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Abstract

In this paper, we study linear differential equations of the form ‘é—f =
> ai(t)xbi(t) + f(t) in an associative but non-commutative algebra A,
where the b;(t) form a set of commutative A-valued functions expressed
in a time-independent spectral basis consisting of mutually annihilating
idempotents and nilpotents. Explicit new closed solutions are derived,

and examples are presented to illustrate the theory.
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One of the most basic differential equations is the first order, linear differ-

ential equation
dx
i a(t)x + f(t). (1)

The method of solution is to write down the fundamental solution (also called
integrating factor) pe(t) = elo ®1)4" 5o that the equation can be rewritten
equivalently as
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with £,(0) = 1, yielding the unique solution

£(t) = palt)o + 1a(t) / 0 () £(s)ds, )

where z¢ = z(0).
The main objective of this paper is to study the differential equation

B> aiteybi(t) + £) ®)

=1

with initial condition 2(0) = ¢ in the general setting of an associative but non-
commutative algebra A, where the b;(t) form a set of commutative A-valued
functions expressed in a time-independent spectral basis consisting of mutually
annihilating idempotents and nilpotents. Thus, our algebra A could be the
matrix algebra M,, of real or complex n x n matrices, or a Clifford geometric
algebra such as the quaternion algebra H.

Whereas some of the special cases of this differential equation are well-known,
for example, for A = M,,, (when by = 1, b, =0, > 1 and a = «a(t)A for a
constant matrix A, [6, p.189,193]), we believe that the more general forms of
this equation are new and have potentially many applications. Different forms
of (3) are used in control theory for motion planning for autonomous vehicles
[11], in problems of vibration, in column structures under periodic axial loading
[12] or the equation of motion for the classical Euler top in n-dimensional space
[8]. The generalization and extension of our methods into other areas also
appears promising. Possible areas where our methods might apply are in the
calculating of dichotomies for impulsive equations [9], and in generalizations of
the noncommutative operational calculus developed in [3].

To motivate the utility of our approach, we consider the solution of the 2 x 2

matrix differential equation

dX
— = AXB 4
o (4)

4 -2
(1),
(M0
o= (0 1)

and A\; # Ag. For reference, A has eigenvalues 1 and 2.
A standard approach to solving 4 is to first multiply it out, getting

d [z w12 _oqf o we A0

dt \ T21 %22 Ta1 T2 0 A2
B 4 -2 )\1%11 )\2$12
o 3 -1 A1T21 A2T22

B AMz1r — 20221 4daTi2 — 2X0T02
n 3hzir — 1Ihxar 3dexiz — 1oz /)

with

(5)



It is not possible to transform this result into an equivalent 2 x 2 linear equation

of the form ix
— =CX
dt

where C' € Ms. On the other hand, equating each matrix element separately,
we have four equations in four unknowns. We find that

T11 A\1z11 — 2M21
d |z | [ 4hex12 —2Xaw0
dt | a1 | | 3Mwn— 1wy |
T22 3Aax12 — 1Aowao
or in matrix/vector form,
d
pn Vec(X) = CVece(X)

where
4 0 =2\ 0

0 4X 0 —2)X9
3\ 0 -\ 0

0 3 0 A2

and VecX is a column vector formed from the four elements of X. We have
used ® to denote the Kronecker tensor product [6, p.256]. See also [1, p. 123],
[2], and [4, p.245].

The solution to this equation is well-known,

C = =BT ® A. (6)

Vec(X) = e Vec(X (0)) (7)

Although we have an explicit solution, it came at the price of transforming a
2 x 2 system into a 4 x 1 system of equations. Although this has not changed the
number of variables to solve for, it has had the unfortunate consequence of taking
an intrinsic object X and separating out its individual components. It would
be better to find an expression for the 2 x 2 matrix X directly as a function of
the intrinsic (or invariant) algebraic properties of the matrices A and B, rather
than on representations that depend on the choice of a coordinate system used
to construct A and B. Furthermore, when elements of more general algebras
are used in lieu of matrices, working with the equivalent matrix representation
of these elements (when they exist) often results in a loss of the geometric and
algebraic information used to construct the original differential equation.

