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OPTIMAL BOUNDARY CONTROL FOR THE EVOLUTIONARY
NAVIER-STOKES SYSTEM: THE THREE-DIMENSIONAL CASE*
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Abstract. Optimal boundary control problems for the three-dimensional, evolutionary Navier—
Stokes equations in the exterior of a bounded domain are studied. Control is effected through the
Dirichlet boundary condition and is sought in a subset of the trace space of velocity fields with almost
minimal possible regularity. The control objective is to minimize the drag functional. The existence
of an optimal solution is proved. A strong form of an optimality system of equations is derived on
the basis of regularity results established in this work for the adjoint Oseen equations with regular
initial data which do not satisfy the compatibility conditions.
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1. Introduction. This paper is devoted to the investigation of using boundary
controls to minimize the drag about a three-dimensional body B moving at a constant
velocity v in a fluid. The fluid flow is assumed to be governed by the time-dependent,
viscous, incompressible Navier—Stokes system. The drag minimization problem is for-
mulated as an optimal boundary control problem by introducing an appropriate drag
functional and by choosing a suitable control space. The two-dimensional analogue
of this problem was studied in [8], and this paper represents a continuation of that
work in the three-dimensional case. Our aims are to prove the existence of an optimal
solution and derive an optimality system of equations. In order to achieve these aims,
we will need to define the correct mathematical formulation of the optimal control
problem in question.

The type of optimal control problem we study has the following form:

(1.1) J(v) — inf,
NS(v,p1) =0,
(1.3) R(b) < M.

V’t:o = Vo, V||x\—>oo = Voos V‘(O,T)xaB = b,

Here, v(t,x) and p;i(t,x) for t € [0,T] and x € Q = R\ B are the vector-valued
velocity field and scalar-valued pressure field, respectively, of the fluid flow surround-
ing the body B; we attach the coordinates to B, i.e., we treat B as fixed so that the
fluid is in motion relative to B. Also, J(v) is the drag functional, NS(v,p;) = 0 is
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the Navier—Stokes system, v is the initial condition, and b is the Dirichlet boundary
condition which acts as the control in our problem.

It is clear that the correct physical setting of the optimal drag reduction problem
must contain the constraint (1.3), where R(b) is a norm-like functional for functions
defined on the boundary ¥ = (0,7) x 9 = (0,T) x 9B. Indeed, if (1.3) is not imposed
or the constant M in that condition is too large, then, instead of drag reduction, the
boundary control b can actually push the body B in the direction opposite to v
(see the relevant discussions in [8]).

Note that choosing the appropriate form for R(b) is not a trivial task, since
choosing R to be a simple functional such as the L?(3)-norm is unsuccessful even
in two-dimensional case (see [8]); of course, in three dimensions, it is impossible as
well. The correct choice of R(b) is strictly connected to choosing a proper boundary
control space. That is, they must be chosen in such a way that the validity of the use
of the Lagrange multiplier principle is guaranteed (see [2, 6]). This amounts to the
requirement that the state space W must be sufficiently regular so that the derivative
operator NS'(v) : W — F is an epimorphism for some suitably chosen function space
F. It turns out that this requirement can be met if the solution to the Navier—Stokes
equations is unique within the space W. It is well known (see [5]) that if we restrict
ourselves to Hilbert space settings, then W should have the following form to ensure
the uniqueness property:

(1.4) VE(Q) = {v e L0, T; H*(Q)) : dyv € L*(0,T; H~2(Q)), divv = 0}

for s > 3/2, where @ = (0,T) x Q and the function spaces used will be precisely
defined in subsection 2.4. In other words, if the smoothness of functions from W
is less than V(©/ 2)(Q), then it is not clear how to prove surjectivity of the operator
NS'(V) : W — F or the solvability of the corresponding Oseen equations with such
nonsmooth coefficients. To find a suitable norm R, we could simply take the norm of
space of restrictions to ¥ of a function belonging to the space V(3/2)(Q), whose trace
space was already characterized in [9]. However, to simplify the definition of R, we
choose the weakest norm R which avoids fractional derivatives and whose natural
domain of definition is a subspace of the trace space of V3/2)(Q) (see [10]). Precisely,
we choose

(1.5) R(b) = [|b3 (s = /E (10bI* + 19,bI2 + [bJ?) ds dt,

where H!(X) is the Sobolev space of vector-valued functions defined on ¥ possessing
square integrable first derivatives. (The definition of surface gradient V. will be given
below; see (2.11).)

Since the norm (1.5) we choose for the boundary data b is stronger than the norm
for the space generated by restricting the space (1.4) to the boundary, we should choose
the solution space W for the Navier—Stokes equations to be the one that corresponds
to the boundary norm (1.5) instead of choosing W to be simply (1.4). The problem
of characterizing such a space W was solved in [10].

Note that our aim is to investigate the case for which there are no restrictions
on the magnitude |v,| of the velocity v, of the body B. It is precisely the case of
large |Voo| that is most interesting in applications. To fulfill such investigation under
general assumptions is not possible because of the absence of theorems regarding the
existence of smooth solutions for the three-dimensional evolutionary Navier—Stokes
equations with arbitrary data; only when the corresponding norms of the data are
sufficiently small has the existence of a smooth solution been proved.
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To circumvent this difficulty we consider the following concrete and physically
reasonable situation. Let a body B move in a steady-state regime with velocity vo.
Then, at the instant ¢y (say o = 0), we switch on the control b on OB and solve the
optimal drag reduction problem over the time interval (0,7"), where T' > 0 is a given
arbitrary number. In contrast to the evolutionary case, the existence of a smooth
solution v for the steady-state three-dimensional Navier—-Stokes equations with the
adhesion condition on B and an arbitrary data v., at infinity has been proved.
So, we can take this steady-state solution vq as the initial condition in (1.2); this in
turn will allow us to investigate optimal control problem (1.1)—(1.3) on the basis of
local existence theorems of smooth solutions for the three-dimensional evolutionary
Navier—Stokes equations in a neighborhood of vg. In addition, we will fulfill the
locality condition by choosing a sufficiently small parameter M in (1.3). Of course,
in such an approach M depends on |v|:

(1.6) M(veo]) — 0 as [Voo| = 00.

The plan described above will be realized mathematically in this paper. We point
out one difficulty arising in this realization that is connected with the property vo(z)—
Voo & L2() for the steady-state solution. This property does not complicate very
much our proof of the existence theorem for the control problem (1.1)—(1.3). However,
the problem of constructing a weak solution for the optimality system becomes quite
difficult. We will invoke a special form of the abstract Lagrange multiplier principle
(see [6, Chap. 2, Thm. 1.6, Thm. 1.8]); to apply this result we are forced to introduce
some special Orlicz spaces which are connected with the properties of a vector field
vo(z) = Veo.

In section 2, we give a precise statement of the optimal control problems we
consider. In section 3 and Appendix A, we establish regularity results for the Navier—
Stokes system as well as for linearized Navier—Stokes systems and the adjoint linearized
Navier—Stokes systems. Although several of these results are of interest in their own
right, they are used in this paper as auxiliary results to help us prove the main
results of this paper: the existence of optimal solutions and the derivation of weak
and strong forms of an optimality system. Section 4 is devoted to the proof of the
existence theorem for the control problems defined in section 2. In sections 5-7, we
derive corresponding weak and strong forms of the optimality systems.

Finally, we emphasize that we consider this investigation to be a major, but not
final, step towards a complete solution of the drag reduction problem. Even after this
paper and [8, 9, 10], there remain a number of unresolved problems. For example, by
virtue of (1.6) for sufficiently large v |, the size of the bound M in (1.3) may become
too small to be of practical use in applications. The issue of how to increase M in this
situation goes beyond the scope of this paper. Nevertheless, we consider the resolution
of this issue quite realistic; indeed, as was shown in [7, 15], it is quite possible to solve
nonlocal control problems in the space of smooth solutions for the three-dimensional
evolutionary Navier—Stokes equations if the control function is supported on the whole
boundary.

2. Formulation of the problem. In this section, we provide a precise state-
ment of the optimal control problems treated in this paper.

2.1. The state system and the cost functional. As discussed in section 1,
we consider the problem of using boundary controls to minimize the drag about a
three-dimensional body B moving at a constant velocity v, in a viscous fluid. In
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coordinates attached to the body B, this problem transforms into the drag reduction
problem for a fixed body B surrounded by a fluid flow having velocity v, at infinity.
Mathematically, the fluid flow is described as follows. Let B C R?® be a bounded
domain and let 2 = R3\ B. Suppose that the boundary 99 of € is of class C> and is a
connected surface. (We impose the last assumption only because it is reasonable from
the physical point of view; the generalization of our results to the case of unconnected
09 is a simple matter.) In the flow domain 2, we consider the Navier—Stokes system

Ov—Av+(v-V)v+Vp =0 inQ,

divv=0 in Q,
(2.1) V]i=o =vg for x € Q,
vls =b with b-nds=0 forte (0,T),

[219]
V — Voo as x| — oo,

where Q@ = (0,7) x Q, £ = (0,T) x 99, v(t,x) = (vi(t,x),v2(t,x),v3(t,x)) for
t € 10,71, x € Q is the velocity field, and Vps(¢,x) is a pressure gradient.

The vector field b is defined on ¥ and is the control available to effect optimization.
We wish to minimize the work due to drag through a proper choice of b. The work
due to drag, or the drag functional, is defined by the formula

T
W:// (V—vVe) - Tndsdt,
0 Jon

where 7 = —p1I + 2D is the stress tensor, D = D(v) = (Vv + VvT)/2 is the rate
of deformation tensor, and n is the unit, outward-pointing normal along the bound-
ary 0€). We can derive, just as in the two-dimensional case (see [8]), the following
equivalent expression for W:

T T
j(v):/ /D(v):D(v)dxdt%—l// |V — Veo|?V - ndsdt
0 Ja 2 Jo Joaa

(2.2)
1 2 1 2
+= | [V(T,x) = voo|“dx — = [ |vp — Veo|” dx.
2 Ja 2 Ja
The functional (2.2) is precisely the functional to be minimized through a proper
choice of the boundary control b on X.

2.2. The initial condition. The correct choice for the initial data vo(x) is an
important issue since it is related to the physical context in which we formulate the
optimal control problem and affects the mathematical proof of existence of optimal
solutions. As was mentioned in section 1, we suppose that v (x) is the solution of the
steady-state Navier—Stokes problem:

—Avy+ (vo-V)vog+Vpy =0 inQ,
divvg =0 in Q,
(2.3)
Vo[ g = 0,
Vo — Voo as |x| — oo.
The no-slip condition v0’ 9q = 0 is imposed purely for simplicity and is quite reason-
able from a physical point of view. There is no difficulty in treating the case for which
vy satisfies an inhomogeneous boundary condition.
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The following proposition asserts the existence of a solution of (2.3).
PROPOSITION 2.1. There ezists a solution (vo,po) € [C™(Q)]* to (2.3) satisfying

(2.4) Vo — Veo[[Ls ) + IVVollLz@) + [[VVollee @) < Clveol-

A proof of this result can be found in, e.g., [11, 13]. Thus, throughout, we assume

that the data vq in the initial condition in (2.1) is a C>°(£2) solution of (2.3) satisfying
(2.4).

2.3. Change of variables. We introduce the change of variables
(2.5) w(t,x) = v(t,x) — vo(x) and p(t,x) = p1(t,x) — po(x).

The unknown vector field w is more convenient to work with than v due to its zero
initial condition and its vanishing values at infinity. After substitution of (2.5) into
(2.2) we see that the last two integrals in (2.2) contain two terms vy — v that do not
belong to L2(£2). But these terms annul each other. So the problem of minimizing the
functional (2.2) subject to (2.1) and (1.3) is then recast as an optimization problem
for w as follows: minimize the functional

T T
j(w)://D(w—i—vo):D(W—f—vo)dxdt—i—l// W — Voo |*W - nds dt
(2.6) 0 JQ 2 0 JoQ
1

5 [T +2w(T2) - (volox) = va))

subject to the constraints

(2.7) Ow—Aw+ [(w+vy) - Vlw+ (w-V)vg+Vp=0 in Q,
(2.8) divw =0 in Q,
(2.9) Wli=o =0 in Q,
(2.10) w— 0 as |x| — oo,
(2.11) R(w) = / <|8tw\2 + | V,w|? + |W|2) dsdt < M.
b

Recall that the surface gradient VTW‘E = (VW)’E — (Onw)
usual gradient of w in R® and (9, w) is the derivative of w with respect to the
outward-pointing unit normal n on Jf2.

In addition, we suppose that w satisfies the compatibility condition

5» Where Vw is the

(2.12) (w(t,x)|s)t=0 =0 in 9Q.

We omitted, from the system (2.7)—(2.11), the boundary condition and eliminated
the unknown Dirichlet boundary control b in (2.1); instead, the Dirichlet control is
expressed by w|y.

