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Basic Notions

Examples

R, C fields of real resp. complex numbers, K € {R,C}

K :={x=(X,... %) :x; €K, i=1,...,n}

Find the intersection of two lines in the plane

Ly ={x€R?: a1 1x{ +ajox; = b1}, Lo={x€ER?:a1x; +apox; = b}

a1 X+ ajx; =b ajqa XF b
Xelinly, o SHTESEED o @ama iy by ey

3271X1* + 32,2X2* = by 1822 Xg be
Matrix-vector multiplication:
a1, .-y @n
A= : : :(a‘,...,a”)eK’”X"->Ax::x1a1+-~~+xna”e]K”’
. .
amt, ---, ampn columns of A
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Basic Notions

The Core Questions

Given A = (a,/),] 1 € KmMXn b e K™, findx € K"s.t.

xiary  +-oo+ Xp&1n = by

Xy@m4 +---+ Xp@mn = bm

The driving issue in Linear Algebra is the “solvability” of such systems, more precisely:

under which conditions on A, b does there
@ exist exactly one solution x € K”
@ exist at least one solution x € K"
@ no solution?
@ what is the structure of the set of solutions?
These questions can be best answered by viewing the matrix A as a mapping

A K" K" A:x+— AX
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Basic Notions

What has been used?

Xaq aj + by

xeK, acK” «~ xa:= : e K™, a,bcK" «~ at+b:= : e K™
Xam am + bm

Definition 2

A set Vis a Veector Space (linear space) over the field K (K-vector space) if the following holds:
@ 3 an “addition” + : V x V — V which is commutative and associative
@ 3 a“multiplication” x € K,a € V — xa € V which is distributive

v

Example 3

o V = K™ js a vector space over K
@ CK([a, b)) .= {f:[a,b] = R : {9 is continuous in every x € [a, b]} is a vector space over
R where (af)(x) = af(x), (F+9)(x) =f(x)+9(x), x€ [ab]

o

n
Bn:= {p(x) :p(X)=j:ZOa/X’? g ER,j=0,...,nf

is a vector space over R with the same operations as in (2)
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Basic Notions

Forms, Scalar (Inner) Products

Let X, Y be an K-vector spaces
K=R: b(-):XxY — Riscalledbilinearif vx,zeX, y,veY, a,€R
b(ax + Bz,y) = ab(x,y) + Bb(2,y), b(x,ay + pv) = ab(x,y) + Bb(x, V)
In other words b(-,y) : X — R, b(x,-) : Y — R are for fixed x € X, y € Y linear functionals
b(-,-) : X x X — R is called symmetric if b(x, y) = b(y, x), X,y € X
K=C: b(,-):XxY — Ciscalled sesquilinear if for fixed y € Y, x € X, b(,y) : X - Kiis

linear and b(x, -) : Y — K is semi-linear, i.e., b(x, ay) = ab(x, y). Hence
vVx,zeX, y,veY, o, BER

b(ax + Bz,y) = ab(x,y) + Bb(z,y), b(x,ay + Bv) =ab(x,y) + Bb(x,v)

A sesquilinear form b(-,-) : X x X — C is called hermitian if b(x, y) = b(y, x)

Definition 4

Let b(+,-) : X x X — K be a symmetric, resp. hermitian form when K = R resp. K = C. Then
b(-,-) : X x X — Kis called a scalar product (inner product, dot product) if it is positive definite,
i.e.,

b(x,x) >0 VxeX\{0}

W. Dahmen, J. Burkardt (DASIV Center ) | - Linear Algebra Basics 6/79



Basic Notions

Examples

@ K=R,X=R",Y=R", AcR™™  p(x,y) :=y' Ax
@ X=Y=R"

n
b(X,y) = (X,¥)n =y X =) XYk = X-Yy
k=1

show that this is a scalar product on R”
@ K=C,X=C"

n
b(X,¥) = (X,V)n = Y*X:= > X%F, Y
k=1

show that this is a scalar product on C”
@ K=R,X=C([a,b])

b
(1, )ast = [ f()9(x)0x
a
is a scalar product on C(|a, b])
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Basic Notions

Dimension
Recall:
@ a vector space Vis generated by a set {vy ..., v} C V(V =span{vy,..., v} if every
v € V can be written as linear combination of the v;, j =1, ..., k, i.e., for some
Ccf,...,c €K

@ there exists a minimal n € N such that V can be generated by n elements of V. nis called
the dimension of V, n = dimV

@ a minimal generating set is called a basis of V.

Exercise 5

@ Determine dim K", dim P, exhibit bases
@ What is the dimension of C¥([a, b]) ?
@ The elements of a basis {vi, ..., vn} are linearly independent, i.e.,

n
E Gvi=0=¢=0, j=1,...,n
J=1
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Linear Mappings

Linear Mappings

Definition 6

X, Y vector spaces (over K), L : X — Y is called a linear mapping (operator) if for any a, b € K,
v,weX
L(av+ bw) =alv + blw € Y
- Lis injective (one-to-one) if L(v) =0 = v =10
- L is surjective (onto) if for y € Y there exists x € X such that L(x) = y
- L is bijective (one-to-one and onto, invertible) if L is injective and surjective

The set of all linear mappings from X to Y is denoted by £(X, Y)
e Any matrix A € K™% induces a linear mapping (operator) from K" to K™ by
xeK"— Ax € K™ (recall Ax = xja' +---+ xpa") ~ A(ax' + bx?) = aAx' + bAx®
e V a vector space over K, a (linear) mapping ¢ : V — K is called a (linear) functional
Examples:
-V = C%|a, b)), £(f) :== ff(x)w(x)dx
-V as before, dx,f := f(xz)
-V=R"acR"fixed {(x) :=>"  ax=a-x=a'x
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Linear Mappings

Linear Mappings some further notions and facts

@ X, Y are K-vector spaces then £(X, Y) is a K-vector space; identify the “+” in £(X,Y)

e ker(L) := {x € X: L(x) = 0} is a linear subspace of X

© ran(L) :={y e Y:3xeX, st y=L(x)}is alinear subspace of ¥

© letdimX = n < oo, L € L(X, Y) bijective implies dimY = n

e compositions: L € L(X,Y), B € L(V,X), then LB, defined by LB(v) := L(B(v)),v €V,
belongs to L(V,Y)

@ let L € £(X,Y) be bijective, then L= : Y — X, defined by L(x) =y < L=1(y) = x,
belongs to £(Y,X); L~ is called inverse of L and

LL='=k, L L=k, (kv=v,veV, identtyonV)

Thus, the set of bijective mappings in £(X, X) form a group with respect to composition as
multiplication.

Proposition 7

@ every K-vector space X of dimension dim X = n is isomorphic to K", in the sense that
there exists a bijection B € L(X,K") such that K" = {B(x) : x € X}. Hence any two
n-dimensional K-vector spaces are isomorphic

@ /fdim(X) = n,dim(Y) = m, then L(X,Y), L(K",K™), K™, K™X" are all isomorphic to
each other
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Linear Mappings

Proof of Proposition 7

Let X be an n-dimensional K-vector space and L € £(X, X). Then there exists a basis

& = {¢1,...,¢n} C Xof X. Hence, every x € X has a unique representation
n
X=> xkpx € X. (3.1)
k=1
Define By : X — K" by By(x) := X = (X1,...,Xn) " (Be depends on the choice of basis).

Clearly By is linear and injective (by definition of a basis), i.e., By € L(X,K"). Also M : K" — X,
defined by M(x) := S"7_; Xc¢x is linear, injective and obviously M(Bs (X)) = x. Thus M = Bg‘.

