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Abstract

To minimize a convex function, we combine Moreau-Yosida regularizations, quasi-
Newton matrices and bundling mechanisms. First we develop conceptual forms using
“reversal” quasi-Newton formulae and we state their global and local convergence.
Then, to produce implementable versions, we incorporate a bundle strategy together
with a “curve-search”. No convergence results are given for the implementable ver-
sions; however some numerical illustrations show their good behaviour even for
large-scale problems.
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1 Introduction, notation, motivation

Consider the problem

min_ f(z), (1)

zeRY

where f is a convex function on IRY, assumed finite-valued for convenience. As-
sociated with a symmetric positive-definite matrix M, we define the Moreau-
Yosida regularization of f [31], [25] by

Fy(w) = min {f(y) + 4y — ) " M(y — x)}. (2)
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We will also use a special notation for the optimal y in (2):

pute) = argming (y) + 2 (y — ) M(y =)}, 3

called the proxzimal point of x. It is known that [}, is convex and differentiable,
that

VEy(2) =G = M(z — pu(e)) € f (pu()) , (4)

and that the minima of Fj; coincide with those of f; furthermore V Fy; is
Lipschitzian. Then, admitting that some mechanism allows a fast computation
of Fyy and V Fy, the minimization of f via a quasi-Newton algorithm applied
to Fyy appears as very attractive. In fact, consider a conceptual algorithm
whose n'" iteration is as follows (see (AP1) in [2]).

Algorithmic Pattern 1 (AP1)

STEP 1. For given z, and M, ~ V?Fy(z,), the solution py(z,) of (3) at
r = x, is assumed available. Compute V Fy(x,) = M(x, — p(x,)).
STEP 2. Make the quasi-Newton move

possibly with some line-search to ensure global convergence.
STEP 3.  Compute ppr(2,41) from (3) and obtain VFy(@n41) = M (241 —

P (Tnt)).
STEP 4. Update M, by a quasi-Newton formula using the pair (Az, AG):

Ar =241 — 7y, AG= M($n+1 - pM(fL'n+1) — Tn ‘|'PM(=’1?n))- N

Here and in the following, by quasi-Newton formula using the pair (u,v) we
mean that the updated matrix in Step 4 satisfies the quasi-Newton equation

M, yu=v, (6)

and we will write M, 11 = ¢N(M,,,u,v).

Remark that (AP1) with M, = M results in x,11 = pu(x,), called the
prozimal-point algorithm, [21], [29], whose convergence properties are now
rather well understood, [9].



From a theoretical point of view, the conceptual algorithm (AP1) will converge
globally (Lipschitz continuity of V F) suffices for that, see [26]), and super-
linearly when Fj; happens to enjoy appropriate second-order smoothness [28].
Now, second-order smoothness of Fy;, studied in [19], is not a simple thing.
That is why we are not yet in a position to give conditions on f implying
superlinear convergence of (AP1), albeit conceptual.

On the other hand, consider implementation aspects. A first drawback of
(AP1) is the expensive computation of proximal points. As observed in [7],
[1] and [5], a bundle strategy can be applied to get round this difficulty. More
precisely, assume that an oracle computes f(y) and g(y) € df(y) for any given
y; after k iterations, the usual cutting-plane model of f is built:

fk(y) = max{f(yi) +g(yi)T(y - yi) ra=1,2,... k), (7)

where (v;, f(yi), g(yi) € Of(yi),i = 1,..., k) form the bundle. The whole idea
of the method consists in replacing f by fi in (2):

Bundle Algorithmic Pattern (BAP)

STEP 0. Given a symmetric positive-definite matrix M, set n = k =1 and
initialize y; = 7.
STEP 1. Having the n'* proz-center x,, compute the next iterate y;, as

Ykl 1= arginin{fk(y) + 3y —an) " M(y —x0)} (8)

STEP 2. With the help of a descent-test, decide whether to make
— either a null-step: just do nothing,
— or a descent-step: x,11 = yp41 and increase n by 1.

STEP 3. This completes the k' iteration: set & = k + 1 and update the
model (7) by incorporating (yx, f(yx),9(yx)) to the bundle. Loop to 1. O

To the extent that fi approximates f, the optimal value in (8) (resp. yr41) can
be viewed as an approximation of Fis(x,) (resp. par(w,)). Indeed, if descent-
tests were suppressed (so that x, would remain fixed forever), the algorithm
would eventually produce Fys(x,,) and pas(z,): this is Proposition 4.3 in [5].?
In the language of (AP1), a sequence of null-steps can be viewed as a subal-
gorithm approximating pas(x,), while a descent-step mimics one iteration of

the ordinary proximal-point algorithm. Incidentally, this interpretation shows

2 We mention here that this result is true in finite dimension only; see the erratum
in [27].



that an appropriate descent-test is extremely important for efficiency, for ap-
proximations of Fi; and convergence of z, should groove together.

