J. math. fluid mech. 2 (2000) 219-266 .
1422-6928,/00/030219-48 $ 1.50+0.20,/0 Journal of Mathematical
(© 2000 Birkhauser Verlag, Basel Fluid Mechanics

Global Existence of Weak Solutions for Viscous Incompress-
ible Flows around a Moving Rigid Body in Three Dimensions

Max D. Gunzburger; Hyung-Chun Lee' and Gregory A. Seregin?

Communicated by O. A. Ladyzhenskaya

Abstract. We study the motion of a rigid body of arbitrary shape immersed in a viscous
incompressible fluid in a bounded, three-dimensional domain. The motion of the rigid body is
caused by the action of given forces exerted on the fluid and on the rigid body. For this problem,
we prove the global existence of weak solutions.
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1. Introduction

We consider a coupled system of nonlinear partial and ordinary differential equa-
tions modeling the motion of a rigid body inside of a fluid flow. The governing
equations for the fluid flow are given by the classical Navier—Stokes system whereas
the motion of the solid is governed by the equations for the balance of linear and
angular momentum. The motion of the rigid body is caused by the action of given
forces exerted on the fluid and the rigid body.

Suppose that a rigid body B moves inside of a domain Dy filled up with a
viscous fluid. At the initial moment of time, the body occupies a set So C Dy,
where Sy is the closure of a simply connected domain Sy. This is the reference
configuration. The Cartesian coordinates y of points of the body at the initial
moment are called material or Lagrangian coordinates. We assume that the center
of mass is located at y = 0. The trajectory of any material point y is completely
described by two functions:

t— Q)€ SOB) and  t— X(t) € R,
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where the second function is just the trajectory of the center of mass of the rigid
body. The equations of the trajectory of any material point have the form

x(y,t) = Q(t)y +X(t), vy € So. (1.1)
Thus, at the time ¢, the body occupies the set S(t) where
S(t) = {x € R | x = Q(t)y +X(t), y € So} . (1:2)

As a matter of convenience, let us recall some notation from tensor algebra
which we are going to use. We shall use only fixed Cartesian coordinates. For
that reason, we will not distinguish between tensors and their coordinate matrices
with respect to the chosen Cartesian coordinates. Thus, algebraic operations with
tensors can be expressed via algebraic operations with matrices. Denoting by
M?3*3 the space of all real 3x 3 matrices and adopting the convention on summation
over repeated lower Latin indices running from 1 to 3, we shall use the following
notations:

u- v =u;, [u = vu-u,

UA V= (U3 — UzV2, U3V — ULV3, U1V — UV1) € R3,

uRQv= (uivj) EM3X3, A:B:tT(A*B):AijBij, |A| =VA:A,

AF = (Aﬂ) € M3X3, trA = A“‘, and Au = (A”u])
for Vu = (Uj) S Rg, Vv = (’Uj) S Rg, VA= (Aij) S M3X3, and VB = (BU) S
M3X3.

The motion of the fluid is described by the velocity field v/. The vector v/ (x, t)
is interpreted as the velocity of the fluid material point which has Cartesian coor-
dinates x at the time ¢. This provides the Euler description of the fluid motion.

With (1.1), one can give an Eulerian description of the motion of the solid body
B:

vi(x,t) = QQ* () (x —X(t)) + W(t),  x€S(t), (1.3)
where B
W(t) =X(t) = d’;—y) (1.4)
and we use the notation for the derivative in time
) — 40)

if a function b depends on time only.
Since Q(t) € SO(3), the matrix Q(¢)Q*(¢) is skew symmetric. Thus, one can
determine the rotation vector w(t) by the identity

QHQ*(z=w(t) Nz, =zeR>. (1.5)
Then, (1.3) can be written in the form

Vi(x,t) =B(t) A (x — X(1) + (1),  x € S(t). (1.6)
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The dynamics of the coupled fluid-rigid body system is described by the fol-
lowing system of partial and ordinary differential equations:

pl o (x,t) + pldiv (v/(x,t) @ v/ (x,t)) — dive/ (x,t) = p/ £(x,1)
divv/(x,t) =0 (1.7)
ol (x,t) = 2ve (v/(x,t)) — p/ (x,8)]

for all x € Do\ S(¢t), t € [0,T],

ms W(t) = ol (x,t) n(x s s X X
() /m (x t)mixtyds+p° [t

for all ¢t € [0,T], and

vi(x,t) = v¥(x,1), x €0S(t), tel0,T], 19
1.9
vl (x,t) =0, x€dDy tel0,T].

Here, p/ > 0 and p* > 0 are the constant densities of the fluid and the rigid
body, respectively, ms = p*|So|, f is a given external force per unit mass, o/ is
the Cauchy stress tensor in the fluid, pf is the pressure field in the fluid, v is the
1
= §(Vv + (Vv)*), I is the identity matrix,
n(-,t) is the unit outer normal vector to the surface dS(t) of the set S(t), and the

inertial matrix J of the body is defined by the following identity:

(Ta) - b = p* / (an (x — (1) - (b A (x — R(£))) dx (1.10)

S(t)

constant viscosity of the fluid, e(v)

for any a,b € R3.
The system (1.1)—(1.10) must be complemented by the initial conditions

=vl(x x So
{Vf(X,O) = O( ), S DO\S() (111)
v®(x,0) = wy A x + W, x €Sy
and B o
{w(O) = wo, w(0) = wy (1.12)
Q0) =1, x(0) = 0.

We always seck solutions v/, Q, X, @, and W to the initial-boundary value problem
(1.1)—(1.12) which satisfy the relation

dist {0Dy, S(t)} >0 for all t € [0,T], (1.13)
i.e., the rigid body does not touch the confining boundary of the fluid domain.
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In (1.7), we have used the following differential operators:

Vp = (p;), Vv = (vi ), divv = (v;),

8_v
ot’

dive = (04j,5), and Oy =

where the comma in the lower indices indicates differentiation with respect to the

corresponding Cartesian coordinate; for example, p; def Op/0x;.

The goal of this paper is to prove the global existence of weak solutions to
the initial-boundary value problem (1.1)—(1.12). In particular, the problem we
consider corresponds to the motion of a rigid body of arbitrary shape immersed in
a fluid; the fluid and the rigid body are subject to prescribed external forces and
the fluid is subject to square integrable initial data. Of course, one should expect
some restrictions on T but they are connected with condition (1.13) only. This
problem, in different settings, was studied by other authors. The case Dy = R3
was treated in [8] and [9], essentially for the steady case. For a bounded domain
Dy in R3, the existence of at least one local strong solution, even for many bodies
inside of Dy, was proved in [2]. The authors of that paper assumed that the
initial data have square integrable derivatives. In [1], the one body problem was
considered in the case of a bounded domain Dg. Those authors assumed that the
body is a ball, the external force f is equal to zero, and the initial data are square
integrable. Their definition of a weak solution is similar to the one given here and
their main theorem states the existence of at least one such a weak solution.

We also note the papers [3] and [5] on the closely related topic of the existence of
weak solutions to initial-boundary value problems for the Navier—Stokes equations
in domains with prescribed time-varying boundaries. The paper [4] is related in
a different way; in it, the steady self-propelled motion of a body in a viscous
incompressible fluid is studied.

We next discuss a consequence of (1.7) and (1.8), assuming that a solution to
(1.1)—(1.12) exists and is smooth. We first introduce

B (x.t) = {ps, x € S(t) v(x.t) = {VS(X, t), xeS(t) (1.14)

pf, x € Do\S(t), vi(x,t), x & Do\S(t).
Next, let V be a sufficiently smooth solenoidal function in Dy x]0, T[ such that
V(x,t) =0, x € 9Dy, te€][0,T],
and

V(x,t) = Q(t) A (x —X(t)) + W(t), xe€S(t), telo,T],

for some t — Q(t) € R and t — W(t) € R?. Then, using (1.10) and integrating
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by parts, we obtain

/D (P06, 1) (v, 1) - V1) + Tv(x,1) 2 (V1) © v(x, 1))

+ 2ve(v(x,t)) : e(V(x,t)) — p(x,t) f(x,t) - V(x, t)} dx =0 (1.15)

for any t € [0, 7.

It turns out to be more convenient to interchange the roles of the reference and
current configurations. To this end, we make the following change of variables and
functions:

p(x,t) = p(y), vixt)=Q{)ulyt), x€Do, yeD®), (1.16)
where
Dt)={y eR® | y=Q"(t)(x—X(t)), x€ Dy}, (1.17)
and
Ol) = QWD) W) =QUW(W),  T=QWJQW).  (11s)
Now, (1.4)—(1.6) and (1.9)—(1.14) take the form
X = Q(t)w(t), (1.19)
Q*)QW)z=w(lt) Nz VzeR®, (1.20)
ui(y,t) = w(t) ANy +w(t), vy €S, (1.21)
{uf(y,t) =u(y,t), ye€dSy, tel0,T], (1.22)
u/(y,t) =0, y €0D(t), te€[0,T],
(Ja)-b = p° / (aAy)-(bAy)dy, abeR? (1.23)
So
{uf(y,o) =uj = v, y € Do\So, (1.24)
us(YaO):wO/\y+WOa y€SOv
w(0) =wg, w(0)=wpy, Q0)=1I, X(0)=0, (1.25)
dist{0D(t), So} >0, te[0,T], (1.26)
and

psv AAS SO; uS(Yat)v AAS SOv
p(y) = { ; — u(y,t) = { ; — (127
p’, 'y € D(t)\So, u/(y,t), y e D(t)\So.
If we choose a test function U such that
V(x,t) =Q(t)U(y,t), x € Do,, y€D(),

U(y,t) = Q) Ay +W(t), ye€So,
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where Q(t) = Q*(t)Q(t) and W (t) = Q*(t)W(t), then (1.15) yields the identity
[, [o) (@t ) nuty.) - UG
¢

+ Vu(Yat) : (U(y,t) 0 (u(y,t) - w(t) Ny — W(t))) (1.28)
+2ve(u(y,t) : e(U(y, 1)) — p(y) @ ()E(Q(t)y
+X(t),1) - Uy, t)} dy =0

for any t € [0,T].

2. The notion of weak solutions and main results

In order to define the notion of weak solutions to the initial-boundary value prob-
lem (1.1)—(1.12), or, equivalently, to the initial-boundary value problem (1.19)—
(1.28), we need to introduce some sets and function spaces.

