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1.8. Schrodinger Equation zh%‘f = th g;“z’ + U(x)w

1.8-1. Eigenvalue problem. Cauchy problem for the Schrodinger’s equation.

The Schrodinger’s (Schidinger’s) equation is the basic equation of quantum mechamniis;the
wave function;? = -1, i is Planck’s constanty is the mass of the particle, abd(x) is the potential
energy of the patrticle in the force field.

1°. In discrete spectrum problems, the particular solutions are sought in the form

w(z,t) = exp(——t) (),

where the eigenfunctions,, and the respective energi&s have to be determined by solving the
eigenvalue problem
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The last relation is the normalizing condition foy,.
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2°. In the cases where the eigenfunctiahgx) form an orthonormal basis ih,(R), the solution
of the Cauchy problem for Schrodinger’s equation with the initial condition

w=f(x) at t=0 ()]
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is given by
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Various potentiald/(xz) are considered below and particular solutions of the boundary value

problem (1) or the Cauchy problem for Schrodinger’s equation are presented.

1.8-2. Free particle:U(x) =0

The solution of the Cauchy problem for the Schrodinger’s equation with the initial condition (2) is

given by

5)2 _ nht — _[e™/*%/la] if a>0,
wz,?) = 2\/—/ eXp{ ]f(g)df S VS {e-ﬂ/‘k/]a if <0,

1.8-3. Linear potential (motion in a uniform external field): U(x) = ax.

Solution of the Cauchy problem for the Schrodinger’s equation with the initial condition (2):
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w(x,t)zz \/1?7 exp(=ibrz - ib?) / exp[ T] f(€) de, T b= o




2 LINEAR SCHRODINGER (SCHRODINGER) EQUATION

1.8-4. Linear harmonic oscillator: U (z) = $mw?x?.

Eigenvalues:
En=hw(n+%), n=01,...

Normalized eigenfunctions:

1
Yn(x) = PN, exp(-3&2) Hn(9), §= o' To=4\/ —,

where H,,(§) are the Hermite polynomials. The functiogg (z) form an orthonormal basis in
Ly(R).
1.8-5. Isotropic free particle: U(x) = a/x?.

Here, the variable: = 0 plays the role of the radial coordinate, and> 0. The equation with
U(x) = a/x? results from Schrodinger’s equation for a free particle witspace coordinates if one
passes to spherical (cylindrical) coordinates and separates the angular variables.

The solution of Schrodinger’s equation satisfying the initial condition (2) has the form
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whereJ,,(€) is the Bessel function.
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1.8-6. Morse potential: U () = Up(e 2*/® — 2e7*/2),
Eigenvalues:

2
E7,,=—Uo{l—;(n+%)}, g = 2mbo O<n<fg-2

h 1
Eigenfunctions:
Yn(2) =€/ 2B(-n, 25+1,6),  £=28e7/0, 5= D0 flmE”,
where®(a, b, £) is the degenerate hypergeometric function.
In this case the number of eigenvalues (energy levEls)and eigenfunctiong),, is finite:
nzo, 1, .o+ y NMmax-
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