Based on the techniques described in this paper, we can immediately write
down the solution

X(t) = (GAItPAJ + 62’\1tpA,2)X(0)PB,1 + (exthAJ + 62’\2tpA,2)X(0)pB72, (8)
where we have used the spectral decompositions

A=pa1+2a2, B = M\ipB,1+ XepB2



of the matrices A and B in terms of their spectral bases
paq =2l — A, pa2=A—-1

and
- B — )\2[2 B - >\1[2

pB1 = BV pPB2 = YV

and where I,,, is the m x m identity matrix. Although the solutions (7) and (8)
are equivalent, the latter expression shows the dependence of the solution on
intrinsic properties of the matrices A and B. In many cases, matrices that ap-
pear in differential equations have geometric or physical significance; therefore,
solutions can be more easily interpreted if expressed in terms of these matrices
and their properties.

The solutions we seek are expressed by exploiting certain algebraic properties
of invariants of the elements in the equation. Well-known examples of invariants
of a matrix are its eigenvalues, its trace, and its determinant. In many cases,
matrix elements depend on the basis used to define it. A rotation of the basis
functions changes the elements of the matrix, but not the invariants. If the
solution to a general linear differential equation is basis-independent, it becomes
easier to analyze. For example, a discussion of stability involves eigenvalues.
Rather than study the stability of the 4 x 4 matrix C, it is more sensible to
relate the stability directly to the eigenvalues of the 2 x 2 matrices A and B.

1 Spectral basis
By a spectral basis in the associative algebra A, we mean an ordered set

S=(p1 @ -.. q;nrl e Dr @ ... @Y (9)

of idempotents and nilpotents of A that generate a commutative subalgebra S
of A and satisfy the following basic rules [10]

e p1+ - +p =1,
® pip; = pipj = O4jps for 4,5 =1,...,7,
e ¢ =0 but q?“_l #0,
® q;iDi = Diq; = 0i;G.
The spectral basis S is made up of the ordered sub-blocks
Si=(pi ¢ ... q;’”*l)

so that
S=(S - S

In writing the last equality, we are expressing the spectral basis in terms of the
ordered sub-blocks S;. We stress that the sets are ordered, because we will be



treating them as row matrices of polynomials on which matrix operations are
defined.
Note that we have

span(S) = span(S1) @ --- ® span(S;)

where span(S;) is the subspace of A spanned by the elements of S;. The di-
mension of the spectral basis S is m = Y_._, m;, and determines a commutative
subalgebra S of A. Of course, any element b € S is a linear combination of the

elements in S,
r mjfl

b=>_ > Biid, BijeC (10)

i=1 j=0

where we have adopted the convention that ¢? = p;. In terms of the block
decomposition of S,

bST =(by -+ b.)ST
where b; = p;b= (Bio -+ Bim,—1)SL. If a spectral algebra S has only one
block S =51 =(1 q --- ¢™ '), wesay that S is a simple spectral algebra.

A simple element of A has a simple spectral basis.
To take advantage of the direct sum structure, we note that

bST = BiST = (Bi0@m, + N:i)ST (11)

where the matrix B; of the scalar components of b are specified by the upper
triangular Toeplitz matrix

Bio Bix1 o Bimi-1
0 Bio - Bimi—2
Bi=| - o ’ (12)
0O --- 0 Bio
and where V; is a strictly upper triangular Toeplitz matrix. We can now write

T

bS" = (By -+ By)S=> (Biolm, +Ni)S}. (13)
i=1
Premultiplication of bST by E,, = (E,, --- FE,, ) recovers b:
b= E,bST = Z B, B;SF (14)
=1
where m = Y7 m;, and Ep,, =(1 0 ... 0), .

Using (13), any analytic function f(b) is computable in a finite number
operations (addition and multiplication in A4). We find that

FOST=(f(B1) - f(B))ST =) f(Biolm, +Ni)ST.  (15)

=1



With N? = I,,,, f(b) has the Taylor series-like expansion

mi—l

FBioImi +Ni) = Y f9(Bio)N/ (16)

=0
around f3; o, where the normalized derivatives

P9 () = o F o a7)

fori=1,...,7rand j =0,...,m; — 1. We can then substitute (16) and (17)
into (15) to get

T Z Z_O F9(Bi0)NIST . (18)

Multiplying both sides of this equation on the left by the contraction operator
E,,, we find

r m;—1

= Z Z F9(Bi0)Em, N/ SE. (19)

i=1 ;=0

For example, consider the expansion of e in the spectral basis S. Applying
(19), where f(z) = e*, we immediately conclude that

b Z o 3 ﬁEmiNgS?' (20)

We will have use for special cases of this formula in Section 4.