First, we introduce the set of admissible configurations

Rd:ef{DCR?’|S_0CD:{y6R3|y:Q*(x—§),x€D0}
for some Q € SO(3), and for some X € R*}.

Next, let us choose a ball D with the center at the origin such that D C D, and

dist{0D4,D} > 1 for all D C R.
We shall use the usual Lebesque and Sobolev spaces L, (D; R?) and W} (D;R?),
respectively. Now, for D C R, we define the set

Coe(D)

{V € WL(Dy;R?) | sptv C D, divv=01in Dy,
v(y) =w Ay +w for any y € Sp, for some w € R3, and for some w € R3}.

We denote by H(D) and H'(D) the closure of the set C (D) in La(D;R3) and
W3(Dy;R?), respectively. We assume that

Do and Sy are of class C?. (2.1)
Then, one can claim that for any D € R, the following statements are valid:
(1) the embedding H'(D) into H(D) is dense and compact;
(2) HD) = {v € Ly(D4+;R3) | v=0in D{\D, divv =0 in Dy,
v(y) =w Ay +w for any y € Sp, for some w € R?, (2.2)

and for some w € R3};

(3) HY(D) = H(D) N W5 (D4; R?).
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We also assume that
(Ja)-a > olaf’, acR?, (2.3)

for some positive number 7.
We extend the function p to the whole ball D by setting

o def {Pf in D4\ S,

p° in Sp.

Then, for any D C R and for any u € H(D), we let

def 1 1
B 5 [ Py =3 (/ o [uf2dy + m.fw? + (Jw) w) .
D+ D\SO
Concerning the external force, we assume that

A2 = max{p’, p*} sup / If(x,t)|>dx < +oo and f e C(D x [0,T);R?)
0<t<+o00 J Dgy
(2.4)
for any bounded domain D C R? and for any T' > 0. Concerning initial data, it is
assumed that
ug € H(Dy) (2.5)

and

d < dist{0Dy, So} > 0. (2.6)

Definition 2.1. We say that a function u is a weak solution to the initial-
boundary value problem (1.19)—(1.28) if it has the following properties:

u € Lo (0,T; Lo(D4;R?)) N Ly (0, T3 Wy (D4 R?)) (2.7)
u(-,t) € HY(D(t)) for a.a. t €[0,T], (2.8)

where
D) Y {y eR? |y = Q*(t)(x = X(t)),x € Dy} € R for allt € [0,T], (2.9)

and the functions
Qe wWL,T;M*3)  and € WZL(0,T;R?) (2.10)

satisfy the relations
X(t) = /t Q(r)w(r)dr for allt €10,T], (2.11)
0

=w(t)Az for allz € R® and for a.a. t € [0,T]
Q0)=1I, Q)€ SO3) forallte]|0,T],
wt) Ny +w(t) forally € Sy and for a.a. t €[0,T], (2.13)

(2.12)

£

=

=
I
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and, for almost all t € [0,T], the function u satisfies the variational identity

/D p(y) (uly,t) - Uly,t) — uo(y) - Uly, 0)) dy — /0 /D pu-0.U dydr

+/Ot/D {p((w/\U)~U+Vu:(U@(u_w/\y_w))) (2.14)

+2v(e(u) : e(U)) — pF - U} dydr =0

for all U € WL (D4 x]0,T[;R®) such that U(-,7) € Coo(D(7)) for all T € [0,T],
where

Fy,t) & Q" ()E(Q(t)y +X(1),1),

and u also satisfies, for almost all t € [0,T], the energy inequality

E(u('vt))‘F?V/O /D |€(u)|2dydTSE(uo)+/O /D pF - udydr. (2.15)

The initial data are fulfilled in the following sense:

the function hy(t) = / p(y)u(y,t) - U(y,t)dy is continuous
Dy

on [0,T] for all U € C([0,T]; L2(D;R?)) such that

U(- 1) € H(D(®)), t € [0,T], and hy(0) = / o) wo(y) - Uly, 0) dy.

Dy

(2.16)

Our main results are as follows.

Theorem 2.1. Assume that conditions (2.1) and (2.3)—(2.6) hold. Then, there
exists a positive number Ty = Ty(uo, f,d, So, Do) such that for any T €)0, Ty[ there
exists at least one weak solution to the initial-boundary value problem (1.19)—(1.28).
Weak solutions satisfy all the relations (2.7)—(2.16). Moreover, only one of the
following cases can be realized.

1. TQ = +00.

2. Let {T), > 0}32, be any sequence such that T, 1 Ty. For given Ty, choose
an arbitrary weak solution to (1.19)—(1.28) satisfying Definition 2.1. Let the
function t € [0,T) — Dy(t) € R correspond to the chosen weak solution. Then,

dist{0Dy(T%), So} = dist{0Dy, Sk(Tk)} = 0 as k — +oo.

In fact, all the statements of Theorem 2.1 are simple consequences of the fol-
lowing theorem.
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Theorem 2.2. Let

o
A inf{/ le(v)|*dy | v €Wy (D4;R?),divv =0 in Dy,
Dy

viy) =QAy+W, y €Sy, for some Q € R? (2.17)

and for some W € R3, /

plv*dy = 1}
Dy

and

. —1
T*(Eo,Af,d)défmm{l, d ((dlams‘)+ ! )\/E0+Ef) } (2.18)

2\/§ /70 Vs
where 2
def def £
Ey = FE d FEf = .
0 (uO) an f 41/)\+

Then, for any weak solution to the initial-boundary value problem (1.19)—(1.28)
satisfying Definition 2.1 with T = T, we have the estimate

dist{dD(t), So} > g for all t € 0,Ty]. (2.19)

Moreover, there is at least one weak solution to (1.19)—(1.28) satisfying Defini-
tion 2.1 with T =T,.

Proof of Theorem 2.1. Suppose that we are given an arbitrary collection {f, ug, d}
satisfying (2.4)—(2.6). Assume that a positive number T exists such that there
is a weak solution to (1.19)—(1.28) satisfying Definition 2.1. Let us denote by Tp
the supremum of such T'. According to the second statement of Theorem 2.2 we
have Ty > 0. If Ty = 400, then we take another collection {f,ug,d}, satisfying
conditions (2.4)—(2.6). Thus, we assume that Ty < +o0.

Suppose that the last statement of Theorem 2.1 is false. Then, there is a
sequence {T' > 0}2°, with the following properties:

Te T To (2.20)

and, for each k, there is a weak solution al® to (1.19)-(1.28), satisfying Definition
2.1 with T' = T}, such that the function ¢ € [0,T%] — Dy (t) € R, corresponding
to this solution, satisfies the inequality

limsup dist {8Dy(Tx), So} > 2do > 0. (2.21)

k—-+o00
For ¢ > 0, by (2.20) and (2.21), one can find a positive number k = k(e, dy) such
that _

To—e< Ty <Ty (222)

and 3
dist {0Dy(T%), So} > 5do- (2.23)
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Our goal is to choose a number € in order to arrive at a contradiction with the
definition of the number Ty. From Definition 2.1 and from (2.23) it follows that a
number T}, exists such that

Ty — % < T, < Ty, (. Ty) € H(Dr(Th)),

dist {ODx(T}), So} > Zdo,
and

Ty
Ey + u/ / le(@®)|? dydt < Eo + E¢Ty, < Eo + ExTp, (2.24)
0 Dy

where By = E(@®)(-,T})). To obtain (2.24) from (2.15), we have used the defini-
tion of the number A and the Cauchy inequality.
By Theorem 2.2, there exists a weak solution u(!), defined on the interval

1T, TV, such that G (-,T3,) = a® (-, Ty), DO(T}) = Dy(T}). Here T =

Ty + T, (Ek,Af, Zdo),

5 . 5¢1 do
T.(Ey, A, 2dy) = 1, 1%
() o e

> (see (2.24) )

>TM —mind 1, c1do
2¢/Eo + (To + 1) E¢

1 (diamSo 1 )1
cl = — + .
\/i \/% Vs

where

We also know that
- 5 _
dist{0D D (), S} > 2do, te e, 7).

It should be noted that in order to apply Theorem 2.2, one needs to involve some
fixed rotation and translation.
Next, there is a number T such that

=)

T ; <7 < T(l), ﬁ(l)(-,T(l)) c Hl(ﬁ(l)(T(l))),

dist{aD D (T M), Sy} > %do,
E@W(, TM)) < By + (TW — Ty)Ee < Eo + (Ty 4 1)E.
Clearly, the functions

uO (1) = a® (1), 0<t< Ty ond DO (1) Di(t), 0<t<Ty
’ ﬁ(l)(.ﬂg), T, <t<T® lND(l)(t), T, <t<T®
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provide a weak solution to (1.19)—(1.28), satisfying Definition 2.1 on the interval
10, 7M.

