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Asymptotic accuracy & convergence

What about the curse of dimensionality?

SO U S |
;

OAK
RIDGE

National Laboratory

erp(M) < C(N)M~9min/N

Sparse grid
esa(M) < C(N)]\ifﬁ?

@ The TP-SCFEM is a non-intrusive method with faster convergence than

MCFEM (for smooth solutions)

@ The number of samples grows exponentially fast with the number of RVs.

Clearly unfeasible, even for moderate N
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High-dimensional NI approximations OAK

Sparse grid stochastic collocation FEM (sgSCFEM) RIDGE

National Laboratory

o Recall that ?/nm(i") be the ith level interpolant in the direction y,, using
m(i,) points

%nm(in) : CO(Fn) - Pm(in)—l(rn)v %'r? [u] =0Vu e CO(Fn)
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High-dimensional NI approximations OAK

Sparse grid stochastic collocation FEM (sgSCFEM) RIDGE

National Laboratory

o Recall that ?/nm(i") be the ith level interpolant in the direction y,, using
m(i,) points

%nm(in) : CO(Fn) - pm(in)—l(rn)v %'r? [u] =0Vu e CO(F")

N
o The TP-SCFEM: uZ;P(y) = ®02/nm(i")[u] (y), maxapp, <p
n=1
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High-dimensional NI approximations OAK

Sparse grid stochastic collocation FEM (sgSCFEM) RIDGE

National Laboratory

o Recall that ?/nm(i") be the ith level interpolant in the direction y,, using
m(i,) points

%nm(in) : CO(Fn) - pm(in)—l(rn)v %'r? [u] =0Vu e CO(F")

N
o The TP-SCFEM: uZ;P(y) = ®02/nm(i")[u] (y), maxapp, <p

n=1

o The nth difference operator: Apt") [u] = ?/nm(i")[u] - %nm(i“_l)[u]
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) High-dimensional NI approximations OAK

/ Sparse grid stochastic collocation FEM (sgSCFEM) RIDGE

National Laboratory

o Recall that ?/nm(i") be the ith level interpolant in the direction y,, using
m(i,) points

%nm(in) : CO(Fn) - Pm(in)—l(rn)v %'r? [u] =0Vu e CO(F")

N
o The TP-SCFEM: uZ;P(y) = ®02/nm(i")[u] (y), maxapp, <p

n=1

o The nth difference operator: Apt") [u] = %m(i")[ | — %m(i“_l)[u]

o The hierarchical surplus: Am( ® Am in) ) where

i=(i1,...,in) € NY is a multi-index
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sgSCFEM OAK

High-dimensional interpolation approach RIDGE

National Laboratory

Basic idea: linear combination of tensor product grids, with a relatively low
number of points (but maintain the asymptotic accuracy)

The tensor product SCFEM interpolant is defined as:

N
ul P (y) = @2, ul(y), max anpp < p

n=1
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gSCFEM OAK

High-dimensional interpolation approach RIDGE

National Laboratory

Basic idea: linear combination of tensor product grids, with a relatively low
number of points (but maintain the asymptotic accuracy)

The tensor product SCFEM interpolant is defined as:

N
ul P (y) = @2, ul(y), max anpp < p

n=1

The sparse grid SCFEM is defined as
w9y) =Y QArly) = > i) @2 [ul(y)
g(i)<pn=1 g(i)<p n=1

with ¢(i) = 3 ;;0.yn ()N and g : NV — N a strictly increasing function
g(i+j)<p
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sgSCFEM OAK

Choice of index set g(i) < p RIDGE

National Laboratory

o Can build sparse grids corresponding to any polynomial space Pz, (I')
o Tensor product (TP): m(i) =4, g(i) = max  (in —1) <p

o Total Degree (TD): m(i) =1, g(i) = Z (in—1)<p
o Hyperbolic Cross (HC): m(i) = ¢, g(i) = H(zn) <p+1

o Smolyak (SM): m(i) =2""" +1,i>1,g()) = > (in—1)<p

n
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sgSCFEM OAK

Choice of index set g(i) < p RIDGE

National Laboratory

o Can build sparse grids corresponding to any polynomial space Pz, (I')
o Tensor product (TP): m(i) =1, g(i) = maxozn(in -1)<p

o Total Degree (TD): m(i) =1, g(i Zan in <p
o Hyperbolic Cross (HC): m(i) = 4, g(i) = H(in ) <p+1

o Smolyak (SM): m(i) =271 + 1,4 > 1, g(i) Zan in—1)<p

o The corresponding anisotropic versions are straightforward
o SM is the most widely used approach and corresponds to the original
Smolyak construction [Smolyak '63]

Q
—~~

[
Nt

I

; N -1
(—1)p+N*\1|1 <p+ N |i1>7 withp—N+1< g(i) <p

N
Wy = Y @) Q% ul(y)

p—N+1<g(i)<p
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Example: N = 2 isotropic sparse grid OAK