Now suppose X, Y are K-vector spaces with bases ® = {¢1,...,¢n} C X,
W = {41,...,¥m} C Y, respectively. In particular, for each k € {1,...,n} one has
By (L(¢x)) = (C1k---,Cmk) " =: €k € K™ Thus, for C = (c,...,c") € K™*"

y=Lx)= (Zxk¢k) = ixkl-(@() Z (Z Cr ka)dlr =B, (Cx)eY.
s

r=1 k=1
In other words
Lix)=y <« Cx=y for y=By(y), x= Bs(x) (3.2)

In that sense L € £(X,Y) is represented by C € L(K",K™) = K™*"
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Linear Mappings

Linear Mappings, Matrices some further notions and facts

@ by (5) above A € K™, B € K"™*" = AB = (Ab',... Ab") € K'*™

@ change of bases: suppose a', . .. ,a’, and b1., ..., b" are both bases for K", then there
exists a unique M € K™ such thatb/ =Ma/,j =1,...,n
Infact: A:=(a',...,a"),B:=(b',...,b") € K"™"then B = (BA~')A,i.e., M=BA™"

@ A=(a',...,a") ~ ran(A) = span{a’,...,a"}
@ rank(A) := dim(ran(A)) = #(linearly independent columns of A)
@ Ac K™ ker(A) = {x € K": Ax = 0} = ran(A" )L, where

A= (a0 e K™~ = (a,)]3y € K™ (transpose of A)

and
VCK" v Vt:={yeK":y.v=0,vecV}

Exercise 8

@ show that #(linearly independent columns of A) = #(linearly independent rows of A)
@ show that for A € K™*" one has m = dim(ran(A)) + dim(ker(AT))
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Linear Mappings

Solvability of Linear Systems

Given A € K™ b € K™, solve Ax = b:

Exercise 9

@ There is a unique solution if and only ifb € ran(A), m > n, rank(A) = n.

@ There exists a unique solution for every b € R™ if and only if m = n and rank(A) = n. In
this case x = A~ 'b.

@ For n = m there exists a unique solution for every b € R™ if and only if ker(A) = {0}.
@ Recall: det : K" — K is a multilinear anti-symmetric mapping and A~" exists if and only

if det(A) # 0 in which case we call A non-singular.
@ More than one solution exists if and only if infinitely many solutions exist. The solution set
is the affine space

S(A) = x° + ker(A) = {x =x" +y : y € ker(A)}

v

Notice: searching for a “solution” of Ax = b makes sense only if A € K% is non-singular, that is
solvability depends only on A, why? In all other cases the notion of “solution” has to be
generalized.
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Important Matrix Classes

Hermitian and Positive Definite Matrices

For A= (ak,), € K™ " the transpose A is defined by AT = (a;) ", € K™ (reflect
across the diagonal)

Recall: jimaginary unit, ? = -1, z=x+iy € C,Z:=x — iy~ 2Z = |22 = x?> + y?

K = C: hermitian conjugate:

A=A = (g}, €C™™ (A" =AT when K =R)

Definition 10

A € K™ is called symmetric (K = R), resp. hermitian (K = C) if A = A*

A hermitian matrix A € K™ " is called positive (semi-)definite if

x*Ax > (>)0 Vxe K"\ {0}

Remark 11

| A\

For A € K"™<", one has (AX,Y)n = (X, A*Y)n, i.e., A* is called the adjoint of A for reasons to be
explained later.
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Important Matrix Classes

Examples of Symmetric/Hermitian Positive Definite Matrices

@ lisin each “club”

@ For any B € K™*" the matrices A := B*B € K™ A := BB* € K™% are hermitian
positive semi-definite. Under which conditions on B is which version positive definite?

@ Suppose that {¢1,...,¢n} C X where X is a K-vector space and (-, -)x is a scalar product
on X. Then the Gramian matrix

G = ({& &j)x) 0y €K™ (4.1)

is hermitian positive semi-definite. Under which condition on the set {¢1,...,¢n} C Xis G
positive definite?

Any hermitian positive definite matrix is nonsingular and its inverse is also hermitian positive
definite.

Proof: Suppose det(A) = 0, = Ix € K"\ {0} s.t. Ax = 0, = x*Ax = 0 which is a contradiction
for x # 0. Now show that A=! = (A*)~1 = (A~")* < 1= A*(A~")*. Indeed, (since
B*C* = (CB)*) one has A*(A~")* = (A"TA)* =I* = 1. O
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Important Matrix Classes

Further Properties of Hermitian Positive Definite Matrices

Proposition 13

Let A € K™ be hermitian positive semi-definite, then:

o All principal submatrices of A are hermitian positive semi-definite. In particular, all diagonal
entries are real and non-negative ax x > 0, k =1,...,n.

@ Al eigenvalues of A are real and nonnegative.
e The maximum modulus entry of A occurs on the diagonal of A.

Proof: Forany J C {1,...,n} let A, := (a,-,k)(j Kedxd € K#Wx#(), For J # ¢ and any

x € K"\ {0} supported in J let X := x|, € K#(). Since X # 0 we have 0 < x*Ax = X*A X.
Since X # 0 is arbitrary (1) follows. As for (2), suppose Ax = Ax, A # 0. Then

0 < X*AX = AX*X = A >_F_; [x|2 which implies A > 0. Concerning (3), we know from Theorem
30 (later below) that then all principal minors (determinants of principal submatrices) are
nonnegative. Now suppose, that |a; x| = maxy<, s<nlar,s| and j # k. Then (w.l.o.g. j < k)

ajjay, 2
0 <det M) = ajak — &gk = ajak — 8l
ajxa
.k 8K,k
which means that |a; «|? < a; jax x and hence max{a; j, ax x} > |aj |- a
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Important Matrix Classes

Unitary Matrices

A € K™ s called unitary (orthogonal if K =R): Q € Op = Op(K) if Q"Q=1
Properties:

@ Q*Q = I means that the columns ¢/, j = 1,.. ., n, are an orthonormal basis of K", i.e.,
. n
@) a =Gk =0 Jk=1....n
r=1

@ QcOn & QF € Oy, e, the rows of Q also form an orthonormal basis
@ Q,Qc0,= QQc O, ie., O, is a multiplicative group
@ |det(Q)| =1 (since 1 = det(@* Q) = det(Q* )det(Q) = det(@)det(Q) = |det(Q)|?)

Permutation matrices belong to Op: I'et w:{1,...,n} = {1,...,n} be a permutation,
e :=(0,...,0,1,0...,0)T = (5,(,,-)/,(:1 the jth coordinate vector. Then

P.:=(e"™, ... e"™) c 0, and AP, =(a" ..., A™(M)
Hence P A permutes the rows of A according to
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How to Measure and Quantify Norms, Normed Linear Spaces

Normed Linear Spaces How to “measure” vectors, functions?

Let V be a K-vector space (finite or infinite dimensional). Any mapping || - || : V — R4 is called a
norm on V if

(N1) V=0 = v=0
(N2) Jlav||=lal|lvl, « e K,v €V
(N3) ||v+z|| < |lv|l + ||z]l, v, z € V (triangle inequality)

The pair (V, || - ||) is called a a normed linear space. When the choice of the norm is clear we
simply say that V is a normed linear space.

Remark 14

The absolute value is a norm onV = K. Up to a scaling factor this is the only norm on K = R.
For higher dimensional spaces many different norms exist. Their choice depends on the purpose
or application. Every norm is a Lipschitz continuous mapping with Lipschitz constant equal to
one, i.e.,

vl =Nzl < llv=zll, v,zeV. (5.1)
To see (5.1), note that by (N3) ||v|| = |lv—z+z|| < |lv—z||+ ||z|| = lIvI| = ||zl| £ ||lv — z]|.
The same argument shows that || z|| — ||v]| < ||v — z||.
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How to Measure and Quantify Norms, Normed Linear Spaces

Examples Vector and Sequence Norms

p-norms on K", 1 < p < oo:

4 1/p
Ixllo = (3o 15lP) " 1 <p<oo, Xl = max x|
2. L

For any fixed positive “weights” w;,j = 1,. .., n, the “weighted” counterparts
4 1/p
¥llp. = (il ) (5.2)
j=1

define norms as well.
p-norms on K (sequences), 1 < p < oco:

= p\ /P
Ixllo = (Xob#?) 7 t<p<oo, Il = sup x|
j=1 J=15

In this case one often uses the notation || - ||¢, and £, denotes the space of all sequences for
which [x]|¢, is finite. When using specific index sets Z different from N, one writes £,(Z) viewing
a sequence as a function mapping a discrete domain Z to K. To stress the dependence on a
finite dimension n we also write briefly £5 = £p({1, ..., n})
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How to Measure and Quantify Norms, Normed Linear Spaces

Examples Vector and Sequence Norms

Il llps Il - ll¢, are indeed norms:

@ For p = 1, oo this follows directly corresponding properties of the absolute value.