Proceeding in such a way, we obtain that, for any m, there are two functions
u(™ (. t) and D™ (t), satisfying Definition 2.1 on the interval |0, T(™[. Here, the
number T("™) can be estimated from below in the following way:

€ m 1 m ( ) m ( )
(m) <7 _ € L DS i
T(m) > T, 2Z2i+ZT* > T e—f—ZT* ,
=0 i=1 =1
where
) do
T*(l) = min {1, - a - } .
27’(E0 + (TO + Z)Ef)
Moreover,
. do
dist {aD<m>(T<m>),so} > o

Thus, setting
Ty Tp e+ 1T,
i=1
we see that, for any T' < T, there exists a weak solution to (1.19)—(1.28), satisfying
Definition 2.1 on the interval |0, T'[. But, according to (2.22), we have

(e ]
Ty > > T + T — 2,

=1

o0
To obtain the contradiction, we take € = Z T*(Z). Theorem 2.1 is proved. |
i=1

RNy

Theorem 2.2 will be proved with the help of a special regularization. To describe
it, we take an even non-negative function k € C§°(R') such that k(s) = 0 if |s| > 1.
Then, we let

1 t]?
Ki,(t) = ca—k ‘— , teRY
P
1
Kou(y) = ek (‘X

2
, YERY
1

KIL(Y7t) :Klu(t)KQ;L(Y)v yER?’, tER17

where p is a positive parameter. The constants c,; and c.o are chosen so that

+oo
Ki(t)ydt=1 and / Kou(y)dy =1.
R3

— 00
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Theorem 2.3. Suppose that all conditions of Theorem 2.1 hold and let, in addi-
tion,
uy € W3 (Do\So; R*) N H'(Dy). (2.25)

Then, there is a function u having the following properties:
u € Lo (0, Ty; W3 (Dy;R?)) N C ([0, T%]; La(Dy; R?))
omu € Loy (0, T*; LQ(D+;R3)) ,

where Ty, = Ty (Ey, A¢,d). The function u satisfies the relations (2.8), (2.9) and
(2.11)(2.13) with

Q € C* ([0,T.]; M**3) and X €C'([0,T.;R?). (2.27)

For almost all t € [0,T,], the function u satisfies the variational identity

/ ) [{@ty. o nuy) - v

(2.26)

+Vu(y, ) : (U) @ (Wly,t) - w®) Ay = w(t)) }| dy
300 =) [ a6 V) (@05.0) — wlt) Ay~ wid) - n(y)] ds
0S50

+ /D(t) [2ve(u(y,t) : e(U(y)) — p(y) Q" (OE(Q(t)y +X(t),t) - Uly)] dy
=0

(2.28)
for any U € HY(D(t)). Here n is the unit outward normal vector to the surface
So, and

(W) (y, ) < / Ky -yt —tha(y,t)dy'dt', Qi Dyx]0,T.].
Q+

For all t € [0,T), the energy inequality (2.15) holds. The initial conditions are
satisfied in the following sense:

lu(-,t) —uo(-) | oDy r3) — 0 ast | 0. (2.29)

3. Proof of Theorem 2.3

In this section, we prove Theorem 2.3. To this end, we introduce a partition of
T
the segment [0, T%] determined by the points ¢, = kA, A = E k=0,1,...,N,

into N segments [t;_1,%;],7=1,2,...,N. We look for a function u”, having the

form
¥y, 1) =Dy + (1 () —ut D)) @3
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fort € [ty_1,tk], k=1,2,...,Nandy € D,. The functions u®, k =0,1,...

are required to satisfy the following system of equations:
u® =y,

uP(y) =w® Ay +w® forally e Sy and for k=0,1,...,N

) )

u® e HY(Dy), k=1,2,...,N,

Dp={y eR® |y = Q)" (tx)(x — X" (t)), x € Do}
dist {0Dy, So} >0, k=1,2,... N,

Q@) () QN (t)z = w* D Az forallzeR?, t€ [tp_1,tx]
t

V() = XN (tr-1) + QN(ryw* Vdr, t ety ]
th—1

fork=1,2,... N

) )

QN (tr) = QN (tk — 0) = QN (tx + 0) € SO(3)
V() == (t, - 0) =%V (t, +0) fork=1,2,... ,N—1,

k k—1
/ p Kwﬂu(k) Au(k)) U
Dy A

+Vu® (U ® ((uN)M(',tk) —w® Ay — W(k)>>] dy
1
+ §(pf - p°) /as u®) . U((uN)#(',tk) —wP Ay — W(k)> -nds
0

" /D [2ve®) : £(U) = p Q) (W@ (th)y + % (t1), tr) - U| dy

=0 forall Ue H'(Dy), k=1,2,...,N.

*

Let us briefly explain how to prove the existence of a solution u’¥ to the problem
(3.1)—(3.9). First of all, we derive from (3.9) an a priori estimate by substituting

U = u® and then integrating by parts. As a result, we have

(k) _ qk—1)
/ {p% a4 21/|s(u(k))|2} dy
Dy

= /D p QN (t)E(QN (tr)y + XN (tr), tr) - u'® dy.



232 M. D. Gunzburger, H.-C. Lee and G. A. Seregin JMFM

We again use the definition of the number Ay and the Cauchy inequality to obtain
from the last relation the following estimate:

(k) — qk—1)
/ {p% a® +,/|5(u(k))|2} dy < Fx.
Dy

Summation by parts gives us

m m

E(u™) +VZA/ e(®))2dy + = Z/ plu® —ulF=12 gy

< Eg+ Egty, < Eg + E¢T. < Ey + Er

(3.10)

for any m =1,2,...,N.
The estimate (3.10) provides the inequality (see (2.3) and the definition of E)
1
5 <m5|w(m)|2 n 70|w<m>|2) < Eo+ E¢T. < Ey + E. (3.11)
It follows from (3.6) and (3.11) that

2(Eo + Ex)

=N
t)| < T.,
SOEES
(3.12)
. 2(FEy + E 2(Ey+ E
1OV (1) < 2(Fo + Er) implies  |QN(¢) — I| < MT*.
Yo Yo
Thus, if we introduce
DY(t)={y e R’ |y = Q") (t)(x —x"(t)),x € Do}, (3.13)

then
dist{OD™(t), S} = dist{0Dg, S™ (t)}
=inf {|x —X| | x € 0Dy, X = QN )y +xV(t), y € So}
> inf {[x —y| | x € 9Dy, y € So} — (|QV (1) — I|diam S + &V (1)) (3-14)
diam Sy n 1

Vo Vs

d
>d—T.\/2(Ey + Ex) ( ) (see(2.18)) > 5
for all t € [0,T] and for all N.
Having in hand the estimates (3.10) and (3.14), one can prove the existence
of a solution to problem (3.1)—(3.9). To this end, let us consider the following
problem. For a given function

Vi) =vED )+ (V) - v ) L e [t (3.15)

where k = 1,2,...,N, and v(9 € Ly(Dy;R?), divv® = 0 in D;, v() = 0 in

some neighborhood of dD,, i = 0,1,...,N, we are looking for a function u'V,
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satisfying (3.1)—(3.8) and the variational identity
k k—1
/ ) {(M +o® /\u(k)) U
+Vu® (U (vV)u( te) —w® Ay —wk))] dy
1
S0 ) / a® . U((VN)M(~,tk) Cw® ay - W(k)) nds (3.16)
9So

* /D 2ve®) : £(U) = p (QV)" (t)EQ" (ta)y + %" (t0), 1) - U] dy

0

_|_

for any U € HY(Dy), k = 1,2,...,N. Since div (v"), = 0, the estimates (3.10)
and (3.14) hold for any solution to the problem (3.1)—(3.8) and (3.16). Solvability
of this problem can be proved easily if we take into account (3.6) and (3.16).
They show that to find u®*) and Dj, we need only know u*=Y and Dj,_;. Then,
marching from k =0 to k = N, we find u?.

Now, we see that problem (3.1)—(3.8) and (3.16) defines multivalued mapping
vV — uP. Since u® satisfies (3.10) and (3.16), we easily can show that this
mapping has a fixed point. It is a solution to problem (3.1)—(3.9).

In this remainder of this section, we shall denote by ¢, c1, etc. all constants
which depends only on ug, Ag, d, Dg, Sp, and p. At times, different constants will
be denoted by the same symbol.

To prove Theorem 2.3, we will need the following result.

Lemma 3.1. For any solution to problem (3.1)—(3.9), the following estimate holds

2

m u(k) — u(kil)
O I B e
/D+ k=1 Dy A
1 2
= (k) _ (k—=1) <
+A D+A’6<u u )’ dy <c¢ (3.17)

form=1,2,... N.

u(k) — u(k_l)

A
u*=1) belongs to H'(Dj,_1) but not to H'(Dy). To overcome this, we introduce

the following mapping z from Dy into Dg_q:

Di—13 z(y) = (QV)* (ts—1) (QV (tr)y + X" (tx) =X (tx-1)), ¥ € Ds.

Clearly, by (3.6) and (3.11),

Proof. Unfortunately, we can not substitute U = into (3.9) because

sup |z(y) —y| < A. (3.18)
YE€Dy
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Now, let us introduce the function
" (y) = {(QNNtk)QN(tk1>u<“><z<y>>, y € Dy
0, y € Dy\Dy.
We see that
u Y ewH(DyRY and diveY =0 Dy (3.19)

However, the function ugffl) still does not belong to H(Dy).
We introduce the set
d

Sg/4 = {y € R? | dist{Sp,y} < Z}’
by (3.14),

SY*NoDy =0,  k=0,1,...,N. (3.20)
Next, we choose a cut-off function ¢ € C§°(R?) with the following properties:

0< <1i RB d 1 in So
<¢p<lin an Y=
0 in R3S,

We then have

/ V- (uf_l) — u(k*1)> dy = / _div (gp (uf_l) — u(k*1)>> dy
S5/ "\So So/"\Sg

_ _/ n- (uﬁf‘” - u<’H>) dy = _/ div (uf‘” - u<’H>> dy = 0.
9So So

Here, n is the outward unit normal vector to the surface 9Sy. Then (see [7]), there

exists a function v(*~1) ¢ W%(Sg/‘l\s_o) such that
divvF—1 = V- (uf—l) _ u(kﬂ)) - 53/4\5_0

and )
-1 k—1
IVl gy +HIVVETD ”L(2k<s§)/4\s*o>
§ C1 (dv SO)H u+ - u(kil) ||L2(Sg/4\570)'

We extend v(*~1) by zero to D, . Then, we obtain

o
VD) € WD R, diveD) = Vo (ul D —u) D,

IvED sy + 1 VVED |,y < ea(d, So) [luf ™Y —a®=D 1, ).
(3.21)
Now, we let

G N (S Y (1-¢) (ugf—l) _ u(kq)) +vD,
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by (3.19) and (3.21),
wf Ve r (Dy), k=1,2,...,N. (3.22)

We introduce the additional notation

_ (k—1)
X = X +vie 7, (3.23)
where
(k—1) def 1 (k—1) f— L (o1
Vi = —Z(l—go) (u+ —u! 1)>_ZV( ).
a® _ u(kfl)
Now, by (3.22), one may substitute T* for U in (3.9). As a result, we
have
(k) _ y(k=1)|? (k) _ y(k=1)
/ Py i dy+21,/ c(u®) e oY )y
e N ARy .
— -1 3.24
def Iék) + 21// e(u®): e (¥> dy (3:24)
6 D+ A
=1L

+

(k) _ yk=1)
LY —/ p (w(k) A u(k)) : (uTu + v§k1)> dy
Dy

1/2
2
< (see (3.10) and (3.11) ) < ¢y (I(()k)—i—/ VSF’“*”‘ dy> ,
Dy

(k) — uk—=1)
L —/ pVul® ((% +v5<k_1)>
Dy

@ (M) th) — w® Ay — wh) ) dy

1/2 1/2
<c (/ |Vu(k)|2 dy) (I(()k) —I—/ |v>(kkfl)|2 dy)
D, Dy

x (Supyep+ (M) (y, te) —w® Ay —wk) \)

1/2 ) 1/2
< ( / |5(u(k))|2dy> (13’“>+ / Vi dy) ,

1/2
(k) _ 47(k=1) 2
I d:ef—/ p——x—— vy < ey (1) (/ Vi dy) :
D, D
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def 1 u® —u=D g
I, = —= f—ps / u(k)-(i—i—v*
0 = [ .

