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Abstract

We consider the mathematical formulation and analysis of an optimal control problem associated
with the tracking of the velocity and the magnetic field of a viscous, incompressible, electrically
conducting fluid in a bounded two-dimensional domain through the adjustment of distributed controls.
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1. Introduction

The paper studies the optimal control problem: minimize

1 . 2 R 2 2
E/Q(IV(u(x,t)—u (x, )% + Jeurl(B(x, 1) — B*(x, 0))* + €|y (x, )]
+ [P (x, 0)[%)) dr dx (1.1)

over Yy, Y, u, B € (L2(Q))? subject to the nondimensional magnetohydrodynamic equa-
tions (MHD equations) for a viscous incompressible resistive fluid (see [5,6])

Ou

1
5 +(M'V)M—R—Au+Vp+SV(%Bz)—S(B-V)B:fo—{—z//] in Q xR,
e
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OB 1
— 4+ @-V)B—(B-V)u+ —curl(curl B) =y, in Q x R, (1.2)
ot Rm

divu=0, divB=0in Q2 x R,
u=00n02 xR, B-n=0andcurl B=00on0Q x R,
ux,0)=ulx,T), Bx,0)=Bx,T) V(x,1r)e2xR.

Here Q = Q x (0, T), Q is an open bounded simply connected subset of R? with smooth
boundary 0Q, fp is a T-periodic (nondimensional) volume density force, u = (u1(x, 1),
uz(x, t)) is the velocity of the particle of fluid which is at point x at time 7, B = (B (x, t),
By (x, t)) is the magnetic field at point x at time ¢, p = p(x, t) stands for the pressure of the
fluid while 1, ¥, € LfOC(R; L?(Q)) are divergence free T-periodic inputs, and u®, B® €
LfOC(R; H'(Q)) are the T-periodic reference velocity and magnetic field, respectively.
The nondimensional quantities p, u, B correspond to the normalization by reference units
denoted by L, Ty, Uy = L,/ Ty, By, for lengths, times, velocities, and magnetic fields.
There are three nondimensional numbers in the equation which represent the Reynolds
number Re = L,u, /v (where v is the kinematic viscosity), the magnetic Reynolds number
Rm = L,u,ou (where p is the magnetic permeability and ¢ the conductivity of the fluid,
assumed to be constant), S = M?/ReRm = Bf / ,up*uﬁ (where M is the Hartman number)
and £ > 0. We recall the definitions of the curl and ciirl operators in 2-dimensions

auz 6u1
curl u = — — — for every vector u = (uy, us),
ox; Oxp
0 0
curl ¢ = —¢, __(}’> for every scalar function ¢
Oxp;  Ox

and the following formula:

curl curl u = graddiv u — Au. (1.3)

2. Weak formulation and existence

Let us briefly recall the way we can represent the MHD equations (1.2) as an infinite-
dimensional equation (see [6,8,2]). The spaces used are a combination of spaces for the
Navier—Stokes equations (denoted with subscript 1) and spaces used in the theory of
Maxwell equations (denoted with subscript 2). They are

71 = (v € (G(Q)%, divv =0},

Vi ={v e H)(Q), divv=0} (the closure of "1 in H}(Q) = (H} (2))%),

Hy={v e *(Q), divv=0and v - nlgg = 0} (the closure of #"; in L*(Q)
= (LX),

V5 ={C € ($*°(Q))*,divC =0and C - n|zgo = 0},
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Vo ={ve H'(Q), divC=0and C - nlgo = 0} (the closure of ¥ in H'(Q)
= (H'(@)?),

H, = (the closure of 77, in L2 (2)) = H,.
The space V; is endowed with the scalar product
o= ¥ (Gra)= X [ e
1<i<2 ! ! 1<i<2 g !
which is the scalar product on IH](I)(Q). The dual space of V| is characterized by (see [8])
Vi={veH(Q), divv=0}.
The space V3 is endowed with the scalar product
((u, v)), = (curl u, curl v)
which is equivalent to the usual scalar product induced by H! (Q) on V>. We set (see [8])
V =Vi x Vo, H=H; x Hp, V' the dual space of V,

and by identifying H with its own dual we have V. C H C V'.The space H will be endowed
with the following scalar products:

(@, V)= (u,v)+ (B,C) forall ®=(u, B), Y=(,C) € H,
[@,P]=(u,v)+ S(B,C)

and the induced (equivalent) norms
2= (2. 9)'2, [9]=[2, 2]'/2.