@ For 1 < p < oo properties (N1), (N2) for || - [|p, || - ||, follow directly as well. The triangle
inequality (N3) is in this case less obvious. The main tool for verifying (N3) as well is the
following important inequality:

Hélder’s Inequality: for % + pi* =1 one has

|2 551] < Xl ¥l ) X € Co(T), ¥ € b (2). 53)
JET

We'll show later for the special case p = 2 how this implies the triangle inequality (N3).

Defining Xy := (X;¥})jez, (5.3) implies

XYlle; < IXllep(z) 1Ylle,e (2)-
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How to Measure and Quantify Norms, Normed Linear Spaces

Operator Norms

One can “measure” the mapping properties of a linear operator by monitoring how it distorts the
unit ball:

L(x
IWlege = swp JL(olly = sup 1M
XEXi||xl|x=1 xex\{oy [Ixllx

Verify:  ||L|| zx,vy is @ norm on £(X, Y)
The operator norm ||L|| £(x,v) is induced by and thus depends on the norms || - |Ix, || - [lv-

@ Lis called bounded if ||L]| £(x,v) < o0

L(x
@« Ity = Ul ix|lx < supyexy oy LIl ~

ILCOy < ILlleewmliXllx, x € X (5.4)

In other words, if L € £(X,Y) is bounded there exists a constant C < oo such that
1Ly < Clixllx, x € X, and C = ||L| (x,y) is the smallest such constant.

@ Abounded linear operator is Lipschitz continuous with Lipschitz constant || L|| £(x,v):

ILC) = L(2)ly = IL(x = 2)lly < (1Ll e lIx = 2l

@ LeL(X,Y),Re L(Y,W) ~ [IRoLllzixw < IRllzey,w)llLll cex,vy-
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How to Measure and Quantify Norms, Normed Linear Spaces

Matrix Norms

When viewing A € K™*" as a “vector” in K™ one could, in principle, use p-norms for matrices
as well. However, these norms would not reflect the properties of A when viewed as a linear
operator from K" to K™. Here are some operator norms for matrices: let A € K™*" = £(K",K™)

| AX|| o - .
|Allco = |All£(¢o 6.y = sU = max E |aj x| (maximal row sum)
[e) (oo rloo) XA0 ”x”OO j=1 mk_1 /s
Il Ax|+

A1 = ||l £z, ;) = sup
ot = e Xl

m
= k:Tf%,njz_; laj k| (maximal column sum)
The so called spectral norm, induced by the Euclidean norm || - |2 requires the notion of
eigenvalue of a matrix. The set of eigenvalues of A is often called “spectrum” of A. This will be
discussed in more detail a little later. Here it sufficies to know that A\ € K, x € K" are called
eigenvalue and eigenvector of A if AXx = AX, i.e., A just strechtes or shortens an eigenvector
while preserving its direction. Moreover (see Proposition 13 later below) the matrix A* A has only
nonnegative eigenvalues. We denote by Amax(A* A) the largest eigenvalue of A*A. Then one
can show that for A € K™*"

[Allz = [l All £(eg,ep) = 4/ Amax(A™A) (5.5)
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How to Measure and Quantify Norms, Normed Linear Spaces

Unitary Matrices “Love” the Euclidean Norm

Proposition 15

LetQ e Op
o Unitary matrices map Euclidean spheres into themselves: || Qx||> = ||X||2, X € K";
@ they have minimal condition numbers: k2(Q) = 1;

Q multiplying a matrix with a unitary matrix does not change the spectral norm of the matrix:
Allz = [| QA2 = [|AQ2;

0 multiplying a matrix with a unitary matrix does not change the spectral norm of the matrix:
r2(A) = r2(QA) = r2(AQ)

Proof: (1): [|@x||3 = (@x)*@x = x*@* Ax = x*x = ||x||3;

@: (M=l =1= a2 =107 "lo =1 = r2(Q) = |Qll21Q" |2 = 1;
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How to Measure and Quantify Well-Posedness, Condition Numbers

Well-Posedness

A problem is called well posed if

@ There exists a solution;
@ the solution is unique;
e the solution depends continuously on the data

The problem is called ill-posed if at least one of these requirements fails to hold.

@ To deal with ill-posed data one has to regularize the problem, i.e., one seeks a nearby
well-posed problem and solves this one

@ |In finite dimensions “continuous dependence” is independent of a specific norm. In the
infinite dimensional case the choice of the norm may be essential.
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How to Measure and Quantify Well-Posedness, Condition Numbers

Condition of a Problem, Condition Numbers

The notion of Condition of a problem attempts to quantify how strongly the output depends on
perturbations of the input data.

The relative condition of a linear operator L € £(X,Y) can be estimated by the (relative)
condition number xx y (L) of L which is the smallest constant « satisfying

L) = LK)y o lIx = Xllx ~
<k ; X%XeX, (5.6)
ILO Ny [l X1

hence quantifying how the relative output accuracy is controlled by the relative input error.

Proposition 16

one has 1Ll |
SUPxex;| x| x=1 IIE(X) Y L(X,Y)
rxy(L) = — = (5.7)
inf . xjx=1 1Ly infxixiig=1 ILCly
If L is invertible one has
rx, v (L) = 1L cee Il e, (5.8)
Thus, L and L= have the same condition number. )

rx,y (L) is the ratio of maximal expansion and maximal compression that can be caused by L.
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How to Measure and Quantify Well-Posedness, Condition Numbers

Proof of Proposition 16

4
100 — LDl = L0x ~ )l % Ll 2y — e, 59
and
L(x L(x
o0t = S e > o L = e Loyl .10
provide
IO~ Ly lepy  x— S
1G0T = infpagr LG Tl
IILI £ (x,v)

which shows that rx y(L) < ) IER Show that one cannot do better.

/=1 1L

Regarding (5.8), notice

1 — ”X,HX («V:L:(Xl)) su ||L71(y)||x _ ||L—1||,C(Y )
infxr =1 1Ly xrz0 ILCA) Iy yey  ylly ’
which completes the proof O
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How to Measure and Quantify Well-Posedness, Condition Numbers

Condition Numbers and Residuals

Let A € K"™*" = £(K",K") be nonsingular, let || - || be any norm on K", and x(A) = || A||||A~"]|
the corresponding condition number.

Question: suppose that X is an approximate solution of Ax = b. The residual r := b — AX is a

computable and hence known quantity. What does the residual tell us about the unknown error
X — x?

X=Xl ay LVl 5.11
= A 611

Hence, the smaller «(A) the more accurate is the information provided by the (known) residual
about the (unknown) error. To see (5.11), note

Ix —X|| = AT A(x = %)[| = |A~" (b — AR)|| < [A~"]|b — AX|| = A" [[|r]l, [Ib]| < [ All]x]

which gives (5.11).
Why does this imply immediately also

b —Ax| _ |Irl [[x — X|
=11 < x(A) ? (5.12)
[[bl] [Ibl] 104
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Further Comments

@ Applying an operator L € £(X,Y) to some input x € X, i.e., L : x — L(x) (e.g. a matrix
vector multiplication A : x — Ax) and solving an “operator equation” L(x) = y,.e.,
y — L=1(y) (x = A~ 'b) are mathematical operations with the same condition numbers.