By virtue of (2.5) and vgloa = 0, the functional R(w) and the parameter M in
(2.11) coincide with R and M in (1.3) and (1.5).

Note that functional (2.6) is well defined on w satisfying (2.7)—(2.11): this is
shown in subsection 3.2.
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2.4. Function spaces. In this subsection, we define function spaces for the state
variables and the Dirichlet controls. The structure of the space where we look for the
solution of the optimal control problem is quite complicated because it should be the
space where solutions of the Navier—Stokes equations are unique, and besides it has to
contain all solutions of the boundary value problem for the Navier—Stokes equations
with arbitrary Dirichlet boundary conditions from H!(X) (i.e., with not so smooth
conditions) but with the right side belonging to the Lebeque space. Besides, we recall
definitions of well-known Sobolev spaces.

The Sobolev spaces H¥(2) with k a nonnegative integer are defined by

@) = {ue Q) : [l = Y [ 1Dl dx <0},
la]<k /¢

where x € Q C R, o = (a1, a2, a3) is a multi-index (a; being a nonnegative integer),
la| = a1 +az +az, and D* = 91l /(02§ 0252 x5®). The Sobolev space H*(Q) for an
arbitrary s > 0 is defined through the interpolation of the spaces H*(f2) for integer
k; see [14]. By definition, H§(£2), s > 0, is the closure of C5°(£2) in H*(€2). The space
H—°(Q), s > 0, is defined as the dual space of H§(2), i.e., H *(Q) = (H§(2))’, with
the norm
flaeey = sup O
sers (@), 620 [|9llms ()

where (-,-) denotes the duality between H *(2) and H{(2) generated by the scalar
product in L?(Q). Sobolev spaces on 9 are denoted by H"(9Q) and are defined
with the help of partition of unity techniques; for details, see, e.g., [14]. Vector-valued
spaces (including vector-valued Sobolev spaces) are denoted by boldface letters, e.g.,
H*(Q) = [H*(Q))]? for all s € R, H5(Q) = [HZ(2)]3, and H"(09Q) = [H"(092)]3. For
s > —1, we define the divergence-free spaces

(2.13) Vo (Q) = {veH*Q) : divv=0}.
Also, we define
(2.14) Vi(Q) ={veL*Q) : divv=0, (v-n)lspq =0}

equipped with the L2(£2) norm where both equalities are understood in the sense of
distributions.

For s > 0, we introduce the spaces of functions depending on both spatial and
temporal variables:

HY*(Q) = {y(t,x) € L*(0,T; H**1()) : dy € L*(0,T; H*(Q))}
where Q = (0,T) x © and
HY(3) = {y(t,x) € L*(0,T; H*T'(8Q)) : dyy € L*(0,T; H*(00))},

where ¥ = (0,7T) x 99Q. Analogously, we introduce the following spaces of solenoidal
vector fields defined on @Q:

(2.15) VE5(Q) = L*(0,T; VST Q) N HY(0,T; V().
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Recall that € is the exterior of a bounded domain B C R3. Let p > 0 be a fixed
number satisfying

(2.16) NC{xelR® : |x|<pl
For arbitrary k > 0, we set
(2.17) Qi =QN{xeR® : |x|<p+k} and Q,x=(0,T) x Qpip.

Let X; and X3 be two Hilbert spaces. Then, the direct sum X1+ Xo = {& = 21+ 25 :
x1 € X1, 29 € Xo} is also a Hilbert space with norm defined by

2.1 =i (Il i),
(2.18) ol x, =, it (el el

Evidently, (2.18) defines a Hilbert norm. We now define the space V;’l/ *(Q), which
was introduced in [10]. Let p > 0 be fixed and satisfy (2.16). Then

VI 2Q) = {v e VI2(Q) ¢ suppv € Qpra, v],_y =0,

(2.19)
Av € L?(Qp42) + L2(0,T; VHY?(Q)42)) }

equipped with the norm
||V||i,;,1/2(Q) = Hv”%/'l-l/Z(Q) + \|AV||L2(Qp+2)+L2(o,T;VH1/2(Qp+2))7

where the space VHY2(Q,12) = {Vq(x) : ¢ € H/?(Q,42)} is equipped with the
norm
IValvarz@, = 1Vl iz, )

We recall from [14] that H(:)lO/Z(QerQ) and [Hé({Q(Qerg)]’ are defined as follows. Let

r(x) € C®(Qp42), r(x) > 0 for x € Q,y49, and r(x) = dist(x, 0Q,42) in a sufficiently
small neighborhood of 9€2,42. Then,

1/2 -
Hoé (Qpt2) ={u : ve HY?(Q,10), 77 Y?u € L*(Qp12)}

with the norm

—1/2

lel gm0y = 1el3n/m(0p) + I 20

By (H362(Qp+2))/ we denote the dual space of Hééz(Q,H_Q) with the norm

o (£, 9)

1f 1l gg2/2 ;= T
(Hpp ™ (2p+2)) 1/2(Qp+2),¢750 ||¢HH(%2(Q;;+2)

PEH )

where (-, -) denotes the duality generated by the scalar product in L?(£2,2).
Following the notation V) (Q) introduced in [8], we define the spaces

V(Q) = {v € L0, T; VA(Q)) :

(2.20) , .
oyv e L*(0,T;V°(Q)), v|t:0 =0, v|Z = 0}



2198 A. V. FURSIKOV, M. D. GUNZBURGER, AND L. S. HOU

The former is a subspace of the latter with the homogeneous boundary value. Anal-
ogous to (2.20), we introduce

VP(Q) = {v € L*(0,T; VA(©)) :

(2.21)
615V € L2(07T; VO(Q))7V|t:T = 07V|Z = 0}

Now, we can define the space in which the solution of the boundary value problem
(2.7)—(2.10) is sought:

(2.22) W=W(Q) ={veVI2Q) +V?(Q) : v|, e H'(D)}.

The Sobolev space H!(X) is defined with the help of partition of unity techniques;
see [14]. The norm of the space W is defined by

2 ol2 2
[vllw = ||V||V}7,1/2(Q)+Vé2>(@ + vl ()

The boundary control will be sought in the following subspace of H!(X) satisfying
a compatibility condition at ¢t = 0 (see (2.12)):

H'(D) = {V ceH' (D) :
—0 =0, , , = .€. ) :

We establish a compact embedding result that is used to prove, in Theorem 4.1,
the existence of solutions of the optimization problems posed in section 2.5. Let p
satisfying (2.16) be fixed, let k£ > 0 be arbitrary, and let Q4 be defined as in (2.17).
Let the function space W(Qp+x) be defined in exactly the same way as W(Q) = W
(see (2.22)): we simply replace @ and Q by Q 4% and Q,4, respectively.

LEMMA 2.2. For each k € (0,00), the embedding W(Qp1r) — L*(Qp+k) is
compact.

Proof. From definitions (2.19), (2.20), and (2.22) for W(Q,+) and definition
(2.15) for V1¥(Q 1) (with @ replaced by Q4+ and © by €, in all these relations),
we easily conclude that the embedding W (Q,+x) — V1/2(Q,4) is continuous. As
is well known (see, e.g., [17, Chap. 4, sect. 3]), the embedding V'/2(Q,4x) —
LQ(Qp+k) is compact. Combining these two results implies the desired assertion.

2.5. Precise statement of the control problems. We now state precisely
the optimal control problems to be studied.

PROBLEM L. Let v € R3 and M > 0 be given, and suppose that vq s constructed
as in Proposition 2.1. Seek a (w,Vp) € W x [L?(0,T; VHY2(Q,12)) + L%(Q)] that
minimizes the functional (2.6) subject to the constraints (2.7)—(2.12).

As in [8], we may replace the constraint (2.11) by adding a corresponding penalty
term in the functional and consider the following penalized variant of the above opti-
mal control problem.

PROBLEM I1. Let v, € R? and N > 0 be given, and suppose that vq is constructed
as in Proposition 2.1. Seek a (w,Vp) € W x [L?(0,T; VHY?(Qn42)) + L%(Q)] that
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manimizes the functional
T
In(w) = / / D(w +vp) : D(w + vp) dx dt
0 JQ
1
(2.24) +§ / (wW(T,x)|* + 2[(W(T, z) - (Vo(x) — Voo )]) dx
Q
T
+1/ / W — Voo|*w - nds dt + E/ (|8tW\2 + |Vow|? + |w|2) ds dt
2Jo Joa 2 s

subject to the constraints (2.7)—(2.10) and (2.12).

DEFINITION 2.3. An element w € W is called admissible if it satisfies (2.7)—
(2.12) in the case of Problem 1 and satisfies (2.7)—(2.10) and (2.12) in the case of
Problem 11. The set of admissible elements is denoted by Uyq.

DEFINITION 2.4. An element W € Uaq is called a solution of Problem 1 if

J(w)= inf J(w),

WEU

where J is defined by (2.6). An element W € Uaq is called a solution of Problem 11 if

jN(\/?\\I)Z inf t71\](W)7

WEULq

where Jn is defined by (2.24).

3. Preliminary results. In this section, we collect results that will be needed
for the analysis of the optimal control problems defined in section 2.5.

3.1. Boundary value problems with inhomogeneous boundary condi-
tions. To prove the existence of solutions (see section 4) of the optimal control prob-
lems stated in section 2.5, we need results regarding the existence and uniqueness of a
solution of the boundary value problem (2.7)—(2.10) with an inhomogeneous Dirichlet
boundary condition on ¥ satisfying the compatibility condition (2.12). We rewrite
that boundary value problem in terms of w as follows:

Ow —Aw+ [(Ww+v) - Vlw+ (w-V)vg+Vp=0 in @,
divw =0 in Q,

(3.1) Wli=0 =0 in Q,
W|2 = b,
w—0 as |x| — oo.

We assume that the Dirichlet boundary data b € H!(X).

The solution (w, Vp) of (3.1) is sought in W x [L2(0,T; VH2(Q,42)) + L2(Q)].
This boundary value problem was analyzed in [10]. The key step was to prove the
following result concerning the extension of the Dirichlet boundary condition b from
Y into Q.

PROPOSITION 3.1. There exists a continuous extension operator

(3.2) &:HY(Z) — VI2(Q).

With the help of Proposition 3.1, the following result was also established in [10].
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PROPOSITION 3.2. Assume that b € H'(Z) and

(3.3) bl ) < e

where € > 0 is sufficiently small. Assume further that vo € C®(Q) and vq satisfies
(2.4). Then, there exists a unique solution (w,Vp) of problem (3.1) belonging to
W x [L2(0,T; VHY?(Q,42)) + L%(Q)] and satisfying the estimate

(3.4) 1wl + ||Vp”2L2(o,T;VH1/2(Qp+2))+L2(Q) < C(e),

where C(€) is a positive continuous function defined for all sufficiently small e.

3.2. The correctness of the functionals (2.6) and (2.24). Here we show
that all integrals from (2.6) and (2.24) converge for each w € W satisfying (2.7)—
(2.10). Indeed, the convergence of all terms except w(T,x) - (vo(z) — Vo) follow
directly from the inclusion w € W. Since by (2.4) we have vo — v, € L%(Q), to prove
the convergence of this aforementioned term we need to check that w(T, z) € L5/5(€Q).

LEMMA 3.3. Let w € W satisfy (2.7)-(2.10). Then, w(T,z) € L/>(Q).

Proof. Evidently, it is enough to prove the inclusion w(T,z) € L5/%(R3\ Q,2)
where p is the number from definitions (2.19) and (2.22). Using the techniques of [10]
we extend a solution w € W of (2.7)—(2.10) from [0, T] x R3\ Q into a vector field W on
[0, T] xR3 satisfying w € L2(0,T; VZ(R?))NH'(0,T; VO(R?)) and W|;—¢ = 0. We also
extend the gradient Vp in (2.7)—(2.10) from [0,7] x R3\ Q into Vp € L2((0,T) x R3),
and extend vo(z) into a C*°-vector field on R3. Substituting (W, Vp) into the left-
hand side of (2.7), we obtain

(3.5) QW — AW = —[(W +vo) - V]W — (W - V)vo + Vi + g(t,x) in (0,T) x R?,

(3.6) divw =0 in (0,7) x R3, Wli—o =0 in R3,
where g(t,x) € L2((0,T) x R?) and suppg C Q,+2. Evidently, g € L5/5((0,T) x R?).

Recall that if Q C R? is a domain and Q = [0,7] x €2, then the Sobolev space
W,2(Q) with 1 < ¢ < oo is defined as follows:

(3.7)
W2(Q) = {u(t,x> € 19(Q) -

q

dx<oo}.