Nested rules minimize the amount of work RIDGE

National Laboratory

Nested equidistant grids with m(i) = 1,3 and 7:
H;n(l) PY
O oo
H'—e-e-e-0e0e—]

Grids Hfl(il) ® H;n(il) for i1,i3 < p = 3 and the isotropic sparse grid
4d=p+1<i1+i2<p+2=05, eg. (371)+(173)+(272)+(273)+(372)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

[ . - - - . - - - LI IR 1
HE— 1 T
o H o
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

i:(6l,1):>(?;3><ll)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

i (5.2) = (17 % 3)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

i~ (13) = (95)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

i~ 3.4) = (5 9)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

¢
--E----O?---O--"O---O--
1

= (2.5) > (34 17)
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =
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Generating Smolyak sparse grids: N = 2 OAK

Using Clenshaw-Curtis abscissas RIDGE

National Laborat

N = 2 isotropic sparse grid: p =15
=i <p+N=7

[ . - - - . - - - LI IR 1
HE— 1 T
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

fp(N) is the N-dimensional sparse grid interpolant
7y, is the finite element projection operator
v is the truncated representation of the solution

© 6 o o

uy is the fully discrete (in Q x D) approximation
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy

[l = up|
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy

llw = up|| < flu =l
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy

[ = wp|l < lu—unll + lun = mnun
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Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy

lu—upl| <|lu—un|| + luv —7pun]]  + Hﬂh/z,y — yp(N)mLuA\'H

J. Burkardt, http://ww.sc.fsu.edu/~burkardt, C. Webster, http://www.csm.ornl.gov/~cgwebster — April 2-3, 2012 9/45


http://www.sc.fsu.edu/~burkardt
http://www.csm.ornl.gov/~cgwebster

sgSCFEM  Convergence rates Intrude or not? Stochastic inverse What we missed Conclusions References

Error Analysis OAK

RIDGE

National Laboratory
The ultimate goal is to give a priori estimates for the total error (in terms of
the # of samples M:

#(N
e:u—up:u—fp( >7Th(/\'

° fp(N) is the N-dimensional sparse grid interpolant
o 7y, is the finite element projection operator

@ 1w,y is the truncated representation of the solution
o w, is the fully discrete (in Q x D) approximation

1L = upllyy ) < B [lle = wplly )] < e = ol 2 ooy

lu—upl| <|lu—un|| + luv —7pun]]  + Hﬂh/z,y — yp(N)mLuA\'H

N
v = (0. Nymndl g ~ = A, = =l
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& Convergence of C-C sparse grids: OAK

Asymptotic accuracy: sgSCFEM vs TP-SCFEM RIDGE

National Laboratory

Recall: convergence of the isotropic FTP: eqp (M) & O (M ~9min/N)
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Convergence of C-C sparse grids: OAK

Asymptotic accuracy: sgSCFEM vs TP-SCFEM RIDGE

National Laboratory

Recall: convergence of the isotropic FTP: eqp (M) & O (M ~9min/N)

For functions u € C°(T'N; W (D)), the isotropic sparse grid method satisfies

e(M) = flu — 1wyl ;y < O(N)MTsE,
P

(<]

An analogous result holds for the Gaussian abscissas

©

C < 1 for highly isotropic problems ( sub-exponential convergence)

Exploits the smoothness of the function (as opposed to MC, QMC, LHS,
etc.) while reducing the curse of dimensionality

©

® Gmin ~ 17 When u € W) (bdd mixed derivatives of order )

e(M)=~ 0O (]\J*’“ (log AJ)(Nfl)(rH)) is simply an upper upper bound

(4]
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Dimension-adaptive sparse grids OAK

Anisotropic sgSCFEM [Nobile-Tempone-Webster] RIDGE

National Laboratory

1, i=1

N . .
= oy (i, — 1), a = g, and m(i) = .
) Zn_l ( ) g () 22+1_1’ ’l>1

—
@
—+

<

—~~
e

N = 2 anisotropic sparse grid: g(i) <p =10

Oéz/alzl 062/05121.5 042/041=2
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Dimension-adaptive sparse grids OAK

Anisotropic sgSCFEM [Nobile-Tempone-Webster] RIDGE

National Laboratory

1, i=1

N . .
= oy (i, — 1), a = g, and m(i) = .
) Zn_l ( ) g () 22+1_1’ ’l>1

—
@
—+

<

—~~
e

N = 2 anisotropic sparse grid: g(i) <p =1

.