The space V will be endowed with three scalar products

1 1
(@, ¥) = oW1+ £ (B, €)),

[®, %] = (@, )1 + - ((B. O,
Re Rm
(@, ®)); = ((u, )1 + (B, O)),
and the equivalent norms
loll = (@, o)'2, [@]=[@, @] oI, = (@, &)}
Let o/1 € L(V1, V{), oAy € L(Vy, V2/), of € L(V,V"), of; € L(V, V') be defined by

(< 1u,v) = ((u,v)); forallu,v eV,
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(/2B,C) = ((B, C)), forall B,C € V,,
(AP, V) = (D, V), (A;®,P)=((D, V), foralld, PeV.

As in [8] we consider 71 € L(V1, V)), /2 € L(V2, V), o/ € L(V, V') as unbounded
operators on Hy, H, H, for which the domains are

D(Z1)={u e Vi, o ue H}=H(Q) NV,
D(s/2) ={B € Vs, /2B € Hy} = H>(Q) N Vs,
D(s/) = D(s/2) x D(/2) = (H*(@)* N V.
Letb : L'(Q) x WH(Q) x L'(Q) — R be defined by
b(u, v, w) = Z / uiDivjw;
1<i,j<2 /92

whenever the integrals make sense. We recall that, for m; >0 satisfying m +mo +m3 > 1
or m| + my + m3 = 1 where at least two m; are nonzero, we have

[b(u, v, w)| <crlulgmi [v]gmy+1 [w]gms,
Y, v, w) € H™(Q) x H™H(Q) x H"™(Q). 2.1

For m; = m3 = 1, my = 0 we find that the trilinear form b is continuous on (H'(€2))? and
satisfies

b(u,v,v) =0, VueVy(x=1,2), YveHY(Q),

b(u,v,w) = —b(u,w,v), YuecVy Vv,weH Q). (2.2)
We also define the trilinear form %y : V x V x V — R by setting

Bo(P1, P2, P3) =b(u1, uz, u3) — Sb(By, By, uz) + b(uy, B2, B3) — b(B1, u2, B3)
for all ®; = (u;, B;) € V, and the bilinear continuous operator 4 : V x V — V'

(B(P1, D2), P3) = Bo(D1, P2, P3) VD €V,
From (2.1) we get

|Z0(DP1, P2, P3)|<coamax(l, S)|Py|gmi | P2 ymy+1| P3| gms
V(®y, B, B3) € H™(Q) x H™H(Q) x H™(Q). (2.3)

This yields for m; =my = 1/2, m3 = 0 that

|Bo (D1, @2, P3)| <c3(|P1] 11| |92l |-/ P2])" /2| D51,
Y(P, Py, P3) € V x D(A) x H, (2.4)

where c3 = ¢3(£2, S, Re, Rm). Let M € M4(R) denote the diagonal matrix

mij=1for1<i<2, m;; =8 for3<i<4. 2.5)
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From (2.1) and the identity

Bo(P1, P2, MP2) = b(uy, uz, uz) + Sb(uy, B2, By) — S(b(By, By, u3)
+ b(By1, uz, By))

we finally get
Bo(P1, P2, MDP2) =0 VP, D€V,
Bo(P1, P2, MD3) = —Bo(Py, D3, MDy) VP € V. (2.6)

Let f(t)=P(fo(t),0), Y(t)=P)(t), Y,(t)) where P : (L2(Q))? — H isthe projection
on H. Then we rewrite the state equation (1.2) as