JMFM

X ((u™)u(o k) — wk Ay — W(k)) -nds
< €1 SUPyep, }(uN)M(y,tk) —w® Ay — W(k)}

x%/ ’w(k) ANy + W(k)‘ ‘(w(k) —wk ) Ay 4 (wh) - w(kfl))’ ds
Sy

12
< cy (Iék)) (where we used the fact that Vﬁkil) =0 on 95)),
I5 Lef —21// € (u(k)) € (vgk_l)) dy,
Dy

(k) _ y(k=1)
I /D P QY)Y (1) £ (QN (t)y +XV (1), 1) - (¥

A +V5‘H)> dy
) 1/2
<c (Iék) —l—/ Vﬁkil)) dy) .
Dy

Using the Cauchy inequality, we derive from (3.24) and from the estimates given
above, the following estimate:

(k) _ u(k=1)
1 I(gk) +2 1// e(u®): e <%) dy
Dy

(3.25)
< Is+ ¢ (1 +/ IVSf“_”IQder/ Is(u(’“))IQdy> :
Next, by (3.21) and (3.23),

/ |v£k71)|2dy < ﬂ/ |u$71) — a2 gy,

From the definition of ufﬁl) (see (3.19)), it follows that

Y (y)—utD(y)]

= ‘((QN)*(tk) — (@) (te-1)) QN (tre-1)u* P (z(y)) + u*V(z(y)) —u* " (y)

< a A (z(y)) [+

/0 Vu D (y+0(z(y) — y))(z(y) — y) de’ :

Taking into account the estimate (3.18), one can derive from the last two inequal-
ities the following relations:

1

|u$v—1) _u(k—1)|2dy < 1+/ |&:(u(k_1))|2 dy
A Dy Dy

(k—1

(3.26)
/ VEDRdy <o (14 / (D)2 dy
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Now, let us estimate I5 in (3.25). We have

Is=J1 + Jo, (3.27)
where
1
Ji1 = 2V— (u(k)) e(vE=D) dy
Jy = 21/— (1 — go)(uf_l) — u(kfl))> dy.

D+

The integral J; can be estimated easily (see (3.21) and (3.26)):

) 1/2 1/2
neX ([ Py ) ([ et Ry
A Dy Dy
) 1/2 1/2
<o / le(u®)? dy / ) — a0 2 gy (3.28)
A \Jp, Dy
< ¢y (1 +/ le(u®)]? +/ |€(u(k1))|2dy> )
Dy Dy

To estimate Jo, we first integrate by parts and obtain

Jo = JQ + Jo ”, (3.29)
where
gy = 21/— u(k) (qu_l) - u(k’1)> ds
8Dk
Jo ! = —21/— dive(u®) . (1 - ) (ugffl) - u(k_l)) dy.
Dy \So

For Jy', we have (uff_l) =0 on 0Dy,)
2v
g2 n) - a4
|J2 /] A/@jj}q(s(u )n)u s

21} 1/2 1/2
<% (/ (a2 ds) (/ k=D 2 ds) .

Now, we are going to exploit (3.20). By (3.20) and by the fact that the domain
D, is the result of translations and rotations of the domain Dy, we claim that for
any 7 €]0, 1] the estimate

1
/ le(u®)2 ds < (’y/ |V2u(k)|2dy+—/ |€(u(k))|2dy> (3.31)
8Dk Dk\So ’Y D+

holds. The constant ¢ in (3.31) depends only on Dy and d.

(3.30)
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To estimate the second factor on the right hand side of (3.30), we use Lemma
A.1 of the Appendix and obtain the inequality

1
F/ lu*V)2ds < ¢ (/ |[Vult=V 2 ds +/ |VZulk—b)2 dy)
dDy, 0Dy _1 Dy _1\So

< ( / (D)2 dy + / [V3ult=Dp dy)
Dy

Dy _1\So
(3.32)
with a constant ¢; depending only on Dy.
Next, we evaluate Jo " with the help of (3.26)

1/2 1/2
|L"| <c (/ |V2u®)|2 dy> (1 +/ le(uF=1)y2 dy> . (3.33)
Di\So Dy

For k =1,2,..., N, the function u® satisfies the Stokes equations

—2vdive(u®) + Vp, = g* in Dp\Sy,
divu®™ =0 in Dy\So,
u® =0 on 0Dy,
uP(y)=w® Ay +why e as,,

where

g" () = {(QN)*(tk)f QN (tr)y + XN (tr), 1) — u®(y) —A“(’“’”(y)

—w® Au®(y) = vu® (y) (@V)u(y,t) —0® Ay - wh) 1.

By Lemma A.2, there exists a constant ¢, depending on Sy, Dy and d, such that

/ VZuM 2 dy < c / g2 dy + [w®? + [wk)? | .
Dp\So D\ So

Using (3.10) and (3.11), we obtain

/ [VZu® 2 dy < ¢, 1+/ |5(u(k))|2dy+/
Dy \So Dy Dy

2
dy

(3.34)

u(k) — u(k_l)
A
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Thus, combining (3.29)—(3.34), we obtain

2 1 1/2

|2 < (q// dy+1+—/ |6(u(k))|2dy>

Dy Y Jby
2 1/2
X 1+/ |6(u(k_1))|2dy+/ dy
Dy Dy A
2 1/2
dy)

(k) _ y(k=1)
+eo (1_,_/ |5(u(’“))|2dy+/ wo—w 7
1/2
X <1+/ |e(u(k_1))|2dy>
Dy

A
(3.35)

u(k) — u(kil)
A

u(k_l) — u(k_Q)

for k=2,3,...,N, and

|2] <1 (’Y/
Dy

a® — u©

2 1 1/2
dy—|—1+—/ e(u® 2dy
- U]

1/2
X / |5(u0)|2dy+/ |V2ug|? dy
bo Do\So (3.36)

W _ o2 \Y?
e <1+/ |€(u(1))|2dy+/ wouw dy>

1/2
x <1+/ |€(u0)|2dy>
Dy
for k =1.

From (3.35), (3.36), and (3.26)—(3.28), it follows that
(k) _ y(k—1)
all? + 21// e(u®)y: ¢ (%) dy
Dy

<o (1 —l—/ (|6(u(k—1))|2 + |5(u(k))|2> dy)

Dy

1/2 1/2
1 _
tes <71(§“+1+—/ le(u™)2dy 14 18" 1)+/ |€(u(k_1))|2dy>
Y JDy Dy

1/2 1/2
+eq |1 +/ le(u®™)|2dy + I(gk) 1 +/ le(u*—1)|2dy
Dy Dy

for k=2,3,...,N, and

1) _ 4©
cll(()l)—l—Qu/ cu®y: e (%) dy < 2 <1+/ |5(u(1))|2dy> (3.38)
Dy

Dy Y

(3.37)
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for k = 1. To obtain (3.38), we have used the Cauchy inequality. Applying the
Cauchy inequality once more, we derive from (3.37) the following estimate:

(k) _ y(k=1)
cll(gk) + 21// e(u®): e (%) dy
Dy

C _
<& <1+/ |€(u(k))|2dY+/ le(ut® 1))|2dY> (3.39)
v Dy Dy

1/2
3 (k)2 (k-1 /2 k) 7(=D)?
+2 <1+/D+ le(u®)] dy> () e (60180

for k=2,3,...,N.
Note that
1
e(u®) s e® — D) = 2 (Je@P)P — ()P + ea® —utD)P).

Taking into account this identity, multiplying by A, utilizing (3.38) and (3.39),
and choosing v €]0,1[ in an appropriate way, we obtain (3.17). Lemma 3.1 is
proved. O

Now we are prepared to complete the proof of Theorem 2.3. We wish to take
the limit in (3.1)—(3.9) as N — 4o00. We introduce the function

vy, t) L u®(y), tpi<t<ty, k=1,2,...,N. (3.40)
Comparing (3.1) and (3.40), we see that, by (3.10) and (3.17),
/ N — vV dydt +/ e(u — v dydt < cA, (3.41)
Q+ Q4

where Q4 % D, x]0, T..[. We also let

FY(y, ) = Q)" (t) £(QN (te)y + XV () ), (3.42)
ye€Dy, te€ltp_1,tx], k=1,2,... N.
The relations (3.5) and (3.6) and the estimate (3.10) allow us to state that:
{QM} is bounded in WL (0, T,; M3*3),
{xN} is bounded in WL (0, T,; R?)
and, therefore,

QYN — Q in C([0,T,]; M3*3), %N —xin C([0, T}]; R?) (3.43)

and
Q(t) € SO(3) for all t € [0, T], Q0)=1. (3.44)

We let
D(t)={yeR®|y=Q"(t)(x —X(t)), x € Do} (3.45)
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By (3.43) and (3.14), one can obtain
d
dist{0D(¢), So} > 5 for all t € [0,T]. (3.46)

Fix tg €]0,7.[ and a function U € Cy(D(to)) with dist{OD(to),spt|U|} =
lo > 0. Let the function ¢ € C§(0,T.) satisfy the conditions

0<¢<1 in]0,T,
w=1 inlty—0,to+ 0,
¥ =0 outside of |tg — 20, t9 + 20]
for some § > 0. We have that

dist{dD(t),spt |U(-, 1)|} > 5 (3.47)
for all t € [0,T.] and all 0 < § < 8, where U(-,¢) = 1(t)U(-). Next, we set
UV, 1) =U(,t), teer <t<tp, k=12,... N. (3.48)
It is clear that B B
UY - U in Loo(0,T.; W) (D4 s R?)) (3.49)
and
FY - F in Lo(0,T.; La(Dy;R?)), (3.50)
where
F(y,t) = Q"(Of(QM)y +X(1),1).
Moreover, we have
UN(,t) e H(Dy), k=1,2,...,N. (3.51)
Now, from (3.9), (3.10), (3.17), and (3.51), we obtain
/ p {(8tuN+wf,V AvY) . TN
Q+
+VvV (UN ® (VI —wl ANy — W‘jy)) dydt
1 T. _ (3.52)
+—(Pf—PS)/ / vVON (v —wl Ay —wi) -nds
2 o Jos,

where vV = wl' Ay + wl on Sy, and vIVoA(.t) def (

i=1,2,...,N,

ul), (1), t €t til,

EWN(-,1) + 1//0 /D le(v™)|? dydr < Eo + Fx (3.53)
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for all ¢ €]0, T, and

t
/ Is(vN(y,t))|2dy+/ / |o;u? |2dydr < ¢ (3.54)
D, o JD,

for all ¢ €]0, T1.
Selecting if it is necessary subsequences (still denoted by the same symbol as
the whole sequence), we obtain from (3.53), (3.54), and (3.41) that

uV Buin Loo(0,Th; W3 (Dy; R?))
vl Buin Loo(0, Ty W3 (D R?))
oY — gu in Ly(Q4;R?)

uV  —u in Ly(Qy;R?)

vV —u in L(Qy;R?).

