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Abstract

The Fisher equation with inhomogeneous forcing is considered in this paper. First, a forced Fisher
equation and boundary conditions are derived. Then, the existence of a local solution for the forced
equation with a homegeneous Dirichlet condition is proved by Galerkin’s method. Next, a maximum
principle is established and the existence of a global solution is obtained as a consequence of the
maximum principle. Finally, generalizations of the results to cases of less regular forces are discussed.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

The unforced Fisher equation in one dimension
Uy —uyy —Au(l—u)=0 1in(0,7T) x (0, 1)

provides a simple model for gene selection/migration wittenoting the frequency of an
advantageous gene aadneasuring the intensity of selection (see, §4), This equation

gives a deterministic approximation to a model for the spread of an advantageous gene in a
population (sef8]). This equationis also referred to as the KPP equation after the pioneering
paper of Kolmogorov et a[12] concerning travelling wave fronts. This equation, along
with the homogeneous boundary conditions

u(t,0)=u,1)=0 forre (0, T)
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and the initial condition
u(0, x) =ug(x) forx e (0,1),

has been studied thoroughly in the literature. In particular, it is known that there exists
a global solution (see, e.d11, p. 61, Exer. 9] that the solution stays between 0 and 1
provided O ug(x) <1 (see, e.g[b, p. 37 3]), and the solution approaches either the trivial
steady state O or a unique nontrivial, nonnegative steady state-aso (see, e.g.[5, p.
51]). Similar results are available for the multidimensional case (see[®4]).

However, little seems to existin the literature about Fisher equations with inhomogeneous
forcing. In this paper, we consider the model derivation and analysis of the forced Fisher
equation

ur—Au—Ju(l—u)=>2A—-u)f in(0,T)xQ (1.1)

with homogeneous boundary conditions. Heéds a bounded open setli®’, n =1, 2, or

3, [0, T is a finite time interval, and the “force”is a given function ofz, x). Note that
forcing in the Fisher equation enters not merely as an inhomogeneous source term, but in
the more complicated way indicated in (1.1).

The plan of this paper is as follows. In Section 2 we derive the forced Fisher equation and
boundary conditions in the context of the study of gene frequency distributions. In Section
3 we introduce function spaces, define a weak formulation and recall some results from
ODE theories. In Section 4 we establish the existence of a local solution. In Section 5, we
prove a maximum principle under suitable assumptions on thef dadu . In Section 6
we prove the existence and uniqueness of a global solution.

We briefly discuss some of the novelty and technical difficulties in this paper:

e Model derivation The derivation of the forced Fisher equation and boundary conditions
in Section 2 is our first contribution. Our derivation reveals that the general form of the
equation should be cubic, rather than quadratic—the standard unforced Fisher equation
is merely a special case.

e Local existenceln showing the local existence in Section 4, we define a weak formu-
lation that is amenable to numerical approximations and we follow the main steps of
Teman(25] concerning the existence of a local solution for the Navier—Stokes equations.
Additional efforts are made in our paper to derive a uniform local existence interval for
the sequence of Galerkin solutions. Other approaches in the literature may be used to
prove the local and global existence of solutions for general semi-linear parabolic equa-
tions, but they either require higher regularityfdhan what is assumed in this paper or
give a solution in a weaker sense (see, ¢192,6,13,16,21-24,26]

e Maximum principlesThe maximum principles we prove in Section 5 are weak versions
corresponding to the weak formulation given in Section 4. A similar type of maximum
principles can be found if17] for a different system; however the techniques of Manley
et al.[17] do not directly apply to our situation.

e Global existenceAs a straightforward consequence of the maximum principles we may
easily obtain a preliminary version of global existence. We also prove a generalized
version of global existence that involves a less reghil&uch a generalized existence



M.D. Gunzburger et al. / Nonlinear Analysis 62 (2005) 19-40 21

result for less regulairwill be useful in the formulation of optimal control problems,
though control problems are beyond the scope of this work and will be studied elsewhere.

2. Derivation of a forced Fisher equation and boundary conditions

We follow closely the derivation given if7] of the (unforced) Fisher equation to derive
a forced Fisher equation. The derivation is given in one space dimension; however, the
generalization to higher dimensions is obvious.

2.1. Aforced Fisher equation

We assume that the population is diploid, with two available alledasand A,. The
genotypes are denoted ByAy, i, k=1, 2, and their densities by, . Note that the geno-
types A; A, and Ay A; are the same, but it is convenient to distinguish between them,
keeping in mind thap;, = p;;. We then letp = Zﬁkzlpik denote the total density of
the populationp;r = p;;/p the frequency of the genotypé; Ay in the population, and
pi = Z/%:ll’ik = (Z,f:lpik)/p the frequency of the alleld; in the population. Then, we
have that, foi, k =1, 2,

0,0k — 0, (30, (Vi) — Mpy) = plropi pr (L + sny) — rapic (L + 57,01+ sp fik,
(2.1)

i.e., the rate of change of the density of genotypéd, is affected by diffusion (the term
containingV), drift (the term containingM), births (the term containing,), deaths (the

term containingg), and artificially introduced genotypes (the term containfi)g) The

cases = 0 corresponds to no selection being present; small values of the pararakoer

for selection. In (2.1)y;, andy;, may be functions o%, t, and all thep,;; V, M, r,, andrg

are given functions of, x, andt.