1.1 Minimal Polynomial

Every element b € A generates a commutative subalgebra A, of A consisting
of linear combinations of powers of the element b. We can take as the standard
basis of this algebra the ordered set D = (1 b --- b™1); thus any element
¢ € Ay can be expressed in the form

Z D{C}D (21)

=0

where {c¢}p = (8o -+ [Bm-1)p are the real or complex scalar components of
the element ¢ € Ay, with respect to the basis D and 3; € C. When the context
is unambiguous, we will drop the subscript indicating the basis.

The minimal polynomial of the element b is the unique monic polynomial

T

d(z) = [[(@ = 2™ (22)

=1



of minimal degree with the property that ¥ (b) = 0. We will always assume that
the distinct roots x; of the minimal polynomial are complex numbers, which
guarantees that the primitive factors of the minimal polynomial will all be of
the form (z — x;)™¢. The minimal polynomial uniquely determines the spectral
decomposition of the element b,

T

b= Z(xz + qi)pi

i=1

for distinct x; € C, where p; = p;(b) and ¢; = ¢;(b), i = 1,...,r, are polynomials
in b of degree less than m, and where the algebra A, = S, [10].

2 Kronecker Tensor Products

In this section, we review some of the properties of tensor products in prepara-
tion for some of the manipulations that will follow. Following [6, p.256], and [1,
p.123], [4, pp. 239-297], the tensor product of two matrices A € M, ,(A) and
B € My 4(A) satisty

1.
(A® B) = (aij) ® (bgt) = ((aiz)bxr) (23)

(Note that some authors multiply matrix B by the elements a;; of A.)

(A® B)(C ® D) = (AC) ® (BD) (24)

assuming that the matrix multiplications AB and C'D are well defined.

A®@B=(A®Ip)(Is ® B) (25)

where A and B are square matrices, and I4, I are the identity matrices
with the same dimensions as A and B respectively.

4. Multiplication by an element z € A:
r(A®B) = (zA)®B
(A B)x = A® (Bzx)

5. Associativity:
(A B)C=A® (B () (26)

6. Transposition:
(A B)T = AT @ BT (27)

Both the matrices and their elements are non-commutative in general.



3 Linear Superposition

When working with linear operators, the principle of linear superposition is a
powerful means of problem simplication. We apply this principle to solve the
linear differential equation

n

B =3 aiteybi(r) + £) (28)

i=1

where the time-dependent b;’s form a commutative set that can be expanded in
terms of a set of time-independent commutative spectral basis elements,

bi(t) = Si{bi}" = S jpi i} (29)
=1
for bi,j = pi,jbi S .A,
mi i—1
Sig=(piy @iy -~ 47 )

and the time-dependent coefficients

{bijt = (Bijo®) - Bijm—1(t)),

where 3; ;5 € Cfori=1,---,nand j = 1,---,r;. The commutativity of b;
and by implies the commutativity of the subspaces S; and Si. Furthermore,
Di jPik = Di,jPik0j k-

To simplify the problem, we seek to replace (28) by the new equation

n

WS altwdi) +o(0) (30)

=1

where the d; are now simple elements of A, and ¢;,¢ € A. Using (29) and the
commutativity of matrices of scalars with elements of A, it follows that

bitpy = Sipii{bis} PGy = Py Si b} (31)
j=1
where p(jy = p1,j, - Pn,j,- The second equality is based on p(;pij = p(;)0;.j;-
Next, multiplying (28) to the right by p(;), and using (21), (29) and (31)
gives

da:p( ) - T
= Z ai(t)zp(j)bij; + [py) (32)
=1



Equation (32) is of type (30) with y = xp(;), ¢; = a;, di = b;j,, and g(t) =
f(t)p¢)- Note that a;(t) need not have a simple spectral basis and remains a
general time-dependent element of A. x(;) = xp(;) represents the solution to
(28) projected onto the subspace spanned by S(;) = ®}_; span(S; j,). The full
solution is constructed by linear superposition of 71 79 - - - r,, elemental solutions

