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A FINITE ELEMENT, MULTIRESOLUTION VISCOSITY METHOD
FOR HYPERBOLIC CONSERVATION LAWS*

MARCUS CALHOUN-LOPEZ' AND MAX D. GUNZBURGER?

Abstract. It is well known that the classic Galerkin finite element method is unstable when
applied to hyperbolic conservation laws such as the Euler equations for compressible flow. It is
also well known that naively adding artificial diffusion to the equations stabilizes the method but
sacrifices too much accuracy to be of any practical use. An elegant approach, referred to as spectral
viscosity methods, has been developed for spectral methods in which one adds diffusion only to the
high-frequency modes of the solution, the result being that stabilization is effected without sacrificing
accuracy. We extend this idea into the finite element framework by using hierarchical finite element
functions as a multifrequency basis. The result is a new finite element method for solving hyperbolic
conservation laws in which artificial diffusion can be applied selectively only to the high-frequency
modes of the approximation. As for spectral viscosity methods, this results in stability without
compromising accuracy. In the context of a one-dimensional scalar hyperbolic conservation law, we
prove the convergence of approximate solutions, obtained using the new method, to the entropy
solution of the conservation law. To illustrate the method, the results of a computational experiment
for a one-dimensional hyperbolic conservation law are provided.
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1. Introduction. We consider a new finite element method, based on hierarchi-
cal basis functions and a scale-dependent artificial viscosity, for hyperbolic conserva-
tion laws. With respect to a given triangulation of a domain, standard nodal basis
functions are all of the same scale; i.e., their support is roughly equal. In contrast,
hierarchical basis functions can be clustered into groups such that basis functions
within a particular group are of a different scale from those of the other groups. The
multiscale nature of the hierarchical basis functions allows for the selective addition of
viscosity only at the smallest scales, very much in the spirit of spectral viscosity meth-
ods. It is hoped that such flexibility will be sufficient for stabilizing discrete Galerkin
finite element approximations while, at the same time, results in more accurate ap-
proximations with respect to both convergence rates in regions where the solution is
smooth and the sharpness of the resolution of discontinuities in the solution.

This paper is a first step at verifying that finite element methods based on hi-
erarchical basis functions and a scale-dependent artificial viscosity do indeed fulfill
the promise mentioned in the previous paragraph. We provide some background
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material and then describe the new method. We then analyze it for the case of a
one-dimensional, periodic, scalar hyperbolic conservation law, showing that, under
appropriate hypotheses, the approximate solution converges to the entropy solution
of the conservation law. We then provide a simple example of the use of the method.
Several issues concerning the efficient implementation of the new method as well as
the results of more extensive computational testing are provided in [3,4].

1.1. Hyperbolic conservation laws. Let Q C R? be a bounded domain. A
general system of conservation laws has the form

(1.1) —— + Z %fj (@) =0 in Q x (0,00) and q(0)=g inQ
1 Y

along with appropriate boundary conditions. Here, q : © x [0,00) — RP denotes
the vector-valued conserved variable, f; : RP — RP, j = 1,...,d, denote the d flux
functions, and g : @ — RP denotes the given initial data. For q € R?, let A, (q) :

RP — RP*? denote the p x p Jacobian matrix of f;, i.e., A; (q) = g—z (q@). The system

(1.1) is hyperbolic if, for all solutions ¢, any linear combination of {A; (q)};l:1 has real
eigenvalues with eigenvectors that span RP. The system (1.1) is strictly hyperbolic if
the eigenvalues are distinct. See, e.g., [8,10] for details.

The system (1.1) does not, in general, have a classical solution because of the

spontaneous formation of discontinuities. Instead, one must look for a solution q €
L*> (Q x (0,00) ; RP) which satisfies (1.1) in the distributional sense:

a9 [ [ o5 eSn@gE]amas [wocomc

for all test functions ¢ € C§° (© x [0,00) ;RP). It is clear that for a smooth enough
solution, (1.1) and (1.2) are equivalent.

In the presence of discontinuities, solutions of the system (1.1) or of the weak for-
mulation (1.2) are not uniquely determined. Additional conditions must be imposed
to determine the unique, physically relevant solution. The second law of thermody-
namics tells us that the entropy of the system should not decrease; satisfying this
requirement suffices to allow one to obtain the unique, physically relevant entropy
solution.