One last assumption is needed to proceed with the derivation, and that is that there exists

a carrying capacity.(x, 1), i.e.,

>0 forp<p.(x,t),
rp(x, t, p) —rg(x,t,p) =1 =0 forp=p(x,1), (2.2)
<0 forp> p.(x,t).

The derivation (see, e.d.7]) of the Fisher equation proceeds from (2.1) without the
forcing termsp fix. We have added forcing under the following assumptions. The amount
offorcing is small and proportional to the total density; hence, the faetadp, respectively.

The artificial addition of alleles is then determined by #fyg which are given functions of
x andt.
Summing (2.1) over andk, we obtain

0,p = 0,(30,(Vp) — Mp)
2 2

=p|ro—rd+sro Y pipki —srd Y pikvix | +5pf, (2.3)
i,k=1 i,k=1
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From (2.1) and (2.3), we have that

1 Pik
azpik = ; atpik - Té atp

1
=202y 3, (V2p?0, pix) — MO, pix + ro(pi px — pix)
+ s(ro(pi Pty — PikD) — rdPik Vix — V) + fik — Pic ),

2 2
n= Z prpele and j= Z Dkt ke
k=1 k=1

Summing (2.4) ovek we obtain

0, (V2p?3, pi) + MO, p;

(2.4)

(2.5)

(2.6)

Copi = 2p2V
2
=s (Fbpi(ﬁi —n) —rd (Z PikVik — Pi7> + fi — Pif) :
k=1
where
2 2
;= Z pin and  fi = Z Sik-
k=1 k=1
Now, let
T=srot, E=x ﬂ, b=r—b, ad=r—d,
Vo ro ro
4 M Jik fi f
A=—, = , Fyp=—, F=—, F=-—.
Vo g vsroVo “Th "o ro
Then, (2.5) withi = 1, (2.4) withi = 1 andk = 2, and (2.3), respectively, become (where
p=p1)
1 2 .2
0.p— 2571 0z(p°4°0;p) + udsp =h1+ F1— pF,

1 2 42
s (arplz =274 0 (p°A470:p12) + u%mz)

= op(p1p2 — p12) + sha + s(F12 — p12F)

2.7)
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and
5@.p — 302(Ap) + 8 (up)) = p(ap — ) + sha + spF, (2.8)

whereh;, i =1, 2, 3 are specific functions df, 7, p;x, andp. Settings = 0 in (2.7) yields
p12 = p1p2; settings = 0 in (2.8) yieldso, = og SO thatry = rg. Then, from (2.2)p = p.
and then (2.6) becomes

o.p — 2p2A 0:(peA?0;:p) + ud:p =h1+ F1— pF,
where
2 2
h1=opp Z P — Z PPl | — Z PikVik — P Z PklVki
k=1 k=1 k=1
=app(1— p)(p(w11 — w21) + (1 — p)(w12 — @22))
and where

Wik =Nig — Vi k=12,

To summarize what has transpired so far, we have obtained the scalar equation

O.p— 2 ZA 0:(peA%0:p) + pdep
=opp(1l— p)(p(w11 — w21) + (1 — p)(w12 — w22)) + F1 — pF. (2.9)

Note that the nonlinearity isubic
To obtain the (unforced) Fisher equation from (2.9) (with= F =0, of course) one has
to also assume that

e all data ., ap, 4, w;i) are constant (independentofndt);
o U= O;
e w12+ w1 = w11 + w22 (this choice gets rid of the cubic term);

y = (2/N¢;

o 0 =up(w12 — W22).

Making the same assumptions in the forced case leads forted Fisher equation
0,p—0,,p=0p(l—p)+F1—pF. (2.10)
2.2. Boundary conditions

Suppose first thdDirichlet boundary conditionare prescribed on the densities, i.e.,

pix =&k, i, k=12 onthe boundary.
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Then, it follows that

pP=p1= Z Pl = Z P = M on the boundary.
= Ze,k=1gek

Homogeneous boundary conditions on the densitieseem to be a problem since we then
get the indeterminate forrp = 0/0. On the other hand, we could impose data such that
> 2 1w =0butp=3"7,_;gu # 0 onthe boundary; in this case we obtain the boundary
conditionp = 0 on the boundary.

Suppose now thdteumann boundary conditiomase prescribed on the densities, i.e.,

0,pix =4gik, i,k=1,2 onthe boundary,

so that
1 Dik
8, pik = ;anpik /; 0,0,
so that
2 2
1 Y r—1P1k
anp_anpl_zanplkz_zan 1k == an
k=1 k=1
12 » 2
= Z qik — — Z qrk
P = P k=1

In generalyp is not known on the boundary. However, we know that in the limit O that
p = p. So that we obtain thRobin conditiorfor p

0,p + quk P=— Z‘Ilk

Cekl Pe 21

Homogeneous Neumann boundary conditiongfgrare permissible as long ag # 0 on
the boundary; we then obtain tigtp = 0 on the boundary.