%(r) + A D(t) + B(D(t), P(t)) = f(t) + P(t), te(0,7),

®(0) = &(T) 2.7)

and confine to the strong solutions ® € L*(0, T; D(/)) N W-2([0, T1; H).
Assume that @°* = (u®, B®) € L%(0, T; V). Then we may reformulate problem (1.1) as

Minimize J (@, ¥) = /OT (%H(P(t) — (03 + gw(mz) dzt(P)
over (@, V) € (L>(0, T; D(#/)) N W2([0, T1; H)) x L*(0, T; H) subject to (2.7).
Theorem 2.1. There is at least one solution (P*, W*) to problem (P).
Proof. Let {®,, ¥,} be a minimizing sequence in problem (P), i.e.,

inf (P)<J (P, V,) < inf (P) + %, (2.8)

D+ APy + B(Py, Py)=f + ¥y, ae.te(0,T); ¢0)=ao,T). (2.9)

By (2.8) it follows that {®, } is bounded in L2(0,T; V), {¥,) is bounded in L%(0, T; H)
and therefore on a subsequence, again denoted by n, we have

¥, — ¥* weakly in L*(0, T; H).
If we multiply (2.9) by t M @,, integrate on 2 we get by (2.6) that
1d 1
5 3 (2O = Z[OF + [ 2,1
=t[f@)+ Vu(t), P,(1)], ae.t € (0, 7). (2.10)

This yields

t
t[@n(t)]2+/ 1[@, ()] ds<C, Vre[0,T]
0
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and therefore
[D,(0)]=[D,(TH]<C, VneN.

Here C denotes several positive constants independent of @ and n. Next we multiply (2.9)
by t.o7¢,, and obtain after some calculus involving Young’s inequality and (2.4) that

1d 1
CYT] (f”‘pn(f)llz) = 512 O + 1178, ()
= (f(0) + B (1), 1. By) — Bo (P (1), By (1), 1./ By (1))

<§|Mn<r)|2 F 11 £ (1) + Py (1) > + 13| Pu (1) V2| By (1) || |-/ D P2
<§|mn<t>|2 + 1C| Dy () 1D (D + 1] £ (1) + Dy (1) %

Now integrating on (0, 7) and using the above estimates we get

1@, (0))* + /Ot s|ﬂ‘d>,,(s)|2ds<C/0t (A 4 s Pu (D)%) ds
which by Gronwall’s lemma gives
P, (OIIF<C, Ve (0Tl
Since @,(0) = &, (T) we infer that ||P, (0)| < C. Finally, multiplying (2.9) by .&/®,, and

integrating on £ x (0, t) we obtain as above

1@ (01> + /Ot .o Dy (5)|* ds <C <||‘15n(0)||2 + /Ol II‘I’n(S)||4dS>
and therefore

12u (]2 + /Ot SOy As<C. Vi € [0.T].
This yields

1P, 1 200.7: 1) + 1B (Pps Pl p20.7: 1) <C.

Since V. CC H we infer that {®,} is compact in C([0, T]; H) N LZ(O, T;V) and on
subsequences we have

@, — @ strongly in LZ(O, T;V)YNncC((o,Tl; H),
oA D, — of P* weakly in L*(0,T; H),
@, — (¢*) weakly in L2(0, T; H).

By (2.4) we have

[(B(Dy, By) — B(D*, D), D)|
<|Bo (B, — F, By, D)| + Bo (D, B, — D*, D)
<C\®y — [V, — ¥V B, |||/ Dy |1
+ 1% |2 %12 ot (B, — D)|V/P)| D (2.11)
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for all @ € H, and therefore
B(D,, D) — B(P*, d*) strongly in L0, T; H).

Letting 7 go to 00 in (2.8), (2.9) we see that (@*, ¥™*) satisfies system (2.7) and J (®*, ¥*)=
inf(P).

