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Abstract

Proper orthogonal decomposition (POD) method has been successfully used in the reduced-order modeling of complex systems.
In this paper, we extend the applications of POD method, i.e., combine the classical finite volume element (FVE) method with the
POD method to obtain a reduced-order FVE formulation with lower dimensions and sufficiently high accuracy for two-dimensional
solute transport problems, which have real life practical applications. We then provide error estimates between the reduced-order
POD FVE solutions and classical FVE solutions and we provide implementation of an extrapolation algorithm for solving the
reduced-order FVE formulation. Thus, we provide the theoretical basis for practical applications. A numerical example is then used
to ascertain that the results of numerical computation are consistent with the theoretical derivations. Moreover, it is shown that the
reduced-order FVE formulation based on POD method is both feasible and efficient for solving two-dimensional solute transport
problems.
© 2013 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

The solute in the soil is not only the essential condition for growing of agricultural crops, but is also related to the
environmental pollution factor which grows as time goes by. The use of fertilizers and pesticides and the discharge
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of industrial waste water could cause the increase in salinity and other organic or inorganic pollution materials in the
soil. Their transport and accumulation leads to environmental degradation, resource reduction and degeneration of soil,
and thus seriously affects the sustainable development of agricultural production and human health. The environment
has become a major issue of concern to all the countries in the world. Therefore, research of solute transport along
with effluents is closely related to preventing soil pollution, fully utilizing the available land resources, and improving
agricultural production as well as protecting the environment.

The solute transport problems are mathematically described by a partial differential equation based on Darcy’s law,
which usually includes complex hydrodynamic dispersion coefficients, the average velocity of the water flow, and a
source term which is dependent on water flow in the soil as well as soil types (see [5,17,29,61]). Therefore, finding
their exact solutions for the practical solute transport problems is not an easy task. Thus, an efficient approach is to
find their numerical solutions (see [19,35,34]).

The finite volume element (FVE) method (see [10,24,56]) is considered as one of the most effective numerical
methods due to their following advantages. Firstly, it preserves the integral invariants of conservation of mass as well
as that of total energy. Second, it has higher accuracy and is more suitable for computations involving complicated
boundary conditions than the finite difference (FD) method. Third, it has the same accuracy as the finite element (FE)
method but is simpler and more convenient to apply than the FE method. The FVE method is also known as a box
method (see [4]) as an early reference where one discretised the integral form of conservation law of the differential
equation by choosing a linear (or bilinear) FE space as the trial space. It is also referred to as a generalized difference
method in China (see [31,32]). It has been widely applied to finding numerical solutions of different types of partial
differential equations, for example, second order elliptic equations, parabolic equations, and Stokes equations (see
[4,7,10,14,15,19,24,30-32,35,54,34,56,59,60]).

Though some classical fully discrete FVE formulations for two-dimensional solute transport problems are more
effective than their FE formulations and FD schemes (see for instance, the material in [19,34,35]), they include too
many degrees of freedom. Thus, an important problem is how to reduce the number of degrees of freedom and thus
alleviate the computational load and save CPU time. This is done in a manner that guarantees a sufficiently accurate
numerical solution.

It has been shown that the proper orthogonal decomposition (POD) method by combining with numerical methods
for solving partial differential equations can provide an efficient means of generating reduced-order models and
alleviate the computational load as well as memory requirements (see [22]). The POD method has been widely and
successfully applied to numerous fields, including signal analysis and pattern recognition (see [20]), statistics (see
[23]), geophysical fluid dynamics or meteorology (also see [23]). The POD method essentially provides an orthogonal
basis for representing the given data in a certain least squares optimal sense, that is, it provides a way to find an optimal
lower dimensional approximation of the given data.

In early applications, the POD method was mainly used to perform principal component analysis in computations
of statistics and find the main behavior of a dynamical system (see [3,6,13,22,23,25,36,46,47,51-53]), until the method
of snapshots was introduced by Sirovich (see [55]). Then the POD method was widely applied to reducing the order
of the POD eigenvalue problem. Until ten years ago, the Galerkin POD methods for parabolic problems as well as a
general equation in fluid dynamics have not been presented as yet (see [26,27]). Also the singular value decomposition
approach combined with POD technique has not been yet used to treat the Burgers equation (see [28]) and the cavity
flow problem (see [2]). More recently, a number of reduced-order FD models and FE (or mixed FE or least-square
mixed FE) formulations and error estimates for the upper tropical Pacific Ocean model, parabolic problems, Burgers
equation, the non-stationary Navier—Stokes equations, the non-stationary conduction—convection problems, and CVD
equations based on POD method were presented by our research group (see [11,12,38-45,57,58]). Moreover, there
are some reduced basis methods (combined with the POD method) for incompressible viscous/parabolic flows that
play an important role in reducing the number of degrees of freedom and save time-consuming calculations along with
resource demands (see [9,18,21,48-50]).