3
ou
q — q q q
IIullwa,Q(Q)_/Q|u| + 0] + [Vl +i§j::1 e

By virtue of Sobolev embedding theorem (see [3]), if 1 < p < g < co then the following
embeddings are continuous:

(3.8) WE2(Q) € LU(Q) for % - é <2
and
(39)  VWQ):={Vf:feW}AQ)} C LI(Q) for }9 - é <2
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Using Holder’s inequality, (3.8), (3.9), and (2.4), we obtain

1% - V)Wl 050y < [WllLa (@ IVWIILa (@) < IW]13y1:2 )

1% - V)voll sy < W lae) 190 lleao) < el Flhwiaq)-

and
(Vo - V)Wl Lar2(q) < IVolle (@) VW2 (@) < Cliwllwizg)-

Thus, (W- V)W +(W-V)vy € LY%(Q) and (vo-V)w € L*2(Q) so that the right-hand
side of (3.5) belongs to L3/2([0,T] x R?). By virtue of the well-known estimates for
solutions of the Cauchy problem for the Stokes equations (see [13, Chap. 4, sect. 6])
we obtain from (3.5) and (3.6) that w € W;é([QT] x R3). Using this inclusion we
deduce

1vo - V)Wl Lors (@) < lIvolle@ [VWlLsrz(@) < Cliwllwe 2 g)-

Therefore, the right-hand side of (3.5) belongs to L%°(Q), which implies that w €

W7 (Q) so that w(T,-) € LY°(R%). O

3.3. Linearized boundary value problems. To derive and analyze (see sec-
tion 5) weak formulations of the optimality systems for the control problems, we will
need the following theorem concerning the solvability of the (homogeneous) boundary
value problem for the Oseen equations

dth— Ah+[(W+vg)-VIh+ [h-V|(W+vy)+Vg=g inQ,

divh=0 in Q,
(3.10) hji—o =0 in g,
h|z =0,

h—0 as|x|— o0

that are the linearization of (3.1) about a given vector field w € W.

PROPOSITION 3.4. Assume that vo € C®(Q) satisfies (2.4), W € W, and g €
L2(Q). Then, there exists a unique solution (h,Vq) € Vém (Q) xL3(Q) of the problem
(3.10). Moreover,

(3.11) IIhIIiém(Q) +IVdllizq) < Clgllizq)-

The proof is well known; see, e.g., [5, 10, 13, 16].

3.4. Adjoint boundary value problems. To derive strong forms (see sections
6 and 7) of the optimality systems, we will need results concerning the solvability and
regularity of the adjoint boundary value problem for (3.10):

dha+Aq+[(W+vo) Vlg—[V(W+vo)]"q+Vr=k inQ,

divg=0 in @,
(3.12) ali=r = qo(x)  in,
Q‘E = 07

q—0 as|x|— oo,
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where [VW]" @ = (37, 92q;, j = 1,2,3) for W = (@1, @, @3) and q = (q1, G2, 43)-
The following assertion concerning the unique solvability of (3.12) in the case of gg = 0
is completely analogous to Proposition 3.4; the proof is also identical to that of the
proposition.

PROPOSITION 3.5. Assume that vo € C>(Q) satisfies (2.4), w € W, k € L2(Q),

and qo = 0. Then, there exists a unique solution (q,Vr) € V}Q)(Q) x L2(Q) of the
problem (3.12) (with qo = 0) satisfying the estimate

(3.13) ||Q||i(Tz>(Q) +[Vrliag) < Clikllz ()

We will also need results concerning problem (3.12) with k = 0 and qg # 0. In
this case, we reduce (3.12) to the following system through the change of variable
7 =T —t and redenoting 7 by t:

oq — Aq — [(W+vo) - V]g + [V(W +vo)|*q—Vr =0 in Q,

divg=0 in @,
(3.14) dlt=0 = qo(x) in €,
q|2 = Oa

q— 0 as x| — 0.

Using well-known energy methods (see [13, 16]), we can prove the following result.

LEMMA 3.6. Assume that vo € C®(Q) satisfies (2.4), W € W, and qo € VJ(Q).
Then there exists a solution (q,Vr) of the problem (3.14) satisfying the energy esti-
mate

lall720.72)) + 1 Valzzo)

(3.15) . 2
< C(IWllvraze + [IVVollge) laolliz )
where C(7) is a positive function increasing in ~.

Improved estimates for q when qg is smoother will also be needed in order to de-
rive strong forms of the optimality systems; these estimates are obtained in Appendix
A3.

4. Existence of solutions for the optimal control problems.

4.1. The solvability of Problem I. We consider the solvability of Problem I
formulated in section 2.5.

THEOREM 4.1. Suppose that the constant M in (2.11) is sufficiently small. Then
there exists a solution (W, Vp) € W x (L2(Q) + L*(0,T; VHY?(Q))) for Problem 1.

Proof. Recall that a pair (w,p) € W x L2(Q) is called admissible if it satisfies
(2.7)—(2.12) and the functional (2.6) evaluated at (w,p) is finite. Evidently, the
admissible set Upq # 0, as (w,p) = (0,0) € Uag. Let {(wy,Vpn)} € Uaa be a
minimizing sequence for the functional J(w):

lim J(wy) = Jmin = inf J(w).

n—oo (W,Vp)EUaa

By virtue of (2.11) we have Hwn|g||%{1(2) < M. Let b, = w,|x; note that b,, € H'(X).
Consider the boundary value problem (3.1) with b = b,,. Let ¢ > 0 be a sufficiently
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small number determined by Proposition 3.2 and suppose M < e. Proposition 3.2
then implies that
(4.1) ||Wn||%v + ”anHL2(O,T;VHl/Q(Q,,+2))+L2(Q) <C(M),
where C'(M) is a positive constant depending on M. The estimate (4.1) allows us to
choose a subsequence of {w,} (denoted by the same) such that
w, — w weakly in W.
The definition of W (see (2.22)) then implies that
(4.2) Wals =b, = b=wW|y weakly in H'(2).

Since b, satisfies (2.11) and the set {w € H'(2) : w satisfies (2.11)} is convex and
closed (hence sequentially weakly closed), we see that b e H'(Z) and b satisfies
(2.11). W obviously satisfies (2.8)—(2.10). To prove that w satisfies (2.7) with some
Vp € L*(0,T; VHY?(Q,42)) + L?(Q), we proceed by noting that

/Q(@twn —Aw,) - pdxdt
(4.3)
- /Q(atw CAW)-dxdt Ve L2(0,T;VHQ)),

where V}(Q) is defined by (A.2). Using Lemma 2.2 with k¥ = 1,2,3,..., we may
choose subsequences {w;, ;} converging to w in L?(Q,1x). Then, by choosing the
diagonal subsequence {w,}, we infer that

(4.4) W, & W strongly in L?(Q,4) for each k=1,2,3,....

We now take the L?(Q) inner product between an arbitrary ¢ € L?(0,T; V§(Q2)) and
(2.7) for (w;, Vp;). The term involving Vp; obviously vanishes. Integrating by parts
and passing to the limit with the help of (4.3) and (4.4), we obtain the following
equation for w:

/Q (6 0% + (V9): (V) + (¥~ V)vo - & — (% +vo) - V] &) dxcd
—0 Ve L0,T;VEQ)).

(4.5)

Since w € W, we see from definition (2.22) that
(4.6) W =Eb+w,

where & is the extension operator of Proposition 3.1, Eb € V};’l/Q(Q), and w €
V(()Q)(Q). Substitution of (4.6) into (4.5) yields

/Q(atw—Aw—i—(w~V)(vo+EE)
+[(<€B+v0+w)-v1w—f1+vp1)~¢dxdt
/Q(é)twAw+(w~V)(vo+€B)
+[(5B+vo+w)~V]w—f1)~¢dxdt
=0 V¢ e L*0,T;V(Q)),
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where —f; = 9,Eb + g + (Eb - V)vo + [(Eb + vo) - V|€D and —AEb = g + Vp,
with g € L2(Q) and Vp, € L2(0,T; VHY2(€,,5)). The inclusions w € V{?(Q) and
Ebe V,l;’l/2 (Q) € V/2(Q) and Sobolev embedding theorems imply that f; € L(Q)
and

Ow — Aw + (w - V) (vo + Eb) + [(Eb 4 vo + W) - Vw € L2(Q).
Recalling the Weyl decomposition
L*(Q) = V() & VH'(Q),
where V{(Q) is defined by (2.14) and
VH'(Q) = {veL*Q) : v="Vp, p€ Hy(Q},
we obtain from (4.7) that there exists a Vp € L?(0,T; VH!(£2)) such that

w — Aw + (w - V)(vo + Eb)

4.8 N
(48) +[(Eb+vo+w) - VIw+Vp—1f;, =0 inQ,

where (4.8) is understood as an equality in L?(Q). Substituting (4.6) into (4.8) yields
the equality
oW — AW+ (W-V)vo+ [(W+vg)-VIw+Vp=0 in Q,

where Vp = Vp; +Vp € L2(0,T; VHY2(Q,42)) + L?(0, T; VHL . (Q)). Thus, we have
proved that (w, VD) satisfies (2.7).
Since w,, — W in W and the functional

//Dw+vo D(w + vp) dx dt

2/(IW(T x)|? + 2[(W(T, ) - (vo(x) = veo))]) dx

is convex (and therefore it is lower semicontinuous with respect to weak convergence),
we deduce that

(4.9) J1(w) < liminf Jp (wy,).

n—oo

The facts that 3 is compact and dim¥ = 3 allow us to use embedding theorems to
deduce that the embedding H!(X) < L3(X) is compact. Then (4.2) implies w|sx =
b, — b = W|y strongly in L3(X). Thus, by defining the functional

1 (T
—7// |W — VoW - nds dt,
2 Jo Joa
we have

(4.10) Jo(W) < lim Jo(wy).

n—oo

The relations (4.9) and (4.10) and the equality J(w) = J1(w) + J2(w) yield
J(w) <liminf J(w;,) = Jint.

n—oo

Therefore, the pair (w,p) is a solution of Problem I. |
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4.2. The solvability of Problem II. We next prove that there exists a solution
to Problem II for sufficiently large N, where N is the parameter appearing in the
definition of Jy(w); see (2.24).

THEOREM 4.2. Suppose that the parameter N of the functional Jn(w) satisfies
N > Ny for a sufficiently large, fized constant Nog > 0. Then there exists a solution
(W,p) € W x [L3(Q) + L2(0,T; VHY2(Q,42))] for Problem 11.

Proof. Recall that a pair (w, Vp) € W x L?(Q) is called admissible for Problem
I1 if it satisfies (2.7)—(2.10) and (2.12). We denote by U the set of all admissible
pairs for Problem II.

_ Let € > 0 be a sufficiently small number such that for any boundary data b €
H!(X) satisfying (3.3), the assertions of Proposition 3.2 are true. We fix the constant
M in (2.11) as

(4.11) M € (0,¢).

Let (W,p) be a solution of Problem I (the existence of such a pair is guaranteed by
Theorem 4.1). We define Ny > 0 by the relation

(4.12) NlojNo (#) = = J(W) + R(W) = e,

where the functionals Jy, J, and R are defined by (2.24), (2.6), and (2.11), re-
spectively. The number Ny satisfying (4.12) is well defined thanks to (4.11) and the
estimate R(w) < M for every solution w of Problem I. Thus, for each N > Ny we
have

2 N 2 N
(4.13) NJN(W) < FOJNO (W) =e.
Set

SIN(®) < e},

L{;\é’e = {(W,Vp) cub - N

By virtue of (4.13), L{,i\gl’E is not empty. We now choose a minimizing sequence
{(Wn, Vpn)} CUNS for Problem IT:

2 2
lim — n) = JINint = inf — .
Jim NJN(W ) N,inf (w,vg}euﬁ;‘ NJN(W)

Since w,, € Z/{aj\g’e, it follows from (4.13) and (2.6) that for every N > N,
(4.14) R(wy|xn) <e.

Denoting b,, = w, |y and using (4.14) and (2.11) (the definition of functional R), we
see that ||b, |1 (s) < ¢, i.e., the boundary condition b,, satisfies the assumptions of
Proposition 3.1. Thus, (w,,, Vp,), being the solution of (3.1) with b replaced by b,
satisfies the estimate (3.11) in which w and p are replaced by w,, and p,,, respectively.
Then, by repeating the Eelevant segment of the proof of Theorem 4.1, we prove the
existence of a solution (vAv,]%) for ProblemlI. |
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5. A weak formulation of an optimality system for Problem II and
regularity of the adjoint velocity.

5.1. Abstract Lagrange multiplier principles. We consider an abstract min-
imization problem. Let X; and X5 be two Banach spaces. Let f : X7 — R and
g : X1 — R be functionals and F : X; — X5 be a mapping. We seek a z € X; such
that
(5.1) f(z) = nf f(u),

UEULg

where

Upa = {u € X1 : F(u) =0 and g(u) < 0}.
The Lagrange functional for the minimization problem (5.1) is defined by
(5.2) L(z, 20,7, q) = Mo f(2) + (F(2),q) + Ag(2)

for all z € X1, Ao € R, A € R, and ¢ € X3, where X3 is the dual space of X5 and
(-,-) denotes the duality pairing between Xs and Xj. We quote a standard abstract
Lagrange principle in the following particular form (see [2]).