Suppose we want to merge the above implementation mechanism (BAP) with
the quasi-Newton pattern (AP1). Knowing that pa(x,) is approximated by
Yk+1, (D) becomes in case of descent-step

Tngr = n — M7 M (2 — yrga) - (9)

Here appears a second difficulty with (AP1): unless M~*M = I, (9) is in-
compatible with the update formula #,41 = yr41 in Step 2 of (BAP). Unfor-
tunately, this update is crucial for the bundle mechanism to work, unless an
approach as in [23] is adopted.

In this paper, we propose implementable algorithms issued from amending

(AP1) + (BAP) according to the following principles:

Bundle principle: We update x,41 = yr41 at each iteration of (AP1), i.e. at
each descent-step of (BAP). For this, the metric M in (AP1) varies along
the iterations. Indeed we do impose M = M,, in (9).

Quasi-Newton principle: To update the metric M,,, we use a quasi-Newton
formula aimed at yielding M, 11 ~ V*Fy, (2,), as in (AP1). However, for-
mula (6) will not necessarily be based on the pair (Axz, AG). Rather, Sec-
tion 3 proposes a reversal approach.

At first view, the idea may seem weird: there is no longer a fixed smooth
function Fjs to approximate the Hessian of; instead, there is rather a dog Fay,
running after its tail M,;; as a result, there is no longer a well-defined Hessian
(of Far) to be approximated via a series of quasi-Newton updates. However,
we will see that the idea does have some merits: it results in a conceptual
algorithm which converges superlinearly under reasonable assumptions on f;
this is the subject of § 2-4. Finally, § 5 addresses implementation issues; we
propose a specific algorithm (whose convergence properties are not studied)
and we present some numerical results.

2 Conceptual quasi-Newton proximal algorithms

As a first step, let us consider a quasi-Newton algorithm like (AP1), where z,
is updated according to the Bundle principle in a conceptual form:

Tni1 = pum, (), where pa, (2,) is computed exactly.



Introducing a variable metric in (BAP) produces a variable proximal mapping
in (3). For the sake of clarity, we use the following notation:

po(2) i= aré;{l;n{f(y) + 3y —2) My(y — )}, (10)

where M, is symmetric positive definite. According to (4), the function Fjy,
from (10) has the gradient

Vi, (2n) = Gn = My(w, — pu(en)) € Of (pn(wn)) - (11)

Altogether, we consider the following class of conceptual quasi-Newton proxi-
mal algorithms.

Algorithmic Pattern 2 (AP2)

STEP 0. The initial 21 and M; are given. Set n = 1.

STEP 1. Compute the proximal point p,(x,) and set x,11 = p,(x,).

STEP 2. Choose two vectors z and z’; compute the corresponding proximal
points p,(z) and p,(z'); set

ui=2"—z, vi= M, (2 —p.(2) — M.(z — p.(2)).

Update M,, by some formula M, 11 = ¢N(M,,u,v), using the pair (u,v).
STEP 3. Increase n by 1 and loop to 1. O

The algorithm is essentially of proximal type; the wording quasi-Newton refers
only to the matrix-update strategy.

It is important to understand that the two reference points z and z’ can
be chosen in many ways. For instance, a standard quasi-Newton algorithm
for minimizing directly f (rather than a regularization) would yield M, 1, =
gN(M,,£,7), with £ := 2,41 — @, and v := g(xn41) — g(2,); but in general,
the two vectors u and v defining our M,,41 can be a priori different from ¢ and
Y.

We establish now two abstract results which are independent of the way M, 1
is computed in (AP2). They concern convergence and speed of convergence,
and they quantify the following intuition: taking “smaller” matrices M, im-
proves the convergence of the algorithm. Indeed, interpreting (10) as minimiz-
ing a “model” of y — f(y), the best possible model is f itself, and this implies
taking M,, = 0.



Theorem 2.1 Assume that the finite-valued convex function f has a nonempty
bounded set of minima. Then the sequence {x,} generated by (AP2) is bounded.
Moreover, if there is a constant C > 0 such that the eigenvalues of {M,} sa-

tisfy

Amax(Miut1) < Amax (M) + C - for alln, (12)

then any accumulation point of {x,} minimizes f.
The same result holds if we have tr(M,41) < tr(M,,) + C.

ProoF. Repeated use of (12) gives

Amax(Mrg1) < nC + Amax (M) - (13)

The series 3~ AL (M,) is therefore divergent and the result follows from The-

orem XV.4.2.3 in [10].