Oéz/alzl 062/05121.5 042/041=2
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Dimension-adaptive sparse grids OAK

Anisotropic sgSCFEM [Nobile-Tempone-Webster] RIDGE

National Laboratory

1, i=1

N . .
= oy (i, — 1), a = g, and m(i) = .
) Zn_l ( ) g () 22+1_1’ ’l>1

—
@
—+

<

—~~
e

N = 2 anisotropic sparse grid: g(i) < p =2

i
Oéz/alzl 062/05121.5 042/041=2
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Dimension-adaptive sparse grids

Anisotropic sgSCFEM [Nobile-Tempone-Webster]

Stochastic inverse What we missed Conclusions References

OAK
RIDGE

National Laboratory

—
@
—+

<

—~~
e

) = 22;1 @ (in — 1), o, = gn and m(i) =

1, i=1

2 1, i>1
N = 2 anisotropic sparse grid: g(i) <p =3
Oéz/alzl 062/05121.5 042/041=2
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Dimension-adaptive sparse grids OAK

Anisotropic sgSCFEM [Nobile-Tempone-Webster] RIDGE

National Laboratory
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N . .
= oy (i, — 1), a = g, and m(i) = .
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Dimension-adaptive sparse grids OAK

Anisotropic sgSCFEM [Nobile-Tempone-Webster] RIDGE

National Laboratory
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N = 2 anisotropic sparse grid: g(i) <p =17
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Generated C-C anisotropic sgSCFEM

Correspondng indices (i1,%2) s.t. a1i1 + agia <7

OAK
RIDGE

National Laboratory

@ active points @ previous points
| gmeescococosacgoccecssoccsng secsces s s s e s a0 s scnsesem
e s 1 i H = b : .
H
[ §wessscscoce s fooceocscecoccen fmes o o o s o o o o o som
.
. .
. .
- oo .o - .
i i L : - | o

[ active index M previous index
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How to construct anisotropic weights? OAK

Example: T';, bounded RIDGE

National Laboratory

1-dimensional analysis: polynomial approximation (L? projection or
interpolation using Gauss points) in y,, (only) yields exponential convergence

en = |lu—upll. < Ce 9P
P
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How to construct anisotropic weights? OAK

Example: T';, bounded RIDGE

National Laboratory

1-dimensional analysis: polynomial approximation (L? projection or
interpolation using Gauss points) in y,, (only) yields exponential convergence

gn = |Ju— “P”Lg < Ce  9nPn

Optimal choice for anisotropic weights: «,, = g, )

o The decay rates g,, can be estimated theoretically (a priori ),
47,2
=lo T 1+ =
¢ (IF | Ik

and numerically (a posteriori ), logyo(c,) & logo(dn) — pr logyg(e)

o Theoretical estimates for linear and several nonlinear PDEs available
[BNTO7, W07, NTW08a, NTW08b, GW11]

o Dimension-adaptivity without paying the cost of searching and evaluating
the multi-indices {p + ej, 1 <5< N} using an heuristic error estimator
[Gerstner-Griebel "03]
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Convergence Anisotropic sgSCFEM OAK

Clenshaw-Curtis points RIDGE

National Laboratory

Recall: convergence of sparse isotropic SC: egq(M) = O (Af’gmi"/(l"g(QN)))
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Convergence Anisotropic sgSCFEM OAK

Clenshaw-Curtis points R_IDGE

National Laboratory

Recall: convergence of sparse isotropic SC: egg(M) ~ O (]\J’gmm/(log@]v)))

For functions v € C°(T'N; W (D)) and a,, = g,,, the dimension-adaptive
sparse approximation approach satisfies:

e(M) = llu— upll 3 | < Clor, N)M T,
P,

where 4 (gmin, N) = log(2) + Zrlyzl o

An analogous result holds for the Gaussian abscissas

Gmin =7 When u € WEN) (bdd mixed derivatives of order r)

For highly isotropic problems 4 (gmin, N) & log(2N)

For highly anisotropic problems, i.e. the larger the ratio @maz/®min
becomes, the smaller the constant and ¥(gumin, N) << log(2N)

What about deterioration in rate of convergence & coefficient C(c, N)
as N increases?

© ©6 6 o

(4]
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On “infinite dimensional noise” OAK

RIDGE

National Laboratory

o Observe that if g, ~ gininn”, with v > 1, the series Zzozl Imin ~ ~g

o g
and there is a limit rate of convergence:

M™HN < ]\4—1%07 oo > 0
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On “infinite dimensional noise” OAK

RIDGE

National Laboratory

o Observe that if g, ~ gininn”, with v > 1, the series Zzozl Imin ~ ~g

o g
and there is a limit rate of convergence:

M—MN S ]\4—1%07 oo > 0

o An estimate for the constant can be found in [NTWO08b]:

CN—lN 6\ Nkl oy log(sinh gd—d'
(e, )75(;::1 @ exp n2=:1{ 1@4- 2 s og(sin (g(n))} . ()77;;19(1)
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On “infinite dimensional noise” OAK

RIDGE

National Laboratory

o Observe that if g, ~ gininn”, with v > 1, the series Zzozl Imin ~ ~g

o g
and there is a limit rate of convergence:
M™HN < ]\4—1%07 oo > 0

o An estimate for the constant can be found in [NTWO08b]:

C(g, N) ! g: 1o ’ g: {k ! +k ! log(sinh(g( ))} G (d) zd: (1)
> = — —Z7aN ex —_— —— — lo sin n y = 2
B 2 4=1 @e ’ n=1 ) % Valn) ¢ ! i=1 !

o Given a monotone sequence g, that goes to infinity (for instance
In = Gminn”, v > 0), we have

lim C(a,N)=C" < NO curse of dimensionality!
N—o00
No need to truncate a priori the random field. We can work in the
“infinite dimensional” space and the algorithm will maintain the
theoretical convergence rates!

