




































DSC Prelim Exam Spring 2012

4. Finite Elements

Suppose that u ∈ H1(Ω) is a solution of the Poisson equation −∆u = f in
the domain Ω, and that for some constant α > 0, u satisfies the mixed boundary
condition αu+ ∂u

∂n = 0 on ∂Ω.
Recall that H1(Ω) is the set of functions v : Ω→ R such that v and all first

derivatives are square integrable over Ω.

a) Show that u satisfies the weak equation:∫
Ω

∇u · ∇v + α

∫
∂Ω

u v =
∫

Ω

f v for all v ∈ H1(Ω)

Answer: We choose to multiply the Poisson equation by a vector v ∈ H1(Ω):

−∆u v + αu v = f v

and integrate: ∫
Ω

−∆u v + αu v =
∫

Ω

f v

and now we use Green’s identity:

∇ · (∇u v) = ∇u · ∇v + ∆u v

to arrive at:∫
Ω

∇u · ∇v −
∫

∂Ω

(∇u v) · n̂ =
∫

Ω

f v for all v ∈ H1(Ω)

but, noting that ∇u · n̂ = ∂u
∂n , the boundary conditions allow us to rewrite this

as ∫
Ω

∇u · ∇v + α

∫
∂Ω

uv =
∫

Ω

f v for all v ∈ H1(Ω)

b) For any u, v ∈ H1(Ω), define:

B(u, v) ≡
∫

Ω

∇u · ∇v + α

∫
∂Ω

u v

Show that B(u, v) is an inner product on H1(Ω).
Answer: An inner product < x, y > must satisfy the following four condi-

tions for all vectors x, y, z and scalars β:

1. < x, y >=< y, x >;

2. < βx, y >= β < x, y >;

3. < x+ y, z >=< x, z > + < y, z >;
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4. 0 ≤< x, x >, and < x, x >= 0 implies x is the zero vector.

We see from the definition of B(u, v) that

1. symmetry because of how integrals work;

2. a scalar β will factor out;

3. linearity allows the integral to be rewritten as needed;

4. B(v, v) is guaranteed to be nonnegative. If B(v, v) = 0, then v must be
the zero function, and this is true even if α is 0.

Therefore, B(u, v) is an inner product on the vectors u ∈ H1(Ω).

c) Use your answer to b) to show that a solution of the weak equation is
unique.

Answer: Suppose that vectors u1 and u2 both satisfy the weak equation.
Then we have B(u1, v) = B(u2, v) =

∫
Ω
f v for all v ∈ H1(Ω). Therefore,

B(u1 − u2, v) = 0 for all v ∈ H1(Ω). But then u1 − u2 is an element of H1(Ω)
with zero boundary conditions, so we can take v = u1−u2 in the equation, that
is, it must be true that B(u1 − u2, u1 − u2) = 0. Because B(∗, ∗) is an inner
product on vectors in H1(Ω), we therefore have u1 = u2, that is, if there is a
solution of the weak equation, it is unique.
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