LP):
r1 Th
2(t) =Y apgy =D - D @i P (33)
() =1 gn=1
Several comments are in order. Since each b; is expanded in its own fixed
basis, one cannot assume that S; and S;; are orthogonal to each other when
i # j. When orthogonality S; ; with respect to ¢ is not satisfied, the solutions
xp(;) are not mutually orthogonal, nor are they necessarily linearly independent.
Additional simplifications are possible if the a; are also expanded in a time-
independent spectral basis S,;, independent from those of the b;. Let

si
a; = Saifai}’ = Z{ai,j}pai,jsgw
J=i

in correspondance with (29) and Sai; = (¢ ; - qZJl ) and P (k) = Palk; -
along with the convention qgi’j = Pai,j- Premultiply (32) by pak),

dpa(k) TP ()

i = Z @i k; Pa(k)TP(5)bij; + Pa(i) IPG) (34)

i=1

which is of the form (30) with y = p,)zp(;), and where both d; = a;x, and
¢; = b; j, are simple elements of A. The full solution to (28) is simply a linear
superposition of elemental solutions p,x)zp(j):

2= Pai)TP()
) (k)

In the sections that follow, we only consider the solution of the differential
equation (30).

4 Fundamental solution

The solution x = p,(t)xo to the linear homogeneous equation

dx

— =a(l)x

o = o)

with initial conditions xg = 2(0), a(t) and = € A, is the basic building block
for all solutions to the equations considered in this paper. The fundamental
solution p(t) is formally assumed to satisfy the property

dita

i~ “Wha (35)

*Pan,ky s



with the initial condition p,(0) = 1.

The fundamental solution has been discussed by many authors in different
contexts. In [12], the fundamental solution is studied under the condition that
a(t) is periodic. In [7], the fundamental solution determines the controllability
and observability of the system. In [5], the author studies the fundamental
solution in terms of what he calls “expansions that grow on trees.” We show
in this paper how, under certain conditions and assumptions, the fundamental
solution leads to a family of solutions which can be expressed in closed form.

By convention, the identity element e of A is represented by 1, and we
assume that the left and right inverses of a € A (if they exist) are equal. Un-
der these conditions, a 'a = aa™' = e = 1. A subscript is attached to the
generalized integrating factor u, to reflect the A-valued function a(t) that it is
associated with. The equation satisfied by an assumed inverse u; ! is determined
by differentiating pq ()=t (t) = 1 with respect to t. One finds

dpg* - - -
2= Ha o= (—rgtapa)ug (36)

Using the definition of y,, we derive an implicit relation for p !

(t) -
In the event that u,(t) and a(t) commute, p, and its inverse are simply related

by 15 1(t) = pia(b).
The fundamental solution p,(¢) can be found directly through Picard itera-
tion, generated by successive integrations of (35) with respect to t. We find

a

pa () =1 1a,

pa(t) = 1+ /Ota(sl)dsl + /Ot /051 a(s1)a(s2)ds1dss
« t [ [ atsnatatsndsadsa + - (31)

expressed as an infinite series of iterated integrals. Similarly, successive integra-
tion of (36) leads to

o = 1= Ca(sy)ds) + / t / " a(s2)als1)ds1ds

/ t [ [ atsatsatsnsidsadsa s @)

When a does not depend on time, a and j, commute and p, and p; ' then
reduce to the exponential forms

and

—at

=
8|
—
—~
~
~—
I
(]2
T
[t
~—
= <
S
<
~
<
Il
®
—~
>
(=}
=



If a(t1) and a(t2) commute for all ¢; and to,
fiq(t) = elo a()ds (41)

and pq(t)a(s) = a(s)uq(t). This condition is automatically satisfied for any
time-dependent simple element of A whose spectral basis is independent of
time.