J. Burkardt, http://www.sc.fsu.edu/~burkardt, C. Webster, http://www.csm.ornl.gov/~cgwebster — April 2-3, 2012 15/45


http://www.sc.fsu.edu/~burkardt
http://www.csm.ornl.gov/~cgwebster

sgSCFEM  Convergence rates Intrude or not? Stochastic inverse What we missed Conclusions References

Numerical example OAK

SG-SCFEM RIDGE

National Laboratory

We let x = (21, 22) and consider the following nonlinear elliptic SPDE:
-V - (a(w, 1) Vu(w,x)) cos(xq)sin(xe) x € [0,1]?
u(w,x) =0 on 0D

The diffusion coefficient is a 1d random field (varies only in z1) and is
a(w,z1) = 0.5+ exp{~y(w, 1)}, where « is a truncated 1d random field with
correlation length L and covariance

Covy](x1,%1) = exp <—

x1 — 1)2
“Tl)> ) V(551;571) € [07 1]
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Numerical example OAK

RIDGE

National Laboratory

We let x = (21, 22) and consider the following nonlinear elliptic SPDE:
-V - (a(w, 1) Vu(w,x)) cos(xq)sin(xe) x € [0,1]?
u(w,x) =0 on 0D

The diffusion coefficient is a 1d random field (varies only in z1) and is
a(w,z1) = 0.5+ exp{~y(w, 1)}, where « is a truncated 1d random field with
correlation length L and covariance

Covly](z1,%1) = exp <—

(‘”1;—;”1)> V(z1,%1) € [0,1]
N 2 N
) =112 (Y354 Y alon) Yl

. 2 —(g1mr)” sin ([ 2]mz1), if neven,
fri= (VEL)TE TR pnlm) 1= (L%Jnxl)), if n odd

o E[Y,] =0 and E[Y,,Y;,] = 8, for n,m € Ny and iid in U(—/3,v/3)
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Calculating the weighting parameters OAK

A priori selection: N =11 RIDGE

National Laboratory

A priori of the dimension weights «,, = gy:

gn =log | 210 4+ 1+ A7 and L
= — — 7‘n =
" |Fn| |1—‘n|2 12y /\ngn||L°°(D)

For this problem we have

log (1 4k c/\/f) , forn << L2

n?L?, forn > L2

9n =

\ H a1 \ g, a3 \ Qyq, 05 \ Qg, a7 \ asg, Qg \ a10, 11 \
L=1/2 0.20 0.19 0.42 1.24 3.1 5.8
L=1/64 1 0.79 0.62 0.62 0.62 0.62 0.62
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) Calculating the weighting parameters OAK

/ A priori selection: N = 11 RIDGE

National Laboratory

A priori of the dimension weights «,, = gy:

= log 2T +4/1+ A’ and L
Tn =
] T |2 12v/ A |bnl Lo (D)

For this problem we have

log (1 4k c/\/f) , forn << L2

’I’LQ L2

gn =
, forn > L2

\ H a1 \ g, a3 \ Qyq, 05 \ Qg, a7 \ asg, Qg \ a10, 11 \
L=1/2 0.20 0.19 0.42 1.24 3.1 5.8
L=1/64 1 0.79 0.62 0.62 0.62 0.62 0.62

Goal: [[E[e]|lz2(p) ~ |IE [u5(y,2) —uC (v, 2)] |z2(p)

o p=0,1,...,Pmas and u, . 11 is an overkilled solution
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Calculating the welghtlng parameters OAK

A posteriori selection: RIDGE

National Laboratory

IElenlll 2Dy 2 I1E [up(Yn, @) = p,,+1(Yn, 2)] I L2(D)
o p=0,1,...,Pmaxr and u,, . 11 is an overkilled solution

I<N<I11&L.=1)2 I<N<I1&L.=1/64

log,(L? error)

#Spoints5 ° #pofnts
A linear least square approximation to fit log, (|| E[en]|lr2(p)) versus pn. For
n=1,2,...,N =11 we plot: on the left, the highly anisotropic case L. = 1/2 and
on the right, the isotropic case L. = 1/64
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Convergence Comparisons OAK

N = 11 random variables RIDGE

National Laborat
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e ]
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Convergence Comparisons

Intrude or not?