@ A linear operator on a finite dimensional space is always bounded (hence continuous). In
fact, on account of Proposition 7, this has to be verified only for matrices and some fixed
norm. For instance, the maximal row-sum norm is trivially bounded. Whenever A is
non-singular A~ has for the same reason a finite norm as well. Therefore,

Ax=b isawell-posed problem < A~'exits & k(A) < oo (any norm)
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Stability of a Basis

Suppose that X is a finite-dimensional normed linear space and ® = {¢1,...,¢n} C Xis a basis
for X. We wish to quantify the quality of the basis in the following sense: suppose we know only
perturbed coefficients X;, j = 1, ..., n of the representation x = Z,'L1 Xj¢;, how much does
X = 27:1 X;¢; differ from x? If we decide to measure the perturbation of the coefficient vector in
the norm || - || on K", say, we ask to estimate the relative error w in terms of the relative
error

[X—x[lp _ [Be(X) = Bo(X)llp 722 [IX = xXlIx

lIx]lp l1Bo (X)llp lIxllx

Thus, the relation between these relative errors is precisely described by the condition number
Hx,gs(B(p) of the mapping By : X — K", induced by (3.1). By the previous comments, By is a
linear and bijective mapping between finite dimensional spaces and thus has a bounded
condition number. Hence, the basis ¢ is “the more stable” the smaller HXlrpr(Bq)) is. Stability of a
basis ¢ (in a quantitative sense) is therefore synonimous to a small condition number of the
coordinate mapping Be.

(5.13)
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Finite vs. Infinite Dimensional Spaces

£p(T) = {x e KT : 1Xllep(z) < 00}, Br(€p(Z)) :={x € KT Xll¢,(zy < r} ball of radius r.

There are essential differences between #(Z) = n < co and #(Z) = oo: (KT = (K \ {o00})?)
@ ||x||p < oo forall x € K". For #(Z) = oo there exist x € KZ for which IXllg,z) = oo, i€,

£p(Z) is a strict subset of KT and £(Z) differs from £4(Z) when p # q.

For #(Z) = oo closed balls Br(4p(Z)) are not compact (they are for #(7) < o).

Visualize By (Ef,) for different p, including p = 1,2, co

Determine the volume of By (eg) forp=1,2,00.

If you draw N points in [-1,1]" = By (¢2,) randomly according to the uniform distribution.
How many of those points do you expect to find on average in the Euclidean ball B;(£3)
and in the ¢4-ball By (¢7)?

@ Linear operators on infinite dimensional spaces are no longer automatically bounded.

W. Dahmen, J. Burkardt (DASIV Center ) | - Linear Algebra Basics 32/79



How to Measure and Quantify Well-Posedness, Condition Numbers

Finite vs. Infinitely Dimensional Spaces

How different can different norms be?

Proposition 17

Let V be K-vector space. If dim(V) = n < oo then all norms on'V are equivalent, i.e., for any two
norms || - ||+, || - [|++ on'V there exists constants 0 < ¢, C < oo such that

eIVl < IVllex < CllVllx, ¥V EV. (5.14)

This is in essence a consequence of the fact that any closed bounded subsets of a
finite-dimensional space is compact and that continuous functions on compact sets attain their
extrema in those sets.

In particular, recall:

Theorem (Heine-Borel):

All bounded closed sets in K” are compact.
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Sketch of Proof of Prop. 17: Note that (5.14) is equivalent to
c< Ve <C VveB((V, ). (5.15)

Now, fix a basis {¢, ..., ¢n} for V. As shown earlier every v € V has a unique coefficient vector
v = ®(v) € K". Define ||v||n := ||V]|o. Then it suffices to show that (5.15) holds for any norm

|| - |l«x onVand || - ||« = | - ||n. To that end, recall
Moreover, we know that every continuous function attains its minimum and maximum on a
compact set. The function F(v) := H Z}; \/jq&/H** = ||B;‘(v)||** is clearly continuous because

B;‘ V= 2}711 vj¢; is easily seen to be continuous and v — ||v||.« is by (5.1) even Lipschitz
continuous. Since by Heine-Borel, B (¢7,) is compact, F(v) attains its minimum and maximum
on By (¢7,). Since by linear independence, B$1 (v) # 0iff v # 0 (N1) implies that

€ := minyep, (en ) ||B‘;1 (V) ||+« > 0. The upper bound is handeled analogously. O
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Finite vs. Infinitely Dimensional Spaces

Remark 18

The statement in Proposition 17 needs to be read with caution. The equivalence constants c, C
in (5.14) depend on the dimension n. For instance,

n 1/2
2
Ixlloe = max 1< (3-bgl) " = Iixllo < VAlXloo:

=1

Hence, the larger the dimension the more the choice of a norm matters.

In infinite dimensions there could be issues with convergence. In that regard, the ¢p-spaces are
not so bad in the following sense

Definition 19

A normed linear space (V, || - ||) is called complete if every Cauchy sequence in V converges to
anelementinV,i.e.,

[Vk = vall = 0, k,n—o00, = 3JveV, st|v—vV|—=0 k— oo

Complete normed linear spaces are called Banach spaces.
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Norms on Function Spaces

Remark 20

Obviously, completeness is useful to be sure that, if one constructs a sequence, the Cauchy
property (which one may be able to verify) already ensures that this sequence has a limit in the
space one is working in.

@ All finite dimensional spaces, endowed with any norm, are always complete.
@ (p(Z) are Banach spaces.

Things get more subtle when dealing with function spaces. One can formally define again for
1 < p < oo and a given function f : Q@ c R" — K, say:

1/p
1Flpgey = ( / f0lPax) s 1 <p <o, Ml = suplf0]l (516)
Q

This is an obvious analogy to sequence norms replacing discrete arguments j € Z and
summation by continuous arguments x and integration.

Again, the verification of properties (N1), (N2) (and (N3) when p = o) is straight forward. For
1 < p < oo the triangle inequality (N3) - also referred to as Minkowski’s inequality, rests again
the continuous version of Holder’s lequality
— 1 1
| [ 108000 < Wiyl 5+ o (5.17)
Q
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Lp' S paCGS CO ntl n U ed Can be skipped, just for interested readers

When Q is a bounded domain and f is continuous, the expressions (5.16) are well defined and
C(K) := {f : @ — K fcontinuous in 2}, endowed with any of the norms || - || (o) becomes a
normed linear space. However, completeness is an issue.

Consider Q = (—1,1) C R, fa(x) :=1, x € (—1,0], fa(x) := max{0,1 — xn}. One easily checks
that this is a Cauchy sequence for every 1 < p < oo but not for p = co. All f, are continuous, but
the fy don’t have a limit in C((—1,1)). In fact, the pointwise limit is
f(x) =1, x € (—1,0],f(x) =0, x € (0,1) which is also the limitin Lp((—1,1)) for1 < p < co.
This hints at the facts:

@ (C(2),Lp(K2)) is not a complete normed linear space for p < oco;

@ (C(), |l - lLo()) is complete and hence a Banach space.

Regarding a suitable notion of normed linear spaces for 1 < p < oo, completeness is an issue. First, one should employ the
right notion of integration is used. The conceptually simple Riemann integration will not lead to complete spaces. Instead,
integration is always understood in the Lebesgue sense based on Measure Theory. Starting form measurable sets and
measurable functions, the space Lp(R2) is defined as the closure of step functions with respect to the above norms. So these
spaces are complete by definition. Then the following has to be kept in mind:

e The elements of the spaces (Lp(Q2), || - HLP(Q)) are, stricty speaking only equivalence classes of functions, where elements of
one class differ only on sets of measure zero. For instance, points have measure zero in R, points, lines, curves have mesure

zero in R?, etc. Therefore, it does not make sense to ask for point values of elements in Lp(2). Keeping this in mind, we simply
speak of “functions” in Lp(Q).

o In the definition of L (2) which is a strictly larger Banach space than C(2) with the same norm.
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Pre-Hilbert Spaces

Norms induced by scalar products play an important role:

Remark 22

Suppose 'V is K-vector space with a scalar product (-, -)y. Then

IVIv = (v, v)i/? (5.18)

is a norm on V. A linear space with a scalar product and associated norm is called a Pre-Hilbert
space. IfV is complete under this norm it is called a Hilbert space. Hilbert spaces are in some
sense closest to finite dimensional Euclidean spaces.