3. Optimality conditions

Let (@*, ¥*) be an optimal pair in problem (P). For each ¢ > 0 consider the approximat-
ing problem: minimize

/T Lio— otz + Lo+ L) arcpy
0 \2 ) 2¢ ¢

over @ € L>(0, T; D(/)) N WV2([0, T1; H), ¥, ¢ e L*(0, T; H) subject to

D' (1) + A D(1t) + B(D(1), (1)) = f(t) + V(1) + 1), t€(0,T);
d(0) = O(T). 3.1

By Theorem 2.1 for each ¢ > 0O problem (P;) has at least one solution (@, ¥, &,).

Lemma 3.1. For ¢ — 0 we have
&, — D* strongly in LZ(O, T:V)NnC(0,T]; H),
O, — (D), AP, — A" weakly in L*(0, T; H),
Y, - P*, 8_1/258 — 0 weakly in L%(0, T; H),

i inf P, = inf (P). 32
tim {int o} = it ) 62

Proof. By taking (@, ¥, &) = (&%, ¥*,0) in (P;) we get
T 1
@i,‘lvf,f(P“K/o (§||<1>* o3 + §|¥'*|2> &= g (o)
If multiply (3.1) with M &, t M P, and integrate on (0, T), (0, t) respectively, we get by
(2.4), (2.6) that

T
1o.0F + [ [oun] ar<c.
0
Now if we multiply (3.1) by 7./ ®@,, integrate on (0, 1), we see as above that
1 ®e()|?<C, ¥ e(0,7T]
and therefore

[@:0)[| = |P(T)[|<C,  Ve>0.
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When we multiply (3.1) by .o/ @, we obtain
t
1®:(1)])? +/ |/ D:(s)Pds<C, Vi e[0,T]
0

and from (3.1) we have that

||¢L||L2(0,T;H) + |1 B(Pe, Pe)ll2¢0.7:1) S Cs Ve>0.
Hence on a subsequence we have

b, — @ strongly in C([0, T']; H) N L2(0, T;V)

P, > &, AP, — AP weaklyin L*(0,T; H)

Y, > ¥, & — 0 weaklyin L?(0, T; H).
On the other hand, by (2.11) we see that

B(D, D) — B(P, D) strongly in L>(0, T; H)

and therefore (&, '1_”) is a solution to the state system (2.7).

Finally, taking the limit in (P;), by the weak lower semicontinuity of the H-norm we

obtain that

inf (P)< /OT (%u@ ot} + ;mz) ar< tim {qb{gé(Ps)}
hence ® = &*, ¥ = ¥* and the conclusions of Lemma 3.1 follow. [
In the space L>(0, T; H) we define the operators (see [1])
Up=¢' +. AP+ B(De, ) + B(P, Pe), V¢ € D) =X,
Wp=—¢' + AP+ Bo(Pe, -, ) + Bo(-, Pe, §), Vo € X,
where
X ={¢ € W'(0,T]: H) N L*(0. T; D(/)), (0) = $(T)}.

It is easily seen that

T T
/ (Y, p)dr =f e, T)dt, VY, T € D) = DA = X.
0 0

The operators 2 and A* are defined by the same formulae (3.3) where @, = @*.

(3.3)
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Lemma 3.2. The operators g, W, W, W* are closed, densely defined and have closed
ranges in L*(0, T; H). Moreover, dim N (1), dim N () <ny, independent of ¢, A is
the adjoint of W, and the following estimates hold:

-1
190 gl L20.7: pearnnwr2qo.ry: 1y SClgN 20,72 1), V8 € R(WUy),

||(m:)_lg||L2(0,T;D(£i))mwl.2([0,T];H)<C||g||L2(0,T;H), Vg € R(Q[:)- (3.4)

Similarly, the operators W*, W are mutually adjoint and estimates (3.4) remain true for
A*, A

We have used the symbols N and R to denote the null space and the range of the cor-
responding operators. (For hints on the proof see the case of Navier—Stokes equations in

(1D.
Forle R,® e X, ¥ € L%(0, T; H) we set
&= (@ + 1D + A ( Py + 1D) + B(Dy + A®, By + JD) — (f + ¥ + 1¥).
We may write (f;‘ as

