). If z̃ ∈ Γ, then

x = QQy0 z̃ + x0 ∈ ∂D̂
and

x′ = Q∗(x− x) ∈ ∂D, x′ = QQy0z + x0.

Thus, the equation of the boundary ∂D near point x0 has the form

ϕ(z) = 0, z ∈ C
(R

2
,MR

)
.

Obviously, for sufficiently small ∆, the surface ϕ(z) = 0 is still a graph of some
function Φ ∈ C2(B(R/2)), i.e.,

ϕ(z) = 0 if and only if z3 = Φ(z′), |z′| < R/2.

Let

Γ̃ def=
{

z ∈ C
(R

2
,MR

)
| z3 = Φ(z′)

}
, Ω̃ def=

{
z ∈ C

(R
2
,MR

)
| z3 > Φ(z′)

}
.

Clearly,

∂D ∩ ω̂(x0, R/2,M) = QQy0Γ̃ + x0, D ∩ ω̂(x0, R/2,M) = QQy0Ω̃ + x0.

We also introduce the three sets

Γ0
def= {z ∈ R3 | z3 = Ψy0(z′), |z′| < R/2}

Γ01
def= {z ∈ Γ0 | Φ(z′) < Ψy0(z′)}, Γ02

def= Γ0\Γ01.

By (A.1), ∫
QQy0 Γ02+x0

|u|2 ds = 0. (A.5)

Let us define the fucntion

U(z) def= Q∗y0
Q∗u(x), x = QQy0z + x0.

For z ∈ Γ01, we have

|U(z′,Ψy0(z′))−U(z′,Φ(z′))| = |U(z′,Ψy0(z′))|

≤ (Ψy0(z′)− Φ(z′))

(
|∇U(z′,Φ(z′))|+

∫ Ψy0 (z′)

Φ(z′)
|∇2U(z′, z3)| dz3

)
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and, therefore,

|U(z′,Ψy0(z′))|2

≤ c3∆2
0

(
|∇U(z′,Φ(z′))|2 + ∆0

∫ Ψy0 (z′)

Φ(z′)
|∇2U(z′, z3)|2dz3

)
,

(A.6)

where
∆0

def= sup{|Ψy0(z′)− Φ(z′)| | z′ ∈ B(R/2)}.

Let ñ be the unit outer normal vector to Γ̃, n0 be the unit outer normal to Γ0.
We know that

| cos(n0, l3)| ≥ 1√
1 +M2

, (A.7)

where l3 = (0, 0, 1). Also, again, for sufficiently small ∆, we have

| cos(ñ, l3)| ≥ 1
2
√

1 +M2
. (A.8)

Using the rule for the differentiation of implicit functions, the representation (A.3),
and the estimate (A.4), we establish the inequality

∆0 ≤
R

2
sup

|z′|<R/2
|∇Ψy0(z′)−∇Φ(z′)|+ |Ψy0(0)− Φ(0)|

≤ 1
2

sup
|z′|<R/2

|∇Ψy0(z′)−∇Φ(z′)|+ |Φ(0)| ≤ c4(M,A)∆.

Thus, by (A.5)–(A.8) and the definition of surface integral, we arrive at the local
estimate∫

∂D̂∩ω̂(x0,R/2,M)
|u|2 ds

≤ c5(M,A)∆2

(∫
∂D∩ω̂(x0,R/2,M)

|∇u|2 ds+ ∆
∫
D∩ω̂(x0,R/2,M)

|∇2u|2 dy
)
.

(A.9)
Now, the estimate (A.1) follows from (A.9) in the usual way. Lemma A.1 is proved.

�

Now, let us introduce the set

Rd def=
{
D ∈ R | dist{∂D, S0} >

d

2

}
.

Lemma A.2. There is a constant c = c(D0, S0, d) such that, for any D ∈ Rd,
any v ∈ H1(D), and any g ∈ L2(D+;R3), satisfying the equations

−∆v +∇p = g in D\S0,

div v = 0 in D\S0,
(A.10)
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the following estimate is valid:

‖v ‖2
L2(D\S0) + ‖∇v ‖2

L2(D\S0) + ‖∇2v ‖2
L2(D\S0)

≤ c
(
‖g ‖2

L2(D\S0) + ‖v ‖2L2(S0)

)
.