Though a reduced basis method for FVE approximations of parameterized linear evolution equations has been
presented (see [21]) and a reduced FE formulation based POD method for two-dimensional solute transport problems
has been posed in [33], to the best of our knowledge, there are no published results addressing the case where a
combination of the POD method with FVE methods is used to deal with the two-dimensional solute transport problems
or providing estimates of the error between classical FVE solutions and reduced-order FVE solutions. In this paper,
we extend the developments in [21,33], i.e., establish a reduced-order FVE formulation with lower dimensions and
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sufficiently high accuracy based on FVE method and POD method for the two-dimensional solute transport problems
with real-life applications, analyze the errors between the reduced-order FVE solutions and the classical FVE solutions,
and provide the implementation of the extrapolation algorithm for solving the reduced-order FVE formulation. Thus,
we supply the theoretical basis for real implementation. A numerical example illustrates the fact that the results of the
numerical computation are consistent with the theoretical results. Moreover, it is shown that the reduced-order FVE
formulation based on POD method is both feasible and efficient for solving two-dimensional solute transport problems.

The rest of this paper is organized as follows. Section 2 derives the classical fully discrete FVE formulation for two-
dimensional solute transport problems and discusses how to generate snapshots from the first few numerical solutions
computed from the equation system derived by the classical fully discrete FVE formulation. In Section 3, the optimal
orthonormal POD basic is reconstructed from the elements of the snapshots using POD method and a reduced-order
FVE formulation for two-dimensional solute transport problems is established. In Section 4, we provide the error
estimates between the classical FVE solutions and the reduced-order FVE solutions along with the implementation of
extrapolation algorithm for solving the reduced-order FVE formulation. In Section 5, a numerical example is presented
illustrating that the numerically computational errors between the reduced-order FVE approximate solutions and the
classical FVE solutions are consistent with the previously obtained theoretical results, thus validating the feasibility
and efficiency of the reduced-order FVE formulation. Section 6 sums-up the main conclusions and discusses future
tentative research ideas.

2. A classical fully discrete FVE formulation for two-dimensional solute transport problems and generation
of snapshots

According to the convection and hydrodynamic dispersion (molecular diffusion and mechanical dispersion), the
two-dimensional solute transport model (see [29]) can be described as follows.
Problem I. Find ¢ such that
¢t — (D1(v, O)cx), — (D2(v, O)cy), + (q10)x +(q2¢)y = Sr, (x,y) € 82, 1€(0,7),
c(x, y,0) =colx,y), (x,y) € £, 2.1
cx,y,t)y=crx,y, 1), x,yyelI, te(0,T7),
where 2 C R? represents a bounded, connected, and polygonal domain, c(x, y, ) the solute density at point (x, y) in
£2 and time ¢, 0 the soil moisture density, v = q9_1 (g=(q1, q2)) the average hole velocity of water flow, S, the solute
producing or vanishing in the unit time and in the unit volume soil, 7 total time, I" =952, ¢ and g, are water fluxes at
x-direction and y-direction, respectively, D1(v, #) and D> (v, 0) are hydrodynamic dispersion coefficients at x-direction
and y-direction (which is the vertical direction, i.e., positive downward), respectively, co(x, y) and cr(x, y, t) are two

given functions. For the sake of convenience, without loss of generality, we may as well suppose that ¢ (x, y, £) = co(x,
¥)=0 in the following theoretical analysis.

The Sobolev spaces used in this context are standard (see [1]). Let U = H&(Q) be a Hilbert space on real field 2.
Then, the variational formulation for Problem I can be written as follows.

Problem II. Find c(¢): [0, T] — U such that
(¢cr, w) +alc, w) — b(c, w) = (S, w), YweU,
cx,y,00=0, (x,y) €8,

2.2)

where a(c, w) = (D1(v, 0)cx, wy) + (D2(v, O)cy, wy), blc, w) = (¢, gVw), (-, -) denotes the inner product in L2(2).

In order to obtain the numerical solution of FVE formulation for Problem II, it is necessary to introduce a FVE
approximation for the spatial variables of Problem II.

First, let J, = {K} be a quasi-uniform triangulation of £2 with 4 =max hg, where hg is the diameter of the triangle
KeTJy (see [4,10,30,31,54,56,59]). In order to describe the FVE method, we shall introduce a dual partition 3Z
based on J; whose elements are called the control volumes. We construct the control volume in the same way as in
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Fig. 1. Left-hand side: A triangle K partitioned into three sub-regions K. Right-hand side: A sample region with dotted lines indicating the
corresponding control volume V.

[4,10,31,56]. Let zx be the barycenter of K € J;,. We connect zx with line segments to the midpoints of the edges of
K, thus partitioning K into three quadrilaterals K, (z = (x, y;) € Z,(K), where Z,(K) are the vertices of K). Then with
each vertex z € Z, = | Ked, Zn(K) we associate a control volume V, which consists of the union of the sub-regions
K, sharing the vertex z. Finally, we obtain a group of control volumes covering the domain £2, which is called the dual
partition J, of the triangulation Jj, (see Fig. 1). We denote the set of interior vertices of Zj, by Zj,.

We call the partition J} regular or quasi-uniform, if there exist two positive constants M; and M,, being independent
of the spatial mesh size & and temporal mesh size, such that

Mih* < mes(V;) < Moh®, YV, €T}, (2.3)

where mes(V;) denotes the measurement of control volume element V.. The barycenter-type dual partition can be
introduced for any FE triangulation J;, and leads to relatively simple calculations. Besides, if the FE triangulation J,
is quasi-uniform, then the dual partition ’J;‘l is also quasi-uniform (see [4,8,10,16,31,32,37,56]).

The trial function space U, chosen as the linear element space related to Jj, is the set of all the functions wy, satisfying
the following conditions:

(i) wy € C(2), wplag = 0;
(i) wp|k € P1, namely wy, is a linear function of x and y on each triangular element K € J 5, determined only by its
values on the three vertices.