As for the trace relation, it implies likewise (13) because, for any N x N
positive-definite matrix M, Apax(M) < tr(M) < NApax(M) and this ends the
proof. O

It is interesting to note that, if the matrices M, are multiples of the iden-
tity, say M,, = p,I (a “poorman matrix”), then {z,} is a minimizing se-
quence whenever 3 u-' = 400, but with no assumption on Argmin f ([9],
[12], [5]). With general M,, we do not know whether inf-compactness of f is
still a necessary assumption for convergence. By contrast, the growth condi-
tion (14) below is necessary for superlinear convergence. The reason, as well
as a counter-example, is given in [18]. Before giving a local convergence result,
we state the following technical lemma, generalizing Lemma 4.3 in [2].

Lemma 2.2 Let the convex function f have a unique minimum x. Suppose
there are e, 0 > 0 such that |y — x| < ¢ implies

fly) = f(z) + Lty — 2. (14)

Then, for every such y,
lg(w)I* = ((fy) — f(z))  for any g(y) € Of (y). (15)

Proor. Write the subgradient inequality and apply Cauchy-Schwarz to obtain,
for every g(y) € df(y):

f(@) = fly) = lgwllz —y| or |gy)llz —yl = fly) - fz).



For y close enough to z, result follows easily from (14). O

Now we are in a position to give our superlinear convergence result.

Theorem 2.3 Let [ satisfy the assumptions of Lemma 2.2 and let (AP2)
generate a sequence {x,} converging to . If My(xn41 — ) = o(|Tps1 — ),
then the convergence is superlinear: |x,41 — &| = o]z, — T]).

Proor. Write (11); by construction, M, (2, — €y41) =: G, € Of(2141). Then
Lemma 2.2 gives {|z,41 — &| < |G, for n large enough; hence, by assumption:

Uzps — 2] = of|Tpp1 — xa) -

The rest is classical, based on the triangle inequality |2,41 — @,| < |21 —
|+ |z — a,]. a

3 Reversal quasi-Newton formulzse

Let us advance one more step in our way to deriving a reasonable imple-
mentable algorithm from (AP1) + (BAP). We address the problem of choosing
z and z" in Step 2 of (AP2).

A first alternative, the most natural and standard one, is z = x,,, 2/ = x,11,
which fixes (u,v) = (Ax, AG) as in Step 4 of (AP1). This, however, requires
the computation of p, (2,41 ), hence an extra resolution of (10). Furthermore, a
serious difficulty arises when coming to numerical implementations; it concerns
the property v'u > 0, crucial for quasi-Newton updates.

Fortunately, there is a way round these two pitfalls, based on a tricky choice
of z and z'. In fact, consider the situation from the opposite point of view.
Suppose we fix first v, that is to say, we take (sub)gradients at two different
points; can we find the corresponding u? The answer lies in the following
result, which states that the proximal operator has an explicit inverse:

Theorem 3.1 Take y € RN and g € 9f(y). Then y is a posteriori the solu-
tion of (10) with x replaced by y + M 'g. In other words

y=paly+M'g) forany yeRY andg e df(y).
Proor. Write the optimality condition for problem (10). 0

Thus, when we have an arbitrary point y € R (for example x,, or x,41) and
an arbitrary subgradient of f at y (for example g(x,,) or g(2,41)), we also have



a proximal point for free, and we therefore have a gradient V F); for free as
well. Said otherwise: given a point z, it is difficult to compute the gradient
V Fu,(z); but given a vector (G which is a subgradient of f, Theorem 3.1
provides us immediately with a point z such that G = VFy,(2) — a “reversal”
operation.

Back to our quasi-Newton context, instead of making the standard choice (fix
u, then compute v), we will first fix the difference of gradients v and then we
will use the reversal operation to deduce the corresponding u. More precisely,
take v as any difference of subgradients of f at z, and z,.1. Then, recalling

5 = Tp4+1 — Tn, (16)

we directly have

uzf—l—Mn_lv. (17)

This results in the quasi-Newton update M, 11 = ¢N(M,,& + M v, v) which
has several advantages.

First of all, the formula is explicit and requires no extra prox-computation.

Also, a wide variety is available for v. Indeed, when the n'" iteration of an
algorithm is completed, we always have on hand ¢(x,,) € df(x,) and g(2,41) €
Of(xn41); but we also have from (11) the subgradients G,y € df(x,) and
Gn € 0f(2n41). Thus, we can take

vi=7=g(@u1) — g(wa) (18)

or

vi=G, —G,_1, (19)

and indeed infinitely many other choices using convex combinations.