3. Problem statement and preliminaries

Inthis paper, we consider the initial-boundary value problem with homogeneous Dirichlet
boundary conditions for the special case of (2.10) in whigh= F. Note that this implies
that fo1 + f22 = 0. This can be realized, e.g., if no artificial additions of the allejes
effected. Eq. (2.10) reduces to

0,p—0,,p=0p(l—p)+ Fi(1— p). (3.1)

Evidently, other models can be derived by choosing different values;foand the other
data.
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The problem we wish to study is a multidimensional version of the forced Fisher equation
(3.1) with a Dirichlet boundary condition (we usen place ofp), i.e.,

a—M—Au:iu(l—u)—l—f(t,X)(l—u) in Or,

ot (3.2)
u=20 onXr, )

u (0, X)ug(X) in Q,

whereQr = (0, T) x QandXr = (0, T) x 02. In this section, we will introduce function
spaces and introduce a weak formulation of (3.2). We will also quote some relevant ODE
results.

3.1. Function spaces and problem statement

In the sequel( is a bounded, open bounded domairfify d = 1, 2, 3, with a smooth
boundaryoQ. H*(Q2) for s € R denotes the standard real Sobolev space of ardeh its
norm denoted by - || s (). We use the conventioH°(Q) = L2(<Q).

For ap € [1, co], an open intervala, b) C R and a Banach spadwith the norm
Il - s, we denote byL.” (a, b; B) the set of measurable functions (a, b) — B such that
t — |lu(®)| g belongs taL?(a, b). The norm onl?(a, b; B) is defined by

/p .
(fa” ||u(r)||’,§dz) if p<oo,

lellzrab:m) = { Ess sup [lu()|p if p=o0.
t€(a,b)

We denote byC([a, b]; B) the set of continuous functions: [a, b] — B with the norm
llullc(a,p1: By = MaXefa,p) lu(®) || . We introduce

W(a,b) = {u|u € L%(a, b; H}(Q)), z—”; =u' € L%a, b; Hl(Q))} ,

whereu’ is taken in the sense of distribution. The normWita, b) is defined by
lallwiany = (el Faq, b oy + 18 1 21002 Vi € Wia, b).

The duality paring between a Banach sp&cand its dual will be denoted by, -). The
L2(Q) inner product is denoted hy, -), i.e., forp, g € L2(Q), (p, q¢) = Jo P g dQ. Also,

C, C, C, C1, Ca, etc. denote positive constants whose values change with context.

A solution for (3.2) is defined as a solution of the following weak formulation: given
yo € L2(Q)and f € LF(0, T; L7(Q) wherep € [1, co) andy > f in R? andy > 3f'/2 in
R®, find au € W(0, T) such that

W' (1), ) + (Vu(t), V)
= (u@)A—u®) + fFOA—u@)), ¢p) Yo € H}Q), a.er e (0, T) (3.3)

and

u(0, X) = ug(x). (3.4)
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Note that the initial condition and the terfyiu, ¢») make sense thanks to the following
two lemmas.

Lemma 3.1. LetV, H, V' be three Hilbert spaces such thdtc H = H' c V’, whereV’
is the dual ofV. If a function u satisfies that € L2(1q, t1; V) andu’ € L%(to, t1; V'), then
u is almost everywhere equal to a function continuous fignr] into H and we have the
following equality which holds in the scalar distributional sense @\ 71):

d
O lull% = 2(u’, u).

Proof. See[25,p.69] O

Lemma 3.2. Suppose: € W(0,T) and f € LF(0, T; L7(Q)) with p € [1,00) andy
satisfying

p> %ﬁ/ whenQ c R® and y>f whenQ c R?, wheref' =p/(f—1).
Then(fu) € L2(0, T; H X(Q)).
Proof. See[15, p.26] O
3.2. Relevant ODE results

In this subsection, we recall some relevants results concerning the existence of and esti-
mates for solutions of ODE systems.
The first lemma is about the existence of a maximal solution on a rectangular region.

Lemma 3.3. Let real numbersy, yo, a > 0, b > 0 be given and set
Ro = [to0, to + allyo — b, yo + b].
Assume thag € C(Rp; R). Denote

b
M = max t, and T=min{a, .
Jmax 150, 3) {a pe b}

Then the initial value problem

du
o =g(t,y), y(to) =uo (3.5)
t
has a maximal solutiom(z) on [z, to + 7], i.e., every solutiony = y(¢) of
y =g(t,y) onlto, to+71], y(to)=uo

satisfiesy(t) <u(t) on[to, to + 7).

Proof. See[10, p. 10, Theorem 2.dnd[10, p. 25, Lemma 2.1] O
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The second lemma is about the existence of a maximal solution on a strip.

Lemma 3.4. Letrg, yo, a > 0 be given. Assume thate C([ro, 10+ a] x R; R). Then there
exists ar > 0 such tha{(3.5)has a maximal solution(z) on [, o + 7], i.€., every solution

y=y() of
y =g, y) onlto.to+1], y(t0)<yo
satisfiesy(t) <y () on[r, fo + 7).

Proof. This is a direct consequence of the previous lemma (e.g., by fixing a finite rectangle
on the strip). O

The third lemma is about the extension of solutions of a system of ODEs over a maximal
interval of existence.

Lemma 3.5. Assume thaG € C([ro, to + a] x R?; RY) whered >1 is an integer. Let
y = y(¢) be a solutionon a right maximal interval Jof y’ = G(z, y) with a giveny(p).
Then either/ = [10, to +a] or J = [to, 10 + 9), 6 <a, and||y(1)|| ge — o0 ast — to + 0.

