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1. Introduction

It is customary to describe the dynamics of homogeneous, incompressible, conduct-
ing fluids under the influence of body forces and applied currents by the system

vi+v-Vv—vAv+pH x curlH+ Vp =1,

divv =0,

curlE = —uH,, (1.1)
curlH=0(E + pv x H) +j,

divH =0;

see, e.g., [4, 13]. Here, v denotes the velocity field, p the pressure, E and H the
electric and magnetic fields, respectively, f the known body force, j the known
applied current, p the magnetic permeability, o the electric conductivity, and v
the kinematic viscosity; the density of the fluid is assumed to be equal to one. We
consider the standard case for which u, o, and v are all positive constants. The
displacement current is proportional to E; and has been assumed to be negligible.

In [11], three different initial-boundary value problems for the system (1.1) were
considered. For those problems, results were derived concerning their unique solv-
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ability; these results were analogous to the results of A. Kiselev and O. Ladyzhen-
skaya [3] for the three-dimensional Navier—Stokes system and those of O. La-
dyzhenskaya [6, 7] for the two-dimensional Navier—Stokes system. In particular,
in [11], it was shown that the three problems are globally uniquely solvable in
the two-dimensional case and, for the three-dimensional case, they are uniquely
solvable for all ¢ > 0 if some norms of the data are small enough and for ¢ € [0,T),
for some T > 0, if these norms are arbitrary.

On the other hand, for the modified Navier—Stokes equations suggested by
O. Ladyzhenskaya, the principal initial-boundary value problems are uniquely solv-
able globally for any nonsingular data; see, e.g., [8, 9]. Therefore, it is of interest
to clarify the situation with respect to unique, global solvability for the modified
Navier—Stokes equations for conducting fluids. Thus, in this paper, we consider the
modified Navier—Stokes equations coupled with the Maxwell equations and prove
for them the global unique solvability of the initial-boundary value problem in
an immovable vessel with perfectly conducting boundaries. In an analogous man-
ner, the cases of nonhomogeneous boundary conditions and several other types of
initial-boundary value problems for this coupled system can be studied.

The plan of the paper is as follows. In the rest of this section, we establish some
notation that will be used throughout the paper and then provide a description
of the problems we consider. In Section 2, several estimates are derived that are
needed in Sections 3 and 4 where uniqueness and existence results, respectively,
are derived.

1.1. Notation

In this section, we introduce the notation that will be used throughout the paper.

Vector-valued functions will be denoted in bold-face, i.e., u = (uy,uz, ..., up) € R
Furthermore, u-v = Zf;zl ugvy and |u| = (u-u)?/2. Unless explicitly noted,
we will use the summation convention for repeated indices, e.g., u - v = upvg.
Points in Euclidean space R¢ are denoted by x = (z1,...,2,) and spatial partial
derivatives are denoted by ¢ or i@, i.e., ¢ = Opd = 0¢/0xy. Mﬁ;f;l denotes
the Euclidean space of symmetric tensors € = (g;;), where €;; = €5, 9,5 =1,...,£.
For e, € M{X!,, we define ¢ : k = Ef,j:l €ijkij = €ijkij and |e| = (e : e)'/2.

Let Q C R? denote an open domain with boundary 99; || denotes its volume.
For x € 09, n = n(x) denotes an outward unit normal to 9Q and T = 7(x)
denotes unit vectors tangential to 0.

The Lebesgue spaces are denoted by L™(€2) and have norms

1/m
|@]lm.0 = </ |p(x)]™ dx) for m e [1,00) and ||¢|co.0 :esssgp |9 .
Q xe

The inner product in L?*(£2) is denoted by (-,-), i.e., (¢,9) = [, ¢ dx. Sobolev



464 M. D. Gunzburger, O. A. Ladyzhenskaya and J. S. Peterson JMFM

spaces are denoted by Wk (Q); their associated norms are given by

k .
ol g
I8lwe@ = D |sm— ||
m 1 2 ., e

i1=0 Oxi' 0xy - - - Oxj 0

where i1, ...,4 are non-negative integers and |i| = Z§:1 ij.
We will use the same notation for spaces of vector-valued functions and their
associated norms. For example, u = (u1,...,ur) € L™(£2) implies that each

component u; € L™ ().
The set of all infinitely differentiable functions with compact support with
respect to € is denoted by C*°(€2). We then introduce the set

Y4

J=(Q) = {v € C®(Q) |divy = v, = o}

i=1
and the subspace of L?(Q)
J(Q) ={veL*Q) |divv =0},

where divv = 0 is understood in the sense of distributions, i.e.,
/V~V¢dx:0 Vo e C™(Q).
Q

Then, \; () is defined to be the closure of jOO(Q) in the norm of L?(92). Thus,

T () € J(Q) C L(Q).
We also define

T () = Wh()nJ(Q)
and

}1 (Q), the closure of jOO(Q) in the norm of W} ().

m

The following subspaces of the spaces J2(€) and J3 (Q2) will also be needed:

TJ2(Q) = {v e T3 Q) | valoa = (v-n)laq =0, (curlv)|sq = (curlv-7)[sq = 0}

and
J3 (), the closure of J2() in the norm of Wy ().