Properties (N1), (N2) of a norm follow directly from the properties of a scalar product. The
triangle inequality (N3) follows from the Cauchy-Schwarz Inequality

Kv,wiy| < [Ivlvliwllv, v,weV. (5.19)
In fact,
(V+w, v+ w)y = (v, V)y + (W, W)y +{V, W)y + (W, V)y
IVIG + 1wl + (v, w)yy + (w, v)v < VI + [w]® + 2]|v]lv]iwllv

(Ivilv + wllv)?

2
v+ wly
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Proof of the Cauchy Schwarz Inequality

Assume that v, w # 0 (otherwise the inequality is trivial). Then for any A € K
0 < (v=aw,v=Awy = [VIF+ DEIWIG = Mw, v)v = X(v, w)y.

Choose A = {“W¥ {5 obtain

wl2
2 2 2
2 1w, Vvl 2 W, V)| 2 Kw,v)v|
0 <IN + = —Iwlly —2=——5— = IvIly — =5,
llwll5 llwll5 llwll5
which implies (5.19). O
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Examples

@ (Vill-1) = ("1 - [l2),

n
XYn=yx  xIF=x%x=)_|xP
j=1

@ (L2(N), II - llepqvy)
(x7y>N = ZX/Z =

jeN
@ (Lo(D)s [ - llp(e)»

(F, Dpie) / 100a09a, @ = [ 100a
Q

@ (Lox, |l - llLy(—n,=)), 2m-periodic square integrable functions

(fvg>(77r,‘rr) = Lﬂ_ / f(X)mdx,

ex(x) = ™, F(k) = (f, ) (—r,m) = zl / f(x)e~*dx (Fourier coefficients)
iy

W. Dahmen, J. Burkardt (DASIV Center ) | - Linear Algebra Basics



How to Measure and Quantify Well-Posedness, Condition Numbers

Dual Spaces

Let (X, | - |lx) be a Banach space. The collection of all bounded linear functionals X* := £(X, K)
is also a Banach space under the norm

X
llgllx= == sup 9(x). (5.20)
xex\{o} [IX]lx

Examples:

@ C¥(Q) := collection of all continuously differentiable functions on €,

11l gk gy = maxo<j<k 1Dl ay; then 65« f — £} (xp) belongs to (C¥(£2))* because
k
%) _ G ) (x0)
168 ey = sup - = 0 <
reck@) Ifllcr)  recki@) 1fllcray

@ Ac K™y ¢ K" fixed, then g(x) := (Ay)*x belongs to (¢7)* = L((K™, | - ||2), K) and
I9llegy« = I1AYll2

Riesz Representation Theorem: let (V, || - ||v) be a Hilbert space. There exists a linear mapping

R = Ry~_,v : V* — V such that forany g € V*, v € V, one has g(v) = (v, Rg)v and
IRgllv = llgllv~, i.e, R is an isometry || R| c(v= vy = 1-
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Orthogonal Projections and Best Approximations

Given a (finite dimensional) subspace U of a normed linear space V and given any v € V, the
problem of best approximation to v from U is to find an element u(v) € U that is closest to v with
respect to a given norm. In general, this is a difficult problem but when V is a Hilbert space, it
amounts to a linear projection.

Theorem 24

Let (V,| - |lv) be a Hilbert space and let U C V be a finite dimansional subspace (this holds in
greater generality). Given any v € V, then some u(v) € U satisfies

v = u(v)llv = min[lv — ullv (5.21)

if and only if
(v—u(v),u)y =0 YuelU ie, v—u(v)LU (5.22)

v

Remark 25

o IfueUand (u,w)yy =0,Vw € U thenu =0, i.e., the only element in a linear space that
is orthogonal to all elements in the same space is the zero element. In fact, for w = u one
has 0 = (u, u)y = ||u||2 which, by (N1) implies u = 0.

Q Given v € V there exists at most one u € U such that (v — t,u)y =0, Vu € U. In fact,
suppose uy, u» € U have that property. Then
0=(v—u, W)y —(v— o, W)y = (U — Uy, W)y, Vw € U, so, by (1), uy = Uo.
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Proof of Theorem 24

The proof uses a standard variational argument. Consider a candidate u € U for (5.21) and any
t € R, w € U. We wish to see under which circumstances a perturbation v + tw € U could do
better.

lv—(u+w)l§ = ((v—u)—tw,(v—u)—twy = |v-ulf+E|w (523

—2tRe((v — u, w)y)

(5.21) = (5.22): Suppose u = u(v) is the minimizer but there exists a w € U, w # 0 such that
(v —u,w)y = a # 0, and hence (v — u, iw)y # 0. Without loss of generality we can assume
B :=Re(a) > 0, ||w|ly = 1. Then, by optimality of u = u(v) we must have

O<|v—(u+w)|Z —|lv-ul>? = -2t VteR.

But choosing t = 4, yields 32 — 232 < 0, which is a contradiction.

(5.22) = (5.21): By (5.23) we have in this case ||v — (u+ w)||3 — [|v — u||3 = ||w]|? for all
w € U, which implies (5.21).
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Orthogonal Projections and Best Approximations

Remark 26

Theorem 24 doesn't explicitly state existence of a minimizer only the equivalence of (5.21) and
(5.22). Existence of a minimizer in (5.21) can be argued as follows: the search can be restricted
to a ball in U. Since U is finite dimensional this ball is compact. Since F(u) = ||v — u||y is a
continuous function it attains its minimum. The uniqueness of the minimizer, by the equivalence
of (5.21) and (5.22), follows from Remark 25, (1).

Theorem 27

| A\

Let (V,| - |lv) be a Hilbert space and U C V a finite dimensional subspace. For every v € V
there exists a unique u = u(v) € U such that

(v—u(v),w)yy =0, Vwel, (5.24)

i.e., the difference v — u(v) is perpendicular to the subspace U. Hence, Py : V — U given by
Pyv = u(v) is well-defined and has the following properties:

o Py is linear and idempotent Py o Py = Py, i.e., Py is a projector.
e Py is self-adjoint, i.e., (Pyv, z)y = (v, Pyz)y, v,z € V.
Q IIPullcwwy =1

\
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Proof of Theorem 27

Py is well-defined: This follows from Remark 25, (2) and Remark 26.
(1): Itis also linear because for all w € U one has forall w € U
(Pu(vi + v2) — (Puvs + Puva),w)v - = (Py(vi +v2) — (v + v1), W)y + ((v1 +v1)
—(Pyvy + Pyva), w)y
= 04 (vi — Pyvy,w)y + (v2 — Pyvp, w)y =0
Since both Py(vs + v2) and Pyvy + Pyvs belong to U, Remark 25, (1), implies
Py(vy + v2) = Pyvy + PyVva In the same way one verifies Py(av) = aPyv which shows the first

part of (1). Moreover, 0 = (Pyv — Py(Pyv), w)y which, by Remark 25, (1), again shows that
Pyv = Py(Pyv) which is (1).

(2):0=(Pyv,z — Pyz)v ~ (Pyv,z)y = (Pyv, Pyz)vy. Likewise, 0 = (v — Pyv, Pyz)y ~»
(v, Pyz)y = (Pyv, Pyz)y. Thus (Pyv, z)y = (v, Pyz)y.