Proof. See[10, p. 14, Corollary 3.1] O

The next lemma is about an estimate, in terms of the maximal solution, for solutions of
an integral inequality.

Lemma 3.6. Assume that € C([70, 10 + a] x R; R), g(¢, y) is nondecreasing in u for
eacht € [tg, tp + a], and a maximal solutioiy(¢) of (3.5) exists on[zg, o + a]. Assume
further thath € C([to, to + al; R), h(t0) <uo, and

t

h(t) <h(tp) +/ g(s, h(s))ds Vr € [r, 10+ a).

fo

Then

h(t)<u(t) Vt e [to,to+a).

Proof. See[10, p. 29, Corollary 4.4] O

4. Local existence

In this section, we study the existence of a local solution for the weak formulation (3.3)
and (3.4). We first recall the following compact embedding result:
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Lemma 4.1. Let Xg, X, X; be three Banach Spaces such th& < X < X3 and
Xo—><— X,letl< p, g <ooand

du(r)
t

W= {v(t) € LP(to, 11; Xo) : € Li(to, 11; Xl)} .

ThenW << LP(1g, t1; X).
Proof. See[14, Chapter 1, Theorem 5.1]1
We are now in a position to state and prove the local existence results.
Theorem 4.1. Assume thaf € C(0, T; L3(Q)), bo € L%(Q) and1g € [0, T). Then there
exists ary = t1(to, bo) € (to, T) and au € W (1o, 1) Satisfying
W' (1), ) + (Vu(t), Vo)
= (uO@—u®) + fFOA—u®). ¢p) Y€ Hy(Q), ae.t € (to,11) (4.1)
and

u(tg) = bo. (4.2)

Proof. We divide the proof into three steps. In Step 1 Faedo—Galerkin approximations are
defined. In Stp 2 a priori estimates far,, are derived. In Step 3 passage to limits, derive
the regularity of.” and justify the initial condition.

Stepl: Faedo—Galerkin approximationsinceHol(Q) is separable, there exists a basis
{w;}2, for H(}(Q). For eachm, we define an approximate solutiop of (4.1) as follows:

m
Um = Z gﬁ'm)(t)wj (43)
=1

such that

(1, ), wi) + (Vup (1), Vw;)
= Ay (O[L—up@]+ fFOIL—uyn ()], w;), aere(on), i=12,....,m

(4.4)
and
upy (to) = b(()m)’ (4.5)
(m) _x~m z(m) 2 At
whereby —ijlf/ w; istheL= (L) projection ofbg onto the span dfw1, wo, . .., wy}.
Properties of projection operators imply
155" 120 < llboll 12(q)- (4.6)

SinceH}(Q) is dense inL2(Q) and{w;} is a basis forH} (2), we easily deduce that

by — boin L2(Q) asm — oo. 4.7)
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The system of nonlinear differential equations (4.4) and (4.5) can be rewritten as

m m

d
> wjwy) g0+ Y (Vwj. Vwig)™ ()
j=1 j=1

m m
= A<Z gﬁ'm)(t)wj — Z gﬁm)(t)gl(cm)(t)ijk’ wi>
j=1

J.k=1
+<f(z) (1—§:g§’">(z)wj),wi>, i=1...,m (4.8)
j=1
and
i(wj, wi)g!" (t0) = (bo. ), i=1,....m. (4.9)
j=1

Thelinearindependency ob;}" ; as functionsimplies that the matrix with entries;, w;)
is nonsingular, so that we may use the inverse of this matrix to reduce (4.8) and (4.9) to the
following standard form of a system of ODEs:

d m 1 (m - m S " "
8" O +1f @) = g ><r>+.21°‘ffg§ 'O+ 3 B 05"
pm

J.k=1
=3y (f@.w), i=1.m (4.10)
j=1
and
g =¢. i=1....m, (4.11)

fori=1,2,...,m, wherew, B, 7;;,¢; € R and they depend ofw;}_;. Note that
the regularity assumption ohguaranteegf(-,t), w;) € C([0, T]; R). From standard
theories of ordinary differential equations (see, ¢1f)] or [19]), the nonlinear differential
system (4.10) and (4.11) has a solution defined on a maximal right infegval™]. Or
equivalently, system (4.4) and (4.5) has a solutigi(t) defined on a maximal interval
[f0, T™1].

Step2: A priori estimates fom,, (t): Fort e [to, "], multiplying system (4.4) by
gl.(m)(t), i =1,...,m, and adding these equations up we obtain

(u,’n(t), up (1)) + ||Vbtm(l)||i2(9) = <[}um(t) + fOIL — up ()], up(1)). (412)

Thus, applying Young’s inequality to the terms on the right-hand side we have

E a ”um (t)”LZ(Q) + ”v”m (t)”LZ(Q)

gi”“m(ﬂ”iz(g) + i””m(ﬂ”%%g) + 1 F Ol L3 lum @l 320
+ 1L O L3 lum Ol L2 lm @) |l L6()- (4.13)
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The embedding/}(Q) — L¥2(Q) and Poincaré’s inequality imply that
IF Ol 3@ lum Ol L320) < C ILF Ol L3 ltm D1l 1)
SCIF DO 3@ Vum D 20