For periodic functions with fundamental domain Q = {x | 0 < z; < 27, i =
1,2, 3}, we consider the spaces

(@) = {oe 2@ | 3= g [ o9 ax =0}

and
Wk (Q) = Wk (Q)nL2(Q).



Vol. 6 (2004) Global Unique Solvability 465

Note that for ¢ € /VW; (€2), all derivatives 9.4, |i| < k are periodic functions. We
also consider the spaces

D) =T NIQ) and Fh(Q) = Tn(2) N L*Q).

Finally, C, C4, etc. will denote constants whose value changes with context.

1.2. Formulation of problems

We consider the system

vi+v Vv —divE(v)+pH x carl H4+ Vp =f (1.2)
divy =0 (1.3)
1 1
pH;, + —curl curlH+ p(v- VH —-H - Vv) = — curlj (1.4)
o o
divH = 0 (1.5)
with v = (1)1,’[]2,’[)3), H= (Hl,HQ,Hg), and
_ 9D(e)
2w =20
€ e=e(v)
where ) 5
v;
e(v) = (eii(v))s e (v) = 5 (vig +vsa), iy = oz,
in a bounded domain Q C R? supplemented by the initial data
V|0 = v" and H|i—o = H° (1.6)

and one of the following sets of boundary conditions:
vlig, =0, Hyls, =0, and (curlH);|s, =0, (1.7)
where Sp = 9Q x [0,T], or
v, H, and p are periodic with respect to zx, k = 1,2, 3. (1.8)

Here H,, = H - n is the projection of H onto the outer normal n of 92 and u,
is the projection of the vector u onto vectors tangential to 9Q. In (1.2), (1.4),
1 > 0 denotes the constant magnetic permeability and o > 0 the constant electric
conductivity. In this paper, the global unique solvability of the problems (1.2)-
(1.7) and (1.2)—(1.6) plus (1.8) is proved, in the three-dimensional case, under the
assumption that 6 > 1/4. For two-dimensional domains 2, the parameter § can
be any nonnegative number. Note that (1.4) is easily derived from the reduced
Maxwell equations (the third and fourth equations in (1.1)) along with the identity
curl(vxH)=H -Vv-v.-VH.

We consider (1.2)—(1.5) in Q7 = Q x (0,7) with a fixed T' € (0,00). The
potential D(-) is a smooth function having the properties:
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a) D: M2x3 — RL = [0,00) and D € C*(M2)3);

b) vim(e) < D(e) < vam(e), where m(e) = |¢|> + |¢]>T%;
9D(e gij < vam(e);
85”» = ’

a5y 2 9°D(e)
) va(1+ | < 2
with vy > 0, k =1,2,...,6, constants and x an arbitrary element of ngx,i The
functions f, curlj € L?(Qr) (with divj = 0) are known and the functions v,p, H
have to be determined.
For the Navier-Stokes equations, we have Z(¢) = v|e|? and divE(v) = vAv.
For this case, in [11] several initial-boundary value problems were considered,
including (1.2)—(1.7); for these problems, solvability results analogous to those of

[3, 6] were proved.

c) vsm(e) <

rijrre < ve(1+ |e*)|k|?

2. Estimates

In this section, we lay the groundwork for the uniqueness and existence results of
Sections 3 and 4. In most instances, the estimates we derive hold for both the
boundary value problem (1.2)—(1.7) and the periodic boundary condition problem
(1.2)—(1.6) and (1.8). For the latter case, we can also prove some additional
estimates; see Section 2.4.

2.1. An energy relation and corresponding estimates

Most of the estimates we prove hold not only for exact solutions of (1.2)—(1.8),
but also for some special Galerkin approximations. Instead of the equations (1.2)
and (1.4), we will use the integral identities

(vi+v-Vv,n)+ (87)—(5)

e 76(77)) — (uH-VH,n) = (f,n) (2.1)
e=c(v)

for any n € }%+26(Q) and
(WL, )~ L(AHLQ) 4 plv - VH - H-Vv,O) = “(ewlj,Q)  (22)

for any ¢ € L?(Q). It is easy to see that (2.1) follows from the inner product in

L?(Q) of (1.2) and n € 5%”5(9) and that (2.2) follows from the inner product of
(1.4) and ¢ € L%(Q), if we take into account (1.3), (1.5), either (1.7) or (1.8), and
the identity H x curlH = —H- VH + 1 V|H|2.