All of these choices have their respective qualities. For example, we will see in
§ 4 that (19) allows superlinear convergence (which is only conceptual, because
G,—1 and (G, cannot be computed exactly: at the implementation stage, f in
(11) has to be replaced by fi from (7)). On the other hand, (18) is useful for
ensuring positive definiteness of the matrices. In fact, the property v'u > 0
becomes here

vy = va + vTMn_lv > 0. (20)



With formula (18), we have vT¢ = 4T¢, which is easily made positive, via a
Wolfe-type line-search [14]. We will come back to this property in § 5.

4 Convergence properties of various conceptual quasi-Newton up-
dates

In this section, we consider the algorithmic pattern (AP2) with z and z’ such
that p,(2) = @, pa(2’) = xpq1. In other words, we take £ and u as described
in (16), (17). There is more freedom for the choice of v, recall (18), (19). We

apply the abstract convergence results of § 2 to various reversal qN-formulee.

4.1 Symmetric rank one

Let us start with the symmetric rank-one formula (see [6] for example), which
does not have a good reputation, because it is unstable: it involves a denom-
inator which may well vanish. Thanks to (17) such is not the case when the
updating pair u, v corresponds to a Moreau-Yosida regularization:

Theorem 4.1 Assume M, s positive-definite. The reversal symmetric rank-
one update is

M, €T M,

M1 =M, - ——————,
* vTE+ T M, ¢

(21)

where v is given by (18) or (19). If vT & > 0, then M,y is well-defined and pos-
itive definite. In these circumstances, the resulting sequence {x,} in Algorithm
(AP2) is minimizing if [ has a bounded set of minima.

ProoF. The symmetric rank-one update ¢ Nsp1(M,,, u, v) has the form M, 11 =
M, + al(T, where ((,a) € (IRN,£1) is the unique pair such that the quasi-
Newton equation (6) is satisfied. Working out the calculations and taking (17)
into account, we obtain ( = M,¢ and a = —1/¢7 M, u; (21) holds.

Now suppose v ¢ > 0. Use det(I + aab™) =1+ aa'bin (21):

£" M€ )

va
——= = | =det M
VTE+ T ME) T

det M, 11 = det M, (1 nmv

which is positive if M, is positive definite. We conclude that M, 1 has an even
number of negative eigenvalues, if any. According to the Interlacing Eigenvalue



Theorem (see Lemma 7.4 in [6], for instance), the rank-one formula (21) gives
)\min(Mn—I—l) S )‘mln(Mn) S T S )\maX(Mn—I—l) S )\maX(Mn) .

Since Amin(M,) > 0, the number of non-positive eigenvalues of M, ;1 is at
most one; this number is therefore 0: M, 1 is positive definite.

Finally, the above interlacing property allows the use of Theorem 2.1 with
C =0in (12). 0

4.2 A poorman quasi-Newton formula

Another possible formula consists in restricting M,, to be a multiple of the
identity: M,, = p,I; we will call “poorman (AP2)” the resulting algorithmic
pattern. When M,, 11 is so restricted, the quasi-Newton equation (6) is impossi-
ble to solve; rather the update factor p,,41 solves the variational quasi-Newton
problem min, 1|v/p — ul?. Because f is convex, vTu > 0. Actually, this vari-
ational problem has a (positive) solution only if v"u > 0 and this holds, for

lv]?

example, when f is strictly convex. Then p,44 = J7- so, using (17), we have

1 v’ v M~y v’ 1
_uTe o oTe 1 22)
flntr V] v

Various convergence results follow.

Theorem 4.2 Assume [ is a strictly convexr function. Then the poorman
(AP2) generates a sequence {x,} which is minimizing, and which converges
to the minimum of f, if it exists.

Proor. From (22), pn11 < pn; then Corollary 2.3 in [5] applies. 0

We also have some superlinear convergence results. We start with a validation
of our approach in the smooth case:

Theorem 4.3 Make the assumptions of Lemma 2.2. In addition, let f be
strictly convex with a locally Lipschitz continuous gradient. Then the poorman
(AP2) is superlinearly convergent.

Proor. We already know that {x,} converges to the minimum of f. Knowing
that v = V f(2,41) — Vf(x,) = 7, the local Lipschitz property of V f implies
|v]? < LoTu (see Theorem X.4.2.2 in [10], for example). Then (22) shows that
1/p, — 400; apply Theorem 2.3 to conclude. O

10



With the assumptions of Theorem 4.3, the choice (18) or (19) is irrelevant:
Gno1 = g(x,) = Vf(x,). When f is not differentiable, we can establish su-
perlinear convergence only with the specific choice (19) for v. Recall that f is
strongly convex with modulus ¢ > 0 if for any y and =

fly) > f(x)+g(2) (y —2) + Lely — 2|*, forall g(x) € Df(x).  (23)

Theorem 4.4 Let [ be strongly convexr with modulus ¢. Then the reversal
poorman (AP2) with v from (19) generates a sequence {f(x,)} which is 2-
step superlinearly convergent:

f(@na) = f = o(f(zna) = f),
where f denotes the optimal value of f.