Itisobviousthat Uy, C U = Hé (£2).Forw e U = H(% (£2), let IT, w be the interpolation projection of w onto the trial
function space Uj,. By the interpolation theory of Sobolev spaces (see [4,10,8,16,31,32,37,56]), we have, if w € HZ(Q),
that

lw — Mywly, < MR ™ |wlp, m=0,1, (2.4)

where M in this context indicates a positive constant which is possibly different at different occurrences, being
independent of the spatial mesh size / and the temporal mesh size.

The test space U}, is chosen as the piecewise constant function space with respect to J7 but is zero on any boundary
dual element V, € J7, i.e.,

U, ={wy, € L2(.Q); wply, € Po(V,), VYV, € J7, wply, =0, onany boundary dual element V}
spanned by the following basis functions: for any point z € Z;,

1, (x,y) eV,
¢ (x,y) = (2.5)

0, elsewhere.
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For any wy, € Uy,

wh = > wi(2)g:. (2.6)

o
z€Z)

For w € U, let IT;;w be the interpolation projection of w onto the test space Up,ie.,

Miw= "> w@)¢.. 2.7)
z€Z,
By the interpolation theory (see [8,16,31,37]), we have
lw— Mywlo < Mh|wl;. (2.8)

Moreover, the interpolation projection I7;; satisfies the following properties (see [31]).

Lemma 1. [fv, € Uy, then

/(vh — Myvp)dxdy =0, K €Tp;  |op — Myvpllre) < Mhgllvnllyir gy, 1 <1 < oo.
K

Though the trial function space U, satisfies U, C U like FE methods, the test space Uy, ¢ Up. As in the case
of nonconforming FE methods, this is due to the loss of continuity of the functions in U}, on the boundary of two
neighboring elements. So the bilinear forms a(c, w) must be revised accordingly. Using the idea of nonconforming FE
methods, the integral on the whole region is written as a sum of the integrals on every element K, a(c, w) of (2.2) is
rewritten as

acwy=Y / (Dl<v 9)——+ Da(n, 9) )d dy. 2.9)

KeTy,

Now a(c, w) is well-defined on U, x Uj,. For the FVE methods, i.e., generalized difference methods, we place a dual
grid and interpret (2.9) in the sense of generalized functions, i.e., § functions on the boundary of neighboring dual
elements. Or equivalently, we take a(c, w) as the bilinear form resulting from the piecewise integrations by parts on
the dual elements V:

L2 0) 2 (o) o= 5 [ [2(0) 5 (03]

V.€T;
ac ac 9 ac
- / DYy z—c—w drdy + / 1—wdy—D2—wdx (2.10)
~ dx 0x ay
V. €T3} V. €7}

where |, ay. denotes the line integrals, with the counter clockwise direction, on the boundary 9V of the dual element
V.. So we have

ac 8w ac ow
V. €T

—Z/ (Dlwdy Dzwdx> ve, weU. (2.11)

VGJ
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Since U, is the piecewise constant function space with the characteristic functions of the dual elements V as the basis
functions, then

acy,
a(cl’lv wh) Z / (DIU)hdy - Dzaywhdx>

V. €T

=— > wi@alen, ¢.),  Ven € Up,  Vwy € Uy, (2.12)
V. €T

where a(cy,, ¢,) = favz (Dlait‘h dy — Dzi??*Ch dx)

Similarly, we have that

blcn, wi) = — Y / (qrenwndy — qaepwpdx) = — > wp(D)b(ch. ), Yen € Up,  Ywy € Up, (2.13)
V. €T V. €Ty

where b(cy,, ¢;) = favz (q1cpdy — gacpdx).
Let 7 denote the time step size, and let ¢ € Uy be the fully discrete approximation to c(#) at 1, =nt (n=0, 1,
., N=[T/7]). If the differential quotient ¢; in Problem II is approximated with the backward difference quotient
9;¢" = (¢" — "~ 1)/t at time =1, then the fully discrete FVE approximate scheme of Euler backward one step of
Problem II about time reads as follows.

Problem III. Find ¢ € Uy (1 <n<N) such that

(cZ, H;:wh) + ta(cy, ITiwy) — tb(cy, Miwy,) = (CZ_I, H;l‘wh> + (S}, ITwy), Ywy, € Uy,

(2.14)
=0, (x,y) e

The existence and uniqueness of solution of the variational Problem II and fully discrete FVE formulations, i.e.,
Problem III are proved and the following theorem of error estimates has been provided in [34] and is obtained by using
the same approach as in the proofs for parabolic equations in [31].

Theorem 2. If S, € L*(£2) and there exist two constants M;>0(i = 1, 2) such that D1 (v, 8), D»(v, 0), and q satisfy

My < Di(v,0), D2(v,0), |q| < M>, (2.15)
then there are the following error estimates between the solution ¢ of Problem 11 and the solution c}, of Problem I11:

le(ta) — chllo < MR +7), n=1,2,...,N, (2.16)

le@t) —cilli <Mt +1v), n=12,...,N, (2.17)

where M is a constant independent of h and t but dependent on other data and S, of Problem 11.