From the sum of (2.1) with n = v and (2.2) with ¢ = H, we obtain the energy
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relation
1d 0D(e) wd 2 1 2
AT B () D et E 2,
2 dt 88 a:s(v) 2 dt g (23)

1
= (f,v) + —(curlj, H).
o

To obtain this identity, we have used the fact that v and H are divergence free
fields satisfying the boundary conditions (1.7) or (1.8). In particular, we have used
the relation

(u-Vv,w)=—(u-Vw,v)

that holds for arbitrary elements u, v, w of W3 () satisfying the conditions

diva=0 and upv;w;nE dS = 0
o0

and the equality
(curlu, v) = (u, curlv)

that holds if u,|sq = 0. The inequality
vl He 13,0 — vs|H|3 o < [[curl H|3 o (2.4)

with v7 > 0 holds for any solenoidal H satisfying the boundary condition H,|gq =
0; see, e.g., [1]. We can then use this inequality and the assumption (¢) on D to
conclude from (2.3) that

1d

5@”"

) pod vr
%,Q +v3 (||5(V)||§Q + ||5(V)||§i§59) + 5 IH |§Q + — [ Ha| %Q

143 1 .
< ~HlE o + [fll2.0llviz0 + [ curljllz of[FH:2,0.

We could have used weaker norms on f and curlj in (2.5); however, in later
estimates, we shall need the norms ||f||2 o, and | curlj||2,0.-
According to the Korn inequalities,

C@Ivallg.o < lle()llg.0 Vg€ (1,00)

for some C(g) > 0 and for any v € &é(ﬂ) Thus, from (2.5), we obtain the
inequality
1d
2 dt

wd

) V7
V130 +vs (Callvalfo + Callvall33h0) + 5 IHIZ0 + ZIHL 3 0

20+ fl2ellv

v 1 .
< —|H] 2,0 + = | curljll2.0H]2,0
g g

from which the estimate
2426

%,Q+ ||Vm||§,QT +{Ivall2ias o +}£g>q€] ||H(t)||§,9+ ||H:L’||%,QT

t
mase V(1)

< (T, V0|20, H 2.0, Ifll2.0x | curljll2.qr)

is derived by a well-known procedure. Here, ® is a continuous function of the
indicated arguments that can be easily calculated.
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2.2. Some additional estimates for H

First, we estimate the norm || - ||2,o of H,, using the identity (2.2) with { = —AH
and the estimate (2.6). Choosing ¢ = —AH, (2.2) can be transformed in the
following way:
12 d 2 1 2 1 .
5%“ curl H||3 ¢ + ;HAHHQ’Q =u(v-VH-H-Vv,AH) — ;(curlLAH)

1 2.7
< — (v Hig Hig) + 5| AHB o 27)
+ C(H - VI o+l curlji3 o).

Now we will majorize the terms in the right-hand side of (2.7) using the Holder
inequality and the imbedding inequalities

[alm.o < Clm,r)|usllro + Ci(m,r)[ul20 (2.8)
with
3
mﬁgjr for r € [1,3)
for any m < oo forr=3
m = o0 for r > 3.

Here, C1(m,r) = 0 if u[spgo = 0 or [, udx = 0. We will also apply the multiplica-
tive inequalities

lullg.e < C@uls allullyg’ + Crl@)ull3 o (2.9)

with
a=3=-—--]€]0,1], me]26]
2 q ) ) ) *

If ulpg = 0 or fﬂudx = 0, then Cy(q) = 0. For the estimation of )y =
w| (v, Hi , Hi j)|, we first apply the Holder inequality with powers ¢ = 2 4 26
and ¢’ = (2 + 20)/(1 + 2); after that, we apply the multiplicative inequality and
in the end a Young’s inequality. In more detail,

n<cC / vl [ 2 dx < Clvallasasol He 20 s
Q 1725

2(l—«
< Culvalloras (IELI5%G ™ [ Hae 3% + IH. 30 ) (2.10)

1

< el Hoo[l3 0 + CO)IVallains. 0l Hell3 o + Crllvallros.olHa 3

for any € € (0,1] and o = ﬁ.
For the estimation of )}, = ||H - VV||§7Q7 we apply the Holder inequality with
exponents ¢ = 1+ ¢ and ¢ = (1 + §)/0, after that the inequality (2.8) with
m=2(1+6)/6 and r = 6(1+§)/(2+ 59), the multiplicative inequality (2.9) with
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q=06(14+0)/(2459), and, in the end, Young’s inequality. In more detail,

+ IH]3 )

Vo < [IVall3 1050l 22 o < Cllvalli250 (IIHzllew

<G o I HLL 3%

Mo

JrC1||Vas||2+25 Q (||Hm||%sz + ”H”§Q) (2.11)

< ElHH Q+0(61)|\Vx||2+25QHHzH%,Q

+02||V:c||2+25 o (M]3 o + 1H]3 )
The inequalities (2.10) and (2.11) will be useful

for any €; € (0,1] and oy =

2+25
to us if )
— < 2+25 and <2+ 26.
1l-«a — o1
These inequalities hold if we require that
1
d> . 2.12
= (212)

In the sequel, we assume that (2.12) holds.
We will also need the inequality

[Hazll2.0 < C1(Q)[[AH]l2,0 + C2()

that holds for any solenoidal vector field H satisfying the boundary conditions
H,loa = 0 and (curlH),|gpqo = 0 (or satisfying periodic boundary conditions)
which can be proved by the method given by O. Ladyzhenskaya in 1950 for the
same inequality for scalar functions satisfying one of the classical boundary con-
ditions; see, e.g., [5, 10].