=+ NP + AP+ B(Dy, ) + B(D, By) + I B(P, D) — V)

and so by the optimality of (®;, V¢, ) in (P;) we have
/OT (((cbg O D) P W) (G ¥ /D B, D)
+B(P, D) — ‘I’)) dt>0 (3.5)
forallp € X,V € L2(0, T; H). We set g, = %58, and for ¥ = 0 we get from above

/OT (P, — D°, D)) + (g, D)) dr = 0.
Hence ¢. € D(2}) and

W, =—of (P, — P°). (3.6)
Therefore by (3.5) we obtain

Y, = %qg a.e.in (0, T). (3.7)
Then by Lemma 3.1 it follows that

lgellL20.7:my <C, Ve>0.

Now we may write ¢; as qsl + qu where qgl € R(U), qu € N(2). By Lemma 3.2 we
know that

1 X
lg: 220, 7:D(rynwr2qo.rmy <€, Ye>0
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hence on a subsequence, again denoted {¢}, we have
gl — ¢' weakly in L*(0, T; D(«)) N W2([0, T1; H),
g2 — ¢* strongly in L>(0, T; D(+/)) N W2([0, T1; H)

because {gZ} C N () and dim N (U¥) <np. Now letting ¢ tend to 0 into (3.6), (3.7) it
follows by Lemma 3.1 that

1
W (g + ¢ = —o (D" — @*); P* = 7 (' +¢%) ae.te(0,7).

Let denote ¢ = ¢! + ¢>. We have established the following maximum principle result for
problem (P):

Theorem 3.1. If the pair (9*, ¥*) is optimal in problem (P) then there is g € L*(0, T
D(Z)) N WV2([0, T1; H) such that

q'(t) — Aq — Bo(D*, -, q) — Bo(-, D*, q) = A j (" — D*), ae tec(0,T),
q(0) =q(T), (3.8)

PH(1) = %q(t), ae. t €0, 7). (3.9)

If ¢ = (qu, gp) and ¥* = (], ¥3) the adjoint system can be written as

0 1
ot g+ u* - Vau — B'Vgp +qu - V' + g5 VB + Vo
=—A@W* —u®) in Q,
an [ * * * *
o R—curl(curlqg) —SB*-Vq,+u"-Vgp—Sq,-VB* —qp-Vu
m

= curl(curl(B* — B*®)),
divg, =0, divgg =0 in Q,
qgu=0o0n2, gp-n=0 and curlgg =0 on 2,
qu(x,0) =qu(x,T), qp(x,0)=¢p(x,T) inQ

and the optimality condition

1 1 .
Ui = 7w W5 = 748 0 0.

4. Semidiscrete-in-time approximations

Let oy = {fn},l,vzo be a partition of [0, 7] into equal intervals of duration Ar = T/N
with 7o = 0 and 7y = T. We will denote by v the vector (v, v®, ... v™) of functions
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belonging to a space Y = Y. We associate the following approximate function:

N, x) =v™(x), t € [ty1,tn], n=1,2,..., N,
where v©@ = v®™) and a continuous, piecewise (in time #) linear function vé\f = vf)\f (t, x)
defined by the interpolating conditions

v{:{(tn,x) =v™x), n=1,2,...,N.
On this partition we define the discrete target @*") (x)=®°(t,, x)forn=0,1,..., N.The

state variables @) e D(.</) are constrained to satisfy the semidiscrete MHD equation
L @™ — g0-Dy 1 o 1 @™, gy = ) 4 ) @1
At ’ ’

obtained from (2.7) by a backward Euler discretization in time and the periodic condition
dO — V) 4.2)

Optimization is achieved by means of the minimization of the discretized-in-time functional

N N
1 14
N _ n) _ pon))2 > (n)2
J ((D,‘l’)_zAtZHcD P ||J+2AIZ|‘P k8 (4.3)
n=1 n=1
This functional results from applying the right-point discretization rule in time to the contin-
uous functional J. The discrete-in-time approximate optimal control problem is then given
by
given At =T/N, ¢* € L*(0,T; V) find (®,¥) in D(o/) x H such that
(PY)
(D@, P) is the solution of (4.1) and the functional (4.3) is minimized.