Stochastic inverse What

N = 11 random variables

N=11&L=1/2

ve missed Conclusions References

N=11&L=1/4

log,o(L? error)

log,o(L? error)

S~ g % \éﬁ;
Thel onte Carlo

lo‘gsw(#;)oint;ﬁ)
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s
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]
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OAK
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National Laborat
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OAK
RIDGE

National Laborat
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N = 11 random variables

References

ve missed Conclusions

Convergence Comparisons

OAK
RIDGE

National Laborat
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OAK

N = 11 random variables RIDGE

National Laboratory

L [AS] AF [ 1S [ MC |
1/2 50 252 2512 | 5.0e + 09
1/4 158 1259 3981 | 2.0e + 09
1/16 || 199 1958 501 | 1.6e+ 09
1/64 || 316 | 199530 | 360 | 1.3e+09

For TV, with N = 11, we compare the number of deterministic solutions
required by the Anisotropic Smolyak (AS) using Clenshaw-Curtis abscissas,
Anisotropic Full Tensor product method (AF) using Gaussian abscissas, Isotropic
Smolyak (IS) using Clenshaw-Curtis abscissas and the Monte Carlo (MC) method
using random abscissas, to reduce the original error by a factor of 10%.
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N = 21 random variables

ve missed Conclusions References

OAK
RIDGE

National Laborat
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Convergence Comparisons |V: OAK

N =21,...,121,...00 random variables (A posteriori approach) RIDGE

National Labor

N=21, 31, 41, 81, 121 & L=1/16

-2

log,(L? error)

-9} . 4
R Y
-10f el N =41]
"y
-11f N =31
-12 -
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SGFEM vs. SCFEM OAK

RIDGE

National Laboratory

We have already pointed out that both the SGFEM and SCFEM approaches
can be tuned to the same polynomial space P ;(,)(I")
o In general Mgc > dim (P, (T')) = Mge (L? optimality of the
Galerkin projection)

o However, since the SGFEM results in large coupled systems,
pre-conditioners and iterative solvers become necessary. Therefore:

Costsg = dim (P, (")) X (# iterative solves)

o The cost of the deterministic FEM remains fixed between SG and SC. As

such
Costsc = card (HMSC) = ##collocation points in T’

o Numerical Comparison: J. Back, F. Nobile, L. Tamellini, and R.
Tempone. Stochastic spectral Galerkin and collocation methods for
PDEs with random coefficients: a numerical comparison, Lecture Notes
in Computational Science and Engineering, pages 43-62. Springer, 2011

J. Burkardt, http://ww.sc.fsu.edu/~burkardt, C. Webster, http://www.csm.ornl.gov/~cgwebster — April 2-3, 2012 23/45


http://www.sc.fsu.edu/~burkardt
http://www.csm.ornl.gov/~cgwebster

sgSCFEM  Convergence rates Intrude or not? Stochastic inverse What we missed Conclusions References

SGFEM vs. SCFEM OAK

Numerical comparison [Back et. al, 2011]: Error vs. dim RIDGE

National Laboratory

piecewise material properties, i.e. a(w,z) = by + 22:1 Y. (w)xp, (),
a|p, ~ U(0.01,0.8) with deterministic forcing term f = 100 and zero BC's

10
dim-stoc

The Galerkin method is solved with a conjugate gradient method with block
diagonal pre-conditioner: Costsg = dim (P, (")) x (# PCG iterations)
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aSGFEM vs. aSCFEM OAK

Numerical comparison [Back et. al, 2011]: Error vs Cost RIDGE

National Laboratory

piecewise material properties, i.e. a(w,z) = by + Zizl Y. (w)xp, (),
a|p, ~ U(0.01,0.8) with deterministic forcing term f = 100 and zero BC's

5| | —8—SG-1-2.5-4-5 5(axp) a
—h— 5G-1-3.5-5.5-7.5(th .
- ®- 5C-1-2.5-4-5.5(exp) .
- A - SC-1-3.5-5.5-7.5(th)

* 10' 10° 10’ o' 10°
SC: num-pts / SG: dim-stoc * iter—-CG / MC: sample size

Approximation using anisotropic total degree polynomial spaces for both the
Galerkin and Collocation methods (weights both theoretically and numerically)
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OAK

RIDGE

National Laboratory

Forward Problem: to approximate u or some statistical Qol depending on u:

®, = (®(u)) = / / ,w, z)dz dP(w) J

e.g. u(zo) = E[u](xo), OR Var[u](zo) = E[(w)?](zo), where & = u — 7,

ORPlu>ug| =P[{w e Q : u(w,z) > ug}] =E [X{uzuo}] ,
OR even statistics of functionals of u, i.e. ¢(u) = / u(-, z)dz
cD

where > is a subdomain of interest.

uncertain uncertain

inputs outputs
— SYSTEM —
PDF known PDF to be
determined
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Goal of the computations OAK

Stochastic Qol RIDGE

National Laboratory

Inverse Problem: Given a set of measurements {n(w,z,t)} corresponding to
some statistical Qol Q[u] (e.g. moments, inverse CDF, etc) depending on the
solution u to the SPDE, minimize the functional

Qe My = 1 M3z py) OR Q) es) = Q0]

s.t. the random u and the optimal stochastic coefficients satisfy the state

‘ """" | comparer [ - = - == - - - l
ol 3 and -
' updated updater “ :
initial guess : input PDF '
for the input PDF , '
' system :
' " output '
uncertain ! > > !
----- L}
inputs -- > SYSTEM uncertain
PDF to be outputs --
determined PDF known

o accomplished via Bayesian methods or by optimization approaches
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Stochastic optimal control OAK

Part 1. Theory for applications to linear SPDEs RIDGE

National Laboratory

o Let @min, Gmax > 0 and denote U4 the set of admissible coefficients s.t.