If S, D1(v, ), D>(v, 6), g, the triangulation parameter h, the time step increment t, and trial function space Uy, are
given, we can obtain a set of solution {c} (x, y)} 1 by solving Problem III. And then we choose the first L (in general,
L < N, for example, L =20, N=200) instantaneous solutions cj, (x, y) (1 <i < L) (which are useful and of interest for us
and at least one of which is assumed to be non-zero) from N instantaneous solutions ¢} (x, y) (1 <n < N) for Problem
III, which are referred to as snapshots.

Remark 1. When one computes actual problems, one may obtain the ensemble of snapshots from physical system
trajectories by drawing samples from experiments and interpolation (or data assimilation). For example, for real-life
practical solute transport forecast, one can use the previously given solute transport results to construct the ensemble of
snapshots, then reconstruct the POD optimal basis for the ensemble of snapshots by using the following POD method,
and finally the trial function space Uy, is substituted with the subspace generated with POD basis in order to derive a
reduced-order dynamical system with a lower dimension. Thus, the future change of solute transport can be quickly
simulated, which is of great practical value in real-life applications.
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3. Generation of POD basis and reduced-order FVE formulation based on POD technique for Problem III

In this section, we cite the idea in Ref. [33] to generate a POD basis (more details see [33]) and establish a
reduced-order FVE formulation based on POD technique for Problem IIL
For ¢, (x, y) (1 <i <L) in Section 2, let W;(x, y) = ¢}, (x, y) (1 <i<L) and

V = span{Wy, Wo, ..., W}, 3.1

and refer to )V as the space generating by the snapshots {Wi}iL=1 at least one of which is assumed to be non-zero. Let
{yr j}ljzl denote an orthonormal basis of V with [ = dim). Then each member of the ensemble can be expressed as

I
Wi=> Wiypyv, i=12...L, (3.2)

j=1
where (W;, )y = (Ve V).
Definition 1. The method of POD consists in finding the orthonormal basis ¥; (i=1, 2, .. ., ) such that for every d

(1 <d <) the mean square error between the elements W; (1 <i <L) and corresponding dth partial sum of (3.2) is
minimized on average

2
L d
1
min —> | Wi = > (Wi, )y (3.3)
Witio =izt j=1
U
subject to
Wi, ¥jy =3, 1=<i=<dl=j=<i (3.4

where ||W; ||%] = ||Vc£l ||%. A solution {wj}?zl of (3.3) and (3.4) is known as a POD basis of rank d.

By (3.2) and orthonormality of v, we can rewrite (3.3) as follows.

2
L d I
1
D3 (185 SR NSRS p b oit's on) = 3 P lmwi] e
i=1 j=1 U i=1||j=d+1 Jj=d+1
Thus, in order to assure that (3.5) is minimum, it is equivalent to find the orthonormal basis ¥; (j=1, 2, .. ., ]) such that
max 3 [ > |ow, WU‘ (3.6)
{]//f j=1j=1 i=1
subject to
Wi, ¥y =28j, 1=<i=<d1=<j=<i 3.7

In other words, (3. 3) and (3.4) are equivalent to looking for a function ¥, or the so-called POD basis element, that most
resembles {W; (x)} —; meaning that it maximizes

1
ZZ|<Wi,x/f>y|2 subjectto (¥, )y = VY3 = 1. (3.8)
i=1

We cite the idea of snapshots introduced by Sirovich in [55] and choose a special class of trial function for v to be of
the form:

L
Y= Zai Wi, (3.9)
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where the coefficients a; are to be determined so that ¥ given by the expression (3.9) provides a maximum for (3.8).
Thus, (3.8) is equivalent to the eigenvalue problem

Av = v, (3.10)

where A =(Ajx)Lxz and

1
Ajx = Z/ VWi(x,y) - VWi(x, y)dxdy, v=(ai,an,..., aL)T, (3.11)
Q

and A depends on 4 and t due to )V depending on them. Since the matrix A is a nonnegative Hermitian matrix which
has rank /, it has a complete set of orthonormal eigenvectors

1 1 1 1\T 2 2 2 2\T 1 I I \T
v =(ay,a,...,a;), v =(ay,a;,...,a1) ,...,v =(ay,a,,...,ay) (3.12)

with the corresponding eigenvalues A; > A > --- > A;>0. Thus, the solution to the optimization for (3.3) is given by

L
1 1
= a:-Wi, 3.13
1 m/}_jl ! (3.13)
where a}- (j=1,2,..., L) are the elements of the eigenvector v! corresponding to the largest eigenvalue ;. The
remaining POD basis elements v; (i=2, 3, . . ., ]) are obtained by using the elements of the other eigenvectors v’ (i =
2,3,...,0D),1e.,
1 &
= ——>) adWi. 3.14
v m; Wi (3.14)
Moreover, the POD basis {¥1, V2, ..., ¥;} forms an orthonormal set and there holds the following result (see
[26,38,39,55]).