Using the inequalities (2.10), (2.11), and (2.13) with sufficiently small € and €y,
we conclude from (2.7) that

(2.13)

d
Sl ewl |5 o + [Hes |50

e — ) ,  (2.14)
<O\ valloiss.o + IVallz+es.e + IValla 55,0 + IVallztaso | IHz 5,0

+C1IVa 34250 HIZ o + Cof| curlj|f3 o.
The result of integrating (2.14) over ¢ and (2.4) yield the relation
v Ha (1130 + [Haoll3 g, <

t t
et i +C ([ PO adr+ [ A+ Jenile, ).
0 0
where Q; = Q x (0,1),

1a1

F(t) = |lva(t )||2+26Q + ||Vﬂc(t)||§+26,ﬂ + Ve o550 + 1V ()13 425,05
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and

Fi(t) = (14 [Va(0)l[3125) [HB) o-

For § > 1/4, the estimate (2.6) guarantees majorants for fOT F(t)dt and fOT Fy(¢t)dt.
Now, we apply an integral variant of Gronwall’s inequality to obtain the second
estimate

e [ H (t)]|2.0 + [Haoll2,0r < @1(T, [Hy[20) (2.15)

for another continuous function ®; that also depends on the arguments of ® from
(2.6).

It is easy to see that the identity (2.2) with ¢ = H; and (2.15) guarantee the
estimate

[ Hell2.0p < ®o(T, [ Hy20)

analogous to (2.15).

2.3. An estimate for v;

In (2.1), let 7 = v, (this is allowable since divv, = 0 and v;|s,=0) and then
transform the result into the relation
d

Villza + 45 | D) dx = ~(v- Tv = iH- TH.v) + (£.v0)

From this we obtain the inequality

ot g [ PEw®) dx < O(1vl v

Now, we integrate over ¢ and use the hypotheses (b) on D to obtain

5.0 + || H] [HL|

1
Sl 2a) +20E03 0.

)
Vel g + 201 (vl + Ivel2i30)
(2.16)

S
<2 (V2B + VI3 1350) + 2 + Vi + 4l o

where

Vs =20V [val [Bg, and Yu=2C| [H|[He| Bg,.  (217)

For the estimation of )3, we use the Holder inequality with powers ¢ = 1 + ¢
and ¢ = (1 +6)/6 and after that the inequality (2.8) with m = (2 + 2§)/0 and
r = 2+ 2. Thus, we obtain

t t
Y2220 [ vl ollvaliasadr <1 [ Ivalliasqdr 523 (218)
0 5 0

For the estimation of ), we use the Holder inequality with powers ¢ = 3 and
¢’ = 3/2, the inequality (2.8) with m = 6 and r = 2, and after that the inequality
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(2.9) with ¢ = 3. In greater detail,
t
%1 <20 [ B o LI dr

t
<1 [ (LI o + B o) (1L a0 sl 20 + B3 o) dr
0 (2.19)

t
<1 e (JHL() S0 + IO o e (Dllza) [ [Ha| dr
T€[0,¢] 0

t
+01/0 (ML (M)lI2.0 + B3 oHa (1) o) dr = F3(t).
We know a majorant for F3(t) (see (2.15)) and so we can calculate a majorant for

(R
IVa®)II3 . + Ve (0)l5135.0 = 2(¢)

using (2.16)—(2.19) in the following way:

2(t) < Ca (V250 + IVEIIST35 0 + Vs + Ya+ [IFl15.0,)
; +26, ,Qr

)
<y (|v2||%,9 VR,

' - (2.20)
+01 [ vl 3 02 dr + Ba(t) + ||f||%,QT)
t
E/ D1 (1) 2(r) dr + 1 (7),
0
where
(b)) = CrCallva (D)3:505.0
and

5
Ua(t) = Ca (V213 o + V215555, + F3(t) + [I£13 0, )-

Since we have majorants for fOT Y (t)dt, k = 1,2, a majorant for z(¢) on t € [0,T]
can be determined from (2.20). This majorant and (2.16) then yield that

[vill2,.r + putps (Ve (®) 2250 + IVa(®)]l2.0) < Ps(T, [[voll2t26.9, [Vall2.0)

with a continuous function ®3 which depends also on the information about the
known functions v, H?, £, and curlj used before.