Upg = {a € L=®(T; L (D)) : P(amin < a(w,2) < amax, a.e. © € D) =1}

o Let u(y,x) and a(y,x) be given target and coefficient random fields
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Stochastic optimal control OAK

Part 1. Theory for applications to linear SPDEs R_IDGE

National Laboratory

o Let @min, Gmax > 0 and denote U4 the set of admissible coefficients s.t.

Ugag = {a € LT L°(D)) : P(amin < a(w,x) < amax, a.e. x € D) =1}

o Let u(y,x) and a(y,x) be given target and coefficient random fields

1
Jon () = E |5 |u(y, @) = 0(v.2) 3y + 5100 Famy|  (O)

Too(f ) = 3 |Eful(@) ~ E)@)|3x oy + SIEAN@ ey (C2)
over all u € L2(T; Hy(D) N H*(D)) and f € L2(T', L*(D)), subject to

-V (a(y,z)Vuly,z)) = f(y,z) inTxD

Remark: Using (C) we can easily replace E[-] with higher order statistics or
even ®~1[], the inverse CDF
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) Stochastic optimal control
RIDGE

/ Part 2. Theory for applications to linear SPDEs
National Laboratory

(u, f) is the unique optimal pair in problem (C4) or (Cs) if and only if there
exists an adjoint or co-state stochastic process & € L2(I'; Hj (D)) such that

~V - (a(y,)VE(y,z)) =F(u(y,z) —u(y,z)) inT xD,
fly,z) =—-2&(y,) ace.in T x D,
£y,z) =0 on T x dD,
where F[-] = Z,[] for problem (C1) and F[] = E[] for problem (C%)

29/45
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) Stochastic optimal control
RIDGE

/ Part 2. Theory for applications to linear SPDEs
National Laboratory

(u, f) is the unique optimal pair in problem (C4) or (Cs) if and only if there
exists an adjoint or co-state stochastic process & € L2(I'; Hj (D)) such that

~V - (a(y,)VE(y,z)) =F(u(y,z) —u(y,z)) inT xD,
fy,x) =—-5¢&(y,2) ae.in T x D,
£y,z) =0 on T x dD,
where F[-] = Z,[] for problem (C1) and F[] = E[] for problem (C%)

o The optimal control f the optimal state u and the optimal adjoint state
&(y,x) can be determined from solving the minimization problems (C})
or (C2) directly or by solving the system of couple stochastic PDEs:

=V (aly,2)Vil(y,z)) =-3&(y.2)

V- (aly,2)Ve(y.2)) = F(ily, ) - uly.))

29/45
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\ Stochastic parameter identification OAK

/ Part 1. Theory for applications to linear SPDEs RIDGE

National Laboratory

o Given a perturbed stochastic observation u(y, x) of the state, determine

the coefficient a(y, «) such that u|, =@ (or even Q[ul,)] = Q[u])
o Aga = {(u,a) | ue L2 Hy(D) N H*(D)) and a € L>(T; L>(D))}
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Stochastic parameter identification OAK

Part 1. Theory for applications to linear SPDEs R_IDGE

National Laboratory

o Given a perturbed stochastic observation u(y, x) of the state, determine
the coefficient a(y, «) such that u|, =@ (or even Q[ul,)] = Q[u])

o Aga = {(u,a) | ue L2 Hy(D) N H*(D)) and a € L>(T; L>(D))}

1 _ B
Jp,(a,u) = E 5IIU(y,w) —a(y, z)|32py + §||a(y7x)lliz<m (P1)

Jp, (a,u) —||]E — E[d](z)|?

||L2(D) + gHE[a](z)HiZ(D) (P2)

over all (u,a) € A,q satisfying

—V - (aly,z)Vuly,z)) = f(y,z) mnI'xD

Remark: Using (P») we can easily replace E[-] with higher order statistics or
even ®~1[], the inverse CDF
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Stochastic parameter identification OAK

Part 2. Theory for applications to linear SPDEs R_IDGE

National Laboratory

Let (@, @) be an optimal pair for problem (Py) or (P;). Then

1
a(va) = maX{aminymin{_Bva(y7‘T)Vg(}’al‘)7amax}} ae. inI'xD,

where the adjoint £ € L% (T; H} (D)) is the solution of the nonlinear SPDE

-V (a(Y7x)V§(y‘T)) = F(a(Y7x) - ﬂ(yx)) inI'x D

with F[-] = Zy[] for problem (P;) and F[-] = E[] for problem (P%)
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Stochastic parameter identification OAK

