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Abstract- Sharing, introduced by Goldberg and
Richardson in 1987, is probably one of the most
investigated ideas for multimodal optimization.
Empirical tests have indicated that sharing is ca-
pable of maintaining multiple peaks located si-
multaneously � a feature that allows a �nal hu-
man selection among the found solutions.

In this paper I present a theoretical argument
regarding the performance of sharing. The ar-
gument is supported with a series of tests on
variants of a simple problem, which is one of
Goldberg and Richardson's original test function
where a constant is added. The results from these
tests indicated that sharing is very sensitive to
the range of �tness values.

Finally, three extensions of sharing are pro-
posed and discussed.

1 Introduction
A well-founded heuristic in the �eld of multimodal opti-
mization is that maintaining high diversity improves the
performance of algorithms that aim at reporting multiple
peaks simultaneously. High diversity is not only desired
in the case of a single objective static objective function,
but as well for optimization of dynamic and multiobjec-
tive problems. Maintaining diversity in a dynamic envi-
ronment ensures stable quality of the produced solutions
(Ursem, 2000), whereas diversity in multiobjective opti-
mization problems is important for the discovery of the
so-called Pareto front1.

In 1987 Goldberg and Richardson suggested the shar-
ing GA (Goldberg and Richardson, 1987), in which indi-
viduals �share� the �tness when they are closer than the
prede�ned distance σshare.

The idea of sharing has, since then, been extended
and used in numerous occasions. The original sharing
scheme was extended with a mating range in (Deb and
Goldberg, 1989). In (Goldberg and Wang, 1997) a co-
evolutionary variant was suggested and tested. (Miller
and Shaw, 1996) describes a sharing GA with dynamic
detection of sphere-shaped niches. Sharing is probably

1The Pareto-front is the set of optimal compromizes between
the objectives.

now one of the most studied ideas for multimodal opti-
mization.

The central concept of any sharing GA is to downscale
the �tness value of individuals with similar genes, i.e.,
individuals that are close in the search space. In sharing
GAs the raw �tness is divided by the so-called sharing
factor. The �shared� �tness is often calculated according
to the following formula.

Fit′(Ii) =
Fit(Ii)∑µ

j=1 sh(d(Ii, Ij))
(1)

where Fit′(Ii) is the scaled �tness, Fit(Ii) is the raw
�tness, µ is the population size, sh(d) is the sharing
function, and d(Ii, Ij) is a measure of the distance be-
tween individual Ii and Ij . Goldberg and Richardson
suggested the following sharing function, which later be-
came widely used.

sh(d) =

{
1− (d/σshare)α d < σshare

0 Otherwise
(2)

The parameters σshare and α controls the shape of the
sharing function. A common value for α is 1, whereas
σshare is more problem dependent.

2 The problem
Goldberg and Richardson tested two functions in their
paper from 1987. The functions are one-dimensional
maximization problems and are de�ned according to
equation 3 and 4 (x ∈ [0, 1]).

F1(x) = sin6 (5.1πx + 0.5) (3)

F2(x) = sin6 (5.1πx + 0.5) · e(−4 ln(2)
(x−0.1)2

0.82
) (4)

The F1(x) function is illustrated on �gure 1.
In connection with sharing one property of F1(x) (and

also F2(x)) is worth noticing:

The �tness of the minima is zero.

This property is noteworthy because no matter how
many individuals are near the maxima they will always
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Figure 1: F1(x) = sin6 (5.1πx + 0.5)

have a �tness value greater than zero, which is due to
the design of the sharing scheme. These individuals will
always have an advantage in selection2 when they are
compared with individuals at the minima. However, if a
constant is added to the F1(x) function, i.e.,

F3(x) = F1(x) + C (5)

then the properties of selection changes substantially.
Sharing was introduced with proportional selection,

which was the most widely used selection operator
around 1987. A major disadvantage in proportional se-
lection is that the selection pressure is dependent on the
range of �tness values. If the �tness ranges between 1
and 2 then the selection pressure is much higher than
if the �tness ranges between 1000 and 1001. To illus-
trate this look at a population with only two individuals
and assume that one is a maximal �t individual, while
the other is a minimal �t individual. The minimal �t
individual has 1/3 chance of survival in the case with
�tness values ranging between 1 and 2, whereas it is al-
most �fty-�fty in the case with �tness between 1000 and
1001.