Moreover,
u(,t) € HY(D(t)) for a.a. t € [0,T.]
u € C([0,.); L (D4; R?))
u(-,0) = ug
w —w in C([0,T.];R?)
wh —w in C([0,T.]; R3),

N

where uV = wN Ay +wY and u=w Ay +won Sy, and

wd — w in Ly(0,T;R?)
wl —w in Ly(0,T,; R3).

All this information together with (3.49), (3.50), and (3.43)—(3.47) allows us to
take limit in (3.52) for fixed p and obtain

/O*w(t)dt{/D p [+ wAv)- U+ Vu: (Ug (W), —wAy—w))] dy

+gd—pﬂ/%umumn—wAy—w»nw

+ [ e =(U) - p@ 0@y +%(0).0)- U] dy} =0.
Dy

By the arbitrariness of ¢, we obtain the identity (2.28) for all Lebesque points
of the functions ¢ — dyu(-,t), t — Vu(,t), t — (u)(-,t) and for all functions
U from Cu(D(t)). Thus, (2.28) now follows from the definition of the space
HY(D(t)). The relations (2.9), (2.11)—(2.13), and (2.27) are obtained from (3.6),
(3.45), (3.46), and (2.26) which has been already proved. Theorem 2.3 is proved.
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4. Proof of Theorem 2.2

The first claim of Theorem 2.2 follows from inequality (2.15) and the definition
of the numbers A} and Ty; see the proof of Theorem 2.3 for a similar situation.
Thus, it remains to prove the second claim only.

Let D be a smooth domain such that Sy CC D CC Dy and let {e; €
H'(D)}52, and {);}52, be eigenvectors and eigenvalues of the boundary value
problem

2/ e(ej) re(v)dy = \j pej-vdy, ve&H (D),

/ . 1 ifi=j
pe;-ejdy =

Dy ’ 0 ifi#j.

The spaces H(D) and H!(D) are defined in the same way as in the case D C R.

For them, all the properties of (2.2) are valid as well. By (2.2), the system {e;}52,
forms an orthogonal basis in H(D) with respect to the scalar product

(4.1)

(u,v)H(D)d:ef/ pu-vdy, ue HD), veH(D).
D

+

Clearly, solutions to (4.1) belong to WZ(D\Sp).

For D = Dy, we set e? d:efej, 7=1,2,.... Now, let ur — 0 as k — 400 and
E
k
u(() ) = Za?eg, where a(; = (e(;7 U0) 5 (Do)
i=1
Obviously,

€ ]' 1
EP € EEP) = —/ puy” g dy < —/ pug-uody = Ep.  (4.2)
2 D+ 2 D+
We introduce

. —1
T,E’“V‘:efT*(Eg’“),Af,d):min{L d ((dlam50+ L ) E(()k)+Ef) }

2v/2 Vo Vs

By (4.2), we have
T > T.(Eo, Ag,d) = T, for all k. (4.3)

According to Theorem 2.3, there exists at least one function u'*) with the following
properties:

{u(k) € Loo(0, T, WD, R3)) N C([0, T, Lo(D4; R3))

" (4.4)
ou®) € Ly(0,T."; Lo(D o3 R3)),

u® (1) e HY(DP () for aa. te [O,T*(k)]7 (4.5)
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where

DE@) L {y e R |y = (@) 0)(x - (1), xeD}eR
for all ¢ € [0, T*(k)] and, moreover,

dist {ap<k> (1), so} > 2 forall t e (0,7 (4.6)

IS

The functions
QW ec (0.7 M) ana =M ec (o, TVERY) (1)

satisfy the relations
t
M) (1) = / QW (r)yw® (1Y dr for all t € [0,T], (4.8)
0

QW (t)z = QW (1)(w® (1) Az) for all ¢ € [0, T
{@(k) (t) € SO(3) forallte[0,7"], QW (0) =1,
and
u® (y, 1) =w® (1) Ay +wF(¢) for all y € Sy and for all ¢ € [0,77].  (4.10)

For almost all ¢ € [0, T*(k)], the function u®) satisfies the variational identity

| o) (060 + 00 nu® (3.0)) - UG
L Va0 (U e (@) 0 - w0 Ay - w D)) dy

507 =) [ 0960 U (@) D0 Ay - 0) nds

+ [ Pre®(y.0)  e(U) ~ o) T 3.0)- U] dy = 0
’ (4.11)

for any U € HY(DW (1)), where F®) (y, 1) L QM) )f(QW (t)y + ¥ (1), ).
The function u® satisfies the initial condition

u®(,0) = u”() (4.12)
and the energy inequality

t
E(u(k)(-,t))+21/// le(ut) |2 dydr
0 JDy

. (4.13)
< E(uék)) —|—/ / pFF . u®) dydr
0o JDy

for all t € [0, T,
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Using (2.17) once again, we obtain from (4.2) and (4.13) the estimate
¢
E® (1) + v/ / le(u®)2 dydr < B + Ee < By + Ey (4.14)
o JDy

for all t € [0,Ty]. By (4.14), one may select subsequences (still denoted in the
same way) such that

u®) S uin Loo(0,T); La(Dy; R3))
u® —uin Ly(0, T; WE(D; R?))

wh S w in Lo(0,T,;R?) (4.15)
wF) S woin Loo(0,7T,;R?)
and
Q™ X Qin WL (0,Tw; M**3)  implies Q® — Q in C([0,T.]; M3*3)
%K) 5% in WL (0, T,; R?) implies X* — % in C([0, T%]; R?).
(4.16)

Moreover, it is not difficult to verify that the limit functions u, w, w, @, and X
satisfy the relations (2.7)—(2.13) and the energy inequality (2.15) and, therefore,
the relation (2.19). It remains to prove that (2.14) and (2.16) hold.

First we note that, by (2.4), (4.15), and (4.16),

F®) — Fin Ly(D, x]0,T.[; R?), (4.17)

where F(y, t) = Q*(DE(Q(t)y + (1), 1).

In the remainder of this section, we shall denote by ¢, ¢1, etc. all constants
that depend only on ug, A¢, d, Dy, and Sp.

Now, let us fix a positive number §; < d/4. Clearly, there exists is a number
ko, depending on ¢; only, such that

D%2(t) > DW () > Dy, , (t) (4.18)

for all ¢ € [0, Ty] and for all k > ko(d1). Here, we use the notation

Di(t) € {y e R? | dist{y, D(t)} < §}

Ds(t) ¥ {y € D(t) | dist{y,dD(t)} > 5} .

We again divide the segment [0,7%] into N segments [t;_1,t;], t; — t;—1 =

T. ) 6, 1> o

N - A, i=1,2,...,N. Let {e}’él} be the orthogonal basis in H(Ds, (t;)),
j=1

described at the beginning of the section. Consider piecewise linear functions in ¢

U (1) = e () 4 (0 i) (0550 () — e ()
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fort e [ti_1,t],i=1,2,... ,N,j=1,2,...,and m = 1,2,.... We denote the set
of such functions by .AN. Obviously, there is a number Ny = Ny(d1) such that

U% (-, t) =0 outside of Ds, ,,(t)
for all ¢ € [0, T*] and all N > Nj.

Let A= U Apn. This is a countable set, i.e., A = {U‘Sl’ } . It is important
No
to note that functions belonging to this set possess the property (see (4.18))

Usr(t) € H (D(’“) (t))

for all t € [0,T,], for all r = 1,2, ..., and for all k > ko (7).
Now, let us substitute U = U%"" into (4.11) and integrate the result in time
from ¢t up to t + A. As a result, we obtain

[, o Uty T

t+A t+A
/ / pu® . 9,U% " dydr — / / w® /\u(k)> Sy
Dy

+vu® (U @ (), = w® Ay w))] dydr

1 t+A
——(p —p° / / u® .o ((u(k))uk —wP Ay — w(k)) -ndsdr
8So

t+A
/ / [2ve(u ce(UT) 4 pFH) . U‘S”] dydr.
Dy
(4.19)
We wish to estimate the right-hand side of (4.19) with the help of (4.13). We set
def (k) 5 T=t+A o
O A B L N B DU NEIEY
+ - i=1
where
pu® . 9, U dydr
1/2 A 1/2
( plul® 2 dydT) (/ / p|0, U ? dydT)
¢ Dy
AI/Q
(4.21)
et | g2
L(t) = / / p (w(k) /\u(k)) SUNT dydr| < Cy(r)A, (4.22)
¢ Dy
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I3(t)
def PVu(k) (U (u(k))uk —w® A y - w®) dydr
tt+A 5

A 1/2
<c / / |U51’T|2 (|(uk),%|2 + 1) dydr
t Dy
A 1/2
S Co / / |U61,7"|2 dydT
t Dy
t+A V6 /v 1/
+ / / |Uorr |6 dydr / / |(u®),,, | dydr
t D+ t D+

By the property of the smoothing kernel and the multiplicative inequality, we have

T. T.
[ [ twpaye< [ dyar
0 Dy 0 Dy
. 3/4 3/4
< ul®? dy / Va2 dy dt
3/4 T 3/4
< c3esssup (/ [u® (y, t)[? dy) (/ / |Vu®)|? dyd7'>
0<t<T. \JD, o Jpy

§ Cq.