(A.11)

Proof. First, we introduce sets

S
d/4
0

def=
{

y ∈ R3 | dist{y, S0} <
d

4

}
, Sd

def= S
d/4
0 \S0,

and fix a cut-off function ϕ ∈ C∞0 (R3), satisfying condition (4.33).
We know that

v(y) = u(y), y ∈ S0,

where
u(y) = ω ∧ y + w, y ∈ R3,

for some ω ∈ R3 and for some w ∈ R3.
Let us set u0 = Λu. Then u0 = u in S0 and, by (A.10), we obtain∫

D\S0

∇v : ∇(v− u0) dy =
∫
D\S0

g · (v − u0) dy. (A.12)

Recalling the definition of the number λ+ (see (2.17)), we see that

ρf
∫
D\S0

|v− u0|2 dy ≤
∫
D+

ρ |v− u0|2 dy

≤ 1
λ+

∫
D+

|ε(v− u0)|2 dy

=
1

2λ+

∫
D+

|∇(v − u0)|2 dy =
1

2λ+

∫
D\S0

|∇(v − u0)|2 dy

(A.13)
and thus we easily obtain from (4.37), (4.38), (A.12), and (A.13)

‖v ‖2
L2(D\S0) + ‖∇v ‖2

L2(D\S0) ≤ c1(S0, d)
(
‖g ‖2

L2(D\S0) + ‖v ‖2L2(S0)

)
. (A.14)

Let us set
p = p− 1

|Sd|

∫
Sd

p dy.

We know that∫
D\S0

∇v : ∇ũ dy =
∫
D\S0

p div ũ dy +
∫
D\S0

g · ũ dy (A.15)

for any ũ ∈
o

W 1
2 (D\S0;R3). One can find a function û (see [7]) such that

û ∈
o

W 1
2 (Sd;R3), div û = p in Sd,
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and
‖ û ‖2L2(Sd) + ‖∇û ‖2L2(Sd) ≤ c2(S0, d)‖ p ‖2L2(Sd). (A.16)

If we extend û by zero to D+\Sd, then one may insert ũ = û into (A.15). Then,
using (A.14) and (A.16), we obtain

‖ p ‖2L2(Sd) ≤ c3(S0, d)
(
‖g ‖2

L2(D\S0) + ‖v ‖2L2(S0)

)
. (A.17)

Let us set

ψ = 1− ϕ, v(1) = ψv, p1 = ψp, v(2) = ϕv, p2 = ϕp.

Obviously,
v(1) + v(2) ≡ v and p1 + p2 ≡ p in D\S0.

For v(2) and p2, we have the nonhomogeneous Stokes system

−∆v(2) +∇p2 = −2(∇v)∇ϕ − v∆ϕ + p∇ϕ+ ϕg in Sd,

div v(2) = ∇ϕ · v in Sd,

v(2) = 0 on ∂Sd/40 , v(2) = u on ∂S0.

For the solution of this system, the following estimate is known (see [6])

‖∇2v(2) ‖2L2(Sd) ≤ c4(S0, d)
(
‖ − 2(∇v)∇ϕ − v∆ϕ+ p∇ϕ+ ϕg ‖2L2(Sd)

+‖∇(∇ϕ · v) ‖2L2(Sd) + |w|2 + |ω|2
)
.

Taking into account the estimates (A.14) and (A.17), we obtain

‖∇2v(2) ‖2
L2(D\S0) ≤ c5(S0, d)

(
‖g ‖2

L2(D\S0) + ‖v ‖2L2(S0)

)
. (A.18)

On the other hand, the functions v(1) and p1 can be regarded as a solution of the
Stokes system

−∆v(1) +∇p1 = −2(∇v)∇ψ − v∆ψ + p∇ψ + ψg in D,

div v(1) = ∇ψ · v in D,

v(1) = 0 on ∂D.

Note that v(1), p1, and ψ are equal to zero in S0. Since D is obtained from D0
only by translations and rotations, one can state that

‖∇2v(1) ‖2
L2(D\S0) = ‖∇2v(1) ‖2L2(D)

≤ c6(D0)
(
‖ − 2(∇v)∇ψ − v∆ψ + p∇ψ

+ ψg ‖2L2(Sd) + ‖∇(∇ψ · v) ‖2L2(Sd)

)
≤ (see (A.14), (A.17) )

≤ c7(D0, S0, d)
(
‖g ‖2

L2(D\S0) + ‖v ‖2L2(S0)

)
.

(A.19)
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Combining (A.14), (A.18), and (A.19), we complete the proof of (A.11) and Lemma
A.2. �

Lemma A.3. Suppose that we are given a function v with the following properties:

v ∈ C
(
[0, T ];L2(D+;R3)

)
v(·, t) ∈ H(D(t)) for all t ∈ [0, T ],

(A.20)

where

D(t) =
{
y ∈ R3 | y = Q∗(t)(x− x(t)), x ∈ D0

}
∈ R, t ∈ [0, T ],

Q ∈W 1
∞(0, T ;M3×3), x ∈W 1

∞(0, T ;R3), (A.21)

Q(t) ∈ SO(3), dist{∂D(t), S0} ≥
d

2
, t ∈ [0, T ].

Let u(·, t) = Ptv(·, t), where Pt
def= P (D(t)). Then

u ∈ L∞
(
0, T ;L2(D+;R3)

)
. (A.22)

Proof. For given Q and x, we define functions ω and w in L∞(0, T ;R3) by the
relations

ẋ(t) = Q(t)w(t), Q∗(t)Q̇(t)z = ω(t) ∧ z, z ∈ R3, t ∈ [0, T ].