2

Proposition 3. Let Ay > Ay >---> ;>0 denote the positive eigenvalues of A and v',v*, ..., v the associated

orthonormal eigenvectors. Then a POD basis of rank d <1 is given by

L
1 . 1 .
= —(W, W, ..., W) v = —— ‘Wi, 1<i<d<l 3.15
i \/L_)\,( 1 2 1) m;a] Slzax= ( )
Furthermore, the following error formula holds
1 L d I
T IWi= D Wo ol = D &) (3.16)
i=1 =1 j=d+1

Let U4 = span {1, Y2, ..., ¥q}. For ¢ € U, define the Generalized Ritz-projection P U— Uy (f Ph is restricted
to Ritz-projection from Uj, to U4, it is written as Pd) such that Ph|Uh =P U, > U9 and P": U\U,— Up\ U4
denoted by

a(P"c, wy) = a(c, wy), Vwy, € Uy, (3.17)
where ¢ € U. Due to (3.17) the operator P" is well-defined and bounded (see [59])

M
IV(P o)lo < ﬁlnwno, VeeU (3.18)
2

and the following inequality (see [38,39,59])
lc — Plcllo < Mh||V(c — P"¢)|lo, Ve e U (3.19)
And there hold the following results (see [26,38,39]).
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Lemma 4. For every d (1 <d <I), the projection operator P? satisfies
L 1
1 . . M
T2V = PUls = 37 D 2. (3.20)
i=1 Jj=d+1

where cfl € Vis the solution of Problem 111. [J

Thus, by using U9, we can obtain the reduced-order formulation based on POD for Problem III as follows.
Problem IV. Find ¢ € U? (1 <n <N) such that

(cg, H;fwd) + ta(cly, ITwg) — th(cl, Miwg) = (cff], H;:wd> + (!, Miwg), Ywg € U4,

3.21)
cg =0, (x,y)e€ .

Let ¢ = oy + a5y + - +ajyy (n=0,1,..., N). By definition of IT*, Problem IV can be rewritten as
follows.
Problem V. Find (o, 4, ..., %) € R? (n=1,2, ..., N) such that

d d
> oI[Bij+1Cij+ 101 = F' + Y o "By, i=1.2,....d, (3.22)
j=1 j=1

wherea?:O (i=1,2,...,d)and

R = 3 it [ Sieodedy, By= 30 it | it ndsay,

V€T V. €T
Dy0yrj(x, y) Doy (x, y)
Cij = E Wi(xZa)’z)/ : dx — : dy ).
av. dy ox
V. €T} <

0= Z Yixz, yZ)/av (g2 j(x, y)dx — q1;(x, y)dy) .

V.€T;

0

If co(x, y) is a non-zero function, then o; (j=1,2,...,d) satisfy
d
> 9B =Y ilx, yz)/ co(x, ydxdy, i=1,2,...,d. (3.23)
j=1 Vo€ Ve

Remark 2. If Jj is a uniformly regular triangulation and Uy, is the space of piecewise linear function, the total number
of degrees of freedom for Problem II1, i.e., the number of unknown quantities is N, (where Ny, is the number of vertices
of triangles in Jy, see [16,37]), while the number of total degrees of freedom for Problem IV is d (d K I <L «N).
For scientific engineering problem, the number of vertices of triangles in Jj, is of the order of more than tens of
thousands or even exceeding a hundred million, while d is only the number of few leading eigenvalues which is
chosen as the first L snapshots from the N snapshots so that it is very small (for example, in Section 5, d =06, while
N, =5000 x 5000=25 x 106). Therefore, Problem IV is a reduced-order FVE formulation based on POD method for
Problem III. Moreover, since the development and change of solute content in the soil are closely related to previously
given results, one may truly capture the laws of change of solute content in the soil by using existing results as
snapshots to construct POD basis and by solving corresponding PDEs. Therefore, the POD methods provide a useful
and important application.
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4. Error estimates of solution for Problem IV and implementation of algorithm
4.1. Error estimates of solution for Problem IV

In this section, we refer to the classical FVE method to derive the error estimates of solutions for Problem I'V. To this
end, it is necessary to introduce some preparative lemmas. We first introduce the following discrete Gronwall Lemma
(see [1,37]).

Lemma 5. [Discrete Gronwall Lemma] If {a,}, {bn}, and {c,} are three positive sequences, and {c,} is monotone,
that satisfy

n—1
ap +by, < ¢y +Xzat(x >0), ag+bo =< co,
i=0

then
ay + b, < cyexp(nir), n>0.
Noting that D and D5 are positive and bounded functions and using the same approaches as proofs in [31] or [30]
yield the following two lemmas.
Lemma 6. The bilinear form a(cy,, IT ;: wy) is symmetric, bounded, and positive definite, i.e.,
alen, Ojwp) = a(wp, Ojcp) = alep, wp),  Vep, wy € Uy
and

2
alep, cn) = M||[Vepllg, — alen, wp) < Ma||[VepllollVwrllo,  Yen, wy € Up.

Lemma 7. The following statement holds:
(cn, Tjwy) = (wp, jcp),  Vew, wp € Up.
For any c € H"(2)(m=0, 1) and wy, € Uy,
(¢, wn) — (¢, Mwp)| < ME"*S||cllmlwalla, s =0, 1.

Set |||lwpllo = (wp, H;l"wh)l/z, then || - || lo is equivalent to || - || o on Uy, i.e., there exist two positive constants M3 and
My such that

Mslwallo < Hlwalllo < Mallwpllo,  Vwn € Up.