We wish to study the conditions under which p,44(f) can be expressed in
terms of g and pp, for time dependent A-valued functions a(t),b(t). This is
easily accomplished by expressing the solution to

dz

i (a+b)x (42)

in two different ways. From the leftmost equality, we obtain
T = Ha+bT0 (43)
Alternatively, substituting = p,2 into (42), we find, with the help of (35) that

d d
= = @z + T = (a+ baz, (44)
which simplifies to
dz
a5, — b a~ - 4
Hagr = bHaz (45)

Equation (45) has the solution z = i -1, 2o which, in terms of x = pq2, is

T = fak,=1p,, 0 - (46)

Equating the two alternative expressions for x(t) given by (43) and (46), we
conclude, for general a(t) and b(t) € A, that

Hatb = Hally -1y, - (47)

Explicit solutions for p, and u; ' are difficult to derive from (37) and (38)
for two reasons. First, the series has an infinite number of terms. Second, it
is not possible, in general, to derive explicit closed formulas for the integrals of
general time-dependent functions that take their values in A. However, when
a(t) has an expansion in a constant spectral basis S = (S; --- S;), then pq
is easily expressed as a finite series of integrals with integrands in C.

Let

T

a(t) => {ai}s,SIpi = Em(io(t)Im, + Ni(1)) S s,

i=1 i=1
be the spectral expansion (see (19)) of a, where S; = (1 --- ¢/ ') p;. {From
(20) it follows that

r
[la = Z e.fot aiyo(s)dsEmiefot N1(S)dsS;Tpl
i=1

11



Since the last integral on the right is the exponential function of a strictly upper
triangular Toeplitz matrix, it can be written as the finite sum

mi—l

efgt Ni(s)ds _ Z l [/t Ni(s)ds}j-
=0 0

7!

5 Solution to dz/dt = a(t)xb(t) + f(t)

Let a(t) € A be an arbitrary time-dependent function of ¢, and b(t) € S for the

simple spectral basis S = (1 ¢ --- ¢™ 1). Thus,
m—1 )
b(t) =) Bi(t)g’ = {b}sT (48)
§=0
where [o(t), -, Om—1(t) are the time-dependent scalar components of b in the

spectral basis S. Multiplying (48) on the right by S, we find that bST = BST,
where B € M,, is given by (12) after removal of the ¢ subscript.

We are concerned with deriving the general solution to the inhomogeneous
equation
d
d—”; —azb+ f (49)
with initial condition z(0) = zo. Multiplying (49) on the right by ST, we find
that

dxST
dt

A major simplification occurs when B is decomposed into the sum of a diagonal
matrix Gyl and a nilpotent matrix NV,

= azbST + fST = BaxST + fS7.

B = Bolm + N.

One must therefore solve

dxST

=L+ K)xST + fS7T (50)

where we have defined £ = Bpa and I = aN in anticipation of the next section.

We first compute the solution zzS” to the homogeneous equation (setting
f = 0 in (50)), followed by an application of the method of undetermined
constants. ;From (46), the homogeneous solution is

xuST = pppraeST (51)

where I' = MZIK,UL € M,;,(A). The solution cannot be simplified further,
because in general, pra # apir.

12



To apply the method of undertermined constants, we replace x¢ by an un-
known element z(t) € A and substitute the modified homogeneous solution
peprz(t)ST back into (50), which leads to

dxST
dt

d
= (L+K)aST + uwrd—jST
= (L+K)zST + 57 (52)
or d

z 1 —
EST = Mrlﬂalf(t)ST

with particular solution

ST = [ i e ()1 (0) 5T (53)

Combining the homogeneous and particular solutions leads to the general solu-
tion

2()ST = je () ur ()20 ST + [,ug(t),up(t) /0 et (s)pzt (s) f(s)ds} ST (54)

The solution to (49) is found by premultiplication of (54) by E,,, with the result

2(t) = Bapic (e (20T + B |1 (t)pir (1) / ur sz ()f (s)ds| ST (55)

Our method of solution brings about a major simplification. The scalar
time-dependent matrix N(t) € M, (C) is a strictly upper triangular Toeplitz
nilpotent matrix, while pu, € A. Therefore, I' is a strictly upper triangu-
lar Toeplitz nilpotent m X m matrix with elements in A and the property
['(t1)T'(t2) = T'(t2)T'(¢1) remains true for all ¢; and ¢5. As a consequence, ur is
a finite sum of m iterated integrals.