THEOREM 5.1. Let z be a solution of (5.1). Assume that the mappings f, g, and
F are continuously differentiable and that the image of the operator F'(z) : X1 — Xo
is closed. Then there exists a ¢ € X5, Ao € R, and A € R such that the triplet
(g, Mo, A) # (0,0,0) (i.e., the quantities in the triplet do not all vanish simultaneously),

(5.3) (L.(2,20,A,q),h) =0 Vhe X,
(5.4) X >0, A>0, and Mg(z)=0,
where L,(+,,-,-) denotes the Fréchet derivative of L with respect to the first argument.

Furthermore, if F'(z) : X1 — Xy is an epimorphism and the constraint g(z) < 0 is
absent in problem (5.1), then Ao # 0 and Ao can be taken as 1.

5.2. The weak formulation of an optimality system. In this subsection we
apply Theorem 5.1 to derive a weak form of an optimality system of equations for
Problem II by applying a trick employed in [6, Chap. 1, Thm. 1.8] that consists of
using the space of variations which does not contain the solution of the considered
extreme problem.

In order to apply Theorem 5.1, we first have to define the space V4+(Q) in
which we search for the adjoint vector field for the optimality system. This space is
determined in Appendix B; see (B.14).

THEOREM 5.2. Assume that (W, VD) € W x [L2(Q) + L?(0, T; VHY2(Q,12))] is
a solution for Problem 11. Then there exists a 4 € V 4«(Q) such that

/ {8h — Ah + [(vo + &) - Vb + (h- V)(vo + @)} - Gt
Q

- +2/Qz>(w+v()):D(h)dxdw/Q(vAv(T,xHVo(x)voo>~hdx

1
+/ (h~(v?/—voo)x7v-n—|—§|v?/—voo|2h-n
b

+N[OW - 0th + VW : V7h+vAv-h]) dsdt=0 Yhe V(Q)
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Proof. First we convert Problem II into an equivalent optimal control problem
through the change of variables

(5.6) w=w+2z and Vp=Vp+ Vp.
The optimal control problem for (z, Vp;) is

(5.7) JIN(W + z) — inf

subject to the constraints

(5.8)
Oz — Az + [(vo+wW+2) V]z+ (z-V)(W+ vg) = —Vp, divz =0, in Q,

(5.9) Zlt=o =0 and 2z — 0 as |x| — co.

We consider the problem (5.7)~(5.9) for z running through the space V(Q) defined

in Appendix B; see (B.21). Evidently, for each z € WSQ)(Q) (this space is defined in
(B.21)), the left-hand side of the first equation in (5.8) belongs to L?(Q). Let

P:L3(Q) — L*(0,T; V3(Q))

be the projection operator. Then Weyl’s decomposition allows us to transform (5.8)
into

(5.10) P(@tz—AZ—F[(VO—FVAV—FZ)-V]z—&—(z-V)(vAv—i-vO)):O and divz = 0.

The embedding Wé2)(Q) — W and the assumption
(W,D) € W x [LA(Q) + L*(0, T; VHY?(Q)12))]

being a solution for Problem II imply that z = 0 is a solution of optimal control
problem (5.7) and (5.9)—(5.10). We now apply Theorem 5.1 to this control problem.
We set X; = VY3(Q) and Xy = V4(Q) (see (B.21) and (B.12)). We define the
mappings f: X; — R and F : X; — X5 as follows:

f(2) = In(z+w),

(5:11) F(z) = P(@tz —Az+[(Vo+W+2) V]z+ (z- V)(W+ vo)).

Note that the constraint (5.9) is built into the space X; and the inequality constraint
g < 0 is absent in Problem II. We have to show that f and F defined in (5.11) are
continuously differentiable. Here, we will only prove the continuous differentiability
of F' since this is more difficult than the corresponding property of f. The proof
that the operator defined by the left-hand side of (5.8) acts continuously from X; to
L?(Q) is evident. To prove its continuity from X; to L6/5(Q) we have to repeat the
proof of Lemma 3.3 for all terms except for (vo - V)z. Using Holder’s inequality and
interpolation bound, we have

[(vo - V)2 Loss(q) < ||V0||L6(Q)HVZ||L/3/2(Q)
1/2 1/2
< ||v0||L6(Q)Hvz||L6/5(Q)||VZHL/2(Q) < ClVzl g2 g
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Therefore, the continuity of F'(z) from (5.11) is reduced to the proof of the conti-
nuity of the projector P : L4(Q) — V4(Q) that is actually contained in the proof
of decomposition (B.16). Hence we have proved the continuity of P : Ly — V4.
Consequently, we have proved the continuity of F : V}4’2(Q) — VA(Q).

The derivative of F at the solution 0 for the problem (5.7) and (5.9)-(5.10) is
given by

F'(0)h = P(é)th — Ah+ [(vo+ W) - V]h + (h- V)(#% + vo))

and the operator F’(0) : X; — X is continuous, which can be proved in a way
analogous to the proof of the continuity of operator F. To show F’(0) is surjective,
it suffices to prove that for each f € V4(Q) there exists a solution h € V114’2 (Q) for
the problem

(5.12) Oth—Ah+[(vo+W)-VIh+ (h-V)(W+vy) +Vp=f

(5.13) divh=0, h|t—0=0, h|g=0, and h—0as|x| >

with some Vp € L?(Q) NL%/(Q).
Since V4(Q) C L2(Q), by virtue of Proposition 3.4 there exists a unique solution

he W(SQ)(Q) of (5.12) and (5.13). Moving the last three terms in the left-hand side
of (5.12) to the right-hand side and using arguments of the proof of Lemma 3.3, we
see that this new right-hand side belongs to L%/°(Q). Extending h in (5.12) from
(0,T) x Qinto h € VVSQ)((O7 T) x R3) and using estimates of solutions of the Cauchy
problem for the Stokes equations, we obtain, as in the proof of Lemma 3.3, that
h e WP ((0,7) x R?) W72, Hence h = hlg € V5*(Q).

Hence, we have verified all assumptions of Theorem 5.1 and that theorem implies
that there exists a q € V 4+(Q) such that (5.3) holds with A\g = 1, A absent, and

’C(Z,)‘qu) = jN(z —|—\/’\\/)

(5.14) +/ (atz —Az+[(vo+W+2) V]z+ (z-V)(W+ vo)) -qdxdt.
Q

Equation (5.3) with £ defined by (5.14) takes on the form of (5.5). O
We express q(t,x) in the form

(5.15) q(t,x) = qt,x) — (vo(X) — Vo),

where v(x) is the steady state solution from Proposition 2.1 and v, € R3 is the
vector from (2.4). By virtue of definitions (B.3), (B.4), and (B.14), the inclusion
vo(z) — Voo € LY(Q) N C>(Q) implies vo(z) — Voo € Va+(Q). Since q € V 4+, we
have q € V 4-.

5.3. Regularity of the adjoint velocity in the optimality system. In this
subsection we will derive some regularity estimates for the adjoint variable q defined
by Theorem 5.2 and (5.15).
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We substitute (5.15) in (5.5) and restrict, in (5.5), h to V;*(Q) N VéQ)(Q) (see
(2.20)). Then we obtain

/Q[athAh+[(v0+€v).V]h+(h.V)(vo+€v)} - [qf(vofvoo) dx dt
(5.16) +/ 2D(h) : D(vo + W) dx dt
Q
+ /Q h(T,z) - [W(T,2) + (vo(z) — Vo) dx =0 Vh e V52NV (Q).

The relation (5.16) implies that q € L2(0,7; V3(£2)) is the generalized solution of the
boundary value problem

(5.17) P(da+ A+ [(vo+ W) - V]a - [V(vo+ W)|"q) = P2,
(5.18) divg =0, q|E =0, q—0as |x| — o

and

(5.19) d|,_, = —Pw(T,").

Here

(5.20) ®(t,z) = Avg+ [(vo+ W) - V]vg — [V(vo + W)]" (Vo — Vo) — A(Vo + W).

We emphasize that the “initial” condition for q, i.e., the right-hand side of (5.19),
does not contain vy — v although this term is present in integral over € in (5.16).
We have the following regularity result for q(7T,-).

LEMMA 5.3. Let w € W be a solution of Problem 1 or II. Then Pw(T,-) €
H?/4(Q) N VY(Q), where P is the projection operator defined by (A.16).

Proof. We consider the operator P = Py : L?(Q) — V{(Q), which was defined
as the Weyl orthogonal projection operator. We recall that for s € [0,2], PH*(Q) C
H*(Q) and the operator P : H*(Q) — H*(Q) is bounded. Indeed, for each u € L?(Q),
Pu = u— Vp, where Vp € Gy = {V¢ € L*(Q) : ¢ € HL ()} is the solution of the
variational problem

(5.21) / Vp(x) - Vo(x) dx = / u-Vo(x)dx VYV¢ e Go.

Q Q
The existence and uniqueness of a solution for this problem is well known (see [13]).
Let u € H%(Q). Integration by parts in (5.21) yields that Vp is the solution of the
boundary value problem: Vp € L2(Q),

0

—Ap=divu in Q and a—zagz(u~n)|6g.
By elliptic regularity and the regularity for div-curl problems (see [16]), we obtain
that p € H2 (Q) and

Vplla2(Q) < C(Hdiv ull i) + [[(u- n)|ag||H3/2(8Q)> < Cllullmz(q)-

Thus, we have that the operators I — P : L2(Q) — L2(Q2) and I — P : H?(Q) — H?(Q)
are bounded. By interpolation theorems, the operator P : H*(2) — H?®(Q2) and
I— P:H*(Q) — H*(Q) are bounded for each s € [0, 2].
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Since w € W C L?(0, T; H3/2(Q2)), we deduce that
(5.22) Pw e L?(0,T; HY2(Q)).

Because w is a solution of Problem I or II, it satisfies (2.7)—(2.10). Integrating (2.7)
over t € [0,7] and then applying the operator P, we obtain

(5.23) Pw(r,) = /0 ’ (PAvAv(t, ) = P[(W +vo) - V¥ — P(W - V)v0> dt.

Since W € W and therefore Aw = g+ Vp with g € L2(Q), Vp € L*(0,T; VH'/?(Q)),
we easily see that

Pw(t,-) € L*(0,T; V3(Q)) and w € L2(0,T; H32(Q)) N L>(0, T; H'(Q)).

From the last inclusion, the inclusion vy € C2(f2), and Sobolev embedding theo-
rems, we conclude that the integrand from the right-hand side of (5.23) belongs to
L2(0,T;V)(2)). Hence, by differentiating (5.23) with respect to 7 we obtain

(5.24) O PwW(t,-) € L*(0,T; V() C L*(0,T; L*(Q)).
Then (5.22), (5.24), and the trace theorems of [14] imply that
Pw(t,-) € C(0,T;H>*(Q)). O

The spaces V2 used below are defined and studied in Appendix A.1.

THEOREM 5.4. Assume that q € V 4-(Q) satisfies (5.16). Then for each 6 > 0,
q€e L?(0,T —6&V2(Q)NHY0,T — 6, V2Q)). Furthermore, there exists a constant
C > 0 such that for each 6§ € [0,T] and each € € (0,1/2), q salisfies the estimate

T—6
| (1) + 100t i)

(5.25)
< O(5 T PIPRTE, cron g + PO v )

In particular, q satisfies (5.17) in L*(0,T — §;VY(Q)) and (5.18) for every § € (0,T)

and satisfies (5.19) in the space V;€+1/2(Q) for every e € (0,1/2).

Proof. Since w € W and vy € C*°(Q) satisfies (2.4), the vector field ® defined
by (5.20) belongs to L2(0,7;VJ(Q2)). Therefore problem (5.17)—(5.19) has a solu-
tion q € L*(0,T;VL(Q)). This follows directly from Proposition 3.5 and Lemma
3.6. Moreover, since ® € L2(Q), Proposition 3.5 and Theorem A.8 imply that
q € L*(0,T — &VZ(Q) N HY0,T — 6;V2(Q)) for all § € (0,7) and q satisfies
(5.25).

Multiplying (5.17) by h € VéQ) (Q), integrating over @, and performing integration
by parts, we see that q is a generalized solution of (5.17)—(5.19), i.e., q satisfies (5.16).