This problem is expressed in an even higher degree in
sharing, because the raw �tness is divided by the sharing
factor. Sharing with proportional selection is, in other
words, even more sensitive to the �tness range than a
standard GA is. In fact, the downscaling of �tness al-
ters the proportional selection operator such that the
chance of survival at a maximum is quite related to the
ratio between �high �tness area� and �low �tness area� in
the search space. The following example will illustrate
this. Assume, for the sake of simplicity, that we use the
square-shaped sharing function.

sh(d) =

{
1 d < σshare

0 Otherwise
(6)

Furthermore, assume that C = 10 in equation (5), i.e.,
F ′3(x) = F1(x) + 10. The shape of F ′3(x) is then exactly

2Both proportional and tournament selection.

the same as displayed on �gure 1 except that 10 is added
to the function. Now, imagine the situation where two
individuals are close and near one of the maxima. In
this case the scaled �tness of these two individuals can
be calculated roughly as

Fit′(I) ≈ 11
1 + 1

= 5.5 (7)

where the denominator is 2 because the two individuals
are close. These two individuals will together appprox-
imately get the same slice of the �roulette wheel�3 as
one, three, or twenty individuals that are closer than
σshare units. Imagine the simple case with three indi-
viduals where two individuals are close to a maximum
(�tness≈11) and the third is at a minimum (with no
other in range). The chance of picking the low-�t indi-
vidual instead of one of the high-�t individuals is then
roughly 10/21=0.476, or almost 50%. In other words:

Close to random selection!

Sharing is of course less sensitive to this problem if a
triangluar sharing function is used (equation (2)). The
later presented experiments were conducted with the tri-
angular function, which was to test if the above argu-
ment holds in this case as well.

The tournament selection has more or less replaced
proportional selection as the most used selection opera-
tor. This is because tournament selection is not sensitive
to the �tness range or ratio between the �tness of the in-
dividuals in the population. However, the downscaling
of �tness values poses some problems if tournament se-
lection is used with sharing.

Assume that tournament selection is used with shar-
ing and that it is applied to F ′3(x) = F1(x) + 10. Now,
imagine the situation where two individuals are close and
near one of the maxima. In this case the scaled �tness
of these two individuals can be calculated as in equation
(7), i.e., the �tness of an individual near the maximum is
circa 5.5. Assume again that a third individual is located
near one of the minima such that no other individual is
closer than σshare to it. This individual will then have
a �tness of approximately 10. During selection the in-
dividual at the minimum will win in tournaments when
compared to one of the two individuals at the maximum.

The advantage of being the only �player� is
so great that the isolated individual can win
over any pair of individuals that are just fairly
close.

But how close? In the setup above, assuming4 a tri-
3Proportional selection is also known as roulette wheel selection

since the selection procedure corresponds to spinning a roulette
wheel.

4Values are selected as in Goldberg and Richardsons original



angular function with σshare = 0.1, α = 1, and C = 10,
then the sh(d) contribution from the other individual in
the vicinity only needs to be slightly more than 0.1, i.e.,
if the distance between the two individuals is less than
0.9 · σshare.

Notice that this problem is not dependent on the con-
stant added to the function; it only depends on the rel-
ative �tness between good and bad solutions. A similar
argument can be carried out if good solutions have a
�tness of 1.0 while bad solutions have a �tness of e.g.
0.75.