@) 1PuvIR = (Pov, Puvis "2 (v, Puvyy S 1Puv IVl = 1Pl e < 1.
1Poully 2 lully = (3. O
Pythagoras’ Theorem:

Ilv—PuvlZ = (v—"Pyv,v—"Pyvy = (v,V)v + (Puv,Puv)y — (Pyv,v)v — (v, PyV)y

2 2 2 2 2
= VIS + 1PuvIly — 21 Puvlls = lIVIly — 1PuvIiy
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Computing Orthogonal Projections/Best Approximations

Suppose ¢ = {¢1,...,Pn} is a basis for U. Since
(v—Pyv,uyy =0, VuelU <& (v—Pyv,¢x)v=0, for k=1,...,n,

substituting Pyv = Z/’-’:1 uj;, yields (see (4.1))

n
S udp by = (Vidk)v = bk, k=1,....,n, & Geu=b (5.25)

j=1
where Go = (¢, ¢/>V)Fk:1 is the Gramian matrix associated with ®. We already know that G
hermitian positive definite and hence non-singular, so that the computing Pyv amounts to solving

a linear system of equations for the unknown expansion coefficient vector u = (uy, ..., us) .
Orthonormal Bases: The orthogonal projection is very easy to compute if the basis ¢ is
orthonormal, i.e., (¢;, ok)v = j k. /, K = 1,..., n. In fact, then Go = I and

up = <V>¢j>V7 j:17"‘7n' (526)

Example: V = Ly -, show that the ey (x) = €**, k € Z, form an orthonormal system respect to

(f,g) = zi J f(x)g(x)dx, so that orthogonal projection to the space spanned by the 2n + 1 first

harmonics e, —n < k < n, is the Fourier partial sum
Sn(fix) = > H(k)e"™, F(k)=(f,e), |kl <n.
|kI<n
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Gram-Schmidt Orthogonalization

Let U be an n-dimensional linear space with scalar product {-,-) and norm || - || = (-, -)/2. Given
a basis {¢1, ..., ¢n} of Uone can always generate an orthonormal basis {¢1,...,¥n} as
follows:
i P .
@ normalize ¢ := o>

@ while k < n, given an orthonormal basis {1, ..., ¥k} for span{e1, ..., ¢}, let

k

Vhrt = bra1 — D _{(Brat, Y)Y

j=1
and normalize )
Vi1
kel
Show that {1, ...%n}, generated in this fashion, is indeed an orthonormal basis of U.

Y1 =
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Orthonormal Bases Continued

Remark 28

An orthonormal basis is “optimally stable” in the sense of (5.13), i.e

kg (Bu) = 1. (5.27)

In fact, for any u = Zf:1 uphj € U, W = {34, ...,9n} orthonormal, one has

n n
o2 = (u,u) = (D7 uy, >t ) = u*Guu = u*u = ul3
= k=1

which implies || B ' (u)|| = [|By(u)ll2 = 1.

Consider the monomial basis ¢;(x) := xI,j=0,...,n0f U:= P, equipped with the scalar
product (f, g) f f(x)g(x)dx (K = R). What can you say about the condition number of By in
this case. Intuitively, it is very large for large n. What does this mean about the Gram-Schmidt
process turning @ into an orthonormal basis W for P,? Since this is a change of bases it can be

represented by a matrix whose condition describes the stability of the change of bases.
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Eigenvectors, Eigenvalues

Let X be a K-vector space. Then )\ € K, x € X are called eigenvalue, resp. (right-)eigenvector of
L e £(X,X)if

Lx = Ax We also say (), x) is an eigenpair of L. Also (A~ ', x) is an eigenpair of L™ if it exists (6.1)

Proposition 29

When X is finite dimensional there always exists an eigenpair (A, x) € C x C". x is determined
only up to normalization.

Proof: Fix bases ¢, ¥ for X, Y as before. Then, by Proposition 7 and (3.2) we have
Lix)=Xx & Cx=Xx & (C—A)x=0, & det(C— \l)=0. (6.2)

By Laplace’s expansion rule of determinants, it follows that is a polynomial in P»(K) of degree at
most n. This is called the characteristic polynomial. By the Fundamental Theorem of Algebra,
any polynomial in P»(K) has exactly n (possibly complex) roots (counting multiplicities). O

It therefore suffices (in the finite dimensional case) to understand eigenproblems for matrices
Ac K™ K e {R,C}:
Ax = Xx (6.3)

Theorem 30

For A € C"™" one has det(A) = [[r_q Ak, where Xy, ..., A\n C C are the n eigenvalues of A.
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Spectral Theorem for Hermitian Matrices

Theorem 31

Let A € K™ " be hermitian, then:
@ all eigenvalues of A are real;
0 eigenvectors corresponding to distinct eigenvalues are pairwise orthogonal;
9 there exists an orthonormal basis of K", consisting of eigenvectors.

Hence, A is diagonalizable, i.e., there exists a unitary matrix U € On(K) such that

U*AU:/\:diag(A1,...,>\n), AjeR,j:L...,n.

Proof: (1): suppose Ax = A\x = x*Ax = \x*X. Since x*x > 0 we also have
xx =X Ax = (xTAX)T =X A X = x*A"X = X*AX = AX*X = X = A.

(2): Assume that Ax = Ax, Ay = uy but y*x # 0. Since (A*)~' = A~ one has
y* x=y*A*A~'x = A~ 'y*x = pA~y*x, where we have used (1). Since y*x # 0, this can only
holde when X = u which is a contradiction.

(3): By Proposition 29, there exists an eigenpair (Ay,u') (Ju'||2 = 1) for A. Let
Vi:={zeK":z"u' = (u',z), = 0}

be the orthogonal complement of span {u'}. Observe next that A maps Vy into itsel.
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Proof of (3) continued:

In fact, when z € V4

(Az)*u' =z*A*u' =z*Au' = z*xu' = Az*u’ =0,

i.e., z € Vqy implies Az € V4. Therefore, the operator L(x) := Ax belongs to £(V{,Vy). By
Proposition 29 there exists an eigenpair (A2, u?) € C x Vq and (u',u?), = 0. Clearly

dim V4 = n — 1. Now, by the same reasoning, we consider the orthogonal complement V5 to u?
in V4 (which is therefore also orthogonal to u') and find the next eigenpair (A3, u®) € V. Since
each time the dimension of the subsequent orthogonal complement decreases by one, this
process terminates after n — 1 steps. O

@ Not every matrix A € K™ can be diagonalized (is similar to a diagonal matrix, meaning
there exists a matrix C such that C—' AC = diag()\y, . . ., \n)). It is diagonalizable iff there
exists a basis of eigenvactors.

@ ForK = R the eigenvectors are inRR", i.e., U € On(R) is an orthogonal matrix.
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Spectral Theorem for Unitary Matrices

Theorem 33

Q € On(K) unitary, then:
@ all eigenvalues of Q have absolute value equal to one;
e eigenvectors corresponding to distinct eigenvalues are pairwise orthogonal;
e there exists an orthonormal basis of K", consisting of eigenvectors.

Hence, Q is diagonalizable, i.e., there exists a unitary matrix U € On(K) such that

U*QU = A =diag(\,.. ., An), [N =1,j=1,...,n.

Proof: (1): asume that @x = A\, X # 0, ~ JX*X = (QX)*Qx = X*Q* Qx = x*x = |A\? = 1.

(2): Assume that @x = AX, Qy = py but y*X # 0 ~ y*X = y*Q" QX = GAY*X = A = 1 =

A/ =1 which is a contradiction to 1 # .

(3): Let Ax = M\xand V¢ := {z € K" : z*x = 0}. Now for any z € V; one has

(Qz)*x = z*@*x = 2@~ 'x = A~ 'z*x = 0. Hence, the orthogonal complement of any

eigenvector is an invariant subspace of Q, i.e., QV{ C V4. As in the proof of Theorem 31, one

can therefore successively peel off invariant subspaces of decreasing dimension which are

orthogonal to previously found eigenvectors. O
W. Dahmen, J. Burkardt (DASIV Center ) | - Linear Algebra Basics 55/79



Matrix Factorizations LR- and QR-Factorization

Application: Direct Solvers for Systems of Linear Equations

Common principle: given A € K™*" find a factorization A = CB, where both B,C € K"*" are
“easy to invert”
then, since Ax = C(Bx) = b

~—~—
=y

firstsove Cy=b — y, thensolve Bx=y — x

@ One “difficult” solve is traded against two “easy solves”

@ Such factorizations are typically generated in a step-wise fashion using, for instance Gau3
elimination, in which case C is a product of “simple” lower triangular matrices, or rotations,
in which case C is a unitary matrix successively built from products of “simple” unitary
matrices.

@ The factors belong to special matrix classes to be discussed below
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Easy to invert matrices ...

@ 1= (5 ), trivial 1" =1

@ Upper/lower triangular matrices:

R=(rij)]2y, j<i=r;=0, = ()i, J>10= tij=0,

R non-singular if and only if det(R) = ]_[/'»’:1 rj # 0.