2.4. Estimates for v,, and Vp for the periodic boundary conditions case

All previous estimates were proved for the boundary conditions (1.7) in any
bounded domain 2 C R? with smooth boundary 9f2. However, we cannot prove



472 M. D. Gunzburger, O. A. Ladyzhenskaya and J. S. Peterson JMFM

estimates for v, and p for these boundary conditions. In fact, they have not been
derived even for the stationary equations

—div <az;§:)

>+V-Vv+Vp—1/J (2.21)

divv = 0.

e=e(v)

For such systems (as it is known since 1966, where such type of equations were
proposed by O. Ladyzhenskaya), it is possible to derive estimates for v,, for
periodic boundary conditions using the relation

0D(e)
Oe

e(v) 75(77)) + (V ! VVJ?) - (1/% 71) (222)

which holds for arbitrary periodic smooth solenoidal vector fields 5. It is ob-
vious that solutions to (2.21) satisfy (2.22). Setting 7 = —Av and performing
integration by parts results in

<a:v aD(E) ) 8xk Eij)

“ Ok —(v- Vv, Av) = —(¢, Av). (2.23)

e=e(v)

According to our hypothesis d) on D (see Section 1.2), it follows from (2.23) that
1/5/ (L+1e(v)[*) [Ve(v)|? dx < (v- Vv, AV) — (¢, Av)
Q

= —/ Vg,V Vi dX — (P, Av)
Q

< veld g+ 19
3/2 3/2
< Clvaallyalvallys + 1¥l2.0 |AV] 20

< €fvaoll3 o + Clen)[Vall§ o + €1llVasall3 o + Clen) [¥]13 o

(2.24)

2.0 [|[Av

2,0

with arbitrary ¢; € (0,1]. From (2.24) for sufficiently small ¢;, we derive the
estimate

IVaall3,0 + /ﬂ )P Ve(v)P dx < C ([vallS o + 1913.0) - (2.25)

We can apply (2.25) to the nonstationary case. The identity (2.1) for any ¢ €
[0,7] can be considered as the identity (2.22) with ¥ = (f — v + pH - VH)(2).
Substituting this 4 in (2.25) and integrating the result over ¢ € (0,7 yields the
estimate

/ (Waal? + ()2 |92(0) ) it < € (2.26)

T

with C' under our control.
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Now we can determine an estimate for the pressure from the system (1.2). For
its gradient Vp we have the estimate

oD
19pll0 < [[—ve+aiv | 52 V- Vv 4 uH - VH 4 f
Oe e=e(v) 5,82
< [villso + v VVllso+ plH- VH|s 0 + [[£lls.0 + Vs = Vs(t)
where
oD 1/s
yS(t) = ||div (a_ > < CH"wz”s,Q + c (/ |E|25‘9|V€3>
€ le= Q
e=e(v) 5,0
< Cllvaellos + Cll It 19z alels, -

For s = (2 +20)/(1 4 26) the power (2ds)/(2 — s) is equal to 2 + 2J and therefore
our previous estimates give a bound for fOT V5(t)%dt. We also have bounds for the
time-integrals over (0,T) of the second power of the other terms in )s; all this
guarantees the estimate

T
V0l 5.0, = / IV 0 dt < C (2.27)

with s = (2 +26)/(1 + 2§) and C a constant under our control.

3. A uniqueness theorem

In this section, we will prove a theorem of uniqueness that is similar to the unique-
ness theorem for the Navier—Stokes equations. The theorem is based on the in-
equality

lullgr.or < Bluler, —+=-2=7, g¢e2,6] (3.1)

| W
S I
N W

stated by O. Ladyzhenskaya [9] for any function u with finite norm

lulor = csssup lu@®llz.0 + l[usll2.or

)

in Qr = Q x (0,7) with Q C R?, T < oo (see, e.g., [7, 12]). We will also use the
following consequence of (3.1):

[Tal v]

2,Qr = BHUH(J%QT|V‘QT (3'2)
with arbitrary positive ¢, r satisfying the condition
3 2

-+-<1L
q T
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Theorem 3.1. The initial-boundary value problems for the system (1.2)—(1.6)
with boundary conditions (1.7) (homogeneous or nonhomogeneous) or (1.8) can
have at most one solution in the class of generalized solutions with finite norms

1
Vlgrs  Ivall2+2s5.0r, 02> vk Vell2,r (3.3)
and
Hlgr,  [Hillz.or  [Hllgror (3.4)
with powers q,r satisfying the conditions
3 2
-+-<1, g>3. (3.5)
q T

Remark. Note that the conditions in (3.3) imply the inequality

||V||Q1,T1»QT < C||VI||2+25,QT (36)

with ¢; and 71 again satisfying condition (3.5).