Early work on the problem with tournament selec-
tion were described in (Oei et al., 1991). Here it was
shown that the direct application of tournament selec-
tion to sharing had a signi�cant lower performance than
a variant Oei, Goldberg, and Chang named tournament
selection with continuously updated sharing. The shared
�tness of the individuals in tournament selection with
continuously updated sharing is calculated on the basis of
what has been copied to the new population at the time
of the comparison between the two competing individu-
als. I.e., the shared �tness of the competing individuals
is recalculated in every comparison. This allows more
niches to be maintained simultaneously since the �rst
individual in a niche would get an advantage of being
the �rst (sharing factor 1). The selection operator fa-
vors individuals discovering new niches over individuals
located in already discovered niches. This method was
used in the later described experiments on tournament
selection.

3 Experiments
The experimental setup is almost the same as in the
original work, i.e.,

popsize = 50
pc = 0.8

#bits = 30
#iterations = 100

Tests were performed on

F3(x) = F1(x) + C

with C=0,1,2,5, and 10. The only di�erences between
the experiments presented here and in (Goldberg and
Richardson, 1987) are (i) the population is randomly ini-
tialized in every run, and (ii) 100 runs were performed
for each C-value.

Four set of experiments were conducted. Two with
proportional selection where pm = 0.0 and pm =
0.03333. The �rst corresponds to Goldberg and Richard-
sons orginal experiment, while the second was performed

experiment.

since a low mutation rate rendered more stable results
for the case C = 0. The last two experiments were con-
ducted using tournament selection with continuously up-
dated sharing and again pm = 0.0 and pm = 0.03333.

The bar graphs (�gure 2 and 3) were produced by di-
viding the search space into 50 intervals of length 0.02
and count the number of individuals in each interval
during the last 5 iterations of each run. The counts
were then averaged for the 100 runs and scaled to a
percentage. Two percent corresponds to one individual
(popsize = 50). The �rst row (in both �gures) contains
graphs for the case C = 0, second row C = 1, third row
C = 2, fourth row C = 5, and �fth row C = 10.

The results from the four experiments are quite alike
and will thus be handled all as one. The �rst row (C = 0)
corresponds to Goldberg and Richardsons original exper-
iment. The experiments here support their experiment
in all four cases, i.e., the individuals are located near the
peaks.

The second row contains the graphs for the case C =
1. Here several individuals are located near the minima.
However, the peaks are still clearly visible on the graphs.

In case C = 2 and C = 5 are the peaks still detectable
but in the case C = 10 are the individuals so scattered
that approximately one individual is in each interval � a
situation similar to random initialization.

Preliminary experiments were conducted using tour-
nament selection without continuously updated sharing,
i.e. standard tournament selection where the scaled �t-
nesses are calculated before the selection. These experi-
ments supported the results from (Oei et al., 1991), i.e.,
that the naive application of tournament selection to
sharing had a worse performance than the tournament
selection with continuously updated sharing.

4 Extensions to sharing
From the previous sections it seem that sharing is heav-
ily dependent on the fact that the minima have a �tness
of zero. An obvious idea that comes to mind is to rescale
the �tness function such that this property is expressed.
For instance, the best and worst raw �tness in the cur-
rent population provides the necessary means to rescale
the �tness of all individuals to the interval between zero
and one. Adding a constant to the rescaled �tness allows
easy control of the selection pressure, which will enable
the algorithm to sustain individuals at the lowest peak.
These individuals would otherwise get a �tness near zero.

Another approach would be to use a �xed �tness
transformation to alter the �tness function such that
the di�erence between good solutions and less good so-
lutions is enhanced. A linear transformation will prob-
ably be insu�cient, because it would require extensive
knowledge of the range of possible �tness values. Fur-
thermore, a linear transformation does not enhance the



relative di�erence between good and less good solutions.
However, an exponential �tness transformation does not
have these drawbacks. The �tness of an individual could
be calculated according to

Fit′(Ii) =
exp(σtrans · Fit(Ii))∑µ

j=1 sh(d(Ii, Ij))
(8)

where σtrans controls the shape of the exponential func-
tion. In addition, the exponential �tness transformation
solves the problem with negative values of the objective
function5. The drawback is that σtrans will probably be
quite dependent on the shape and height of the peaks.