C1
S ONFag) + 21V OlZ2q (4.14)

The embeddingiol(Q) <> L8(Q) and Poincaré’s inequality imply

IF O 23 lum Ol 20 lum (]l L6(0)
<Cf@) ||L3(Q) llotm (1) ”LZ(Q) llotm (1) ”H&(Q)

SC IOl gz lum Ol 2@ I Vim Ol 20

C2
< IO e lm 1729, + &1 Vum Ol 2 - (4.15)

Moreover, sinceH/2(Q) — L3(Q), we may use the interpolation betwegA(Q2) and
Hol(Q) and Poincaré’s and Young’s inequalities to derive

= 1/2 1/2
Ml ()13 gy < A Nt () 737200)> S AC Nt D1 0 Nt Oy )2
= 3/2 3/2
SAUClum O30 IVt D15
Cs3
<A lum D72y + &l Vitm O 172 ) (4.16)

Adding up (4.14)—(4.16) and then applying the resulting inequality withl/6 to (4.13),
we obtain
L 120, + IV,
dr L2(Q) L4(Q)
<2um )72, + 2C1I fF D739, + 2C2l f D730 lum D112 2,
+ 20C3um (D192 (4.17)

Integrating (4.17) fromyg to t, wherer € (1o, ), we are led to
2 2 ' 2
”um(t)”LZ(Q) - ”um(to)”LZ(Q) + [G ”Vum(s)”LZ(Q) dS
t
< /to (22 ()2, + 2C2 )25, U

t
+ [ [2C2ll £ ()12 5 gy ltm ()17 2 ) + 22C3llttm ()13 2,1 s, (4.18)

0
Settingy, (1) = lun (112, andy(1) = || £ (1)112 g, We have

t

Y () < ym (t0) + / g(s, ym(s))ds V1 € (o, ™), (4.19)

to
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where
g(t,y) = 2AC3y> + 21y + 2C2)(1)y + 2C1)(0).

It is easily verified thag € C([0, T] x R; R) andg is nondecreasing ipfor eacht.
Now, lety(z) be the maximal solution of the differential equation

dy_
dr

with the initial value

2).C3y® + 20y + 2Coy(t)u + 2C1)(1) (4.20)

y(o) = 1y (0)l72.q, (4.21)

which, according to Lemma 3.4, exists on an intetval (g, 71] for somery € (7o, T'] (note
that system (4.20) and (4.21) andare independent ah, though it depends on the norm
of f.) Inequality (4.6) implies,, (0) <¥(f0). Hence by Lemma 3.6 with = 1™ — 1, we
have

it (D172, = wn (D) ST < MaX &(1) = C(11) Vi € (10, 7). (4.22)

As [10, ) is the maximal interval of existence for (4.19), Lemma 3.5 and (4.22) implies
thatt(™ = r; and the existence interval i, r1]. Hence, using (4.22) again we have

sup ||um(t)||§2(9)<cm) Vielto,t1] Ym=1,2,... . (4.23)
r€lro,n]

Thus, we have shown that; € (1o, T'] such that

{um}or_4 belongs to a bounded set bf° (1o, 11; L2(Q)). (4.24)
Using (4.18) again, we see that relations (4.6), (4.24) yield

{1 }2°_; belongs to a bounded set bf (19, 11; H3 (). (4.25)

Step3: Passage to limitsA priori estimates (4.24) and (4.25) allow us to draw a subse-
quence ofu,,} (still denoted by{u,,}) such that

Um — u  weak* in L®(1, 11; L%(Q)) (4.26)
and
um — u  weakly inL(to, t1; H}(Q)) (4.27)

for someu € L>®(to, t1; L2(Q)) N L2(to, t1; H3(R2)). Furthermore, Lemma 3.1 witkio =
Hi(Q), X = L?(Q) and X1 = H~1(Q) implies that

um — u strongly inL?(zo, t1; L(Q)). (4.28)
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Now, lety(r) € C1([1o, 11]; R) with y(r1) = O be given. Multiplying (4.4) by) () and
integrating by parts, we are led to

1

— 8 i) — /

fo

15
(U (6, ¥ (£)wy) di + / (Vi (0, Y(O) V)
10

n
= / (A ()X = um (D)) + fO L — um(©)), Y()w;) dr. (4.29)
fo

Relations (4.26), (4.27) and (4.7) imply thatras— oo,

1 15
/ om0 Y Owi) df — / ) Own) dr, (4.30)
0] fo

1 11
/ (Vum(t),lp(t)Vwi)dt—>/ (Vu(t), Y(t)Vw;) dt, (4.31)
to 0]

1 1
/ <um(t),w(t)w,->dr—>/ (u@®), y(w;)dr, (4.32)
0] fo

bY", wi(to) —> (bo, wiY(10). (4.33)

As for the nonlinear term, using the generalized Holder’s inequality and the facts;tieat
a spatial function and thaf}(Q) < L*(Q), we have

15
f l(Mi (t) — u?(), Y(t)w;) dr
1

0

141
< / Ilﬁ(l)I/ [ (, %) — u(t, X)| - |y (t, X) +u(t,X)] - |w; (X)| dx dr
fo Q
1
< / W@ Nlum @) —u@®) |l L2c0) lum @) + u®)ll L2 lwill Laq) df
0
n
SClWYllLeg,m) ”wi”[-]&(g)/ llwem (1) = u@)ll L2 Ntm (1) + u(D)l g ) At
0