Proof. Our generalized solutions satisfy (1.2) and (1.4) in the form of the identities

T
[

76(77)) +p(HH- Vn)) di

e=e(v) (3.7)
= / (f,m)dt
0
for any n having the properties
. 1
divy =0, 77|ST =0, |n|QT’ ||nw||2+25,QT <oo, 02> Z (38)
and
T 1
/ (,u(Ht, ¢)+ —(curlH, curl¢) + pu(v-VH—-H - Vv, C)) dt
o
0 LT (3.9)
= —/ (curlj, ¢) dt
o Jo
for any ¢ having the property
Clox < o (3.10)

It is easy to determine that all integrals occurring in (3.7) and (3.9) are finite
under our hypotheses for v, n, H, and . For example,

T [ oD(e)
/0 ( de E_s(v),a(n)> :

< Olle(v)llz,qr lle(n)

<c /Q ()] + £(v)[129) |e(m)] dxdt

s
207 + Cle(v) 2425, g, le()ll2426,0, < 00
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and

T
/ (HLH - Vn)dt
0

< S BRI dsdt < [y I, lav2sr

< CIH[), [, ll2+26.0r < 00

because ¢ = r = 4(1+ 6)/(1 + 20) satisfy the condition (3.1) for § > 1. Using
(3.2) and (3.6), we obtain

< [ Hell2.oq | IVI<]

T
/0 (v VH() dt p.0r < Hall.@r [Vllo.ar[Clor

< ClHell2,0r [1Vall2+26.0r [Clor < o0

Now assume that the given problem has two generalized solutions vy, p1, Hy
and vg, pa, Hy of our class. For their differences u = vy — va, ¢ = p1 — p2, and
B = H; — H>, we have the identities

T
/ ((ut +vi-Vu+u-Vvy,n) + (4,2(n))
0 (3.11)
+u(B, Hy - V) + u(H, B - V) ) dt = 0
and
T 1
/ (M(Bt,C) + —(curl B, curl¢)
0 o (3.12)
fu(vi-VB—B Vv, — H; - Vu+u~VH2,C))dt =0

which follow from (3.7) and (3.9). Here,

1
s 0D(e) ~ 0D(e) _ d 9D(e) dr
Oe e—e(vi) Oe c—e(va) o dr O =,
L 9?D(e)
_/0 R dr : e(u)

with e, = 7e(v1) + (1 — 7)e(va). By virtue of our hypothesis on D, we have
(A,e(w) > vslle(w)]3.0 > sllusl5 0, 75 > 0. (3.13)

Now, in (3.11), we set

~ Ju(x,7) for T <t
n(X’T)_{O for 7>t

and in (3.12), we set

[ B(x,7) for 7 <t
C(X’T)_{O for T >t
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for arbitrary t < T and transform them into the relations
1 t
SIOBe+ [ (Aw) ar
)0 (3.14)
:/ ((v2,u-vu) — u(B,H; - Vu) —u(Hg,B-Vu))dt
0

and

t
I 1
LIBOEe+ [ 2llculBl3g
¢ (3.15)
:u/ ((VQ,B~VB)+(H1~Vu,B)—(H2,u~VB)>dt,
0

respectively. Now we majorize the right-hand sides of (3.14) and (3.15) using (3.2)
and our hypotheses (3.3)—(3.6). In detail,

¢
HM@@Q+AH%@@ﬁSC(MWWﬂh@+HBHHMh@
3.16
£ 1H] Bl 2, ) sl 19
< CF() (Julg, + B,
with
F(t) = vallgr.@ + Hillgre, + [Hzllgrq.-
Analogously, from (3.15), we have
¢
HOBa+ [ M Bad < CoF@) (ulb, +BE). (17
From (3.16) and (3.17), we have that
y(t) < CsF(t)y(t) where y(t) =|ul3, + B3, (3.18)

As r,r; < 0o, F(t) — 0 when t — 0, and therefore from (3.18) it follows that
y(t) = 0 for ¢t € [0,t1], where ¢; is such that CsF(t1) < 1. If t; < T, we take
(3.18) for t € [t1,t2] and the conclusion that y(¢) = 0 on this interval only if
Cs ;12 F(t) dt < 1. So, after some steps, we prove that y(t) = 0 for ¢ € [0,T] and
thus, vi = vo and H; = H,. Finally, the conclusion p; = ps can be derived by
the same method as that for the Navier—Stokes equations. Thus, Theorem 3.1 is
proved. O

The solutions that we will find in Section 4 have finite norms which were esti-
mated in Sections 2.1-2.3. For v, they are the same as in (3.3). For H, we have
estimated [H|g,., [H2.0r. s4pre(o r) [EL(8)|20, and [Hopll2.q,. Their majo-
rants determine a majorant for |H||, g, with ¢, satisfying the conditions (3.5)
because of

[H() 6,0 < ClHz(1)ll2,0,

implying [|[H|ls -0 < co with any r < .
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4. Existence results

With the aid of the a priori estimates stated in Sections 2.1-2.4 and the uniqueness
theorem from Section 3, we can prove results for the global unique solvability of
the problems (1.2)—(1.8). For this purpose, we use Galerkin approximations with
a special choice of basis functions.