The following main results for Problem IV hold

Theorem 8. Under hypotheses of Theorem 2, if T < My/ (4M§), Problem 1V has a unique set of solution c/; € U d
such that

4'CM1_1 exp(4ntM%M1_1
min{M3, M1}

n n
. ) .
el + > Vel < SIS, 1<n<N. (4.1)
i=1 i=1

And if L* = O(N) and k= O(h) is sufficiently small, then the following error estimates hold

1 1
n 7 ! 2
el — clillo + 72 (ZIIV(CL —ci»ﬂ%) <M[2Y x| . 1=n<L. 4.2)

i=1 j=d+1
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Proof. Noting that U? C Uy, for fix T < My /(4M3) < M, /M3, we get by (2.15) and Lemmas 6 and 7 that

2 2
(cg, Mycg) + Talcy, Mycy) — to(cy, Mycy) = llleglllp + Mzl Vegllo — eMallicgllloll Vegllo = Nlleglilg

1 1
+ M7 Vello = S gl — 5T MBNVEGIG = el + Tl Veglip),  Vej € U7, 4.3)
where & =min {1/2, M1/2} > 0. Thus, by Lax—Milgram Theorem (see [8,16,37]), Problem IV has a unique set of solution
e Ul

Taking wy = ¢} in Problem IV and using (2.15), Lemmas 6 and 7, Holer inequality, and Cauchy inequality yield
that

ICAII2 + T VAR < (¢, T + Ta(cly, ¢y = T(S", I + (), Il
_ 1
+b(cl, i) < llehlllollel™ o + T SH 1 1Vehllo + Matlliclllol Velllo < S LlIeG G
F IR + T IVEIRT + T ST 4 o2 M e, 4.4
ie.,
Ieal3 + M Va3 < llel ™ 13 + 2eM ISP + M3 IIchIIG). 4.5)
Summing (4.5) from 1 to n yields that
n . n . .
el 3 + My > IVEhlIg < 2eM7™> "AISHE, + M3 IR, 1 <n < N. (4.6)
i=1 i=1
If 7 is sufficiently small such that tM; ' M3 < 1/4, (4.6) yields that

n n
i 12 2 i 12
e G + e E IVeglly = Nlegllip + 2T, E IVeglls

i=1 i=1 (47)

n n—1
<4 ISR+ 4eEMT SNl 1< < N
i=1

i=1

Applying Lemma 4 to (4.7) yields (4.1).
Since U4 C Uy, subtracting Problem IV from Problem III taking w, = wy € U yields that

(cp — ¢, Miwg) + talcy, — ¢, Miwg) = tb(c) — c, Mwg) + (cZﬁl — czfl, IMiwg), Ywg € vl  (4.8)
Thus, we have from (4.8), (3.17), and Lemmas 6 and 7 that

e = chlllg + TMIV(ch — DI < (cf — ¢ (e} — &p) + Talc) — ¢ cf — )

= (¢} — ¢, I} (c) — Pdc;’l)) + (¢ —clj, HZ‘(Pch — )

+ra(cy — Pch, cp — Pch) + ta(cy — c, Pdcz — ) 4.9

= (c}f — ¢ TE () — PAe) + (cp ! — 71 T (PAcl — )

+ra(c), — Pdcz, cp — Pch) + h(c) — ), H;(Pdcz —ch)).
By (3.19) and by using Holder inequality and Cauchy inequality, we have that

(ch — e Ml = Pl + (" = i~ (P, — ep) < i — chlllollleh = PYelllo

-1 -1 d -1 -1 2
ey =i Holllcy — Pcilllo + Ny~ — ez lollle — czlllo < Mhllllcy, — czllig

_ _ T _
+lept —en 1|||%+||V<cz—Pdcz>||%1+5[|||cz P N3 4 e — i, (4.10)
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th(c} — i, IMF(PAc) — c,,)) + ta(c) — PUc), ¢ — PUci) < Mr[||ch — il
IV — PR+ 2 v — 2. @.11)
If k= O(h), inputting (4.10) and (4.11) into (4.9) and reducing it yield that
e — A3 + ™IV ey — eI < Mllllc} — I3 + e — <413
FIV(ep — PADIB 4 e~ — 2. 4.12)
Summing (4.12) from 1 to n yields that

lich — clI5 + erZIIV(ch —cplig < Merch — cllIg + MerIV(Ch — PYe))II3 (4.13)
i=1 i=0 i=1

If 7 is sufficiently small such that tM < 1/2, we have from (4.13) and Lemma 7 that

ey —cd||o+r2||wch cpli§ < MtZIllch—cd|||o+MrZIIV(ch PAe)). (4.14)
i=1

If L? = O(N), applying Lemmas 4 and 5 to (4.14) yields that

llep — cl13 + TZIIV(ch —cpli§ < Mt exp(Mm)anh PAe))5
. =1 1 =l (4.15)

< My V(e = Pleplly < Me2 ) 4 l=n<L.
i=1 j=d+1

Applying triangle inequality v/a2 + b2 > \/(a? + b2 + 2ab)/2 = (a + b)//2(a > 0,b > 0) to (4.15) yields (4.2)
which completes the proof of Theorem 8. [

Combining Theorem 2 with 8 and using again the triangular inequality ~/a? + b2 > (a + b)/~/2(a > 0, b > 0) yields
the following result.