Now we prove the uniqueness of the generalized solution in the space V 4+ (Q) for
(5.17)—(5.19) (recall that the space V 4« () contains L2(0,7;V9(2)).) Let q and q
both belong to V 4+(Q) and satisfy (5.16). Denote g = q — q. Substituting (5.16) for
q from (5.16) for q we obtain

(5.26) /Q Oath —Ah+[(vo+ W) Vlh+ (h-V)(W + vO)) cgdxdt =0

vhe Vi(Q) VP (Q).
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Let us consider the boundary value problem

(5.27) P(9h — Ah+ [(vo + W) - VIh + (h- V)(% + vo) = g1,

(528) divh=0, h|;=0, h—o0as|x|—oo, and h|_ =0,

where g1 € V4(Q). The problem (5.27)—(5.28) is equivalent to the problem (5.12)—
(5.13), whose solvability has been established in the proof of Theorem 5.2. Thus, for
each g1 € V4(Q) there exists the unique solution h € V*(Q) of (5.27)-(5.28). The
spaces V 4(Q) and V 4+(Q) are dual, and therefore by a well-known corollary of the
Hanh—Banach theorem, for a given g € V 4+ there exists a g1 € V4(Q) (which we
consider here as a functional on V4-(Q)) such that ||g:(v, (@) =1 and

(5.29) /le -gdxdt = glv,. @)

If we substitute into (5.26) the solution h of (5.27)—(5.28), we obtain that the left-hand
side of (5.26) is equal to (5.29). Hence, g = 0 and uniqueness is proved. Equality

(5.19) is true in the space V;eH/Q(Q) by virtue of Lemmas 5.3, A.4, A.6, and A.7.
To summarize, we have proved all the assertions of Theorem 5.4. 0

6. The strong form of the optimality system for Problem II. Using the
regularity results for the adjoint velocity field established in Theorem 5.4, we now
proceed to derive (see Theorem 6.4 below) the optimality system of partial differential
equations and boundary, initial, and terminal conditions for Problem II.

6.1. The adjoint pressure. We first establish the existence of an adjoint pres-
sure variable.

LEMMA 6.1. Let q € L%(0.T;V3(Q)) be the adjoint variable defined in (5.15) by
q found in Theorem 5.2. Then there exists a distribution 7(t,x) on @Q such that the
pair (q, VT) is a solution of the problem (5.18) and

(6.1) O+ Aq + [(vo + W) - V]g — [V(vo + W)]*q + V7 = @,
where ® is defined in (5.20). Furthermore, VT has the decomposition
(6'2) V7 =Vri+ Vry + Vrs,

with Vry, 1 = 1,2, 3, satisfying the estimates

T—6
(6.3) / 191 (8, ) By e < C (67 2PRT, ) s

+ ||P‘1’||2L2(0,T;vg(ﬂ)))7

(6.4) supp(Vr2) € Qp+2, IV7allL2 v m12@,00) < ClWl1r2 g
and

(65) Vsl < Cll(@ + AW) = wallra@) < C1 (IWlly102 ) + I1AVo 2@y,
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where C in (6.3) depends on ||vol| gz (@) T Wllvi1/2(q), C1 in (6.5) depends on ||vollc2(o)+
IVvollL2() + [Vool, and w is defined below in (6.7).

Proof. First, we claim that (5.17) can be rewritten as (6.1). Indeed, since d;q +
Aq + [(vo + W) - V]q — [V(vo + W)]*q € L2((0,T — §) x Q) for each § € (0,T), we
obtain from Weyl’s decomposition that there exists a Vry € L2((0,T — §) x Q) for
each é € (0,7T) such that

(6.6) g+ Aq+ [(vo+ W) -V]q— [V(vo + W)]*q+ Vr; = PO.

Expressing Vr; through (6.6) and using (5.25) and Sobolev embedding theorems, we
deduce estimate (6.3). On the other hand, it follows from the definition of W and

V},’l/Q(Q) (see (2.22) and (2.19)) and the inclusion w € W, that

(6.7) W =v; +Vvy where Avy,=wy+ Vry

and where v; € V(§2)(Q),V2 € V}jlm(Q),wQ € L2(Q,12), and Vry € L2(0,T; VH/?
(Qp4+2)). Evidently, the estimate (6.4) holds. Moreover, P(® + AW — wy) = & +
AW — wy — Vr3 so that (6.1) and the estimate (6.5) hold. O
We next show that the traces of 9w /On and ro with respect to ¥ are well defined.
LEMMA 6.2. Let ro be defined in (6.7). The restrictions of ro and OW/On on ¥
are well defined and

(6.8) g—: LELAD) and  rofs e I2(D),

Proof. To define ry from (6.7) uniquely, we assume that prM ro(t,x)dx =0 a.e.
t € [0,T]. Since the inclusion vy € VSQ)(Q) implies that %h € L*(X), the inclusion
9 ¢ [2(%) follows from (6.7) and %b € L2(%).

Using Lemma 4.4 from [9], we introduce coordinates (y1,y2,y3) in Q(e) (an
e-neighborhood of 9Q), where y3(x) = dist(x,9) for x € Q(e) and (y1,y2) =
(y¥(x),y%(x)) are local coordinates in U* and UiU* is a finite covering of 9. For
each k, the coordinates (y1,v2,y3) = (y¥,y5,y3) are orthogonal, i.e.,

Vyl(x) . Vyj(x) = 61’]’7 Z,] = 1,2,3.

This property implies that if v(y) is a rewriting of a vector field w(x) in terms of the
coordinates (y1, Y2, y3) and divw(x) = Z§=1 Oz, w; =0, thendivv(y) = Zle Oy, Vs =
0; see [4].

Let v(t,y), z(t,y), and Vys(t,y) be rewritings in terms of the coordinates (y1, y2, y3)
of the corresponding vector fields va(t, x), wa(t,x), and Vra(t,x). Then, the decom-
position Avy = ws + Vry can be rewritten as follows:

3 N
~ ov
(6.9) ANV =z+ i; Ci(y)—ayi + Vys,

where C;(y) are certain infinitely smooth vector fields. We denote Q(g) = (0,7T) x
Q(e). Taking into account the fact that v € H»'/2(Q(¢)), which in turn implies

0v/0y; € L*(0, T H'2(Q(e)) N H'(0, T H/2(9(e))),
we obtain that, for j = 1,2,
0*v

0y30y;

(6.10) € L*(0,T; L*(0,5; H™/2(9Q)))),
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where (0, €) is the interval for the local variables y3 and 0, = {x € Q(¢) : y3(x) =
z}, z € (0,¢). Relation (6.10) means that 02, V(-,y3) € L*(0,T;H™1/2(0,,)))

Y3Y;
for almost all y3 and the function y3 +— H82v/3y38yj(-,y3)||L2(0’T;H71/2(3Q(y3))) €
L?(0,¢). Differentiating the equality divv = 0 with respect to y3 and taking into
account (6.10), we obtain

0?13 00, 00y

11 = — _ L2 'L2 T'H71/2 0 .
(10 5 = e e € L OS TOTH09))

Since v € HY/2(Q(e)) € L2(0,T; H?/2(Q(¢))), we obtain
(6.12) ;€ L*(0,6; L*(0,T; H*2(09())), j=1,2,3.

Define the diffeomorphism & : Q(g) — (0,e) x 0Q which transforms each point x €
09Q(¢) possessing coordinates (yF(x), y5(x), y3(x)) into the pair (y3(x),z), where y3 €
(0,¢) and z € 09 is a point possessing coordinates (y1(x),y2(x)). Evidently, under
this diffeomorphysm the inclusions (6.11) and (6.12) transform into the inclusions

8 V3
O3

(6.13) e L*(0,e; L*(0,T; H~Y2(89Q))), 05 € L*(0,e; L*(0,T; H*/?(99Q))).

The inclusions in (6.13) and trace theorems (see [14]) yield that

(6.14) %GC(O,E;LQ(O,T;LZ(ﬁQ))) and 2%

L2(D).
Y3 Oy Iz ()

Since U3 € H"/2(Q(¢)) and z € L%(Q(¢)), (6.9) implies that

ayS (ay3i)\3 - ) (851?41 + 852?42 A —Z3+ Z 03

e L*(0,e; L*(0,T; H‘1/2(8Q))).

(6.15)

Moreover, since 9,03 € L*(0,T; H'/?(Q(¢))) and s € L?(0,T; H/?(Q(¢))), we have
that

(6.16) Dys03 — s € L*(0,; L*(0, T; HY*(99 ).

Applying the diffeomorphysm « and after using trace theorems, we obtain from (6.15)
and (6.16) that

(6.17) 9y,03 — s € C(0,6; L*(0,T5 L*(09(,)))) and (8,05 — s, € L*(%).
Then (6.14) and (6.17) imply that
(6.18) s|s € LA(2).

Finally, (6.9) implies, for k = 1,2,

0Ty, (@2 02 ) . 00 ) ) .
= 23+§ Ct —= € L*0,; L0, T; H~Y2(99(,)))).
03 o7 " o = oy, ayk v
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This relation together with (6.12) implies, by virtue of trace theorems, that

Ovy, 9 9 Ov, 9
6.19 — € C(0,e; L*(0,T; L*(09),. d — L= (¥ k=1,2.
( ) 8y3 € ( ) €3 ( y 4 ( ()))) an 0y3 5 € ( )a 5

The relations (6.7), (6.14), (6.18), and (6.19) imply (6.8). O
Note that (6.3), (6.4), and (6.5) imply that 7(¢,x) determined in (6.2) has a
well-defined trace on ¥ and

(6.20) Tz € LA(D).

6.2. An additional condition on the boundary. We now derive an addi-
tional condition that holds on the boundary. This is done, roughly speaking, by
integration by parts in (5.5).

Let p be the pressure in (2.7), where w = w. Using (6.7) and Lemma 6.2 and
repeating relevant arguments from (6.1) to (6.20), we can derive from (2.7) that Vp
has a well-defined trace on ¥ and

(6.21) Pls € LA (D).
Note that through the change of variable
(6.22) Vr = —Vr— Vp,
where D is the pressure in the first equation in (2.7), we may convert (6.1) into
(6.23) oq + Aq+ [(vo + W) - V]qg — [V(vo + W)]*q — Vr = & + Vp.
By (6.20), (6.21), and (6.22), r|x is well defined and
(6.24) rls € L*(%).

In order to define r and p uniquely we assume that
(6.25) / p(t,x)ds =0 and / r(t,x)ds =0 a.e. t € 1[0,T].
0 o0

LEMMA 6.3. Let q € L2(0.T;V3(Q)) be the adjoint variable defined in (5.15) by
q found in Theorem 5.2. Then

/2 h- (T(v“v,ﬁ)n +7(q,r)n+2D(vo)n + (W — Voo )W - 1
(626) -+ 58— Vool N(—0u + %)) ds i
+N/EVTVAV .V, hdsdt =0 YheVP(Q) with h(T, ) =0,
where
(6.27) T (w,p) = —pI + 2D(wW) and T(q,r) =—rI+2D(q).
Proof. We substitute (5.15) into (5.5) and manipulate the resulting expression

with g as follows. We subdivide @ into two disjoint cylinders Qr—_s = (0,7 — 6) x Q
and Qs = (T — 6,T) x Q. Denote Xp_s = (0,T — §) x 9. We express the integral
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over @ in (5.5) as the sum of integrals over Q7_s and Qs and perform integration by
parts over Q7_s. This leads us to

| (- oasdas o+ %) Vg
—[V(vo+w)]*q| - h) dxd h-®dzd
Vivo+w)°a] - B)dxa+ [ t
+/ (2D(W+VO):D(h)+ [8th—Ah+[(v0+vAv)-V]h
Qs
+(h-V)(vo+W)] - (a—vo +voo)) dx dt
(6.28) +/ (h~2D(v0+vAv)n+h~8nq) dsdt
Xr_s
+/Q(q(T—6,x)—v0—|—voo)-h(T—6,x)dx
—&—/(A(T X) + vo(X) — Vo) - h(T, x) dx
/( W — Voo )W - n+f|w—voo| h-n
+N[OW - 0h+V,W:V,h+w- h])dsdt—o vh e VL2(Q).

Note that (6.22) and (6.25) imply
(6.29) / F(t ) ds =0 ae te(0,T).
[219]

Expressing V7 by (6.1), we see that the integrals over Q7_s in (6.28) are equal to

/ h-V?dxdt:/ h-rnds,
QT*& Sr_s

where the integration by parts is valid because of (6.8). Thus, (6.28) and the relation
volaa = 0 reduce to

/ PD@%DWWHW+Wm—Ah+KW+W%Vm
Qs

+(h-V)(vo+W)] - (q—vo +voo)}dxdt

+ h-2D(w

J
(6.30) /Q
J

ndsdtJr/ h-(0,q+7n)dsdt
Er_s

T—

(W)
(T, x) - (W(T', x) +vo(x) = Voo)
+h(T = 8,%) - (AT = 8,%) = Vo + Vao) ) dx
(

N N 1.
+ . w—voo)w-n+§|w—voo|2h~n>dsdt

(o
o
(

+/ N(atw-ath—VTw:V7h+v?/~h))dsdt:0 vhe VL2(Q).
)



2216 A. V. FURSIKOV, M. D. GUNZBURGER, AND L. S. HOU

Now we examine passage to the limit in (6.30) as § — 0. The integral over Qs
tends to zero as § — 0since h € V5*(Q), (¢—vo+Vao) € La-(Q), and meas(Qs) — 0.
By virtue of Lemma 6.2,

/ h-2D(W)ndsdt — h-2D(W)ndsdt asé — 0.
ET7§ Z:T

Since q is a solution of (3.12), by Proposition 3.5 and Lemma 3.6 it satisfies the
energy estimate so that q € C([0,T]; L2 (Q)), where L2,() is L%(Q) endowed with

w

the weak topology. Thus, the integral over €2 in (6.30) tends to zero as § — 0 thanks
to Theorem 5.4 and the fact that h € V;*(Q) € C([0, T]; La(R2)). We also have

(6.31) / h-(0,q9+7rn)dsdt — h-(0,q+rn)dsdt asé— 0.
Yr_s X

Indeed, (6.30) is valid for all § > 0 and each term in equality (6.30), except for the
term fZT—b h - (0,q + ™) dsdt, has a limit as 6 — 0. These facts imply that the

integral fZT_é_ h - (0,q + ™) dsdt has a limit which, by the definition of improper

integrals, equals the right-hand side of (6.31). Hence, passing to limit in (6.30) as
6 — 0 yields

(6.32)
/ (h~2D(6\v+vo)n+h- (Ong+7m™m)+h-(W—vye)W:-n
)

1, . . ~ ~
—|—§|w—Voo|2h~n+N(8tw~(“)th+VTw : VTh—I—W-n)) dsdt =0
Yh e V2 (Q).