ProoF. From the assumptions, f has a unique minimizer and x, converges
to it. The positive decreasing sequence {p,} has a limit g > 0. If g = 0,
then pin(2n41 — ©n) = o(|2n41 — 2,|) and Theorem 2.3 ensures the superlinear
convergence. If i > 0, (22) shows that 0 < % =: A,, must tend to 0.

We proceed to bound A, from below. Write |v]? = |G, |? + |G |* — 2G) Gy
and introduce the notation f, := f(x,). Using (11), the appropriate subgra-
dient inequalities and {p,,} decreasing, it holds

|Gn|2 = _NnG ($n+1 - ) < NO(fn - fn-l—l)v
|Gn—1|2 = _,un—lGI_l(xn - wn—l) S ,UO(fn—l - fn)

as well as

_QG;'L—GTL—I — 2,un(xn—l—l - xn)TGn—l S 2,MO(fn—I—l - fn) S 0

(remember f,411 = f(pu(xn)) < f(2,)). Altogether, we get

|v|2 = |Gn - Gn—1|2 < No(fn - fn+1 + fn—l - fn) = No(fn—l - fn-l-l) . (24)

On the other hand, apply (23) twice, exchanging y = 2,41 and © = x,, to ob-
tain directly vT¢ > ¢[€|*. Now, strong convexity allows us to apply Lemma 2.2
with { = ¢/2 to G, = — € € df(xn41) to obtain

2

oTE > ¢ > ;7<fn+1 - N>

n

> = D), (25)

From (24) and (25) we conclude

Uf> (fn+1—f)

— A, -
! TRy A

>0,

11



with K := ¢*/(2ug). Then, for any ¢ > 0, there exists an index n. such that

fag1 — [ < e(fac1 — fapr) = e(fro1 — f) —&(for1 — f), for alln > n..

Equivalently,

fos1 — F < f?(fn_l—f), for all n > n.,

and this ends the proof. O

5 Implementable forms

To become implementable, (AP2) must be combined with (BAP), whose role is
to approximate p,(x,), via a bundling subalgorithm in which f itself is approx-
imated by polyhedral functions f.. However, we propose an implementation
which does not limit the role of (BAP) to this “approximal” computation. In
fact, once M, is fixed, the subalgorithm may also modify the weight of the
quadratic penalty in (10), and this for two reasons:

— As already mentioned, it is important to guarantee (20). However, the next
iterate x,11 = yr41 coming out from (8) may be so close to z, that no
subgradient of f at x,41 yields the required inequality (20). This will happen
when M, is a “big” matrix, or also when f is affine near z,,. Before making
a descent-step, we therefore test (20); if it is not satisfied, we extrapolate,
dividing M,, by a coefficient ¢ > 1.

— The results in §4 suggest that our quasi-Newton updates are only able to
“decrease” M,; at least, this is clearly the case with (21) and (22). This
decrease is a good idea for the conceptual algorithm: after all, (10) shows
that best results are obtained with M, = 0! However, since p,(z,) is not
computed exactly, we may need “big enough” matrices M,,: the case M =0
transforms (BAP) into the pure cutting-plane algorithm [4], [11], threat-
ened by Nemirovski’s disastrous counter-example (see for example §XV.1.1
of [10]). For this reason, the bundling subalgorithm may also interpolate,
dividing M,, by a coefficient ¢ < 1 when suitable.

Thus, at each iteration of (AP2) + (BAP), (10) is replaced by
1

p(t) = argmin{ fi(y) + - (y — 2) T Mo(y — 2,)} - (26)
y€EIR™ 2t
The next candidate is then
Yrrr = P(1) = @, — M G(1) (27)

12



where, just as in (4) or (11),

Gty = 22— 1) € D1(5(1)). (28)

Observe that p(t) describes a curve when the “stepsize” ¢ > 0 varies. In effect,
we are performing a “curve-search” (comparable to a line-search), analogous to
the trust-region technique [24], and also outlined in [12], [30]. This technique
allows us to distinguish two different aspects of the “ideal” metric: a shape M,
taken care of by the quasi-Newton updates, and a size ¢ or ¢, managed by
the curve-search. With this distinction, the Bundle Principle is preserved:
when the curve-search is finished with a descent-stepsize ¢,,, the matrix update

becomes M, 11 = ¢N(M,/t,,u,v).