As in the continuous case we have the following result on the existence of a optimal pair:

Theorem 4.1. GivenT > 0, At=T/N there exists at least one optimal solution (®*, ¥*) €
D(«/) x H of the semidiscrete optimal control problem.

Now we can prove the convergence of the semidiscrete optimal control problem.

Theorem 4.2. For At — 0 the solution {(®*™, ‘J!”“("))}IZ1\':l of the semidiscrete-in-time
optimal control problem tends to the solution (®*, ¥*) of the corresponding continuous
optimal control problem.

Proof. Using the similar computations as in the previous section (see [3,4,8]) we obtain
easily that {(@*V, 'I”"N)}I"V":1 is uniformly bounded in L2(0, T; D(.7)) N L>°(0, T; V) x
L2(O, T; H) and {%(D*IIX } is uniformly bounded in LZ(O, T; V). Moreover, we have that

N
At
3 > @™ — o V)2 0 when At — 0.

n=1

xN *«N |12 —
”(p - @ pl ||L2(0,T;V) —
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Hence on subsequences we have that

prN weakly in L0, T; H),

o*N — @* strongly in L>(0, T; V), weak-* in L*(0, T; D(.<7)). (4.4)
Eq. (4.1) can be interpreted as

do N

and as we pass N — oo we find that the solution of the semidiscrete problem (P %) converges
to the corresponding solution of the continuous optimal control problem (P). [

Due to the lack of differentiability in the application ¥ — ®(W¥) (see e.g. [7]) we will
replace problem (P") by a sequence of approximating problems (P,¥), for which we can
compute necessary conditions of optimality.

For each ¢ consider the following optimization problem: minimize

At Y ¢ I At Y
N _ = (n) _ gpom) 2 > (n)2 =0 n)2,pN
I@W.8 =3 100 — "G+ SA Y (WO S KRR
n=1 n=1 n=1
over (@, ¥, &) € D(«7) x H x H satisfying
é((p(n) _ (p(n*])) + AP 4 93((13("), (p(’l)) — f(n) 4+t 4 é(")’
PO — V). (4.5)
By Theorem 4.1, for each & > 0 problem (PgN ) has at least one solution (®;, ¥, &;).

Lemma 4.1. For ¢ — 0 we have

®" — &*™ \weakly in D(</), strongly in'V,

w0 \eakly in V, strongly in H,

871/2.’:2”) — 0 weakly in H (4.6)
foralln=1,..., N and

lim{ inf (PFN)}z inf (PV).
=0 (D78 ’ (D,¥)

For . e R, ®™ € D(7),Vn=0,..., N with ®© = &) we denote

oM _ -1
=t (

At + A DD + BD, D) + BDD, D)

+ )».@(‘I)(”), (p(n)) _ ‘I’(")>
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: : (n) ) «n)
and by the optimality of (®; °, ¥y, (") we get

ACY (@ — @* M) +eA Y (P, P ™)

N ) _1
B (e 2UZ IR a4 (a0 1 3@, 0
e =\ At
1+ B(@™, ™y — pm ) >0 wn

forall (@) D(/)N*! with @@ =™ andforall P € H,n=1, ..., N. We set
qé") = %an). Using an argument similar to the continuous case, it can be easily proved the
following maximum principle for the semidiscrete-in-time optimal control problem (P ™).

Theorem 4.3. If the pair (®*, ¥*) is optimal in problem (PN) then there is q € D(.+)
such that

1
— (@™ — gDy — 2g™ — By(d, g™, WD) — Bo(PD, ¢, D)

At
=t (@ — &™),
g _ Lo
¢

foralln=1,..., N, withq(()) =q(N>.
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