6 Solution to dx/dt =), a;zb; + f

We now extend the methodology of the previous two sections to solve the linear
inhomogeneous equation

& ADBT () + (1) (56)
in A with 2(0) = zop. A = (a1 -+ ap) and B = (by --- b,) are row
vectors of time-dependent elements in A that satisfy the commutativity relations
bi(t)bj(t) = bj(t)b;(t) for all time. As explained in Sections 1 and 3, we only
consider simple spectral bases S; and use the principle of linear superposition to
reconstruct the full solution. The b;(¢) remain mutually commutative if they are

13



expressed as a time-dependent linear combination of time-invariant commuting
simple spectral bases S;. Therefore, each b; has an expansion of the form

bi(t) = > bik(t)gf (57)

where g; is nilpotent with multiplicity index m;.
Recall from (11), that

where B; is an upper triangular Toepliz matrix (see (12)). We proceed by
defining
S=51®...0 5,

and
ST=58{®...oSL.

Note that -
bS" = B;ST,

where we have defined

Bi:Im1®...®Bi®...®Imn.

As a general notational device, the overbar over a symbol indexed by i
represents a tensor product of identity matrices, with the i*" matrix replaced
by the symbol, itself of dimension m; x m;. Therefore, with the help of (24),
we find that BT ST = zBTST = BTxS7, where

B=(B, ... B,).
Multiplying (56) on the right by S”, we obtain

dx

ST = AxB" ST 4 5" = AB"wS" + 15" (59)

Following the strategy of the previous section, slot i in B; is decomposed into
the sum of a diagonal and a nilpotent matrix, so that
Bi = bi70jm,i + Ni.

The following definitions will make (59) formally identical to (52) in the previous
section:

and . .
Z = Z bo)iaijmi = IM Z bo)iai = IM,C

i=1 i=1

14



where M = mymgo---my and L= > by a;.
With the preceding definitions, (59) becomes

dxST S
Zf = (£ +K)zST + f87, (61)
which has the homogeneous solution (f = 0)
vy ST = pspproST, (62)

where ' = uzlﬁug € Mu(A). The general solution to (61) is immediately
found to be

2(t) = Eumpz(t)pp(t)zoST
+  Eumpz()pr(t) /Ot ug (s)ug ' (s)f(s)STds. (63)
Recall that IT" is defined by
[ = fj T,
i=1

where - -
I, = uzlaiNi,ug e Muy(A) .

Let us now compute an explicit representation for up, defined recursively by

pe = 1+ [ s =143 [ o s

At the next iteration level,

1+ i /Ot dslfil(sl)(l + i /051 dSzfig(Sz)Mf(Sz))

pr o =
i1=1 i2=1
n t B
= ]_—I—Z/ dsll"il(sl)
i=170
n n t s1
+ Z Z/ d81/ dSz Fil(Sl)Fi2(32)Mf(S2) (64)
i1=1iy=1"0 0

The k' iterated integral takes the form

n n t S1 Sk—1 k _
7k :ZZ/O dsl/o /0 dskHPij(Sj)7 (65)
i1 ik J:1

so that pup = 21210 Z(®) | where, by convention, Z(®) = 1. A similar development
yields p=" =322 ((=1)FF® with 7(© =1, and

n n t s1 Sn 1 _
j(k):Z...Z/O d81/0 dsz---/o d8n71HFij(5j)a
i in i=k

15



7 Examples

Example 1
We work out in detail the case n = 2 and m; = 2 with the elements a; and b;
functions of time. The equation to solve is

dzr

E = aq (t)l‘bl (t) + aso (t)l‘bg (t) (66)
b = Bro0@)pia+ i)+ Br2o(t)pre + Fi,2,1(t)q 2
by = B21,0E)p21+ B21,1(8)g2,1 + B2,2,0(t)p2,2 + F2,2,1(t)g2,2

and x(0) = xo, As explained in Section 3, the principle of linear superposition
allows us to first solve

T
— = a1xC1 + axxc2
dt

where
€1 = 71,0 + 71,191
B B 67
C2 = 72,0 + 72,192, (67)

are simple elements of A.
Define £ = a171,0 + a272,0, the direct product

1 2
of spectral bases, and the direct pI’OdUCt

Ei=E: @B =(1 0)&(1 0)=(1 0 0 0)
of row vectors. The solution is (see (63), (64),(65))

2 t
{E(t) = Esuc <1+;/0 dSlfi(Sl)
tS N 527' 817' s2) | x T
+ ZZ/OCH/O dsy Ty (1), ( )) oS (68)

i1=1is=1
The first term of (68) is clearly
Ty = By ()x0ST = pup(t)zo.