(4.23)

3

On the other hand, we know that

esssup (| U7 (1) oo+ VU () apa) € Colr) (425)

and
1/2

1/6
(/ |U‘51”(y,t)|6dy> / < (/ |VU51”(y,t)|2dy> . (4.26)
D, Dy
Thus, we obtain from (4.23)—(4.26)
I5(t) < Ca(r) (AW + A1/6) . (4.27)
Next, we have

det 1)

t+A
Iy(t) 2|p —p° /t /as u® . U‘S”<(u(’“))u,c —wP Ay — w(k)> -ndsdr
0

t+A
< C5(nA + ¢ / / U (@), | dsdr
t dSo
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1/2
< Cs(r)A + Cg(r)AY/? ( |(u®),,, |? dsdr
t 9So

1/2
/S (1) + [V, 2) dyar) |

t+

< Crr)[a+ arr2( /

(4.28)
1/2
< Cs(r) [A+AY? (/ / (Iu(’“)I2 + IVu(k)IQ) dydr>
o Jpy
S CQ(T) (A + A1/2) B
bt def A (k) 51,7 1/2
5(t) = 2we(u'™) 1 e(Ur")dydr| < Cio(r)AY=, (4.29)
Dy
and
et | A
Is(t) = / / pF® .U dydr| < Oy (r)A. (4.30)
t Dy
Combining all the estimates (4.20)—(4.30), we obtain
I(t) < Cra(r)AS. (4.31)

According to Arcela’s criterion of compactness in C([0,7%]), one can choose
a subsequence (denoted in the same way; we will exploit this agreement in what
follows) such that

/ p(y)u (y,t)- Ui (y,t)dy — [ p(y)uly,t)- U (y,t)dy in C([0,T.)).
Dy Dy
Using the diagonal Cantor procedure, one can find a subsequence such that
/ py)u® (y,t) - U (y,t)dy — |  ply)ul(y,t)- U (y,t)dy in C([0,T.]).

Dy Dy
for any r =1,2,... . Moreover, the energy estimate (4.13) yields

/ p(y)u® (y.t) - Uly,t)dy — [ p(y)uly.t) - Uly,t)dy in C([0,T3])
D Dy

for any U € C([0, Ty]; L2(D4; R3)) such that U(-,t) € H(Ds,(t)) for all t € [0, T%].
Next, replacing 41 by d;/2, we may repeat the same arguments and obtain a
subsequence with the property

/D p(y)u® (y.8) Uly, ) dy

-/ p(y)u(y,t) - U(y,t)dy in C([0,T.])

(4.32)
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for any U € C([0,T.]; La(D4;R?)) such that U(-,t) € H(Ds(t)) for all t € [0, 7]
and for some § > 0.

In what follows, we shall use a fixed cut-off function ¢ € C§°(R?) with the
following properties:

1 in So

4.33
0 in R3\S7/* (433)

0<p<1 and p= {
Now, let us introduce additional notation. For a domain D CC D, we intro-
duce the spaces
C>(D) = {veCs(Dy,R?) |sptvC D, divv=0o0n D},
H(D) is the closure of C*°(D) in Ly(D4;R?), (4.34)
H(D) is the closure of C*°(D) in W3 (D4 ;R3).
The scalar product in H(D) is defined as

/ u-vdy
Dy

for u € H(D) and for v € H(D), and let
P(D) be the orthogonal projector from H(D) onto H(D). (4.35)

Next, we assume that

S

SoccDcc Dy and dist{dD,So} > (4.36)

Let
Lo(Dy) Y {v € Lo(Dy;R?) | divv =0in Dy}
We take a cut-off function ¢ satisfying the conditions of (4.33). For an arbitrary

function v € L9(D4 ), there exists a unique function v, € I/?/% (53/4\§0;R3) such
that
divv, =—-Vg-v in 53/4\§0

and

Vv.|2dy = inf / Vv |2 dy
fouig Iy e [, 1o
V€ WHSYN\Sg; R?), divv = -V vin 53/4\§0}.

As it was shown in [7], the following estimate is valid:

2 2 2
v | +[ Vv | <l VovE

La(S5/*\S0) L2(5§/*\S0 SI/N\Sg)

where the positive constant ¢; depends only on Sy and d.
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We extend the function v, by zero to the whole of D . Next, we introduce the
operator A : Lo(D1) — L2(D4) by setting

u=AvY OV + V. (4.37)
This operator has the properties:
u=v in S, u=0 in D+\Sg/4,
divu=0 in Dy, (4.38)

lullypyy < calw,d, So)ll v lLyos)-
Moreover,
if veC([0,T.]);La(Dy;R?)), then Av e C([0,T.]; Lo(Dy;R?))  (4.39)

and
if veLy(Qy;R?), then Av € Ly(Qi;R?), (4.40)

where Q1 def D, x]0,Ty][.

Lemma 4.1. The relation (4.32) holds for any U € C ([0, T.]; L2(D4;R3)) such
that U(-,t) € H(D(t)) for all t € [0,T%].

Proof. Let U be an arbitrary function satisfying the hypotheses of the lemma. We
introduce the function

Ulx,t) = Q1)U(y,1),  x=Q(t)y +X(t).

Clearly, U € C([0, T.]; H(Dy)).
For fixed € > 0, a number N = N (e) exists such that

~ €
10U = U lc(or.)iLs(Dy 7)) < >

where

6N0¢)=fﬂnm7n—kt_z%l(ﬁCJM——ﬁOJMJ»,

|3

t € [th—1,tk], k=1,2,...,N, A=

For each £k =0,1,..., N, there exists a function v € C"X’(Do) such that
~ €
H Vi — U('7tk) HLz(Do;R?') < 2(N + 1)'
If we set
~ t—tp—
VN@ﬂzvmgg+_7§i@Mg_me»,teﬁhth k=1,2,...,N,
then o
10 = V¥ oo m)iLa(oy 89y < €
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Moreover, VN (-, ) = 0 outside of Dys for all [0,7.] and for some & < §(e), where

N
d(e) = dist {8D0, U sptvk} .

k=0
Now, one can make inverse change of variables and obtain
VY (x,t) = Q) VN (. 1).
Obviously, V¥ € C([0,T.]; La(D4; R?)), VN(-t) € H(Ds(t)) for all t € [0,T.],
and
10 = VN llc (0,1 La(Dy R2)) < €
We now let
UN('vt) = VN('vt) + A(U(at) - VN('vt))'
By (4.39), UY € C([0,T.]; La(D4;R3)). By (4.38), UN(-,t) € H(Ds(t)) for all
t €10,7,] and
10 = U [leo,n):La(sm9)) < c(d, So) e

Now, the statement of the lemma easily follows from (4.32). Lemma 4.1 is proved.
|

By Lemma 4.1, the function u satisfies (2.16).

Lemma 4.2.
/ p(y)u (y,t)- Uy, t)dy — [ p(y)uly,t) - Uly.t)dy in Lo(0,T%)
Dy Dy

for all U € Lay(Q4;R3) such that U(-,t) € H(D(t)) for almost all t € [0,T].

Proof. For the function U satisfying the hypotheses of the lemma, we again use
the change of variables

Uxt) = QW)U(y,1),  x=Q(t)y +X(0).
Let us make use of the smoothing kernel, introduced in Section 2,

T

(U)H(x,t) = Ki,(t—tU(x, ') dt'.
0

Now, we have
Uc LQ(Q+;R3), ﬁ(-,t) € H(Dy) for a.a. t€[0,T,]
(U)* € C([0,T.): Lo(D4; R?)),  (U)H(-,t) € H(Dy) for all t € [0,T,]

and, moreover, N B
| U—(U)*|lL,0ms) — 0 as u— 0.
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Setting
VE(y,t) = Q" (1)(U)*(x,1), x=Q[)y+X(t),
one can see that
V# e C([0,T.]; L2(D4; R?)), VHE( t) € H(D(t)) forallt e [0,T,],

and
|| U-Vv# ||L2(Q+;]R3) — 0 as n— 0.

Now, if we let
Uk(,t) = VI, 1) + A((U)"(, 1) — VH(-, 1)),
where
T
(U)H(y,t) = Ky, (t—t)U(y,t")dt,
0
then, by (4.38) and (4.39),
U* € C([0,T.); La(D4;R?)),  UHX(-,t) € H(D(t)) forall t € [0,T.],

and
| U—-U"l,0.m3) — 0 asp—0.

This property, Lemma 4.1, and the estimate (4.14) imply the required statement.
Lemma 4.2 is proved. |

Our next goal is to prove that

/ lu® —u?dydt — 0 as k — +oo, (4.41)
Q+

where Q1 = D, x]0,T.[. To this end, we are going to exploit the constructions of

Lemma 3.1. First, we introduce a new function uE]f; in the following way:

QM) (H)Q)ul}) (z.t) = u® (y, 1)

y = QW) (1)(Q(t)z +x(t) — W (1)).
Clearly,
div uE’f;(.vt) =0in D4
ug’fg(.,t) = 0 outside of D(¢) (4.42)
ugfg € Lo(0,T; WQI(D+;R3)) N Loo(0, Ty; LQ(DJF;RB))'

Using the same arguments as in Lemma 3.1, one can show that

/Q |uE]8 —u®2dydt — 0 as k — +oo. (4.43)
+
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But the function uglf;(',t) does mnot belong to H'(D(t)). To provide this, we
introduce

def
ad) () a0+ A (a6 - ul) (). (4.44)
Then, by (4.38), (4.40), (4.42), and (4.44),

{ug;;}w is bounded in Lo (0, Ty; W21(D+;R3)) N Loo(0, T, L2(D+;R3))

uly) (1) € HY(D(t)) for aa. t € [0,T.].