4.1. The boundary value case

For the case of the boundary condition (1.7), we use the eigenfunctions {¢® ()},
of the Stokes operator, i.e., qb(k) satisfies

—Ad® £ vpR) = \p®)
dive™® =0
¢ ]oq = 0,

and the eigenfunctions {w(k)(x)}z‘;l of the problem

curl curlp® + uolli(k) = Mkip(k);
diveyp® =0
(™ n)og = 0, (curlyp™)|oq = 0.

For a simply connected domain €2, we can take pg = 0. These sets of eigenfunctions
can be orthonormalized with respect to L2(2). The functions {¢*)}2 | form a
basis in the spaces \; (Q), &%(Q), and ﬁ%(Q) N W3(Q) (see [7]). We order the
eigenvalues in the usual way: 0 < Ay < Ao < -+ < A with Ay — 00 as k — oo.
The functions {¢p*)}2 | form a basis in J (1), J3.,(€) and J2(Q). We order the
eigenvalues as pg < p1 < po < -+, ug with pgp — oo as k — oo. This is proved
by the same arguments as for the Laplace operator with the Dirichlet boundary
conditions (see, e.g. [5, 10]).

We choose Galerkin approximations v("™ and H™ m =1,2..., of the form
v (x,t) =Y o™ ()¢™ (x) and HM(x,t) = o™ ()™ (x),
k=1 k=1

where the coefficients a,(cm) and b,(cm) are determined from the systems

% (VO ().%9) + (v0(1) - wv ) (1), )

oD
+ (agk—g(v(m))@(cﬁ(k))) +p (HO @), HO (1) - 7o) (41)

_ (f(t),q&(k)) L k=1,2,...,m,
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and

L) (H<m> ), ¢<k>) n

7 (curlH(m) (1), curlw(k))

1
(VO (1) - VEOD @) — HOU (1) - Vv (1), ) (42)

1
_ = : (k) _
—a(curlj(t),zji )7 k=1,2,...,m,

along with the initial data

m m

vig =" (v, 0M)e™ and HIM | =Y (B, p")p™. (4.3)
k=1 k=1
Equations (4.1) and (4 2) form a nonlinear system of ordinary differential equations

for the coefficients a ) and b ,k=1,2,...,m,ont € [0,T]. The system has
a unique solution on [0, 7] satlsfylng (4.3). This fact follows from the results of
Section 2.1 which guarantee the estimates

m

(m) (4 (m) )2
m — m <
tejo.T] V™ ©l3.0 trer[l(?>1{“] (ak (t)) sC¢ (44)
and
m 2
H™ (1)]2, = (m) < 4.
tg%(?):ﬁ | D20 tre%a,)%] — <b’“ (t)) =¢ (45)

with upper bounds C' that do not depend on m. Moreover, we have for v(") and
H(™) the same estimates for all norms that we have considered in the previous
sections for the exact solutions v and H because we have used for the latter pair
instead of (1.2) and (1.4), the corresponding integral identities (2.1) and (2.2).
More precisely, we have used (2.1) only for n = v or n = vy, and (2.2) for ¢ = H,
¢ = AH, or ¢ = H;. Just the same relations for v("™ and H(™) follow from (4.1)
and (4. ) Namely, from (4.1) we can derive

(W0 + v 0 TV 0 0) + (T 20

—p (HOW (2) - VHOD (), v (1) = (£(8), v (1))

and

m m m m oD m
(70 v TV 0,9 0) + (2 170

e (HO @) - THE (1), v (1) = (0, v (1)),
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which hold for all ¢ € [0, T]. For H™)| (4.2) implies the relations
m 1
" (H§ )(t),H(m)(t)) o (cuﬂH(m) (1), curl H(™ (t))
o

(VO (1) - THOD () — HO (1) - Vv (), HO (1))

(curl j(6), H™ (t))

1
o
and

(B (1), AHOV (1)) ! (curl HOW (1), curl AHO) (1))

g

—u (v<m>(t) SVH (1) — HO (1) - vy ™) (1), AR (t)) (4.6)
= —3 (curlj(t), AH™) (t))

and the analogous relation of the form (4.6) in which AH(™(t) is replaced by
H(m)(t)
: .
These relations guarantee the estimates (4.4)—(4.5) and

Vi l2.0r < C,

(m) t
e [va™ () ll2+26.0,

lpors 1H™[l2.0r < C,

max_||[H(™ (¢ H(™)
s [FC (1) o, L
with constants C' that depend only on some numerical characteristics of 2 and the
norms

Vel [H [z + [H 20, [fll20r,  [lcurljllzon,

and
sup [VE™ (-, 0)[l2+25.0 = C1-
meZ

We can guarantee C1 < oo provided

Ve W2(Q) N JhQ) and 56[32}.