A third idea is to subtract the sharing factor instead
of dividing with it. The subtracted value p could, for
instance, be proportional to the niche count m, i.e.,
p = mσcapacity. The advantage is that the algorithm
is independent of the range of �tness values. The draw-
back is that σcapacity is heavily dependent on the dif-
ference between the �tness of the local peak and its
immediate neighborhood. For F1(x) will a capacity of
σcapacity = 0.1 allow a niche capacity of roughly 10 indi-
viduals, because the di�erence between maxima and the
minima is approximately 1.

5 Alternatives to sharing
Over the years several algorithms for locating multiple
optima have been proposed. One of the �rst was De
Jong's crowding algorithm (De Jong, 1975), in which the
o�spring replaces the most similar individual of a ran-
domly drawn small subset. Mahfoud suggested a variant
called deterministic crowding (Mahfoud, 1992) where the
o�spring competes with the parents. Petrowski intro-
duced the clearing operator (Petrowski, 1997). Clearing
sorts the individuals according to �tness and determines
a number of local winners. All the losers are assigned a
�tness of zero.

Another approach is used by the so-called search
space division6 algorithms. Here the population is di-
vided into a (variable) number of subpopulations each
corresponding to di�erent potential peaks in the search
space. The forking GA was suggested by Tsutsui and
Fujimoto ((Tsutsui and Fujimoto, 1993), see (Tsutsui
et al., 1997) for a complete description). The forking
GA divides the search space by detecting genetic sim-
ilarities (genotypic forking) or by measuring similarity
in the search space (phenotypic forking). Oppacher and
Wineberg introduced the shifting balance GA (Oppacher
and Wineberg, 1999), which enforces the search space

5If the objective function is used as �tness function and it is
negative the individuals actually bene�t from clustering close to-
gether.

6The term �search space division� constitutes the idea of ac-
tively arranging the individuals into non-overlapping subpopula-
tions and restrict mating to these subpopulations.

division by a special selection operator that drives the
subpopulations apart when they overlap. Finally, the
multinational GA was proposed in (Ursem, 1999). Here
the subpopulations are separated by a hill-valley detec-
tion scheme that groups the individuals according to the
topology of the �tness landscape, i.e., detection of val-
leys in the �tness landscape between points in the search
space.

6 Conclusions
In this paper I presented a theoretical argument regard-
ing the performance of sharing in the form used until
now. The speculations were veri�ed on variants of one
of the test problem introduced in the original work on
sharing. The experiments clearly showed that sharing is
extremely sensitive to the range of �tness values de�ned
by the objective problem. The performance of sharing
seems to depend on whether or not the �tness value of
the less wanted solutions7 is close to zero � a constraint
hard to ful�ll if the �tness values of the unwanted solu-
tions are too di�erent.

Three simple extensions to sharing were suggested.
Extensive testing on a large test suite are needed to re-
veal whether or not these ideas can improve the overall
performance of sharing.
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Figure 2: Results for the experiments with proportional selection. Left column: pm = 0.0, right column:
pm = 0.03333. First row: C = 0 (as the original experiment), second row: C = 1, third row: C = 2, fourth
row: C = 5, �fth row: C = 10. The y-axis is the percentage of individuals in the corresponding x-range. Two
percent corresponds to one individual (popsize = 50).
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Figure 3: Results for the experiments with tournament selection. Left column: pm = 0.0, right column: pm = 0.03333.
First row: C = 0 (as the original experiment), second row: C = 1, third row: C = 2, fourth row: C = 5, �fth row:
C = 10. The y-axis is the percentage of individuals in the corresponding x-range. Two percent corresponds to one
individual (popsize = 50).