Part 2. Theory for applications to linear SPDEs R_IDGE

National Laboratory

Let (@, @) be an optimal pair for problem (Py) or (P;). Then

1
a(va) = maX{aminymin{_Bva(y7‘T)Vg(}’al‘)7amax}} ae. inI'xD,

where the adjoint £ € L% (T; H} (D)) is the solution of the nonlinear SPDE

-V (a(Y7x)V§(y‘T)) = F(a(Y7x) - ﬂ(yx)) inI'x D

with F[-] = Zy[] for problem (P;) and F[-] = E[] for problem (P%)

o’

o The optimal @, u and £ can be determined from solving the minimization
problems (P;) or (P;) or by solving the system of coupled SPDEs:

~V - (aly,)Vily,z)) = f(y,)

-V (6(y,x)V£(y,x)) = F(a(y7x) - ﬂ(yl))
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) Applications to stochastic parameter iD OAK

/ SCFEM approximation of the coupled system RIDGE

National Laboratory

0 a(w,xz) = max{amin,min{f%Vﬂ(w,x)Vf(w,:E),amax}} a.e. in QxD

=V - (a(y,z)Vu(y,))

fly,x) for a.e. x € D,

-V - (a(y,z)Vé(y,z)) = E(u(y,z) —u(y,z)) forae. z€ D,

wherey € TV c RY and 2 € D
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Applications to stochastic parameter iD OAK

SCFEM approximation of the coupled system R_IDGE

National Laboratory

0 a(w,xz) = max{amin,min{f%Vﬂ(w,x)Vf(w,:E),amax}} a.e. in QxD

-V - (a(y,z)Vu(y,z)) fly,z) for a.e. x € D,
-V - (a(y,z)Vé(y,z)) = E(u(y,z) —u(y,z)) forae. z€ D,

wherey € TV c RY and 2 € D

/ EF, Talmmypl) dy = / el
N TN

N

/ (@VE, Vo) papyp(y) dy = / o= T sl 657
Ny T
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) Error estimates for (P2) OAK

/ Fully discrete stochastic identification approximation R_IDGE

National Laboratory
o Recast nonlinear optimality system related to problem (Pz) by utilizing
the Brezzi-Rappaz-Raviart Theory for approximations of nonlinear PDEs
o {(A=78,0(A) = (u(N),k(N); A € A} be a nonsingular branch of solns

There exists a neighborhood O of the origin in X and, for h < hy small
enough and M sufficiently large,a unique C? branch of solutions s.t.

Pp(A) € p(A) + 0.
Moreover, let HS, = L% (Q; W, °(D)), then we get the estimate

||U - UPHH?D + ||§ - gp”Hg, < C(h + ]\,{g(gmrgitLN) )g(u, , f7 ﬂ)v

where £(u,n, f,7) = (|Vullgg: + IVallag: + 1f g + 1E(w — )l e )-

o (up.&y) = (u,&) as h — 0, M — oco. Similarly a, — a through
optimality condition.
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Numerical Example OAK

/ Stochastic parameter identification RIDGE

National Laboratory

An adjoint-based gradient descent algorithm (tol = 10~°) using sgSCFEM to

compute the optimal pair (4,R) s.t. Jp, p, (R, u) = inf Jp p,(a,u)
(a,u)€Aqq

1 _ B
Jp,(a,u) = E §|IU(w7w) — U(w, )| 72(py + §|a(w7w)lliz(p)] (P1)

- 2 B 2
JP2(a u _||IE E[u](a:)||L2(D)—|——”E[a](x)||L2(D) (PQ)
Stochastic target: u=z(l—-2%) + Z _ysin (272) Yy (w)
Exact random coeff.: a=(1+2%+ Z _ cos (2F2) Y, (w)
Deterministic initial guess: a=1+4=z
Exact given RHS: f=V-(alw,2)Vu(w,z))

o E[Y;] = 0 and E[Y;Y;] = 0;; for ¢,j € N, are taken uniform in the
interval [0,1], and z € R!
GOAL: given the random f, identify the expectation of both the parameter
a(w,x) and the state u(w,x) and compare with the exact statistics.
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Realizations of the exact a, u and f OAK

241 C-C samples RIDGE

National Laborat

Realizations of the target T(wy, ) and the mean £[7](x) Realizations of k(wy, -) and the mean E|k](x)
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N =1 example: inf Jp, p,(a,u) OAK

Tracking the expectation of the parameter E[a] and the state E[u] RIDGE

National Laborat

08 21 :

0 01 0.2 03
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N =5 example: inf Jp, p,(a,u) %AIL)KGE

Tracking the expectation of the parameter E[a] and the state E[u]
National Laborat

The exact coefficient E[F(x) versus E[k*)(x) using SC

The exact target E[7](z) versus E[u?(z) using SC .
,

34

33 .