We now show that
(6.33) / Onq-hds = 2/ h-D(q)nds.
aQ o0
For almost every ¢ € [0,T], we have Green’s identity
(6.34) / Vq: Vhdx = 3nq-hds—/ h- Aqdx.
Q oQ Q
Since q|8Q = 0 and divh = 0, we obtain
/ Vq:Vhdx = / [Vq+ (Vq)']: Vhdx = 2/ Vh - D(q)dx

Q Q Q
so that by applying Green’s identity to the last term we have
(6.35) /Vq:Vhdx:2/ h-D(q)nds—/h-Aqu.

Q oQ Q

Equalities (6.34) and (6.35) imply (6.33).

Taking into account (6.21) and (6.24) and using (6.22) and (6.33), we can rewrite
(6.32) as (6.26). O
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6.3. The optimality system. We are now in a position to derive an optimality
system for Problem II in the form of a boundary value problem. The surface Laplacian
Aru defined on 02 (and on X) can be determined by

(6.36) Vsu:V,vds = —/ v- A uds,
90 a0

where u and v are the restrictions of w; € V2(Q), i = 1,2, onto 94, i.e., u = wy 00
and v = wy |aQ'

THEOREM 6.4. Assume (W,p) € W x L2(Q) is a solution for Problem 11 and
q € L*(0,T;VL(Q)) is the Lagrange multiplier defined in (5.15) by q introduced in
Theorem 5.2. Then there exists an r defined in the form of (6.22), with 7 defined in
Lemma 6.1 such that the quadruple (W,D,q,r) satisfies the partial differential equa-
tions

(6.37) oW — AW+ [(vo + W) - V]W+ (W - V)vg + VP=0  inQ,
(6.38) divw =0  inQ,

(6.39) ~0d~ Ad— [(vo + ) - Vg + [V(vo + W)|Tq + Vr

= —-Vp in Q,
where ® is defined by (5.20) and

(6.40) divg=0 inQ,

where p and r satisfy (6.25). Furthermore, (W,q) satisfy the initial and terminal
conditions

(6.41) w(0,x) =0 inQ
and
(6.42) q(T,x) + w,(T,x) =0 inQ,

where, by definition, v, = Pv is the V3(Q)-projection of v, and the lateral boundary
conditions

(6.43) q/, =0

and

(6.44)
+T(V/‘\/7ﬁ)n + QD(VO)H] |E = _T](t)n|27

where T (W, p) and T(q,7) are defined by (6.27),

. 1 - .
(6.45) A(Ww) :NW—|—§|W—Voc\2n—|—(W—Voo)w~n7
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and

(6.46) n(t) = /‘m A A
/ ds
o0

Furthermore, the following compatibility conditions hold:
= 0, at (V?’

(%)l

(% = vao)ely + 2N (W) - n)

:07

|E)T =T

(6.47)

=0,
t=T

where (W|x)- is the tangential projection of W|s, onto ¥ and w, is the projection of
w in the following Weyl decomposition of VO(£2):

(6.48) w =w, + Vw,,

where w, € V() and Vw, € VH,(Q) = {Vr € L}(Q) : 7 € HL (Q), AT = 0}.
The primitive w, of Vw, is determined by the equality

(6.49) / wy ds = 0.
o0

Proof. The equations in (6.25) are simply conditions for pinning down p and r
uniquely and can always be satisfied by redefining p and r if necessary.

The relations (6.37)—(6.38) and (6.41) were built into the formulation of Problem
IT and are automatically satisfied. Equalities (6.39)—(6.40) and (6.43) were proved in
Theorem 5.4.

The equalities (6.26) and (6.36) yield

/Z h- (7(%.5)n +T(q,r)n +2D(vo)n + AW)

(6.50)
+ [N (0w = A-W)] ) dsdt = 0

for all h € V114’2(Q), h(T,-) = 0, where T(w, D), T(q,r), and A(W) are defined in
(6.27) and (6.45). In [8], it was proved that

(6.51) / n- (T(VAV, P)n+ T (q,r)n + 2D(vo)n — N@tthv) dsdt = 0.
3

Recall that, by assumption, 92 is connected set. (In the case of unconnected sets,
the proof would be the same, but in the formulas (6.44) and (6.46) we would have to
change n(t) to 1;(t) and 0Q, ¥ to 99Q;, 3¥; = (0,T) x 08, where 0€; is a connected
component of 9.) As is well known (see [9]), a vector field g(z'),2’ € 99, is a
restriction on 992 of a solenoidal vector field defined on € if and only if |, 9q 8 Mds =0.
Hence, (6.50) and (6.51) imply (6.44) with 7(¢) defined by (6.46).

The relations (6.47) can be proved in the same way as in [8]. O
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7. The optimality system for Problem I. We now derive the optimality
system for Problem I.

THEOREM 7.1. Assume (W,p) € W x L2(Q) is a solution of Problem 1. Then
there exists a triple (q, VT, A) € L*(0,T; V3)(Q) x L2(Q) x R, such that (q, VT, \) #
(0,0,0) and (W,p,q,T,\) satisfies (6.37)—(6.43), (6.25), and the boundary conditions
(7.1) AM=0uw — A w)+ AW)+7T(q,7)n+7 (W, p)n + D(vg)n = —7(t)n,

where T (W, p) and T(q,7) are defined by (6.30),
~ 1
(7.2) A(W) = Aw + §|VAV — Voo’ + (W — voo )W - 1,

and

- . /8 ) (AATVAV - .Z(VAv)n) ds'
/em ds

In addition, the following compatibility conditions hold:

(7.4) A0 (W)

T:O and (ﬂ)}|2+2)\8t(‘?"‘2)'n)‘ =0,

Tlt= t=T

where W, is the tangential projection of W onto ¥ and W, is defined by (6.48) and
(6.49). Moreover, the nonnegativity and complementary slackness conditions hold,
i.e.,

(7.5) x>0

and

(7.6) A[/ (|(9thv|2 VW] 4 |v?/\2) dsdt — M] =0.
P

Proof. First, we derive a weak form of optimality system for Problem I in exactly
the same manner as was done in the appropriate part of Theorem 6.9 in [8] for the
two-dimensional case:

o /Q D(% + vo) : D(h) dxdt
+/{8th—Ah+[(v0+€v)-v]h+(h-V)(v0+€v)}~adxdt
Q

(7.7) + /Q(V’G(T, X) + vo(X) — Voo ) - hdx

o

The difference between this integral equality and (5.5) is that, in (7.7), the parameter
N is renamed to A and Ag multiplies the first term. Therefore, if we repeat all the

. ~ 1
h~(w7voo)w~n+§|wfvoo|2h~n

/N

HAOW - h+ VW : V,h+ W h}) dsdt=0 VYhe VY2(Q).



2220 A. V. FURSIKOV, M. D. GUNZBURGER, AND L. S. HOU

arguments that lead to the assertions of Theorem 6.4, we obtain the optimality system
(6.37)—(6.49), where N is renamed as A and all terms generated by the first term in
(5.5) are multiplied by A\g. Hence, to prove Theorem 7.1, we have to show that Ag # 0.
We do this analogously to the proof of the appropriate part of Theorem 6.9 in [8].
As in that theorem, the assumption that A\g = 0 leads to the inequality A > 0. As a
result, the proof is reduced to establishing the following assertion:

there exists a 'y € ng}L{Q(Q) such that

(7.8) / (0% -0y + V% oy + Wy ) dsdt #0.
b

Here, ’yEVZ’Q(Q) is the set of restrictions of vector fields belonging to the space
V5% (Q) defined in (B.22).

We prove (7.8) by contradiction. By virtue of (2.11), the solution w of Problem
I satisfies w € H'(X) and [,, W -nds = 0 for almost every ¢t € (0,T). As is well
known, there exists a sequence y,(t,z) € C>*(Q), fBQ yn-nds =0ae. te(0,7),
such that [|[W — y,|la1(zy — 0 as n — 0. It is well known (and the proof can be
easily reproduced, e.g., from [9]) that there exists z,, € VL’Q(Q) such that z”|E =Y.
Hence, (7.6) and (7.8) imply that

0= / (athv Oy + VW :V,y, +wW- yn> ds dt
)
—>/ (19081 + 952 + [8[) ds dt = M.
)

This contradiction completes the proof. O

Appendix A. Regularity results for some auxiliary boundary value
problems. We now derive some nonstandard regularity results for the Stokes prob-
lem involving the function space VZ(€2). We will also derive similar regularity results
for the adjoint boundary value problem in the form (3.14). First, we introduce an
appropriate functions spaces.

A.1. Spectral function spaces. In this subsection, we will define the function
space V2 (Q) and study its properties. The tools we will need are direct integrals and
intermediate spaces. These spaces will be used in the study of the regularity for the
adjoint velocity in the optimality system.

Consider the operator

(A.1) A=P(-A+1):V)(Q) — V),

where P : L2(Q) — V{(Q) is the orthogonal projection operator onto V§(£2). The
domain D(A) of the operator A is defined by D(A) = V2(2) N V}(£2), where

(A.2) V() ={veViQ) : v]sn = 0}.

Applying standard arguments for proving the solvability of the steady-state Stokes
equations (see [13]), we can conclude that the operator A is a positive, self-adjoint
operator whose spectrum lies in [1,00). We wish to use a spectral decomposition
theorem for self-adjoint operators. To this end we first recall the concept of a direct
integral of Hilbert spaces (see [12] and [14, Chap. 1, sect. 2.3])

(A.3) Y= /1 T BHO) du().
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Here, du()) is a nonnegative Borel measure supported in [1,00), H(A) is a family
of Hilbert spaces with norm and inner product denoted by || - ||z(x) and (-,-)m(a)s
respectively, and H(A) is assumed p-measurable. The p-measurability of H()\) is
defined as follows: there exists a family M of functions f: [1,00) 3 A — f(A) € H(N)
satisfying
L. for all f € M, the function A — || f(\)|z(x) is p-measurable;
2. if a function g : [1,00) 3 A+ g(A) € H(X) is such that A — (f(A),g(\))
is p-measurable for each f € M, then g € M; and
3. there exists a sequence {f;}32; C M such that for every A € [1,00) the set
{fi(A)}2, is dense in H(A).
In other words, M is the set of py-measurable functions taking values in H(X). The
space (A.3) is the set of functions f € M for which

H(\)

172 = / LFO s die(N).

The scalar product in T is defined by the formula

(e = [ (090 o),

In [12], it was proved that T is a Hilbert space.

By virtue of the spectral decomposition theorem (see [12]) for the operator (A.1),
there exists a direct integral of Hilbert spaces (A.3) and a unitary operator U :
VJ(€Q) — T which maps D(A) into

TA={FeTA €] Il = [ RO rduty)
and satisfies U(Av) = A(Uv). For s € [0, 2], we introduce the spaces

Vi(Q) = {v e V() :
(A.4) . .
vv= [ ovauty. [ ASv(A)HH(A)dﬂ(A)m}

with norms

(A5) VI ) = / X 20y A ).

The definition of the spectral decomposition implies that V2(Q2) = V(Q), V2(Q) =
D(A) = VZ(Q)N'V}(Q), and, in the spaces V2 (), the norms (A.5) with s = 0,2 are
equivalent to the norms of L2(Q) and H?(12), respectively. Furthermore, the following
equality holds:

(A.6) V() = V()

and, in this space, || - [[v1(q) is equivalent to the H'(€2) norm. Indeed, for each
v € D(A) = V2(Q), we have

V20 = - /Q v AVdx+ V]2

o0
- / A+ DT 200 i) < 20v13 0.
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Also, we obviously have ||v||v1 () < [[V||m1 (). Hence, the completions of C§°(£2) N
V() under || - |1 () and | - lvi () yield the same space, i.e., (A.6) holds.
Let X and Y be Hilbert spaces satisfying

(A.7) X CY and X isdensein Y and is continuously embedded into Y.