(4.45)
By (4.41), (4.43),
luly) —u® ||, (g, me) — 0 as k — +o00 (4.46)
and, by (4.46) and Lemma 4.2, one can conclude that
k
| ol o) UGt dy
D+ (4.47)

- p(y)u(y,t) - U(y,t)dy in L(0,T%)

for any U € Loo(0,Ty; La(D4;R3)) such that U(-,¢) € H(D(t)) for almost all
t €[0,T4].
We also introduce the operator

M(D) : Lo(Dy) — W(D) = {q € W3 (D\So) | / _qdy = 0}
D\ So
in the following way:
W(D)>p= M(D)v,v € L3(Dy) if and only if

Vp-Vqdy = / ~ Av-Vqdy for any g € W(D).
D\ So

(4.48)
D\So
The variational identity in (4.48) is the weak form of the boundary value problem
Ap =0 in D\Sp,
b in D\So (4.49)

Vp-n=0 ondD, Vp-n=v-n ondSy.

Let us denote by H, the finite dimensional space of rigid motions, i.e.,

H, def {v | v(y) =w Ay +w,y € R?, for some w € R?, and for some w € R3}.

In this space, we shall use the scalar product

def
wvip ™y [

u-vdy+pf/ _ Vp-Vqdy, ue H.,ve H,,
So

D\So
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where p = M (D)u, ¢ = M(D)v, and the corresponding norm || - [[p = +/{-,*)p.
If we assume that D satisfies (4.36), then

/ Va2 dy < / IAv[? dy
D\§0 D\go

and, therefore, by (4.38), we have

P / 2 dy < [ VI3 < es(p,d, 50)/ v[2dy, v H,. (4.50)
So SO
Let
) ey
a®) (y, 1) L@ () Ay + WP (t), y € So,t € [0, T,
0 (y,t) E@® (1) Ay + FE)(2), y € Rt € [0,T2).
By (4.47),

/D p(y) @™ (y,t) - U(y,t)dy — 0 in L(0,T%) (4.51)

for any U € Loo(0,Ty; La(D4;R3)) such that U(-,¢) € H(D(t)) for almost all
t € [0,T,]. Let us take U = U*, where

g'(y) y € So
U'(y,t) € { Vpi(y,t) y € D(t)\5%
0 y € D-‘r\ﬁ(t)v

p'(-t) = M(D(t)g'(-), g €H, i=1,2,...,6,

o 1 i=j
s i def
p/g~gjdy:5ij§ o
So 0 i#3j.
By the definition of the operators A and M, we have (see (4.51))
| ona®in - Uy dy
Dy
=’ /S u® (y,1)-g'(y) dy +p’ / u(y,t) - Vp'(y,t) dy
0

D(t)\So
e /S T (y, ) - gi(y) dy

0

and

+pf a™(y,t) n(y,t)p'(y.t) ds+/ a®(y,t) - n(y)p'(y,t) d8>
aD(t) 250

= @ (1,8 (N o L AP () =0 in La(0,T.).
(4.52)
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We are seeking ﬂi(k) (t) so that

6

VB (y,t) =" s (1)g (). (4.53)
=1
Let 80 (1) = (87 (¢),..., 8 1)) and v® (1) = (WP (1),... ;4 (1)). Then, we
have
AB ()W (1) = v B (1), (4.54)
where
Agf) (t) d:ef <gz()7gj()>D(t) = 61']' + pf / vpz : pr dyv i,j=1,2,...,6
D(t)\So

and, therefore,

detA® () > 1, telo,T.], (4.55)

for all k =1,2,.... Moreover, by (4.50) for v =g’ and D = D(t), and, by (4.54),
(4.55) , we obtain the estimate

187 (1)) < ealio, d, So) ™ (1)) (4.56)
Now, from (4.52), (4.53), and (4.56), it follows that

Ty
P’ / . ¥ (y, t)|? dydt
0 0

T
- / (malw® 0P+ (1) - T8 (1)) dydt — 0
0

(4.57)
Now, for any U € Lo (0, Tx; L2(D4;R3)) such that U(-,¢) € H(t) for almost all
t € [0,7], we have
[ o) @) U0 dy
Dy
— [ (@50 - Av 1)) - Uy )y (4.59)
D4 \So
+/ p(y) A¥® (y,1) - Uly, 1) dy.
Dy
By (4.38), (4.40), and (4.57),
[ o) 459(5.0)- Uty ) dy — 0 Lo(0.72),
Dy
and, therefore, setting @) = a® — A¥® | we obtain (see (4.51))

/ a¥ (y,t) - Uy, t)dy — 0 in Ly(0,T.) (4.59)
Dy
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for the same test functions U as in (4.58). Taking into account (2.8), (4.45), and
the construction of the operator A, one can assert

{ﬁ&’f)}:o | is bounded in Loo (0,72 La(D5 ) 1 La(0, 123 W3 (D4 BY)),

a (., t) € HY(D(t)) for aa. te[0,T.].
(4.60)
Let {h?}‘;‘;l and {Xj }]Oil be the eigenvectors and eigenvalues of the Stokes
problem

—Ah} + Vp] = Ajh} in Dy,
divh) =0 in Dy,
h? =0 on dDy,

1 ifi=j
/ hY - hldx = §;; = J
Do 0 lfl#j

We extend the functions h? by zero to the whole of R3. It is easy to verify that
divh;(y,t) =0 y € D(¢),
h;(y,t) =0 y € dD(t),

and

and
/D(t) hi(y,t) - h;(y,t) dy = d;;,

if

h)(x) = Q()h;(y,1),  pi(x) =pi(y.t), x=Q)y+x (4.61)
Obviously, by (4.61),

h; € O([0,T.]; L2(D+;R?)), h;(-,t) € H(D(t)) for all t € [0,7T%]
and, according to Lemma A.3,
h; € Loo(0,Ts; Lo(Dy; R?)) (4.62)

for each j = 1,2,..., where

h;(-,t) € P(D(t)hy(-,1).

By (4.59) and (4.62), one can state

/ a® (y,t) - hy(y,t)dy — 0 in Ly(0,T5). (4.63)
Dy
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But, by (4.60), we see that
k def —(k —(k ™
D0 [ e neody - [ a0 hnd 66
+ +

foreach:=1,2,.... _
Let us take an arbitrary number € > 0 and fix it. Since A\; — 400 as j — 400,
one can find a natural number N = N(¢) such that

ey <1 and GXN+1 > 1.

Then, again by (4.60), we obtain

| Py =310
Dy j=1
and

[ vaopdy =Y Tkl o
Dy =1
and thus
N
—(k —(k k
[ aPeordy<e [ valeopa+ Yl or
Dy Dy =1

If we integrate the last inequality in ¢ over the set [0, 7], use (4.60), (4.63), (4.64)
and the arbitrariness of €, we obtain

/ |ﬁ5<k)|2 dydt — 0 as k— +oo.
Q+

The last relation together with (4.46) and (4.57) implies (4.41).

To obtain the variational identity (2.14), we substitute the test function with
the properties described in (2.14) into (4.11), integrate in ¢ by parts and, using
(4.15) and (4.41), take the limit as k — +o00. As a result, we easily obtain (2.14).
Theorem 2.2 is proved.

A. Appendix

In this section, we gather some technical results that were used in the proofs of
the main results of the paper.

Suppose we are given a bounded domain D of class C?. This means that there
are positive numbers R < 1 and M having the following property. For any point
yo € 0D, there is a matrix Qy, € SO(3), a function ¥y, € C?*(B(R)), and a
Cartesian system of coordinates z such that
L. \I/yo (0) =0, v\]:/yo (0) =0,

2. [V, () < M, |2| <R,
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3. 0D Nw(yo, R, M) = Qy,I' + yo,
4. DN W(yO, R, M) = QYOQ + Yo.
Here we have used the notations:
z' = (z1,22), B(R) dof {z € R? | |Z'| < R},

w(yo, R, M) Qy,C(R,2MR) + yo,

C(R,H) = B(R)x] — H, H],

I < {z € C(R,2MR) | 25 = Uy, (2)},
QY {2z C(R,2MR) | 25 > Uy, (')}

From the above definitions, it follows that
1
|Uy, ()] < §MR2 for |z'| <R.
Now, let us introduce the set

Ds ¥ {y e D | dist{y,dD} > 6}.

Lemma A.1. Suppose that we are given a function u such that
u € W}(D\Ds) and u =0 outside of D, (A1)

a matriz Q € SO(3), and a vector X € R3. We let A = |Q — I| + [X| and assume
that A is small enough to insure the inclusion

IA)DD(;,

where D % QD +X. Then, there exists a positive constant ¢ = ¢(M, A) such that,
for all sufficiently small A, we have the estimate

/h a2 ds < cA? (/ VuPds+A [ |V2u|2dy>, (A.2)
8D oD D\Ds

where A % sup |yl
y€eoD

Proof. First, we note that the domain D is of class C2 with the same numbers R
and M. R
Let o be an arbitrary point in dD. Then, yo = Q*(x¢ — X) € 9D and

D N&(x0, R, M) = QQy, T +x9 and D N&(x, R, M) = QQy, + X0,

where @(xg, R, M) et Quw(yo, R, M) +Xx. Next, we wish to obtain the equation of
the boundary 9D in terms of the local coordinates z connected with the point xg,
ie., x = QQy,z + X0, z € C(R,2MR). First, we set

V(o) = Uy, () ~ 75, 2 O(RIMR); olz) =0(i(x), =eC(L,MR),
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where
7(z) = Qy,QQy,z + Q5 (Q — I)yo + Q3 X. (A.3)
We show that the function ¢ is well-defined. From (A.3) we easily obtain that
|z —z| <ci(A)A, |Vaz—I| <A (A4)

Thus, according to (A.4), z(z) € C(R,2MR) if z € C <§, MR) and A is suffi-

ciently small. Now, assume that the points z and z are connected by the relation
(A3). If z €T, then

X = QQy,7 + X0 € 9D

and
x' =Q*(x—X) €9D, x =QQy,z+ Xo.

Thus, the equation of the boundary 0D near point xg has the form
p(z) =0, z¢€ 6(§,MR).
Obviously, for sufficiently small A, the surface ¢(z) = 0 is still a graph of some
function ® € C*(B(R/2)), i.e.,
©(z) =0 ifandonly if z3=®(z'), |Z'| < R/2.
Let
& {z € C(g,MR) | z3 = @(z')} 0 {z € C(g,MR) | z3 > @(z')} .
Clearly,
OD N&(x0, R/2, M) = QQy,T +x0, D N&(x0,R/2,M)=QQy,Q+ 0.