The second term in (68) is

2 t
Tg = E4/1,£(t) Z/ dSl I‘i(sl)xoST
i=170
The matrix I'; has the form
0 G
Iy =G < 0 % > = (iJ2 (69)
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where (; = ,uzlai%Um € A and J, is a nilpotent matrix of degree 2. It is
straightforward to derive

ET120ST = ((EyJy ® Bodo)(x0ST @ ST)
= Qroq1 (70)

Similarly, E4f‘1xQST = ngoqg.
With these definitions,

t
T, = ML(L‘)/O ds1 (C2(s1)20g2 + C1(s1)20q1)

The structure of the third term, T3, of (68) is easily determined from (69) and
the properties of tensor products. Recalling that I';(s1)[;(s2) = 0, we find

2 2 + $1 B B
T3 = Z Z ug(t)/o d51 /0 dSQ E4Fil (Sl)FiQ (SQ)J;OST (71)

i1=112=1

— pe(®) / ds) / sy (Gs1)Gals2) + Gl s aona  (72)

Returning to the original variables, we obtain the solution to our simplified
original equation (66), with b’s defined in (67),

x(t)

t
pc(t)xo + Mﬁ(t)/ dsy ([MZlaﬂz,lMﬁ]sﬁCo% + [uzlal“ﬂ,luﬁ]slxom)
0

t S1
+ Ha(t)/ dSl/ dsy [z aryiapcls bz azyapc]s,
0 0

+  [ugtasyeapcls lng ey aicls,) Toqige (73)

Expressions within square brackets are evaluated at the value indicated by their
subscript.

As explained in Section 3, in order to solve the original equation (66), it is
first multiplied on the right by p1 ;p2 ; to get the projected equations

dCEij
dt

where 2;; = xp1,;p2,;. Each of these equations has a solution given by (73).
Thus,

= 12 (B1,i,0 + B1,5,1q1,5) + @225 (52,50 + B2,5,192,5 )5 (74)

ri(t) = [ (t)xop1,ib2,;

t
+ pey (t)/ dsy ([HZ}J.azﬁz,j,l,u,cij]sl$0p1,¢LI2,j + [HZ}J.alﬂl,i,luaij]sll“oqu'pz,j)
0

t S1
+ ey, (t) / dsi / ds2 ([MZSjalﬁLz‘,lMu]sl[MijaﬁzJ‘,lMu]sQ
0 0

+ [Hzilj az2,i,140c,; )5, [Hzilj alﬁl,j,l,uﬂij]@) 2041,iq2,5
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where £;; = (15,081 + [2,j,0a2. The full solution to (74) is

2(t) = S5 @i(t). (76)

i=1 j=1

In the special case when by and by are expressed in the same constant spectral
basis S = {p1, q1,p2,¢2}, the explicit full solution (76) simplifies to

2
x(t) = ini (t) = MLy, (t)x(Jpl + Lo, (t)$0p2
i=1

t
pen (1) / dsy (7L (azBanr + 111 1)ficss o Zods
0

¢
Lo, (t)/ ds; [MZ; (202,21 + a151,2,1) L2051 T0G2, (77)
0

where L;;(t) = bi,4,0a1 + b2 0as.
If a; and f; ; are independent of time, (73) reduces to

t
x(t) = euxo—l—e“/ dse_ﬂs(a,l'yl,leﬂswoth+6_£Sa2’yg,1e’csmoq2)
0
t S1
+ e‘t/ ds / dss (e’ﬁsl71,1@16“31’82)72,1@6“2
0 0
) L(s1— L
+ e aset Ty jage 82) T0q1q2, (78)
where we have used
pre = ert = ela1yi,0ta2v2,0)t
and
le — oLt _ e*(a1v1,o+a272,o)t.