Then we approximate ω and w by functions

ωN (t) =
1
∆

ti∫
ti−1

ω(τ) dτ, wN (t) =
1
∆

ti∫
ti−1

w(τ) dτ,

t ∈]ti−1, ti], ti − ti−1 = ∆ =
T

N
, i = 1, 2, . . . , N. (A.23)

Next, we define the functions QN ∈ W 1
∞(0, T ;M3×3) and xN ∈ W 1

∞(0, T ;R3),
solving the following initial value problems

(QN )∗(t)Q̇N (t)z = ωN (t) ∧ z, z ∈ R3, t ∈ [0, T ],

QN (t) ∈ SO(3), t ∈ [0, T ], QN (0) = Q(0);

ẋ
N

(t) = QN(t)wN (t), t ∈ [0, T ], xN (0) = x(0).

(A.24)

Now, we let

DN (t) def=
{

y ∈ R3 | y = (QN )∗(t)(x− xN (t)), x ∈ D0

}
, t ∈ [0, T ],

v(k)(·) def= v(·, tk), u(k) def= P (DN (tk))v(k), k = 0, 1, . . . , N.
(A.25)
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The last relation in (A.25) is equivalent to the identity∫
DN (tk)

(v(k) − u(k)) · ũ dy = 0, ũ ∈ H(DN (tk)), k = 0, 1, . . . , N. (A.26)

Then we introduce

vN (·, t) = v(k)(·), uN (·, t) = u(k)(·) (A.27)

for t ∈]ti−1, ti], i = 1, 2, · · · , N .
It follows from (A.23), (A.24) and (A.27) that

wN ∗
⇀ w in L∞(0, T ;R3),

ωN
∗
⇀ ω in L∞(0, T ;R3),

xN ∗
⇀ x in W 1

∞(0, T ;R3),

xN→x in C([0, T ];R3),

QN
∗
⇀ Q in W 1

∞(0, T ;M3×3),

QN→Q in C([0, T ];M3×3),

vN→v in L∞(0, T ;L2(D+;R3)),

uN ∗
⇀ û in L∞(0, T ;L2(D+;R3)),

û(·, t) ∈ H(D(t)) for a.a. t ∈ [0, T ].

(A.28)

Now, our goal is to prove that, in fact,

û = u. (A.29)

By (A.21), a positive number δ0 exists such that

Dδ(t)
def=
{

y ∈ D(t) | dist{y, ∂D(t)} > δ
}
3 S0

for all t ∈ [0, T ] and for all δ ∈]0, δ0]. Clearly, that, for any δ ∈]0, δ0], there is a
number N0(δ) such that, for all t ∈ [0, T ] and for all N > N0(δ),

D δ
2
(t) ⊂ DN (t).

Next, we fix numbers δ ∈]0, δ0[, t0 ∈]0, T [ and consider a positive number γ and a
cut-off function ψγ , satisfying the following conditions

ψγ ∈ C∞0 (0, T ), 0 ≤ ψγ ≤ 1, [t0 − 2γ, t0 + 2γ] ⊂]0, T [,

ψγ ≡ 1 in [t0 − γ, t0 + γ],

ψγ ≡ 0 out of [t0 − 2γ, t0 + 2γ].

A positive number γ0(δ, t0) exists such that

Dδ(t0) ⊂ D δ
2
(t)



Vol. 2 (2000) Global Existence of Weak Solutions 265

for all t ∈ [t0 − 2γ, t0 + 2γ] and for all γ ∈]0, γ0]. In turn, this implies that

spt Uγ(·, t) ⊂ D δ
2
(t)

for all t ∈ [0, T ] and for all γ ∈]0, γ0], where

Uγ(y, t) = ψγ(t)ũ(y), ũ ∈ C∞(Dδ(t0)).

We define the approximation of Uγ as

Uγ,N (·, t) = Uγ(·, ti), t ∈]ti−1, ti]

for = 1, 2, . . . , N . We know that

Uγ,N → Uγ in L∞(0, T ;L2(D+;R3))

and
Uγ(·, tk) ⊂ H(D δ

2
(tk)) ⊂ H(DN (tk)).

Thus, by (A.26), we have∫
DN (tk)

(v(k)(y)− u(k)(y)) ·Uγ(y, tk) dy = 0

and, therefore,
T∫

0

∫
D+

(vN − uN ) ·Uγ,N dy dt = 0.

Taking the limit as N → +∞ in the last identity, we obtain
T∫

0

∫
D+

(v − û) · ψγ ũ dy dt = 0.

for all γ ∈]0, γ0]. Let t0 be a Lebesque point of the function t 7→ û(·, t). Then one
can see that ∫

D+

(v(y, t0)− û(y, t0)) · ũ(y) dy = 0

for all functions ũ ∈ C∞(Dδ). By the arbitrariness of δ ∈]0, δ0[ and the definition
of the space H(D(t0)), we obtain that û(·, t0) = u(·, t0). Lemma A.3 is proved. �
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