We also introduce the three sets

Ty & {2 € R3 | 23 = Wy, (2),|2| < R/2}

Tor & {zeTy | () < Uy ()},  Too ™ To\Toy.
By (A.1),

/ lul*ds = 0. (A.5)
QQyoTo2+x0
Let us define the fucntion

U(z) def Q;OQ*U(JJ), x = QQy,z + Xo.

For z € T'y1, we have

(U2, Uy, () = U(z', &(2))| = [U(Z', Uy, (2))]

‘I’yo(zl)
< (Wyo(2') — 0(2)) (IVU(ZC@(Z’))I +/ V2U (2, 23))| dZ3>

P(z")
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and, therefore,
U(2, Ty, (2))*

2 / "2 o (#) 2 ’ 2 (A'G)
< e3Af | [VU(Z', ®(2))]° + AO/ |VU(Z,23)|*dzs | ,
P(z')

where ot
Ao = sup{|Vy,(z') — (z)| | 2’ € B(R/2)}.

Let n be the unit outer normal vector to f, ng be the unit outer normal to I'y.
We know that

1
cos(ng, l3)| > ——, A7
|costmo. l3)] > Zr==s (A7)
where I3 = (0,0, 1). Also, again, for sufficiently small A, we have
1
cos(m,l3)| > ———. A8

Using the rule for the differentiation of implicit functions, the representation (A.3),
and the estimate (A.4), we establish the inequality

R
Ao < 5 sup [V, (2) = VO(2')| + [Py, (0) — (0)]
N |z’'|<R/2
< - sup |V¥y, (z') — V®(2')| + |®(0)] < ca(M, A)A.
2 |3/|<R/2

Thus, by (A.5)—(A.8) and the definition of surface integral, we arrive at the local
estimate

/ lu|? ds
dDN&(x0,R/2,M)

< cs5(M, A)A? / |Vu|?ds + A |VZul? dy | .
dDN&(x0,R/2,M) DN&(xo,R/2,M)
(A.9)

Now, the estimate (A.1) follows from (A.9) in the usual way. Lemma A.1 is proved.
O

Now, let us introduce the set

def

Ra = {D € R | dist{oD, Sp} > g}

Lemma A.2. There is a constant ¢ = c¢(Dg, So,d) such that, for any D € Ry,
any v € HY(D), and any g € La(D;R?), satisfying the equations

~Av+Vp=g in D\Sy,

_ (A.10)
divv=0 in D\S),
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the following estimate is valid:
2 2 2112
H v ||L2(D\§0) + H Vv |‘L2(D\§O) + H Vv ||L2(D\§O)
) ) (A.11)
< (Igl2, gy + 1V Bais ) -

Proof. First, we introduce sets
d _
S5/t {y € R® | dist{y, So} < 1} L S SsNS,

and fix a cut-off function ¢ € C§°(R?), satisfying condition (4.33).
We know that

v(y) =uly), y € So,
where
uly) =wAy+w, yeR’

for some w € R® and for some w € R3.
Let us set Wy = Au. Then Wy = u in Sy and, by (A.10), we obtain

/ Vv :V(v—1y)dy :/ g-(v—1p)dy. (A.12)
D\go D\go
Recalling the definition of the number A4 (see (2.17)), we see that

pf/ ) |V—ﬁo|2dYS/ plv — Hol? dy
D\So Dy

1 —
<5 | Ev-mPdy
1

C 20 Up,

1
V(v —t)Pdy = [ _ V(v —10)]dy
20+ J;\5,
(A.13)

and thus we easily obtain from (4.37), (4.38), (A.12), and (A.13)

IV I sy + 1V I sy < (S0, d) (13 oy + 1V sy ) - (A14)

Let us set )

1Sal Js,

P=p pdy.
‘We know that

/ Vv:Vﬁdy:/ ﬁdivﬁdy—k/ g-udy (A.15)
D\5So D\5So D\So

o p—
for any u € W} (D\Sp; R?). One can find a function 1 (see [7]) such that

o
uc Wy (Sq;R?), divi =7 in Sg,
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and
1017, cs0 + 1 VA7, 05, < c2(S0, DI P17, 5 (A.16)

If we extend U by zero to D4\ Sy, then one may insert u = u into (A.15). Then,
using (A.14) and (A.16), we obtain

1710050y < €30S0, D) (1112, 5y + 1V sy - (A17)
Let us set

1/) =1- 2 V(l) = 1/)V7 p1 = 1/)]_97 V(Z) =V, p2=pp.
Obviously, B
v 4 v@ =v and pi+p=p in D\Sp.

For v(?) and ps, we have the nonhomogeneous Stokes system
~Av® 4+ Vp, = —2(Vv)Vyp —vAp + Ve + g in Sy,
divv®® =Vp.v in Sy,
v® =0 on 8Sg/4, v® =u on 050.
For the solution of this system, the following estimate is known (see [6])

| VAV 12, s,y < ea(So,d) (| = 2(Vv)Ve = vAG + 5V + 0 I35,

V(T ) 5 + W2 + wf?)
Taking into account the estimates (A.14) and (A.17), we obtain
199 12 s < oS0 d) (1812, sy + 1V Bagsn) - (ALS)

On the other hand, the functions v(1) and p; can be regarded as a solution of the
Stokes system

~AvY £ Vpy = —2(VV)VY — vAY + VY + g in D,
divv® =Vy-v  in D,
v =0 on dD.

Note that v(Y), p;, and 1 are equal to zero in Sy. Since D is obtained from Dy
only by translations and rotations, one can state that

V2V, ovsyy = 1 V2V 1L 0)

< co(Do) (|| = 2(Vv)V — VAS + VY
(A.19)
+ 08135 + I V(Y V) 3,5, ) < (see (A14), (A7)

< (Do, 50,) (18112, 5y + 1V Baissy) -
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Combining (A.14), (A.18), and (A.19), we complete the proof of (A.11) and Lemma
A2 O

Lemma A.3. Suppose that we are given a function v with the following properties:

v e C([0,T]; Lo(D1;R?))

(A.20)
v(-,t) € H(D(t)) for all t € [0,T],
where
Dit)={y eR’ |y =Q*(t)(x —X(t)), x € Do} € R, t € [0,T],
Qe WL, T;M*>*?), xeWl(0,T;R?), (A.21)
Q(t) € SO(3), dist{dD(t), So} > g, te0,7T).

Let u(-,t) = Pv(-,t), where P; def P(D(t)). Then

u € Ly (0,T; Lo(Dy; RY)) . (A.22)

Proof. For given ) and X, we define functions w and w in Lo (0,7;R?) by the
relations

X(1) = Qt)w(t), Q(MQM)z=w(t) Nz, zecR’ tel0,T].
Then we approximate w and w by functions

ti

tq
1
W (t) = A / w(r)dr, wh(t)= A / w(7) dr,
ti—1 ti—1

T
N )
Next, we define the functions QY € WL (0,7;M>**3) and XV € WL (0,T;R?),
solving the following initial value problems

@M RNz =wN(t) Az, zeR®, te[0,T],
QN(t) € SO(3), te0,T], QN(0)=Q(0); (A.24)

tE]ti_l,ti], t; —ti_1 =A= i=1,2,... ,N. (A23)

()= QN wN(t), te[0,T], ®(0)=%0).
Now, we let

DY) E {y e R |y = (@V)' ()(x ~ %" (1), x € Do}, te0.7],
(A.25)

v () Ev(ty), u® EPON )V, k=0,1,...,N.
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The last relation in (A.25) is equivalent to the identity

(v —u®y.qdy =0, ue HD (), k=0,1,... N.

DN (ty)
Then we introduce
VN('7t) :V(k)()7 uN('vt) = u(k)()

fOl"tE]tifl,ti], i=1,2,--- N.
It follows from (A.23), (A.24) and (A.27) that

wl¥ S w in Lo (0,T;R?),

WV B w oin Lo (0,T;R?),

XV A% in WL (0,T;R?),

V=% in C([0,T);R?),

QY 2 Q i WL (0,T;M>?),

QYV—Q i C([0,T];M**?),

vV v in Loo(0,T; La(Dy; R?)),

uV 54 in Loo(0,T; Ly(Dy s R?)),
u(-,t) € H(D(t)) for a.a. te[0,T).

Now, our goal is to prove that, in fact,
u=u.

By (A.21), a positive number dy exists such that

def {y e D(t) | dist{y,dD(t)} > 5} 5 So

Ds (t) =

JMFM

(A.26)

(A.27)

(A.28)

(A.29)

for all t € [0,7T] and for all 6 €]0,dp]. Clearly, that, for any § €]0, do], there is a

number Ny(d) such that, for all ¢t € [0,T] and for all N > Ny(9),
D% (t) C DN(t).

Next, we fix numbers § €]0, dg[, to €]0,T[ and consider a positive number v and a

cut-off function 7, satisfying the following conditions
P e C§°(0,T), 0<yY <1, [to—2v,to+27] C]0,T],
PY=1 in [tg —v,to + 7],
YY=0 out of [tg—2v,t+ 27
A positive number (6, to) exists such that

D(;(to) C D% (t)
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for all t € [to — 2v,to + 27] and for all v €]0,70]. In turn, this implies that
spt U7 (-, t) C D (t)
for all t € [0, 7] and for all v €]0, ], where
U'(y,t) =¢7(uly),  ue Cu(Ds(to))-
We define the approximation of U” as
UTN(, ) =U(t),  tEtimt]
for =1,2,... ,N. We know that
UYN 5 UY in Loo(0,T; La(Dy; R?))

and
U7(-,tx) € H(Ds(tr)) C H(D" (t)).

Thus, by (A.26), we have

v®(y) —uP(y)) - Uy, tx)dy = 0
DN (t)

and, therefore,

T
//(VN—uN)-UV’Ndydtzo.

0 Dy

Taking the limit as N — +oo in the last identity, we obtain

/T/(v—a) Tudy dt = 0.

0 Dy

for all v €]0,~o]. Let tg be a Lebesque point of the function ¢ — u(-,t). Then one
can see that

[ v(310) = lyto)) -y dy =0

for all functions 1 € Coo(Ds). By the arbitrariness of § €]0, §p[ and the definition
of the space H(D(ty)), we obtain that u(-,to) = u(-, to). Lemma A.3 is proved. O
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