32 .
’

31 g
0
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N = 11 example: inf Jp, p,(k, u) OAK

MCFEM vs. sgSCFEM RIDGE

National Laborat

Mysc = 265, M ~ 106

The exact target E[a@](z) versus E[u”(z) The exact coefficient E[E](z) versus E[k*](x)

0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 05 06 07 0.8 0.9 1
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N = 11,51 and 121 examples: MC vs. SC 3¢ OAK

Tracking the expectation of the state E[u] and control E[a] RIDGE

National Laboratory

[ N [ seSCFEM [ MCFEM |

11 360 7e + 09
o1 1581 9e + 10
121 4801 8e + 12

For I'V, with N = 11,51 and 121, we compare the number of deterministic
solutions required by the sparse grid Stochastic Collocation FEM (sgSCFEM) using
Chebyshev abscissas and the Monte Carlo FEM (MCFEM) method using random
abscissas, to reduce the original error in both ||E[u] — E[u]||,2(py and
|E[a] — E[a]]| z2(py by a factor of 10°.
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¥ Convergence of the cost functionals OAK

Gradient-based sgSCFEM: 11 RIDGE

National Labora

Convergence of the cost functionals

o : :
Jy with M = 265

L - - - Js with M =265 | |
! - = Js with M = 2069

Js with M = 12497] |

log o(Cost Functional)

-7

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000
Iterations
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What didn't we cover OAK

Other polynomial space approximations RIDGE

National Laboratory

o ANOVA-type approximation: activate at most v << N stochastic dimensions
at the same time ([Todor-Schwab], [Bieri-Schwab], [Karniadakis et al]):

N N
P () = span{H Y’y in <pn, P {in >0} < u}
n=1

n=1

o Best N-term approximation: approximate u with the N largest Fourier-Legendre
coefficients ([Cohen-DeVore-Schwab], [Bieri-Andreev-Schwab])

o Discontinuous piecewise polynomials: “hp”-type discretization
([Karniadakis-Wan-et al], [Babuska-Tempone-Zouraris], [Ma-Zabaras], [Griebel
et al], [Jakeman-Archibald-Xiu]), [Gunzburger-CW]

o Wavelet basis approaches: Wiener-Haar Galerkin basis
[LeMaitre-Najim-Ghanem-Knio], generalized sparse wavelet basis
[Guannan-Gunzburger-CW]

o Generalized spectral decomposition [Nouy, LeMaitre]
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Concluding remarks OAK

RIDGE

National Laboratory

PDEs with random input data arise in the context of uncertainty
quantification in many engineering areas

High-dimensional problems are a characteristic of modern forward and
inverse UQ. Accurate Monte Carlo-type results take too long and tensor
product methods suffer from the curse of dimensionality

Properly chosen anisotropic polynomial spaces can improve considerably
the convergence of both SCFEM and SGFEM, when the input random
variables have different influence on the output

Real-world applications are typically highly nonlinear which can easily be
solved using non-intrusive approaches whereas intrusive approaches
require large dense coupled solvers
Global sgSCFEM is very effective for problems that feature smooth
dependence on the random variables - even in high-dimensional spaces
o Non-smooth or even discontinuous solutions are not well represented by
global polynomials - strong oscillations (Gibbs phenomenon)
o Explosion in computational effort with most locally adaptive methods
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) (Very Incomplete) List of references OAK

RIDGE

National Laboratory

Formulation of PDEs with random coefficients, i.e. SPDEs:

Babugka et al; Holden & @ksendal; Karniadakis & Xiu; Keese & Matties; Schwab &
Todor; etc....

Spatial /temporal expansion of stochastic processes/random fields:

Adler; Fourier; Karhunen & Loéve ; Krée & Soize; Wiener; etc...

White noise analysis / polynomial chaos (PC) / multiple It6 integrals:
Cameron & Martin; Burkardt & Webster; Hida & Potthoff; Holden & @ksendal; It5;
Malliavin; etc...

Galerkin methods for SPDEs:

Babuska & Tempone; Benth & Gjerde; Cao; Ghanem & Spanos; Karniadakis & Xiu;
Keese & Matties; Schwab & Todor; etc...

Collocation methods for SPDEs:

Babuskaet al; Hesthaven & Xiu; Matelin et al; Nobile, Tempone & Webster; Tatang;
etc...
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References OAK

RIDGE

National Laboratory

Numerical Methods for SPDEs and UQ, Book, Expected 2012.

A generalized methodology for the solution of stochastic identification
problems, ORNL Technical Report, 2012.

A stochastic collocation approach to constrained optimization for random data
identification problems, Submitted: 1J4UQ, 2012.

Adaptive sparse grid stochastic wavelet collocation method for discontinuous
SPDEs, In preparation, 2012.

Stochastic spectral Galerkin and collocation methods for PDEs with random
coefficients, Lecture Notes in C. S. & Eng., 2011.
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References OAK
RIDGE
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