Now, we have to specify the rules to compute ¢ within the curve-search. To
understand our technique, some familiarity with the bundle jargon is advis-
able; the reader is referred to Chapter XV of [10] for full explanations. The
resolution of (26) yields a positive nominal decrease

8(t) == flzn) — ful(p(t)) +

G (p(t) — )

[N

and a nonnegative linearization error

et) == flzn) = F(B(1) + 9(B(1) " (p(t) — 24) - (29)

Unless @, solves (1), G(t) # 0. Using f(x,) > fk(:zjn) and (28), there also
holds

G)TMTIG(1). (30)

n

o(t) >

DO | =

G(1)" (= (1)) =

DN | —

The following properties will be useful for our convergence analysis.

Lemma 5.1 Consider (26) as parameterized by t. Then the following holds:

(i) G(-YTM-'G(-) is nonincreasing.
(ii) 6(-) and p(-) are continuous at any t > 0.
(tit) When t | 0, p(t) — x, and |p(t) — x,| = O(t).

Proor (i) For a given t > 0, we dualize (26); applying for example Fenchel’s
duality theorem, G(t) solves

1 i
min {§GTM;1G + - (f(G) ~ GTa,)}.

GeRY
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Interpret % as a Lagrange multiplier associated to the constraint in

min %GTMH_IG
f,j(G) — Gz, <40.

1

+ decreases and the objective function de-

When 6 increases, the multiplier
creases. Altogether, (¢) follows.

(7¢) Straightforward, observing that p(?) is the unique optimal solution and
flxn) — 6(t) is the optimal value in the parameterized problem (26).

(7¢7) When t | 0, the continuity of p(-) still holds: indeed, p(#) is not changed if
the objective function in (26) is multiplied by ¢ > 0. Then, p(t) — p(0) = x,,.
Finally, the finite-valued convex function fj is locally Lipschitzian: in (27),
G/(+) is bounded and the rate of convergence follows. O

The core of any bundle method is the descent-test in Step 2 of (BAP). A
descent-step is allowed when

fp()) < fwn) —mib(l) (31)

where mq €]0,1[ is an Armijo-like tolerance. Keeping this in mind, we can
outline the curve-search algorithm.

Extrapolations. Increasing t is done when (31) holds, and aims at satis-
fying (20) as well. If v is chosen as in (18), we want ¢(p(¢))" (p(¢) — x,) >
g(z,)T(p(t) — x,); we are essentially in the framework of Wolfe’s line-search.

However, the special form of p(¢) brings a slight complication. Because fi is

polyhedral, the following properties hold (see for example Remark XV.4.2.6

in [10], see also [13]).

— Either f; is bounded from below. Then it attains its minimum and, when ¢
increases, p(t) stops at such a minimum. In such a case, extrapolations may
become helpless. We therefore check whether p(t) becomes constant; if yes,
the curve-search exits, producing a “cutting-plane-step”: p(t) minimizes .

— Or f; is unbounded from below. Then we have the useful property
there is ¢ > 0 such that |G| > ¢ for all G € Of(p) and p € RY; (32)

thus, (28) shows that extrapolations will drive p(?) to infinity, as in a usual
line-search.

Interpolations. Reducing ¢ is quite a delicate business. We give a possibility,
mentioning here that other techniques might be more efficient; what we lack
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is to fully understand all the intricacies of the bundling mechanism. First
of all, interpolation (increase of the quadratic penalty in (26)) is advisable
only when the bundling mechanism comes into play, i.e. when the descent-
test is not satisfied. In fact, when (31) is satisfied, it is certainly a bad idea
to increase the penalty, thereby decreasing the target 6(¢); one should rather
be optimistic and do the contrary. Second, the next cutting-plane model fi4q
will incorporate the new bundle element {p(t), f(p(1)), g(p(1))}; it is known
by empirical observations that this new element has a limited influence if e(t)
of (29) is large (then the next candidate yx11 will not be much different from
yr). Accordingly, we propose to accept a null-step only when

e(t) <msé(t), (33)

ms being a positive tolerance.

We are now in a position to state the implementable algorithm.

Reversal quasi-Newton Bundle Algorithm (RQB)

STEP 0. The initial z; and M; are given, as well as curve-search tolerances
0 < my < my <1 and m3 > 0. Define the initial cutting-plane model fl
according to (7) and set k =n = 1.

STEP 1. Sett =1 and call the curve-search subalgorithm (CS) below, which
answers: a new ¢ > 0, a candidate p(t) with its associated G/(¢), and a message
indicating:

— either null-step, when (31) does not hold but (33) holds;

— or descent-step, when (31) holds, as well as

g(B(1)) " (p(t) — x) = —mab(1); (34)

~ or cutting-plane-step, when (31) holds and j(¢) minimizes fj.