<C||‘//||L°°(to,t1) [lw; “H&(Q)”um - “”Lz(zo,tl;LZ(Q)) lum + u”Lz(to,tl;HOl(Q))' (4-34)

From (4.25), (4.28) and (4.34), we easily deduce that as oo,

t 15
/l(ui(t),w(t)w»dt — /1<u2(t),¢(t)wi>dt- (4.35)
1 1o

0
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Similarly, we have

41
f (f @) up (1) —u(t)), Y(t)w;) dt

fo

n
< f WO N (1) — 1) L2y 11 O3 T 5
o

<C||¢||L°°(to,t1)||wi||H&(Q)||um - M||L2(zo,;1;L2(Q))||f||L2(zo,z1;L3(Q))v
so that
1 41
/ (f@Oum @), Y()w;) dt — / (fOut), y(w;)dt asm — oo. (4.36)
to to

Relations (4.30), (4.31), (4.33), (4.35) and (4.36) allow us to pass to the limits in (4.4) to
obtain

1 1
— (bo, wi(t0) — / (o), ' (wi) dr + / (Va(t), (6 Vwy) di
10

fo

L4
= / (@)L= u@®) + fOQ —u@), Yy@)w;) df (4.37)

o

for eachi =1, 2, ... . Using the linearity inw; of (4.37) and the fact thdtw;} is total in
Hi () we deduce that

1 11
~ (bo. $W(t0) — / W), W () dr + / (Vu(), YOV ) di
o o

1
=/ (@A —u@®)+ fOQA—u@®), Yy@)p)dt V¢ € Hol(Q). (4.38)

fo

In particular, (4.38) holds for all € 2(0, T) so thatu satisfies

W' (1), §) + (Vu(t), V)
= WA —u@®) + fFOA—u@)), §) Vo € H}(Q). (4.39)

in the sense of distributions (in time). B5, p. 250, Lemma 1.1ye have that
W' € L20, T; H1(Q)).
Finally, it remains to prove that satisfies the initial condition (zp) = bo. To this end,

we multiply (4.39) by (r) and integrate by parts. This leads us to

1 n
~ gy DWW (t0) — f W) W (D) di + f (Vu(), YV ) di
1]

o

41
=/ (@A —u@®)+ fFOQA—u@®), Yy@)P)dt V¢ € Hol(Q). (4.40)

fo
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A comparison of (4.38) and (4.40) yields
(bo — u(t0), )Y(10) =0 V¥¢p € H3(Q).

Upon choosing & with /(o) = 1, we have
(bo —u(to), $) =0 V¢ € Hy(Q),

i.e.bg = u(tp) a.e.Q. This completes the proof of Theorem 4.1]

5. Maximum principles

Let u be a local solution, i.e., a solution of (4.1) and (4.2), that was guaranteed to exist
on an interval(rg, 71) in the previous section. We are going to show that under suitable
assumptions ohandug, the solutionu satisfies G{u < 1. This result is needed to ensure
the solution to be physically meanful—recall thatepresents the gene frequency. This
result will also allow us to show the global existence in the next section.

We first recall the well-known Gronwall Lemma:

Lemma 5.1. Assume thaiv, z are nonnegativecontinuous functions ofa, b]; K >0is a
constantand

72()<K + /rz(s)w(s) ds Vr € [a,b].
Then
72(H)<K exp{/tz(s)w(s)ds} vVt € [a, b],
in particular, if K =0, thenz(¢) = 0.
Proof. See, e.g[11,p.24] O
Now we prove the nonnegativity of the local solutiomwhenf andug are nonnegative.
Theorem 5.1. Assume thalf € C(0, T; L3(Q)), f >0 almost everywhere o@7, bg €
L?(Q) andbg(x) >0 almost everywhere if2. If u(z, X) is a solution of4.1) and (4.2yvhere

to € [0, T) andr € (tg, T), thenu >0 almost everywhere ifg, 1) x Q.

Proof. For almost every € [r, t1], we setp(x) = u_(z, X) = max{—u(t, x), 0} in (4.1)
and integrate it to obtain

E E ”u—(t)”LZ(Q) + ”Vu—(t)”LZ(Q)

:/Qi[u_(t)]z[l—}-u_(t)]dx—/Qu_(t)f(t)[l—i-u_(t)]dx

< fg Au—OPL+ u— O] Au- D112 + lu-D1F50)-
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Asin (4.16), we have

Mu— 330, <CAu-O15200, + 31Vu-0122 - (5.1)
Substituting of (5.1) into (5.1) yields

— ||u ONF20g) + IVu- (D720, <2Nu— D115 + 2C - (1) 92,
so that

d 2 2 6

a ||M,(f) ||L2(Q) < 21””70) ”LZ(Q) + 2C/1||u*(t)||L2(Q)

Integration fromy to t leads us to

t
i~ ()17 20 < Nu— (01122, + f 20 (L+ Cllu— ()72l ()72 ds
o

(5.2)
wherer € [1g, 11]. The identity
—max(—u,0) =
2
and the resulz € C([to, 11]; L?(Q)) imply
u_ € C([to. n]: L*(Q)).
Setting K = [lu- (to)IILz(Q) = |lu- (S)IILZ(Q) andw = 24(1 + Cllu— (S)IILz(Q))

we obtain from (5.2) that

t
(<K +f 2oyw(s)ds Vi € [1o, 1]
Hence, Lemma 5.1 implieg#) = 0 on|z, 11], i.€.,
”I/l (t)”LZ(Q)
which impliesu_(z, X) = 0 almost everywhere itrg, 11) x Q. O

Next we show that the local solutianis bounded above if the initial value is bounded
above.