Assume that A : Y — Y is a positive, self-adjoint linear operator with domain D(A) =
X and that || -||x is equivalent to the norm X > u — (|jul|? + ||Au|?)*/2. Recall that
the intermediate space [X, Y]y, @ € [0, 1], is by definition the space D(A'~?) endowed
with the norm

lullfx vy, = lully + 1A ulf Yue [X,Y]e;

see [14] for details.

LEMMA A.1. Suppose that X is a closed subspace of H*(Q) with k being a positive
integer, Y is a closed subspace of L*(Q), || - ||x is equivalent to || - [[gr(qy, || - Iy is
equivalent to || - ||lL2(q), and X and Y satisfy (A.7). Then, for each 6 € [0,1], [X,Y]y
is a closed subspace of H*=9(Q) and the norm of [X,Y]y is equivalent to the norm
of HF1-9)(Q).

Proof. Recall that, by definition, H*(=9(Q) = [H*(Q),L?(Q)]s. Denoting by
I the embedding operator we see that I : X — HF(Q) and I : Y — L2(Q) are
continuous. Hence, by interpolation theorems of [14, Chap. 1, sect. 5|, we deduce
that I : [X,Y]y — H*(1=9(Q) is also embedding and

(A.8) [ullera-oq) < Cllullx,y, Vu € [X,Y]p.

We consider now a bounded extension operator L : L?(Q) — L?(R3) (i.e., Lu(x) =
u(x) for every x € Q) such that its restriction on H¥(Q) is the bounded extension
operator L : H*(Q2) — H¥(R?) (such an extension can be easily constructed by the
well-known Whitney formula). Clearly, LX is a closed subspace of H*(R3) and we
equip LX with the H*(R?) norm. Analogously, LY is a closed subspace of L2(R?) and
we equip LY with the L2(R?) norm. Denote by r the restriction operator which maps
any function f(x) defined in R? into the same function f restricted to Q. Evidently,
operators r : LX — X and r : LY — Y are continuous so that interpolation theorems
imply that r: [LX, LY ]y — [X,Y]s is also continuous and

(A.9) lullix,y), = IrLullix,y), < CllLulliLx,cy), Yué€[X,Y]s.

The Sobolev norms on LX and LY can be expressed in terms of Fourier transforms:

ILul ey = [+ €2 Tu@P ¢ Vue LX

and
Lol = [ ITu(©F d¢ Ve Ly.
Thus,
(A10) Ll xyy, = Lo, < Clullma-og — Yue XY,

where in the last step we used interpolation theorems on the extension operators
L:H*(Q) — H*(R?) and L : L?(Q) — L2(R?). Combining (A.8), (A.9), and (A.10),
we prove Lemma A.1. ]



OPTIMAL CONTROL FOR THE 3D NAVIER-STOKES SYSTEM 2223

The following lemma is a direct consequence of Lemma A.1 by taking k = 2,
X =Vi(Q)=VZ(Q)NVEQ),and Y =VIQ) = V).

LEMMA A.2. For each s € [0,2], the norms || - |lvs () and || - ||a: (o) are equivalent
on the space V5(Q).

Let G C R? be a bounded domain with a C* boundary 0G. We consider the
problem

(A.11) curlw=v inG and w~n|aG =0.

LEMMA A.3. Assume that v € H*(G)N'V°(G), s >0, and v - n‘ag = 0. Then
there exists a solution w € H**Y(Q) for the problem (A.11) satisfying the condition
w|,=0.

|lﬂThe proof of this lemma is entirely analogous to that of [9, Lem. 4.3] and is
omitted here.

LEMMA A.4. For each s € (0,1/2), V5(Q) =H*(Q) N 'VI(Q).

Proof. By virtue of Lemma A.2 and the definition of intermediate spaces, we have

(A.12) V£ (Q) = closure of VZ(Q) NV} in H¥(Q).

Since the topology of H*(2) is stronger than the L?(Q) topology, the right-hand side
of (A.12) is a subset of V§(£2), so that V5(Q) C VJ(Q) NH?*(). Next we proceed to
prove the reverse embedding. Let an arbitrary v € H*(Q) N VJ(Q) be given, and we
choose a sequence {v,} C V*(Q) N'V§ such that ||v, — v|lgs(o) — 0 as n — co. Let
p > 0 be a fixed, sufficiently large number satisfying (2.16). We set

Q,={xeR:|x|<p}nQ and  Q° =R>\Q,.
Firstly, we decompose v as follows:

v(z) = vi1(x) + v2(x), where suppv; C Qp43,

(A.13) o .
suppva C 5.5, v € VgNH*(Q), i =1,2.

Consider w(z) € H*"(Q,13) satisfying (A.11) with G = Q,,3. The existence of
such a vector field is established, e.g., in [9, 16]. Let ¢1(x) € C*(Q), p1(x) =1, for
x| < p+1, o1(x) =0 for |x| > p+ 2, and @a(x) = 1 — ¢1(x). Then the functions

curl (w(x)p1(x)),
curl (w(x)pa(x)) for |x|] < p+ 3, va(x) = v(x) for |x| > p+2

U1 (X)
va(x)

satisfy conditions (A.13).
It is enough to find sequences

(A14)  {vin} CVX(Q)NVH(Q) such that [[vy, — vi|gre) = 0 as n— oo
fori=1,2.

In the case i = 2, we can take as vs,, the Friedrichs average

van(x) = n® / J(n(x — y))es(y) dy,

where j(x) € C§°(R?), j(x) > 0, suppj C {[x| < 1}, and [, j(x)dx = 1. Evidently,
va, € V2N VE(Q). Since the vy, (x) are well defined for x € R?, the relation (A.14)
can be proved in this case with the help of the Fourier transforms.
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To prove (A.14) for i = 1, we consider (A.11) with G = Q,43, and v(x) changed
to v1(x). By virtue of Lemma A.3, there exists a solution w; (x) € H*T(Q,,3) of this
problem which satisfies w (x)[aq,,; = 0. This equality and the condition 0 < s < 1/2
yield that wy(x) € Hit'(Q,43). By the definition of the space Hit'(Q,43), there
exists a sequence wi, (7) € C§°(Qp43) such that [[win, —wi || g1+s(q,,,) — 3asn — oo.
This relation implies that sequence vy, = curlw,, satisfies the relation (A.14). 0

For s € [0, 1], we may define V;*(Q) as the closure of V{(£2) with respect to the
norm

(15) Wl = ([ A RO au) it ov = [ 90y au

LEMMA A.5. For s € (0,1/2), V() € H™*(Q). Furthermore, the norm
[+ llv=s(q) is equivalent to || - [[a-+(q) on V5*(£).

This lemma can be proved with the help of Lemmas A.2 and A.4 just as the
corresponding assertions in [6, Chap. 3, Lem. 4.5] were proved. We omit the details
here.

A.2. Regularity results for the Stokes problem. For s € [0, 1], we may
define the operator P = Py : H%(Q2) — V_*(Q) by the formula

(A.16) (Pu,v)vo) = (0, V)L2(0) Vv eVvi(Q),

where (-, ~>V8(Q) and (-, -)p2(n) denote the duality generated by the scalar products on
V() and L2(12), respectively. Note that for s = 0, P coincides with the orthogonal
projection operator from L2(Q) to VJ(Q); see the statement immediately following
(A.1).

We first consider the Stokes problem with a vanishing forcing term and an inho-
mogeneous initial value qo. Note that PVr = 0 for Vr € H7*(Q) and Pd;q = 9;q
for 9,q in L?(0,T;V;*(Q)); thus, we may write the Stokes problem as

(A.17) oq(t,x)+ Aq=0 in Q@ and dli=0 =qo in Q,

where A = P(—A + I). Since we look for q in the space L2(0,T;V,**2(Q2)) and
—s+2 > 1, asolution q to (A.17) automatically satisfies

(A.18) divg =10 and qls =0.

As was mentioned in Lemma 3.6, the existence and uniqueness of a solution q €
L2(0, T; VL) NHL(0,T; V,;1(Q)) to (A.17) is well known. The following regularity
result holds.

LEMMA A.6. Assume that qp € V5(2), s > 0. Then a solution q of the problem
(A.17) satisfies the estimate

| (19 sy + 100 s

v

= lla(t, Ve < e ()t laoll o

(A.19)

for every v > 0.
Proof. We apply to (A.17) the unitary operator U introduced in the definition of
the spectral decomposition of A as direct integrals. Then (A.17) reduces to

/100 @(ata(t, NESY A)) du(x) = 0
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and
[ e (@t Nlimo — an) dutx) = o

By the definition of direct integrals, the integrands belong to different Hilbert spaces
H()) for different A. This allows us to deduce that for almost every A (with respect
to the p-measure),

(A20)  BatN)+AGEHN) =0 inQ  and Gt N)|eo = do(\) in .

Equalities (A.20) are understood as equalities in the Hilbert spaces H(A). More
precisely, the first equality is considered in L2(0,T; H())). Equalities (A.20) imply

(A.21) q(t,A) = e Mao(N).
Using definitions (A.5) and (A.15) of the norms for VZ(£2), we obtain

(A.22) Ja(t ey = [ €PN N By ).

By solving a simple extremal problem we obtain that, for each ¢ > 0,

(A.23) e (e720%) = ¢ max{1,v/(21)}]" < e (%)f
€ll,00

From (A.22) and (A.23) we deduce that

—u(V\Y,_,
(A.24) lalt Moy < 7 (5) t " latolis -

Integrating (A.22) in ¢ and applying (A.22) to the result, we have

| e s oy dr

1 . v+s(|Aa 1
— 5/1 e PMNTE o (M) 171y di(A) = §||q(t,.)H3,i+s(Q).

(A.25)

Differentiating (A.21) with respect to t and repeating the arguments used in deriving
(A.25), we are led to

2
|10 Mg g
R A Ty\V+s 1
:/t /1 e~ 2AT N\t +1Hq0||%/(57(ﬂ) dp(N)dr = §”q(t")||3fg+5(g)~
Then inequalities (A.24)—(A.26) imply (A.19). O

We next consider the Stokes problem with nonzero forcing and the zero initial
value:

(A.26)

(A.27) oq(t,x) + Ag=h(t,x) inQ and qlt=0 =0 in Q.

LEMMA A.7. Assume h € L?(0,T;V;%(Q)), s € [0,1]. Then the solution q of
the problem (A.27) satisfies the equality

T T
a2 [ (10t o)+ lal s oy) = [ IR g
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Proof. As in the proof of Lemma A.6, we reduce the problem (A.27) to an ordinary
differential equation problem for the spectral decomposition q(t, A) of q(¢,x):

~

(A.29) 0q(t, \) + Aq(t, ) =h(t,N) inQ
and
(A.30) a(t,A)|=0 =0

for p-almost-every A € [1,00), where h is the spectral decomposition of h. We extend
h in ¢ by zero outside the interval [0,7] and extend q by zero for ¢ < 0 and by
e N fOT e*h(7, \) dr for t > T. This integral defines the solution of (A.29) for t > T

if h =0 for t > T. We still denote the extended functions by q and fl, respectively.
By virtue of (A.30), the extended functions satisfy (A.29)-(A.30) for t € R. Applying
the Fourier transform in ¢, i.e.,

a(m,\) = / et \)dt  and  h(r,\) = / et h(t, ) dt,
R R

to (A.29) we obtain

~ B h(r, \) o~ B ith(r, \)
q.('T7 )\) = D 3\ and 2’7—(]('7—7 )\) = ﬁ
Taking the [| - [|y,-+ o) norms yields

Ha(ﬂ ')H%/g*b'(g) + ||7;Ta(7—> ')H%/;S(Q)

00 )\275 )\*S|i7_‘2 -
= h 2
(A31) | (B + i ) B VB @

R _
:/1 A7 My dh = (v 0)-

Applying Parseval’s equality to both ends of (A.31) we obtain (A.28). (Note that stan-
dard uniqueness arguments applied to (A.27) imply that we have obtained estimates
precisely for the solution of (A.27).) o

A.3. Regularity estimate for the solution of the adjoint boundary value
problem. We will apply the regularity results for the Stokes problem to derive reg-
ularity estimates for the solution q of the adjoint boundary value problem (3.14).
(3.14) can be rewritten as

(A.32) oq(t,x) + Ag=Lq inQ and dli=0 =qo in Q,
where
(A.33) Lq=P(q+[(vo+ W) V]lg— (VW)*q).