STEP 2. In case of null-step, go to Step 3. Otherwise update x,11 = p(t)
and set G, := G(t). In case of descent-step, set £ := 2,41 — x,. Compute v
by a formula like (18) or (19) and update M, 1 = ¢N(M, /t,& + tM o, v).
Replace n by n + 1.

STEP 3. Update the cutting-plane model fi41 of (7). Replace k by k+1 and
loop to Step 1. O

The curve-search algorithm (CS) will follow the usual principles of a Wolfe-
type line-search, see [14] for example. The main differences are:

— The trial points p(?) are computed via (26), instead of having the simple
form p(t) = @, + td.
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— The possible exit by “null-step” will prevent ¢ | 0.

— The additional exit by “cutting-plane-step” copes with the case of a bounded
p(t) for t — +o0.

Remark 5.2 After (26) is solved, we obtain in addition to G/(¢) of (28):
€(t) = flan) = Ju(B(t) + GO T (p(t) — 24).
With this notation, we have G/(t) € 9xn) f(2):
Fly) = flan) + GO (y — 2) = €(t) forally € RY.

The stopping criterion can therefore be performed as usual: having two toler-
ances ¢ > 0 and n > 0,

stop if |G(t)] <n and &) <e. (35)

Then we can write

fy) > fxn) —e —nly — x| forally € RY.

Besides, the test for a cutting-plane-step checks the magnitude of G/(1). More
precisely, the test for a cutting-plane-step will be

G| <n or G)T(P(L) — zn) > —myé(t), (36)

for some positive coefficient m4 chosen at Step 0 of (RQB). O

The general idea of the curve-search is: given ¢ > 0, we perform the descent-
test; if it is satisfied [resp. not satisfied], ¢ is declared a 1, (¢-Left, too small)
[resp a tr (t-Right, too large)]. The algorithm iteratively reduces the brack-
eting interval |¢1,,{g[ by successive interpolations, possibly preceded by some
extrapolations.

Curve-search Algorithm (CS)

STEP 0. Set t;, =0, tp = +oc.

STEP 1. For the given current ¢ > 0, solve (26) to obtain p(t), G(1), 6(1),
e(t). Perform the stopping criterion (35).

STEP 2. If (31) is satisfied, set t;, =t and go to Step 4.

STEP 3 (no descent obtained). Set tgp = . If {;, = 0 and (33) is satisfied
declare “null-step” and return. Else go to Step 6.

STEP 4 (descent obtained). If (34) is satisfied declare “descent-step” and
return.
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STEP 5. If tg = 400 and (36) holds, declare “cutting-plane-step” and re-
turn.

STEP 6. Compute a new %, either by extrapolation (g = +0o0) or by inter-
polation (tg < +0o0). Loop to Step 1. 0

Note how the stopping criterion has been placed within (CS), after each reso-
lution of (26) in Step 1. Note also that, to implement (19) for v in Step 2 of
(RQB), we are bound to replace the unknown G, by G\, := G/(t) (here t is the
final value answered by (CS)).

Proving convergence of (RQB) + (CS) is not so easy. However, (CS) is con-
sistent: the exit eventually occurs at Step 3, Step 4 or Step 5 (or at Step 1,
due to the stopping criterion). To prove this, we introduce the concept of
“safeguard-reduction property”:

Infinitely many extrapolations lead ¢;, to infinity.
Infinitely many interpolations lead tg — 7, to zero.

Theorem 5.3 Let [ be a finite-valued convex function and suppose that x,
does not minimize f. If the safequard-reduction property holds, then Algorithm
(CS) satisfies the following alternative: either f(p(t)) — —oo, or a descent-,

a null- or a cutting-plane-step is eventually returned.

ProOF Suppose first that tg = +oo (Step 3 never visited); then ¢ — +oo
and there are two cases. If the polyhedral f; is unbounded from below, |G(t)]
satisfies (32). Use (30) to obtain with (28)

2
tGH) MG <

6(1) > A WA

t - +o00 when t — +o0.

(NN

This, together with the descent-test (31), shows that f(p(t)) — —oo. Other-
wise, fr has a mininum pcp which is attained by p() for ¢ large enough; then
G(t) = BeE="2 — 0 and a cutting-plane-step is eventually produced in Step 5.

Suppose now that some finite g is produced so that {fz} and {tr} form two

adjacent sequences with a common limit ¢*. Then there are again two cases.
When t* > 0, the descent-test (31) gives

f(p(tr)) > f(xn) —mid(tr) and  f(p(tr)) < flan) —maid(ln).