Theorem 9. Under hypotheses of Theorem 8, the error estimates between the solutions for Problem 11 and the solutions
for the reduced-order Problem IV are

1/2

1
n 2 l
1 .
lle(ta) = cjllo + 2 (anc(t,-)—c;)ng) <M R HT+ | DA , l<n<L. (4.16)
i=1 j=d+1
Remark 3. The inequality (4.1) in Theorem 8 shows that the solutions c;’l(n =1,2,...,N)toProblem VI are stable

and continuously dependent on source term S,(x, y, f) (and initial value function co(x, y) if co(x, y) is a nonzero function).
The condition L? = O(N) in Theorem 8 shows the relationship between the number L of snapshots and the number N of
all time instances. Therefore, it is unnecessary to take the total number of transient solutions at all time instances #, as
snapshots (see [26,27]). Theorems 8 and 9 have, respectively, provided the error estimates between the solution of the
reduced-order FVE formulation Problem IV and the solution of classical FVE formulation Problem III and Problem
II, which can guide us in choosing the number d of POD bases.
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4.2. Implementation of extrapolation algorithm for Problem IV

In the following, we provide the implementation of extrapolation algorithm for solving Problem IV which consists
of the following seven steps.

Step 1.

Step 2.

Step 3.

Step 4.
Step 5.

Step 6.

Generate the snapshots ensemble
Wix,z)=ch, i=1,2,...,L <N,

which may be the solutions for Problem III, physical system trajectories by drawing samples from experiments
and interpolation (or data assimilation), or previous given results;

Generate the correlation matrix A = (Ajx)rxL, Where Aj = (W;, Wi)u/L, (Wi, W)y = (Vc;l, Vc’}j), and (-, -)is
L?-inner product;

Solving the eigenvalue problem
Av=2X1v, v=1(ay,a,. ..,aL)T
obtains positive eigenvalues A, and the associated eigenvectors vk = (all‘ , aé, el a’i) k=12,...,1l=

dim{Wy, Wa, ..., WL});

1/2
For a given error § needed, decide on the number d of POD bases such that 7 4+ A% + (rl/ 2 Zl,: da1h j) <é;
Generate POD basis ¥ (x, y):

L L
1 1 .
1//k(x,y)=7§ a’.‘w~(x,y)=7§ de k=1,2,...,d
VL= ! VL= h

Solving the following system of equations which is only comprised of d degrees of freedom

d
Za(}BU = Z Yi(xg, yz)/ colx, y)ydxdy, i=1,2,...,d;
5 V.

Jj=1 :

V.€3;

d d
> B+ tCi+ Qi) = F +> i 'By.  i=1,2,....d. n=12_..N,
j=1 j=1

where
B;j = Z Yilxz, yz)/ Y i(x, y)dxdy,
V€35 Ve
o . D23y ;(x,y)  D1dy(x, y)
Cij = Z Vi(xz, yz) /av <8y dx B — d)’) )

V. €T
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Table 1

Parameters of the solute transport problems (s denotes second).

Dy =D, Q=92 2 T Ax=Ay T
0.01 cm?/s 0.8 cm/s 0<x,y<50cm 0.02s 0.01 cm 4s

Qij= Y Wilx, yz)/av (q2vj(x, y)dx — q1¥j(x, y)dy) ,

V. €Ty

= Z I/fi(xz,yz)/ Sp(x, ¥, ta)dx dy
Vz

V. €7
obtains (af, a5, .. .,aZ)T c R4 (n=12,...,L,L+1,...,N) further yields the solutions c; = o}/ +
Ay g (m=1,2,...,L,L+1,...,N).
Step 7. If ™' — o > It — ¢l m=L,L+1,...,N—1), ¢} (n=1,2,...,N) are the solutions for

12
Problem IV whose errors are more than 7 + h2 + (tl/zzljdeAj) .Else, ie., if [l — clllo < llc —

Ao m=L,L+1,...,N—1D,letW;=c/, (i=n—L—1,n—L—2,...,n),repeat Step 1 to Step
6.

5. A numerical experiment

In this section, a numerical experiment using the two-dimensional solute transport model is conducted in order to
validate the feasibility and efficiency of the reduced-order FVE formulation based on the POD method.

For the sake of convenience, without loss of generality, herein we consider a simple two-dimensional solute transport
model as an example, whose approach could be directly applied to numerical computations for two-dimensional solute
transport models with real-life application, which can be described as follows.

Find c(x, y, #) such that, for any 7> 0,

oc doc oc d dc d oc
7+q1 +q27_7 D DZ* =Sr7 (an)EQ» [E(O, T)v

o Max TPy T \Tlax ) T ey \ ey

(5.1
c(x, y,0) = colx, y), (x,y) € £2,
cx,y,t) =cr(x, y,1), (x,y)eI, te(0,7),

where I is the boundary of the domain £2 = (0, 50) x (0, 50) cm?, ¢ r(x,y, t) denotes the solute density on I". Without
loss of generality, we might as well take S, =0, then the two-dimensional solute transport equations and the initial
condition can be written as follows.

80+ 3c+ ac a Dac a Dac 0. oy e 1e@O.T)

Y a. A, a. A T o " =Y, X, ) ) )

o Do TP T Ml ) T oy Py Y
0.5, y=x=0,

c(x, y,0) = (5.2)
0, others,

c(0,0,1)=0.5,r€(0,T)

cr(x,y,t) =c(x,y,0).

In numerical simulation, we employ the parameters listed in Table 1.

We first divide the field £2 into 5000 x 5000 small squares with side length Ax= A y=0.01, and then link the diagonal
of the square to divide each square into two triangles in the same direction, which constitutes a triangularization Jy,.
Thus & = +/2 x 0.01. In order to satisfy = O(h), we take time step size as =0.02. The dual decomposition J7 is
taken as the barycenter dual decomposition, i.e., the barycenter of the right triangle K € Jj, is taken as the node of the
dual partition.
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Fig. 2. FVE solution figure when #=2007.