Backsubstitution: Rx =b = xn = by/rn,n, knowing Xn, Xp_1,...,Xp_; =
j
Xp—j—1 = (bn—/’—1 - Zrn—j—1,n—an—k)/rn—j—1,n—/'—1
k=0

Complexity: ~ n? flops
@ sameforLx =b
@ Orthogonal (K = R)/unitary (K = C) matrices: Q€ O, iff @ Q=1ie

Qx=b & x=Q
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Properties of Triangular Matrices

@ An upper triangular matrix R € K"*" is non-singular iff r; ; #0,j = 1,...,n, and

n
det(R) = H rIJ

j=1

@ The inverse of an upper (lower) triangular non-singular matrix is upper (lower) triangular.

@ Products of upper (lower) triangular matrices (of the same dimension) are again upper
(lower) triangular. Hence, such matrices form a multiplicative group with I as the neutral
element.

Prove the above statements
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LR Factorization

For every nonsingular A € R"" there exists a permutation matrix P a normalized lower
triangular matrix L, i.e., ¢;; =1, j =1,..., n, and an upper triangular matrix R, such that

PA=LR

@ The construction of this factorization is a by-product of GauB3-elimination with pivoting, i.e.,
A is reduced to an upper triangular matrix R by columnwise elimination of all non-zero
entries below the diagonal, starting with the first column. More precisely, at the jth step
rows are exchanged so as to move the largest entry in column j to th diagonal position
(multiplication by a permutation matrix P;, followed by an elimination step, realized by
multiplication with a specific lower triangular normalized matrix L; (Frobenius matrix). Thus

R=Ly Py iLpz---LiP1A=L, 4 -LiPry---PiA
N—— ———

—.L—1 =P

@ The computational cost is ~ n®/3 multiplications

What is the complexity of computing A= ?

What is the complexity of computing det(A) ?
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QR Factorization

For every A € K™X" there exist @ € O and an upper triangular R € K™= (with the natural
interpretation when m # n) such that
A=QR

Remark 38
There is neither any restriction on the dimension m x n nor on ranks.

The factorization is computed by repeated multiplication by special “elementary” unitary matrices
so as to successively eliminate sub-triangular entries:

Q@ 1Q, 2 - QA=R < Q@ --Q ,Q, R=A
| —
=Q

An ingredient: dyades - rank-one matrices: x € K™y € K" ~~
xy* = (y1X,...,¥nx) € K™*"
Hence, for z € K" one has (xy*)z = x(y*z) = (z,y)nX, i.e., rank(xy*) = 1
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Householder-Reflections

Given a € K" let »
Q =1—- —w*
v*V

The following facts can be verified by corresponding calculations:
Qa-a
Q @=lie,Q c0O,
©Q a = Q. foranya e K\ {0}
o Quv = —v; interprete this geometrically in terms of the hyperplane

Hy :={x€K":v'x =0}

Given a € K", take v(a) = v := a + sgn(ay ) ||a||.e, & := (0,...,0,1,0,...,0)". Then

Qua = —sgn(as)(||all2€’,

i.e., Qy rotates a into a multiple of the first coordinate vector. The particular sign is chosen so as
to avoid numerical cancellation in the first component of a 4 sgn(ay )||a||2€’
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QR-Factorization

Recall:
v(a) = v := a+ sgn(ay)||al|ze’ (6.4)

@ Given A= (a',a?,...,a"),a c K™, choose v! :=v(a') ~
0 A,

a 0 . .
Qi =Q A= ( 11 . ) =: A1, ai1 = a1,1+sgn(a171)||a1||27 A1 ¢ K(m=1x(n-1)

@ Given A;, let bjﬂ = Qv((.ﬂ,»)‘) € Op_j where (A))" is the first column in 4; € k(m=)x(=) and set

;0

Q=1 . €O0m ~ Q1A =A;; (I isthe j x j identity matrix)
0 Qj+1

Then Ap =: R is upper triangular and

Q,1---QA=R, ~ A=Q;---Q;_;R=QR
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Orthonormalization in K"

Suppose that {b',...,b"} is a basis for K. One could generate an orthonormal basis for K" by
applying Gram-Schmidt orthogonalization. Alternatively, let B be the matrix with columns b/ and
compute a QR factorization

B=QR < Q=BR ',

i.e., the columns ¢/ of Q form an orthonormal basis of K" as well. Recall that x2(B) = x2(R)
(since Q@ is unitary). But Q can be computed, without inverting R, by a successive application of
Householder reflections, each being unitary and numerically stable. This process being stable
the interrelation between the basis {q',...,q"} and the basis {b',. .., b"} is given by the
transformation R~' whose condition number equals the one of B. Thus if {b',...,b"} has poor
stability properties R~ is poorly conditioned. This is, however, not used in the computation of Q!

Compare this with the Gram-Schmitd process!
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Definition and Existence

The following factorization has a multitude of applications in data science and machine learning.
Unlike the spectral decompositions or LR-factorization it holds for matrices of any dimension (as
the QR-factorization)

Theorem 39

For every matrix A € K™*" there exist unitary matrices U € Om, V € Op and a diagonal matrix
S ¢ RMxN

S = diag(o1,...,0p,0,...,0), p:=min{m, n},

with
o1 >0p2>--->0p >0, (6.5)

so that

U'AV=S < A=USV* (6.6)

v

The second relation in (6.6) can be written as
P
A=) opuk(vF)” (6.7)
k=1

where u¥, vk are the columns of U, V, respectively.
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Proof of Theorem 39: Assume A # 0, let
o1 :=||A|]]2 = max |Ax|]2 > 0.
lIx[l2=1
Let v € K", with ||v|]|2 = 1 a vector satisfying ||Al|> = ||Av]||> and u := iAv € K™. Then one
has for u that ||u||l2 = ||Av||2/01 = 1. We can extend the vectors v und u to orthogonormal
bases {v,Vy,...,Vp} resp. {u,lig,...,0m} of K" resp. K™. We view the elements of these
bases as columns of corresponding unltary matrices Vi € On(K), U1 € Om(K):

Vi = (v \71> €K™, unitary,
U = (u 01) e Km*m_ ynitary .
Since Gif Av = o40fu =0,/ = 2,..., mthe matrix U; AV has the form
w*
c=uiavy = 7 € Kmxn
0 B

withw € K"~1. From

I Gl =17 ™) 2 o ww = (I

and ||A|l2 = ||As]|2 it follows that
A (O 0
o1 = ||All2 > W >/o2+w'w = w=0 = UjAV; = 7 e K™,
w)ll2 0* B
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This proves the assertion form=1orn=1.

For m, n > 1 one can use induction. Suppose that U;BV, = S, with Uz € Op_1(K),

Vo € Op—1(K)and S, € R&mq)x("*” is diagonal. For the largest diagonal entry oo of S, we
have again o2 := || B||2 < ||[UjAV4||2 = ||All2 = o4. Furthermore, with the unitary matrices

1 0* 1 0O
U=U, , V=V,
0 U 0V,

we obtain the decomposition
o1 0*

Sz

U*AV =

from which the assertion follows by induction. O
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Basic Properties

Proposition 40

For A € K™ U*Av = S as before with

g1 202> >0r>0pq==0p=0, p=min{m,n},
one has:
QAV=0u, AU=0V =1,..p
Q rank(A) =r,

© range(A) = span{u’, ..., u’}, ker(A) = span{v’t!, ... v}
Q 142 =01

a The strictly positive singular values oy, k < r are the square roots of the (strictly positive)

eigenvalues of A* A:
g =/N(A*A), j=1,...,r

v

(1) - (4) follow immediately from A = USV* (and its hermitian conjugate) and ||Al||2 = ||S]|2 = o1.
Since A*A = VS*U*USV* = Vdiag(o2,...,02,0,...,0)V*, we have determined the spectral
decomposition of A* A which confirms (5).
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More Properties and the Pseudo-Inverse of A

Likewise one could have argued AA* = USS*U* which reveals the roles of U, V regarding
the eigenspaces of AA*, A* A, respectively.