Passing to the limit,

F@7) = flen) —mad(t7). (37)
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On the other hand, #;, does not satisfy (34): g(p(t1)) " (p(tr) —,) < —m26(11).

So, using g(p(tr)) € Of(p(tr)), we have f(p(tr)) — f(xn) < —mad(ty). Passing
to the limit, f(p(t*)) — f(xn) < —m26(t*). With (37), this yields the contra-
diction 0 < (my — mg)é(t*) < 0.

In the last case, tg | t* = 0. Use (30) and Lemma 5.1(z) to obtain

8(t) = SG)TMIG(t) = SG(1)TMIG(L). (38)

n

[\')IN-
[\')IN-

Now consider the normalized direction d(t) := (p(t) — x,)/|p(t) — x,|. Use
convexity in the definition (29) of e(¢) p(t) — x,| > 0 to obtain

e < g(p() Td(1) — [(wasd(t)).

Let d be a cluster-point of {d(t)}. Then f'(x,;d(t)) — f'(xn;d) (the finite-
valued convex function f'(z,;-) is continuous). Also, g(p(t)) d(t) — f'(2,;d)
(the convex function f is semi-smooth, [22]). Hence,

e(!)

U
[B(t) — ]
so, in view of Lemma 5.1(21¢), e(t) = o(t). Recalling (38), we see that the
null-test (33) in Step 4 must cut the interpolations. O

Numerical Illustrations. To finish the paper we report some experiments
with the combination (RQB) + (CS) + poorman quasi-Newton formula: M,
has the form M,, := u, I, and g, is given by (22). Our choice of v is based on
the following observation: even though fast convergence relies on a decrease
of u,, we observed that u, has a tendency to stall. In fact, this can be seen
from (22): usually & = z,41 — @, — 0, but v neither in (18) nor in (19) has
any reason to be small; hence the increase in 1/, may become negligible.
Accordingly, we choose among the four values of v

Gp— Gy, Gop—g(2n), g(wn1) =Gty g(@ng1) — g(2n)

the one giving the smallest f,,11.

Table 1 shows our results on standard test-problems: MAXQUAD and TR48
are described in [15], TSP’s can be obtained by anonymous ftp at the address
softlib.cs.rice.edu, /pub/tsplib®. We give the number of oracle calls
to reach 107* relative accuracy. When available we also give the correspond-
ing results obtained by the algorithms described in [3] (BRANNLUND), [12]
(KIWIEL), [16] (LEVEL), [20] (DUAL BUNDLE) and [30] (BT).

3 Beware that these versions of TSP’s are not those previously used previously in
the nonsmooth litterature, which were very sensitive to roundoff errors
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MAXQUAD TR4S Tsp442  Tspll73  T1sp3038
(RQB) 86 216 210 276 790
BRANNLUND 140 350 - - -
KIWIEL 41 170 - - -
LEVEL 88 105 - - -
DUAL BUNDLE 82 385 1398 413 +o0
BT 56 169 233 140 4142
Table 1.

Note in particular that TsSP3038, with its 3038 variables, is quite a chal-
lenge for nonsmooth optimization. Naturally, storing all the ¢(y;) € IR**®,i =
1,...,k becomes prohibitive when k goes beyond 10°: a special device is needed
to limit storage. We adopted a fairly standard technique: when k reaches a
maximal value kmax, one element is deleted from the bundle, thus making
space for the new element. We delete the element having the largest e from
(29), among those that are not active in the value of the current fi(j(t)). The
implementations reported in Table 1 used kmax=500.

6 Conclusion

Starting from theoretical properties of the Moreau-Yosida regularization, we
have developed a class of algorithms combining quasi-Newton updates with
the bundling mechanism. We have introduced a reversal formula, well-suited to
the implicit character of the Moreau-Yosida regularization. The resulting con-
ceptual algorithms enjoy appropriate global and local convergence properties.
In fact, they bring interesting answers to the long-lasting question of man-
aging the quadratic term in a proximal-bundle method. Besides, they have
convenient implementable forms whose numerical behaviour compares well
with other existing methods. The algorithm proposed here has been applied
to a unit-commitment problem with 10* variables, see [17].

Finally we mention that our proposal still suffers some weakness concerning
speed of convergence: there is a gap between conceptual and implementable
forms. For instance, it would be interesting to see whether the results obtained
in [8] could be used to fill this gap. On the other hand, our approach does not
take advantage of the recent and promising concepts from [19]; for example,
we do not use the decomposition of the space introduced in [23]. Yet, such
techniques are probably crucial to devising fast algorithms for nonsmooth
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optimization, as well as defining classes of problems that are amenable to fast
resolution. This issue is currently under investigation.
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helpful comments.
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