Indeed, we consider the first equation in (A.32) in the space L?(0,T;V;*(Q)), s €
[0,1]. Since the definition (A.16) implies that P is a projection and we look for d;q
in L2(0,T; V,%(Q)), we have that Pd;q = 9;q. The equality A = P(—A + I) follows
from the definitions (A.1) and (A.16) of the operators A (on V§(2)) and P and
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the definition of the space V_*(Q) (see (A.15)). Relations (A.18) are built into the
space L2(0,T; V,512(Q)), —s +2 > 1. Note that the existence and uniqueness of the
solution was established in Lemma 3.6. We have the following regularity results for
the adjoint boundary value problem.

PROPOSITION A.8. Assume that qo € V5(Q) for an s € [0,1/2). Let q be the
unique solution of the problem (A.32)—(A.33) satisfying the inequality (3.15). Then
the following estimate holds:

(A.34) /t (lalr )32 @) + 10:a(m )30 @) dr < Cot* Hlaoll3s )

where the constant Co depends only on [|W|[y1.1/2(q) and [[vol| gz -
Proof. By virtue of Theorem 2.1, we have that

3 3
sup |vo(x) — Woo| + Z sup |0z, vo(x)| + Z sup [0z, 0z, vo(x)| < Clve|.
x€Q i—1 XEQ ij=1%€Q

As indicated in Theorems 4.1 and 4.2 and by (2.22), (2.19), and (2.15), the function
w satisfies

(A.35) w e VLY2(Q) c C([0, T]; HY(Q)).
Therefore, for q € L?(0,T;VL(Q)), we have (vo - V)q € L?(0,T;L?(Q)), and we
obtain by Sobolev embedding theorems and the Holder inequality that
| [ V)a: dds] < 9o Valloe |9l
< Clwlla @IVl @@l /2 o),
which, upon using (A.35), yields
(A.36) (W - V)all 20, mm-1720)) < Cllallzo,mvi@) [Wlviazg)-

Similarly, we obtain

A1) | [V a- @da] < Ve lalleco [6lsco

< CIVWwllrzo)llallm @ llla2 @)
and
(A.38) (VW) all 20, 7:1-1/2(0)) < Cllallzz0.m:v1 @) [[Wllvii2q)-

From (A.33), (A.36), and (A.38), we deduce that
(A.39) HLqHLE(t’T;V;I/z(Q)) < CHqHL2(75,T;V,1,(Q))7 te(0,7).
We decompose the solution q of (A.32) into

(A.40) q=q +qz,

where q; is the solution of (A.17) and q3 is the solution of (A.27) with h = Lq. Then,
by Lemma A.7, we have

(A41) ||q2||iz(O,T;Vi/2(Q)) + ||atq2||i,2(O,T;V;1/2(Q)) < CHLqu2(O,T;V;1/2(Q))'
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The relations (A.40)—(A.41) and Lemma A.6 with s+v = 1/2 and (A.39) imply that,
for each t € (0,7,

T
/t (||q(7-7 .)||i]§/2(ﬂ) + ||0va(T, ~)Hi,;1/2(9)) dr

(A.42)
< C(llar(t, Mgy + Nl rovy o )-

Repeating arguments similar to those used in the derivation of (A.36)—(A.39), we
obtain

(A.43) < Cldll

2 2
ILalZa ¢ rovze @) L2(6,T;VY3 ()

where € > 0 is an arbitrary small number. Also, analogous to (A.42), we have that

2 2
lall72 vz ) + 100ll72 vz o)
o] (R T2 —

We substitute (A.43) into (A.44) and use the obtained estimate as well as the argu-
ments which led us to (A.43) and (A.44) to deduce that (A.43) and (A.44) hold with
¢ = 0. Combining the estimates (A.42)—(A.44) (with € > 0 and with € = 0), we are
led to

(A.44)

T
| (1) lBog oy + 100 oy ) e
< C(llast, My @ + Al vy )-

Applying Lemma A.6 with v = 1 — s and the estimate (3.15) to the right-hand side
of (A.45), we arrive at (A.34). O

(A.45)

Appendix B. Orlicz spaces. In section 5.2, we needed to determine the space
in which to search for the adjoint vector field for the optimality system. For this
purpose, we first calculate the dual space for the function space L?(Q) N L%/5(Q). We
can consider L?(Q) N L%%(Q) as the Orlicz space with the N-function

A(t) = max (£2,15/%),  t>0.

(For the N-function as well as other notations and assertions connected with Orlicz
spaces, see [1, Chap. 8].) In other words, the Orlicz space L*(Q) N L5/5(Q) can be
defined as follows:

L*(Q)NLY3(Q) = La(Q)

(B-1) - {f(t,x), (tx) Q- /QA(|f(t,x)|)dxdt < oo}.

The norm in a general Orlicz space L4(Q) is defined as follows:

(B.2) 1£]l5.0c0) = inf {k >0 /QA<|f(t];X)|) dx dt < 1}.

Define the Legendre transform

A" (s) = max(st - A(1)



OPTIMAL CONTROL FOR THE 3D NAVIER-STOKES SYSTEM 2229

for A(t) = max (t2,t5/5). Then A*(s) is an N-function and the Orlicz space
®3)  Le@ = {rex. (0 eQs [ A0 dxa <o
Q

is the function space dual to space (B.1) (see [1, Chap. 8]). Straightforward calcula-
tions show that

5556/65, s €10,6/5],
(B.4) A*(s) =< s—1, s €1[6/5,2],

52 /4, s> 2.
The norm || - ||z ,. (@) of the space L4~ (Q) is defined similarly to (B.2) with the help
of the N-function A*(t).

Let us consider now the spaces L4(Q) and L-(Q) of vector functions that

are defined by (B.1) and (B.3), respectively, where f is the vector function f =

(fl(t,l‘),fg(t,d?),fg(t.df)).

LEMMA B.1. The spaces La(Q) and La«(Q) are dual.

Proof. We will prove that (La(Q))* = La~(Q), where (L4(Q))* is the adjoint
space of L4(Q). Each v € L4-(Q) forms a linear bounded functional on L (Q) by
the formula

(B.5) l(u) = / v(t,z) - u(t,x)dxdt Yu € La(Q)
Q

because of the generalized Holder inequality (see [1, Chap. 8]):

(B.6) /Qv(t,o:) ~u(t,x) dxdt < 2[|v||L,. @ lullLi)-

Therefore L 4+ (Q) C (La(Q))*. To prove the inverse inclusion we establish first that
LA(Q) is isomorphic to La(Q) x La(Q) x La(Q). For this we have to prove the

estimates
3

(B'7) ||VHLA(Q) < Z HUjHLA(Q) < 3HV||LA(Q) Vv = (’Ulvv?vvf‘i) € LA(Q)'
j=1

Suppose first that for each j, v;(t,x) # 0 on a set of positive Lebesque measure. Then,
using the definition (B.2), the inequality |v(x)| < ijl |vj(x)|, and the convexity of

A()), we obtain
o0 [ a(B a1}
3
0- (Zj—l |Uj(X)|>dX§1}
k
. ki o)
ki >0,i=1,2,3, | A J J dx <1
‘ /Q (Zk1+k2+k3 kj ) x= }
k; v (%)]
=1 P A LAl <
ki >0, 4 232k1+k2+k3/A( S dx <1

ki - k1>07/A(|UJ(X)|>dX<lz—1 2 3}
Q kJ

3
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<> 1nf{k>0:/2A<| ](ﬂ 1 ax } > lvillza)-
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This inequality and the homogeniety property of norms imply the first estimate in
(B.7)
Denote 9(t,x) = max;=1,2,3 |v;(t,x)|. For each (¢,x) we have

SIv(e )] < 00 %) < v(t,%)

so that A(0(t,x)/k) < A(|v(t,x)|/k) for all k > 0. Thus,

3 N
. . v(t,x
> lolliacer < lolzig) = 3int {0 [ A hyaxar <1}

(B.8) =t
< 3inf{k >0: / A('V(’ZX)'> dxdt < 1} =3[[vllLa(@-
Q

The bound (B.8) implies the second estimate in (B.7).
The estimate (B.7) in the case when v;(¢,x) = 0 almost everywhere for one or
two j can be considered similarly. The case v;(t,x) = 0 a.e. for j =1,2,3 is trivial.

By the lemma on the form of a functional on direct product of spaces (see [2,
sect. 2.1.2]), each functional A € (L4(Q) x La(Q) x La(Q))* has the form

(Bg) A(u) = ll(ul) + ZQ(UQ) + lg(’LLg) Yu= (ul,UQ,Ug) € [LA(Q)}B,

where I; € (La(Q))*, 7 =1,2,3. By [1, Chap. 8], there exist v; € L4-(Q), j =1,2,3,
such that

(B.10) 1 (u) :/ vi(t, x)u(t,x)dxdt, j=1,2,3 VueLa(Q).
Q

Relations (B.9), (B.10), and the isomorphism L4 (Q) = La(Q) X La(Q) x La(Q)
proved by (B.7) yield the embedding L4+ (Q) D (LA(Q))*.

The proof of the relation (La«(Q))* = La(Q) is similar. |

We will need the following assertion.

LEMMA B.2. LetY be a closed subspace of a reflexive space X. Assume that the
norms || - ||x and || - ||y are equivalent. Then'Y is a reflexive space.

Proof. By virtue of the Eberlein—Shmulian theorem [18, Appendix], the reflexivity
of Y is equivalent to the following property: each bounded sequence y, € Y has a
subsequence {y,, } converging weakly to a y € Y. Let a bounded sequence y, € Y
be given. Since the sequence {y,} is bounded in X and X is reflexive, there exists a
subsequence {yn, } C {y»} that converges weakly in X to a § € X. Note that ¥ being
closed and convex, it is sequentially weakly closed. By the Hahn—Banach theorem,
the weak convergence in X of {y,, } CY implies the weak convergence in Y. Hence,
Y is a reflexive space. O

B.1. Orlicz spaces of solenoidal fields. Now we consider solenoidal vector
fields. Using the space of vector fields

V(Q) ={v(t,x) € CF(Q) : divv =0, suppv CC Q}
we introduce

(B.11) L*(0,T; V§(Q)) = closure of V(Q) in L*(Q).
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It is well known that V§(2) in (B.11) is the space (2.14). Define also
(B.12) V4(Q) = closure of V(Q) inL4(Q).
Evidently V4(Q) = L?(0,T; VJ(Q)) N L>(Q). We set

(B.13) V 4+(Q) = closure of V(Q) in L« (Q).

All elements of the spaces (B.11), (B.12), and (B.13) possess the properties divu =0
and (u-n)|pq = 0 (these equalities are understood in the sense of distributions).
Denote

(B.14) GA(Q) ={Vp e La(Q): p € L*(0,T; Hipe ()},

LEMMA B.3. The relations (V a+(Q))* = Va(Q) and (VA(Q))* =V 4+(Q) hold.
Proof. We begin from the first identity. Each u € V 4(Q) defines a functional
on V4-(Q) by (B.5) and (B.6). Hence V4(Q) C (V4-(Q))*. To prove the reverse
inclusion let a functional I € (V 4+(Q))* be given, and we extend it by the Hahn—

Banach theorem into an | € (La~(@))*. By Lemma B.1, there exists a u € L4(Q)
such that I(v) = [, u-vdxdt. Thus,

(B.15) I(v) —/Qu-vdxdt Vv e Vu(Q).

Note that the following decomposition is true:

(B.16) La(Q) = Va(Q) + Ga(Q).

Indeed, since L4(Q) C L2?(Q), by virtue of Weyl’s decomposition for each u €
LA(Q), there exist Vp € G(Q) = {Vp € L?(Q) : p € L*(0,T;H}.(Q))} and
w € L%(0,7;V§(£2)) such that

(B.17) u=w-+ Vp.

To prove Weyl’s decomposition, one defines Vp(t, x) to be the solution of the problem
(B.18) / Vp(t,x) - Vq(t,x) dxdt = / u(t,x) - Vq(t,x)dxdt  VVq.
Q Q

If Vg € L3(Q), then (B.18) defines Vp € L?(Q). But since u € V4(Q) = L2(Q) N
L5/5(Q), the right-hand side of (B.18) is a bounded functional with respect to Vg €
L5(Q), so that Vp € L9/5(Q). Hence Vp € V4(Q) and, by (B.17), w € V4(Q),
which proves (B.16). Note that the relation V4(Q) N G4(Q) = 0 follows from the
orthogonality between w and Vp in L2(Q).

Now we substitute (B.17) into (B.15) and take into account that fQ Vpvdxdt=0

for every Vp € G4(Q) and every v € V 4.(Q). As a result we deduce
(B.19) l(v):/ w-vdxdt Vv e Vs (Q)
Q
with w € V4(Q). Hence, we have proved the equality (V4«(Q))* = V4(Q). This

equality yields (V4(Q))* = Va+(Q), since by Lemma B.2, the spaces V4(Q)) and
V 4+(Q) are reflexive. O
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We set

(B.20)  WE(Q) = {v € L*(0,T; V2(Q)) : v € L*(0,T; V(Q)), v|,_, = 0}

and

(B.21) ViAQ) =W (@) NW(Q),

where Wé/%(Q) is Sobolev space defined by (3.7).
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