Theorem 5.2. Suppose that the assumptions of TheoBefnhold. Assume further that
bo(x) < 1almost everywhere if2. Then the local solution(z, x) of (4.1)and(4.2) satisfies
u < 1almost everywhere itrg, 1) x Q.
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Proof. For almost every € [rg, 11] we setp(x) = (u — 1) . (z, X) = max{u(r, x) — 1, 0} in
(4.1) and integrate ihto obtain

' (1), (u—1),) +/ Vu - V(u —1), dx
Q

= / Au(l—u)(u — 1), dx + f F@&, X)L —u)(u— 1), dx.
Q Q
The last equation can be written as
1d
5 g 10 = Dlifag + 1V = DilZ2 )
= —/ Jul(u — 1)41%dx — / F(t. X[ —1),12dx<O0.
Q Q
Hence(u — 1) (¢, X) = 0 almost everywhere ifrg, 1) x Q. [

Remark 5.1. We point out that the proof of Theorems 5.1 and 5.2 do not apply to the finite
dimensional Galerkin solutiom,, studied in the previous section. The reason isfial_

or [u,, — 1], does not necessarily lie in the spar{efi, wa, ..., w,}; as aresult, we cannot
set the test function to be,, ] or [u,, — 1], in (4.4).

6. Global existence

From the local existence result (Theorem 4.1) and the maximum principles (Theorems
5.1 and 5.2), we concluded that under suitable assumptiomg(®nand f (¢, X), a solution
u for (4.1) and (4.2) exists on some interyal, r1] and 0<u <1 almost everywhere in
(10, 11) x 2. Based on these we expect a global solution to exists on any finite time interval
[0, T1]. Indeed, we will prove the global existence and uniqueness in this section. While the
first global existence theorem below is an easy consequence of the local existence theorem
and maximum principles, the second global existence theorem requires additional effort.
The following theorem gives the global existence and uniqueness of the solution.

Theorem 6.1. Let T € (0, o0) be given. Assume that € C(0, T; L3(Q)), f(t,x) >0
a.e.(t,x) € (0,7) x Qand0<up(x)<1la.e.x € Q. Then there exists a unique function
u € W(0, T) such that u is a solution dB.3)and(3.4)andO<u<la.e.in(0,T) x Q.

Proof. By Theorem 4.1, there ista> 0 such that there exists a functiore W(0, #1) as a
solution of (3.3) and (3.4) of0, t1]. By Theorems 5.1 and 5.2, we also have @)z, x) <1
a.e.(r,x) € (0,1) x 2. We let

t = sup7 : there exists @ € W(0, ) such that (4.1) and (4.2) hold
fora.e.t € (0, 1)}

Thent must equald. For otherwise, Theorem 4.1 would allow us to continue the solution
beyondr and this would contradict the maximality assumption @ifere we used the easily
verifiable fact thatif: ¢ W(0,7) andu € W (z, 1+06) forsomed > 0, therw € W(0,7+0).)
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To prove the uniqueness of the solution, we suppgsendus are two solutions of (3.3)
and (3.4) and set=u; — up. Thenz satisfies

(Z'(@®), P) + (Vz(t), Vo) = (Lz(1), §) — A(lz(t) (u1 + u2), )
—(f(z(t), ¢) V¢ € HY(Q), aere (0, T) (6.1)

and
z(0,x) =0. (6.2)

Theorems 5.1and 5.2 imply thatQ:1 (¢, X)+u2(t, X) < 2 almost everywhere i@ . Setting
¢ = z(t,-) in (6.1) we have

1d
5> @ 1EO152g + V2072 <IlFz),  aes €[0,TI,
so that
d 2 <lzO)? aerel0,T (6.3)
5> g Ol <Iz®lZ2 ) aer €071 :

Thus, using Gronwall’'s inequality and (6.2) we obtain
Iz, =0, aerel0,T]

From which we conclude =0 a.e. in(0, T) x €. This completes the proof.[]

Below, we prove the global existence whgne L2(0, T; L2(Q)). We first establish a
newa priori estimate.