Now we can pass to the limit as m — oo and obtain v and H as limits
of v(™ and H™), respectively. These functions v and H will satisfy the inte-
gral identities (3.7) and (3.9) with the functions n and ¢ described in (3.8) and

(3.10), respectively. The limit procedure is easy for all terms appearing in (3.7)

and (3.9) except for the term containing %—?k:g(v(m)) if we use test functions

n(x,t) = Y , <P ()™ (x) and ¢(x,t) = Y r_; d®) (1)p*) (x) with smooth ar-
bitrary functions ¢*), d*) and a fixed number ¢ < oco. (This then implies the
relationships (3.7) and (3.9) with any admissible n and ¢.)

The limit procedure for the term containing 22| can be done as in [12]

e=g(v(m))
(Sec. 6, Th. 6.7) for parabolic equations with monotonic principal part. In our case,
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we have the additional information about the uniform boundedness of ||v§m) ll2,0r

and ||H(m)H2 @r and, for 22 5:5( ) the strong monotonicity (3.13). These facts

facilitate the proof that [ (22 (v AL = fO L. <(vyy Mt where v =

lim,, oo v™. Consequently, we obtain the following existence theorem.

Theorem 4.1. Suppose that  is a bounded domain in R® with 0Q C C? and let
Qr = Q% (0,T). Suppose that £, curlj € L*(Qr), divj =0, v’ € WZ(Q)NT3(Q),
and H® € J3 (). Then, the problem (1.2)—(1.7) with § € [§,2] has a unique
generalized solution v,H. Moreover, the generalized solution has the properties

t <
putes Ve (t)l2426.0 < 00

‘V|QT’

and

Hlg,, max [Hy(t)]], |

H < 00.
e [Hazll2,Qr < 0

The solution satisfies the systems (1.2) and (1.4) in the form of the identities (3.7)
and (3.9), respectively, where n and ¢ are described in (3.8) and (3.10), respectively.
The other equations in the system (1.2)—(1.7) are satisfied in the usual way.

Having in hand v and H, we can find the pressure p from the system (1.2)
which we can rewrite in the form
OFI(x,t)
on,
with F=f —v; —v- Vv — uH x curlH and F/ = (F} , FJ, F}), F/ = 22| _ ey
We know that FI(-,t) € L*(Q), s = (2+25)/(1+25), and F(-,t) € L*(Q) for

almost all ¢t € [0,7] and (4.7) is understood in the sense of distributions. From
this it follows (see, e.g., [2]) that p(-,t) belongs to L*(§2) and

Vp(x,t) = + F(x,t) (4.7)

Ip(-,t) = p(t) ||ssz<CZIIFJ Olls.o+ CIFCH)ll2.0  for ¢ €[0,T],

where p(t) = ﬁ Jop(x,t) dz. Therefore

2+26
1+26°

p—D€ Ls2(Qr), 5=

4.2. The periodic boundary condition case

For the periodic boundary conditions (1.8) we have the additional estimates proved
in Section 2.4. They guarantee, for the solution v and p, the existence of v, and
Vp with the finite norms appearing in (2.26) and (2.27).
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For determining v and H, we can use the Galerkin approximations with basis
{6 (x) 2 | in spaces which we describe below. Instead of L?({2), we now use the

space L2() and instead of WX (), we now use the space W(Q). For divergence

free fields, we need the spaces J,(£2) and ij(Q) For the basis functions ¢, we
take the solutions of the special problem

—A(ﬁ(k) — )\k(ﬁ(k)
dive™ =0
o™ € WH(Q), k=1,2

P

They can be chosen so that
(™, 9!) = 6.

The Galerkin approximations v(™ and H(™ have the form
v (x, 1) =) a®(1)e™ (x)
k=1

and

HO () = 3000 (1) ()
k=1

respectively. We find their coefficients from relations analogous to (4.1)—(4.3) with

1/;(]“) replaced with ¢(k). By arguments similar to those described above, we obtain
the following theorem.

Theorem 4.2. The problem (1.2)—(1.6) in a cube Q along with the periodic
boundary conditions (1.8) and with § € [L,2], £ € L*((0,T), L*(Q)), curlj €

47
Lz((O,T),EZ(Q)), divj =0, u® € 72(), and H° € 7}(Q) has a unique solution
v € LQ((O,T),@(Q)) and H € LQ((O,T),fz(Q)) which has the same smooth-
ness as that given in Theorem 4.1 for the solution of the boundary value problem.
Moreover, v has derivative v, with finite norm (2.26) and Vp € L 2(Qr) with
s=(2+26)/(1+ 296).
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