When a; and ag commute, the solution (78) simplifies further,

a(t) = eFag+te (a1v1,120q1 + a272,170G2)

+ t2€£t71,1’72,1a1a2330LI1qQ- (79)
Finally, if ;0 =1 and 73,1 = 0, and a1 and a2 do not commute, we obtain
z(t) = eFtag (80)

where L(t) = (a1 + a2)t, as the solution to

x
e (a1 + ag)x

as expected.
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Example 2

In this example, we consider the matrix differential equation

dX
e A1 XB; + Ay X By (81)
where X is a 3 x 3 matrix,
-1 1 0 2 01
B; = 0 -1 0 , Bo=10 2 0 |, (82)
0o 0 -1 0 0 2

and A; = BY, Ay = BY. It is easily checked that By and By commute, and so
do A; and As. The matrices By and By can be written in the form

By =—-I3+ @, By =213+ Q>

where the nilpotents @1 and @2 are uniquely determined and both have index
of nilpotency 2. Note also that @1Q2 = 0. The solution to (81) is given by
substituting these quantities into (79):

X(t) = ¢ (X (0) + HAI X (0)Q1 + A:X(0)Q2)). (83)
€11 C12 (13

Let X(O) = Cg1 C22 C23 y and note that
€31 €32 (33

5 00
L=—A14+24=| -1 5 0| =5I3+Q
2 0 5
0 00
where Q= =1 0 0 | and Q% = 0. ;From (20), it follows that
2 00

eFt = e (I3 + Q1)

and the solution (83) takes the explicit form

X(t)=e"-
c11 c12 — c1it c13 + 2c11t
co1 — 11t cao + (€11 — c12 — co1)t + e t? o3 + (—c13 + 2¢01 )t — 2¢11t2

c31 + 2cq1t c32 + (2012 — Cgl)t — 2611t2 c33 + (611 + 2¢13 + 2631)t + 4011t2

Example 3: Quaternions
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We solve the differential equation ‘;—f = axb + f(t) where a,b € H¢, the

algebra of quaternions over the complex numbers. Any quaternion a € Hgo can
be written in the form
a=ap+a

where a = a1i+asj+ask is the complex vector part of the quaternion, a € C are
complex scalars, and 1i, j, k are the basis elements of the associative quaternion
algebra satisfying the famous defining relations

iZ=j2=k*=ijk = —1.

We solve the above equation under the assumptions that a(t) is a general
time-dependent quaternion-valued function, and that b(¢) is a time-dependent
quaternion-valued function of any of the three possible spectral types:

L b(t) = bolt)
II. b(t) = (t)p1 + bo (t)pg
II1. b(t) = bo (t) + b1 (t)q

where by(t), b1(t), ba(t) are complex scalar valued functions of the real parameter
t.
For type I, we find immediately that the solution is
xH(t) = :uboa(t)m()v

for the homogeneous part, and

x(t) = pbga(t) {xo + /Ot u;otf(s)ds}

for the full solution.
For type II, we find by superposition of the solutions of type I, that

$(t) = :Ubla(t)mOpl + ,ub2a(t)$0p2a

for the homogeneous part, and

2 t
rit) = 3 alt) oo+ [ i@

for the full solution.
Finally, for type III, we have, using the results from Section 5,

2 (t) = Baptpgapr (t)z0ST,

for the homogeneous part, and
t
o(6) = Eatvgapr®) [0+ [ i (5)pi (515 ()ds] 57
0
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for the full solution, I' = vyJa, ~(t) = Nb_oza/iboabl € He,

01
== (0 0)
is a nilpotent of index 2 and S = (1 ¢q).

Next we derive the explicit representation of the solution for type III in terms
of elementary operations in A. Since I'? = 0, we have

pr(t) = <12 +J /Ot ds 7(8))

i) = (1 | t 575 (s4)

The homogeneous solution can be written as

Similarly,

2 (t) = pyea(t) (’Io + /Ot ds 7(8)96061)

while the non-homogenous part, tyg = * — xg has a more complex form.
We derive the non-homogeneous part in stages:

tNg = Eappga(t)I2 (1 + J2 /Ot ds 7(8)> </Ot ds #Fl(S)M%Z(S)JC(S)) st

Banna)12 ([ t i i (3 (5)ds ) 57
B0 ( [ t s ( [ s B (9)1(5)) 57 (55)

where J3 = 0 was used to eliminate some terms. Substituting (84) into (85),
we find after simplification,

+

enu(®) = pna(t) /O ds i (5) £ (5)

— fial®) / ds i L () £(s) / dsy 7(s1)g (36)
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