Lemma 6.1. Assume thatf € C(0,T; L%(Q)), f(t,x)>0 for almost every(r,x) <
(0, T) x Q,and0<bho(X) <1 a.e.x € Q. Let u be a solution 0f3.3) and (3.4). Then
vt € [0, T],

2 2 2
“u(t)”LZ(Q) + ”u”LZ(O,T;H&(Q)) + ”M ”LZ(O,T;H_]'(Q))
<Nutt0) 122, + C1T + C2ll 17200, 7. 120 (6.4)

Proof. By Theorems 5.1 and 5.2, we have @(z, X) <1 almost everywhere i(0, T') x (2.
Thus, for a.et € [0, T'], upon settingh(x) = u(t, X) in (3.3) we have

1d
>dr IIM(I)Iliz(Q) + IIVu(t)Iliz(Q)
= / 2 Lu(t, )21 — u(r, X)) dx + / @, X)u(t, X)[1— u(t, x)]dx
Q Q
< /Q L + / F (1) X< ACL(L D)+ C2DNF D22, (6.5)
whereC1, C2 > 0 are constants. Integration from Ottgields

2 2
”u(t)HEZ(Q) + ”u”iZ(O,T;H&(Q)) < ”u(tO)”LZ(Q) +C1T + C2||f”L2(0,T;L2(Q))' (66)
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From Eg. (3.3) we obtain
' (1), ¢) = f Vu(t, X) - Vo(x) dx
Q
+ /1/ u(t, X)[1 — u(t, X)]p(x) dx + / @, X)u, X)[L— u(t, X)]dx
Q Q

<)l o) 101 530 + A€ /Q o0l dx + C /Q £, 0h(x) dx

SluOll g Pl g + € Dl Pllz) + CILf D2 1 dllL20)

forall ¢ € H&(Q) and a.er € (0, T). Upon taking the supremum over € Hol(Q) we
obtain

' )| -1 <C||M(I)IIH&(Q) +C4L D+ ClfOlL2 (6.7)
fora.e.r € (0, T). Combining (6.6) and (6.7) we obtain (6.4)]

Theorem 6.2. Let T € (0, oo) be given. Assume that € L2(0, T; L%(Q)), f(t,x)>0
a.e.(t,x) € (0,7) x Qand0<up(x)<la.e.x € Q. Then there exists a unique function
u € W(0, T) such that u is a solution ¢B.3)and(3.4), 0<u<la.e.in(0,7T) x 2, and

2 2 2
”I’t(t)”LZ(Q) + ”u”Lz(O,T;H&(Q)) + ”M ”LZ(O,T;H’]'(Q))
< ||14(f0)||i2(9) + ClT + C2||f||i2(O,T;L2(Q))' (68)

Proof. The denseness @ (0, T'; L3(Q)) in L2(0, T; L?(Q)) implies there is a sequence
{fn}_, C C(0,T; L3(RQ)) such thatf,, — f in L20, T; L2(Q)), fu(t,X)>0 a.e.
(t,x) € Qr and|| f — fillL20,7:12(@)) < 1 (for instancef,, can be defined as the convolu-
ation off with a sequence of nonnegative modifying functigns(x)).

For eachm, Theorem 6.1 implies the existence af,a € W (0, T') such that

() (1), @) + (Vun (1), V)
= 2 ()L = ), @) + (O — un ()], ¢) Y € HF(Q), a.exr € (0,T)
(6.9)

and
Uy (0, X) = uop. (6.10)

Moreover, we have thatQu,(x,t) <1l a.e.(t,x) € (0, T) x Q. By Lemma 6.1, we have
that,

2
L2(0,T; H3(Q))

<lluolZ2g) + C1T + Call ful720 7:12¢0)
<lluolZ 20, + C1T + Call 1122 7. 120y + Ca- (6.11)

2 /
””m “LZ(O,T;HOJ'(Q)) + ”um ”
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Estimate (6.11) allows us to extract a subsequen¢e,gf (still denoted by{u,,}) such that

um — u  weakly inL?(0, T; H}(Q)), (6.12)

u, —u'  weaklyinL>®(0, T; H1(Q)) (6.13)
and

um — u  strongly inL?(0, T; L?(Q)). (6.14)

We also note that for eveny(r) € C1([0, T1; R) with Y(T) =0 andv¢ e C&(Q),

T
/0 (f@, dut, ) = fu(t, Yup(t, ), Y()P()) dt

T
< /0 WO o ) L Fin Ol 20 l1tm (1) = (D) | 2

T
+ /O WO £ @) = £ Ol 2l o on |91l 120 dt
<C||W||L°C(O,T) ||¢||L°0(Q)||fm ||L2(0,T;L2(Q))||Mn - M||L2(0,T;L2(Q))
+ ClliLeo. )l fn = fllL200.7:202)) ||¢||H&<Q).

so that
T T
/O<fm(t,~)um(t,-),l//(t)¢>(~))dt—>[O (f @, dult, ), y@)p(-)) dt (6.15)

asm — oo, forall ¢ € C3(Q) and ally e €0, T] with y/(T) = 0. By repeating the
arguments used in the proof of Theorem 4.1 (Step 3) we may pass to the limits in Eq. (6.9)
to show
('), §) + (Vu(r), Vo)
= L —u), ¢) + (fFOIL—u®], ¢) Y€ C5(), aer e (O7).

Using the denseness 6§(Q) in Hg(Q2) we have

W' (1), ) + (Vu(r), V)
= 2u®@A—u), ¢)+ (FO[L—u@®)]. ¢p) Vo e H}(Q), a.et e (0.T).
(6.16)

The estimate (6.8) follows directly from (6.11).

Theorems 5.1and 5.2 implyQu <1 a.e.in(0, T) x Q.

Similar to the proof of Theorem 6.1, we may prove the uniqueness of the solution. This
completes the proof. [
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