Denoting by U, V; (r = rank(A) as above) the matrices formed by the first r columns of
U, V, respectively, which refines (6.7)

A=> "o (V)" (6.8)

k=1

If r < p = min{m, n}, computing first ¢; := (v)*x,j=1,...,rand then summing

S k—1 okckuk, requires roughly r(n + m) operations as opposed to the order of mn
operations when applying A to x directly.

For S as above define ST := diag(a1‘1 ,...,071,0,...,0) € R"XM (the dimension of the
transpose with inverses of the positive singular values on the diagonal). One then defines
the pseudo-inverse of A as:

A .= vsfu* e k™™, (6.9)
One checks that
At — Al if 'm=nand Ais non-singular,
(A*A)~'A* if m> nandrank(A) = n.
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An Application of the Pseudo-Inverse Least Squares

@ Ac K™ non-singular ~- Ax = b has a unique solution x = A~'b
b — x is a linear process;

@ Ac K™ m> n,it makes no longer sense to pose Ax = b. Instead: find

% € argmin || AX — b]| (6.10)
xeKn

Comment: one could take as well any other norm but, as shown later, the Euclidean norm
has significant advantages and comes with a favorable statistical interpretation

@ Ahasfullrankn ~ (6.10) has the unique solution X = (A*A)~'A*b
again b — X is a linear process;

@ rank(A) < min{n, m} ~ (6.10) has infinitely many solutions, but ~ % = Afbis
the unique minimizer of minimal Euclidean norm

See Theorem 45 later below for more details.

Remark 41

Finding X in (6.10) is called a Least Squares problem (minimizing the squares of residual
components). It plays an eminent role for the design of estimators in machine learning,
especially regression. It can be seen as generalizing the solution of linear systems which is
well-posed only if one has as many equations (conditions) as unknowns. Least squares methods
will therefore be discussed in more detail later.
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Best Low-Rank Approximation

Many applications of the SVD, used later, are based on the following fact:

Theorem 42

Let A= USV* and rank(A) = r < p := min{m, n}. Defining the truncated matrices U,V as
before, one has fork < p

|A — USkVill2 = min{[|A — Bl|2 : B € K™*", rank(B) < k} = ok 1. (6.11)
2
Moreover, defining the Frobenius norm || A| g := (Z] PUNETY ) Ve (trace(A* A))'/2, one has

1A — UkSKVilig = > o (6.12)
i>k

v

Proof: Since the spectral norm of a diagonal matrix is the maximal diagonal entry in absolute
value, one has ||A — UxSkVi|l2 = |[U(S — Sk)V*|l2 = [|S — Skll2 = ok1. It remains to show that
for every matrix B of rank k one has ||B — A||2 > ox+1. Now suppose B € K" has rank < k.
Then dim(ker(B)) > n — k. Hence U := ker(B) Nspan{Vv’,..., vk} £ {0}. Let

2= oW €U, /% |a2 = 1. Then

Prop.40,(1) (41
|A—BIZ > [|(A—B)z|5 = ||Az|3 S oPleyl? > oy S g2 = ok O
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A Greedy Characterization Principal Component Analysis (PCA)

Given a pointcloud {a/:j=1,...,n} C R™, find its best simultaneous approximation by a line
Ly:={x=tu:uecR” |ula=1,teR} ie,

n

u' = argmin » _ [la’ — (u*a’)ul3. (6.13)
uer” iy
llullz=1

The unit vector u', defined by (6.14) is characterized as follows

u' = argmaxu*AA*U, = max U*AA"UAmax(AA") = o2, (6.14)

ue
[lu[l2=1 llufl2=1
v

Remark 44

Thus, u' is the normalized eigenvector for the largest eigenvalue of AA*. This matrix will later be
seen as a “covariance” matrix in a statistical context, and the direction u' maximizes the
“variance”.
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Proof of Lemma 43: Recall that

n m n

wace(A*A) =S (A*A); =332 =S |3
j=1

Jj=1 k=1 j=

Therefore

ZHa (waulf = ZHasz 2(2)" (u a)u + (u"a/)? Z||a/||2—(u*af)2

j=1
= trace(A* ) — [|A*u||3 = trace(A* A) — u* AA*u. (6.15)

Maximizing u* AA* u over ||u||2 = 1, minimizes the left hand side of (6.15) as claimed. As hinted
at in Remark 44, this yields the first eigenvector and maximal eigenvalue of AA* and hence, by
Proposition 40 (4), the first column of the matrix U in the SVD and the square of the first singular

value o1. ]
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A Greedy Characterization Principal Component Analysis (PCA)

@ u' given by (6.14);
@ givenu’,...uX, determine uf*! by
ukt! = argmax  u*AA*u, (6.16)

ueR™, ||ujlz=1
ulw ..‘,buk

~ this is the successive construction of the columns w of the U in SVD A = USV*.

Statistical Interpretation: If a/ are random samples of an m-variate random variable the AA* is
the corresponding covariance matrix which is diagonalized by the above process PCA (i.e., by
the SVD). u' is the direction that maximizes the variance - largest contribution to the total
variance of the underlying distribution - providing most information.

If the distribution is normal with mean zero - A'(0, o) - then the W are uncorrelated and
statistically independent ~ cluster analysis, pattern recognition, feature discrimination,...more on
this later ...

Example: consumer behavior; the vector a/ contains characteristic consumer traits such as age,
gender, income, debts, location, etc. ~ PCA helps identifying those possibly few characteristics
with largest impact on buying patterns
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Least Squares Method

Singular Value Decomposition (SVD)

Theorem 45

Let A € K™% b € K™ and consider

|AX — b|l2 —xecgn min (6.17)
Then

@ x c K" is a solution of (6.17) if and only if

A*Ax = A*b called “normal equations”. (6.18)

e (6.17) has a unique solution x if and only if n < m and rank(A) = n.

© Forany n,m e N and rank(A) < min{m, n} arbitrary, there exists a unique X € K"
satisfying

1% — b2 = min [|Ax — blz and |7}z < [}X'||2 for which ||AX' — b}z = min. (6.19)
Xe

Moreover, X is given by X = A'b. (minimal norm solution)
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Proof of Theorem 45: Let V = K", U :=ran(A) = {u = Ax: x € K"} C V. ad (1): Then, by
Theorem 24,

||Ax — b||; = miﬁn |AX" — b||2 & u*(Ax —b) =0, VueU=ran(A)
x'e
& (Az)*(Ax—b)=0, VzeK"
& z*(A*Ax— A*b) =0, VzeK

Femalk25()  prpx — A*b =0,  ~ (6.18).

ad (2): If m > n = rank(A) then A* A is hermitian positive definite and hence non-singular (see
Remark 12), which by (1) confirms (2).

By (2), it suffices to consider the case rank(A) < min{m, n}. In this case the solution set
S(A,b) := {x € K" : ||[Ax — b||> = min}

is easily seen to be given by
S(A,b) = x° + ker(A) = {x° +z:ze K", Az =0}, (6.20)

where x0 is any fixed minimizer of |Ax — b||o. Taking U := ker(A) C V := K", we know again
from Theorem 24 that there exists a unique Z € ker(A) = U such that

X% — Z||2 = minzcer(a) IIX° — 2||2 and Z is characterized by 2*(x? — 2) = 0, z € ker(A). Hence
% :=x% — Z € S(A, b) is the unique minimal norm minimizer.
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Proof of Theorem 45 continued: It remains to show that % is given by A'b.
To that end, let y := Afb and recall that A = USV*, AT = VSTU*.
Show thaty € S(A, b) by verifying that A* Ay = A*b (see (1)):

(USV*)*(USV*)ATb = VS*U*USV*VSTU*b
VS*SSTU*b = VS*U*b = A*b,

A* Ay

i.e., y is a solution of the normal equations and hence a minimizer.
Show that y has minimal Euclidean norm:
As shown before, this is equivalent to showing thaty L ker(A). By Proposition 40, it suffices to

show that (vK)*y =0, k = r+1,...,n, where r = rank(A). To that end,
(vMyry = (v6)*Atb = (v¥)*vstur = (v9*v,siur =0

since k > r and the columns of V are pairwise orthogonal. Hence y solves Problem (6.19) and,
by uniqueness, agrees with X. O
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