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The authors present a study of mass conservation in a finite element sim-
ulation of fluid-flow (incompressible Navier-Stokes) using two different classes
of element. One of the classes of element they used is Taylor-Hood, amounting
to the usual P 2 element for velocity and P 1 for pressure. The other class of
element, Scott-Vogelius, is not available inside either FreeFem++ or FEniCS.
For this project, you will be repeating one of the numerical examples discussed
in Section 5.1 (really 5.2) in the paper.

The time-dependent, incompressible Navier-Stokes equations are given as

∂u

∂t
− ν∆u+ u · ∇u+∇p = f in Ω× (0, T ] (NSE)

∇ · u = 0 in Ω× (0, T ] (Mass Cons)

u(x, 0) = u0(x) in Ω

u = 0 on ∂Ω× (0, T ]

These equations appear as (2.1)-(2.4) in the paper. The equation (Mass Cons) is
a form of conservation of mass for incompressible fluids. The point of departure
for this paper is that, while the equation (Mass Cons) is satisfied in the mean,
it can be far from satisfied on a per-element basis.

The weak form of this system, including a “grad-div stabilization term”
(γ(∇ · uh,∇ · vh)), is given as equations (2.8) and (2.9) in the paper. In Section
5.1, a numerical experiment based on 2D flow around a cylinder is presented.
This experiment examines the effect of γ on the solution for both Taylor-Hood
and Scott-Vogelius elements. In each case, the norm of the divergence, ‖∇ ·unh‖
is computed. A small value represents “good” conservation of mass and a large
norm represents “bad” conservation of mass.

In this project, you will work only with Taylor-Hood elements and you will
generate a mesh without being concerned whether it is barycentric or not. You
will be interested in reproducing only the Taylor-Hood portions of the exper-
iment. (Section 5.2 discusses this case, and, in fact, you are reproducing that
experiment and not the one in Section 5.1, but the description in Section 5.1 is
complete.)

You are to reproduce this experiment as best you can. The experiment
involves 6578 velocity degrees of freedom and 845 pressure degrees of freedom
(two velocity dofs per node). You are to generate a mesh with somewhere
around 6500 velocity degrees of freedom and however many pressure degrees of
freedom go with it. If it turns out that this is too many for you to handle on
your computer, you are free to drop back to a smaller number, but it is not
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likely that you will get good results with fewer than 5000 velocity degrees of
freedom. You should compute only to a final time of t = 7 to save yourself some
computing time. Present your results in figures roughly similar to Figures 2 and
3 in the paper.
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