We first find a group of numerical solutions cZ of classical FVE method (i.e., Problem IIl) when n=1, 2, ..., 20,
ie., at time t=17, 27, ..., 207, constructing 20 numerical solutions which are taken as 20 snapshots. And then, we
find 20 eigenvalues which are arranged in a non-increasing order, and 20 eigenvectors corresponding to the twenty
eigenvalues and using (3.13) and (3.14) we construct a group of POD bases. Take the first 6 POD bases from 20 POD
bases to expand into subspace U¢ and find a numerical solution at # = 2007 with Problem IV according to the seven steps
of Section 4.2, which is still convergent without refreshing the POD basis, we obtain the numerical solution depicted
graphically in Figs. 3 and 5, respectively. The classical FVE solution of Eq. (5.2) at t=200r is depicted graphically in
Figs. 2 and 4, respectively. Every two images in Figs. 2 and 3, as well Figs. 4 and 5 are exhibiting a quasi-identical
similarity, respectively.

When we take 6 POD bases and t=0.02, by computing we obtain that [11/22317)Lj]1/2 <0.04. Fig. 6 compu-
tationally shows the errors between the solutions c¢J; of Problem IV with 20 different numbers of POD bases and a
set of solutions ¢} of classical FVE formulation Problem III at #=2007 (i.e., n=200), respectively. Comparing the
classical FVE formulation Problem III with the reduced-order FVE formulation Problem IV containing 6 POD bases
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Fig. 3. POD solution figure when ¢=2007.
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Fig. 4. The result of rotating Fig. 2 by 180°.
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Fig. 5. The result of rotating Fig. 3 by 180°.
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Fig. 6. When 7=200rt, the errors between solutions of Problem IV with different number of POD bases for a group of 20 snapshots and the classical
FVE formulation Problem III with piecewise 1-th degree polynomials.
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implementing the numerical simulation computations when time #=200t, we find that for the classical FVE formu-
lation Problem III with piecewise linear polynomials for ¢, which has 5000 x 5000 =25 x 10° degrees of freedom,
the required computing time is 18 minutes, while for the reduced-order FVE formulation Problem IV with 6 POD
bases, which has only 6 degrees of freedom, the corresponding time is only six seconds, i.e., the required computing
time to solve the classical FVE formulation Problem III is by a factor of 180 times larger than that required for the
reduced-order FVE formulation Problem IV with 6 POD bases, while the errors between their respective solutions
do not exceed 0.04. Though our examples are in some sense a recomputation of what we have already computed by
classical FVE formulation at the first 20 steps, when we compute actual problems, we may construct the snapshots
and POD basis with interpolation or data assimilation by drawing samples from experiments, then solve directly the
reduced-order FVE formulation. Thus it is unnecessary to solve classical FVE formulation, meaning that the compu-
tational load could be alleviated and CPU requirements in the computational process are considerably saved. It is also
shown that finding the approximate solutions for two-dimensional solute transport problems with the reduced-order
FVE formulation Problem IV is computationally very effective. Moreover, the results for numerical examples are
consistent with those obtained for the theoretical case.

6. Conclusions and perspectives

In this paper, we have employed the POD method to establish a reduced-order FVE formulation for two-dimensional
solute transport problems with real practical use. We have analyzed the errors between the solutions of the classical
FVE formulation and solutions of the reduced-order FVE formulation based on the POD method. We also provided
the implementation of extrapolation algorithm for solving the reduced-order FVE formulation, i.e., Problem IV, and
supplied a reduced-order modelling and the implementation of algorithm for solving reduced-order FVE formulation.
This has shown that our present method constitutes an improvement and innovation of the existing methods (e.g.,
see [13,36,3,51]). The existing methods (e.g., see [13,36,3,51]) utilize the given numerical solutions at all time nodal
points to construct the snapshots and POD basis, then recompute the POD numerical solutions at the same all time
nodal points (without using extrapolation); however, in the present paper, we only use the first few given numerical
solutions obtained from classical FVE formulation (which are also obtained by drawing samples from experiments)
to construct the snapshots and POD basis and establish the reduced-order FVE formulation based on POD technique.
Then in order to find the solutions for the rest of the time nodal points we use extrapolation algorithm, thus, we do
not only provide a new theoretical basis and computing way for practical applications, but also exploit efficiently the
important role of POD method to forecast future cases with given data.

Concerning the theoretical error, the error estimate has been verified to provide quite good results, namely both
the theoretical error and the computing errors coincide within plot accuracy, thus validating both the feasibility and
efficiency of our reduced-order FVE formulation. Though snapshots and POD basis of our numerical examples are
constructed with the solution of the classical FVE formulation at the first 20 steps, when one computes actual two-
dimensional solute transport problems, this process can be omitted in actual applications and one may construct the
snapshots and POD basis using interpolation or data assimilation by drawing samples from experiments, then solve
Problem IV, while it is unnecessary to solve Problem III, such that the computational load requirement could be
alleviated and a large amount of CPU time required in the computational process can be saved. Therefore, the method
presented in this paper holds a good prospect for extensive applications. Future research work in this area will aim at
extending the reduced-order FVE formulation, applying it to realistic solute transport problems, operational forecast
system and to a set of more complicated PDEs such as the atmosphere quality forecast system and the ocean fluid
forecast system.
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