Let @, {‘I’j}?zl : RP — R be smooth functions; for (1.1), ® is an entropy with

entropy fluxes {\I/j}‘jzl if ® is convex and V&7 2—2 =VqU;inRP for1 <j<d A
simple calculation states that if q is a smooth solution to (1.1), then ® (q) satisfies a
scalar conservation law with flux ¥ (q):

0 9 o
(1.3) aé(q)—i—;a—%‘l@ (q) =0in R* x (0,00) .

In some instances, ® can be interpreted as the negative of the physical entropy, so
(1.3) says that if u is a smooth solution, then ® o q satisfies a conservation law with
flux functions {¥; o q}?zl.

For solutions with discontinuities, we impose the entropy condition on q that
requires the physical entropy to be nondecreasing:

d 49
(1.4) 52 @ +Za7j‘lfj (@) <0
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for every entropy function ® with entropy fluxes {\Il}]d.zl; (1.4) is an inequality in the
distributional sense:

(1.5)
o) d
/O /Q[é(q) ?f+j§wj(q) ;ﬂ ddt >0V 6 € C5° (2 x (0,00)), 6 > 0,

In (1.1), viscous effects are ignored. For the class of phenomena that are modeled
with hyperbolic conservation laws, viscous effects are generally small, but they are
present and play a role when sharp gradients (such as shocks) of the solution are
present. An alternate and equivalent means of characterizing the unique, physically
relevant solution of (1.1) is to let @ = lim._0 q° a.e., where g° :  x [0,00) — RP is
the solution of the perturbed equation

. d
38(1 Jrjglazjfj(qs)aeAqEOian(O,oo) and q°(-,0)=g in Q

(1.6)

along with boundary conditions. In other words, the entropy solution is the limit of
the viscous solution as the viscosity goes to zero.

1.2. Numerical methods for hyperbolic conservation laws. Direct dis-
cretizations of (1.1) lead to unstable approximations. The most obvious stabilization
approach is to instead discretize the perturbed system (1.6) but, as is well known,
this leads to severe smearing of discontinuities and to low accuracy even in regions in
which the solution is smooth. Of course, there have been many methods proposed for
determining improved stabilized approximation solutions of hyperbolic conservation
laws; see, e.g., [6,10,13,17,18,24,27].

Finite difference (FD) methods are the oldest of the numerical methods, so many
variations have been developed. Many successful strategies for solving hyperbolic con-
servation laws were originally developed in the FD framework then adapted to other
methods. However, FD schemes tend to have difficulties with complex geometries,
satisfying prescribed boundary conditions, and rigorous analyses. In fluid dynam-
ics, complex geometries are common, and, as shown in [6], poor approximation of
boundary conditions can severely affect a numerical method.

Finite volume (FV) methods inherently capture many of the important aspects
of conservation laws; FV methods are locally conservative. Information is propagated
along the characteristic curves, at least approximately. F'V methods use unstructured
grids, so they can handle complex geometries. High-order schemes, however, are
difficult to attain.

Finite element (FE) methods are well suited to handle complex geometries and
prescribed boundary conditions. Formally high-order schemes can be defined by sim-
ply increasing the degree of the approximating polynomials used. The price paid is a
large increase in the number of unknowns. In discontinuous Galerkin (DG) methods
(see, e.g., [6]), no continuity restrictions are placed on the approximating solution,
which results in several advantages. DG methods are easy to parallelize; adaptive
strategies are relatively easy to implement; and the mass matrix is block diagonal,
so explicit time-stepping schemes are possible. The lack of continuity of solutions,
however, is also the cause of the biggest drawback of DG methods: The number of
unknowns is drastically increased compared to, say, nodal finite element methods and
other types of methods. The shock capturing streamline diffusion method adds a
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diffusion term to the conservation law, but unlike (1.6), diffusion is added in different
amounts in the direction of the characteristic curves (streamline diffusion) and its nor-
mal direction (crosswind diffusion). Streamline diffusion is added everywhere, while
crosswind diffusion is added only near discontinuities. To determine characteristic
curves, space-time elements must be used, which increases the number of unknowns
and results in an implicit time scheme. See [13,14,23].

Spectral methods, including the spectral viscosity (SV) method, provide another
class of methods. Since incorporating the ideas from the SV method into the FE
framework is the subject of this paper, we discuss SV methods in a little more detail
in section 1.2.1.

The distinctions between the various methods are not always sharp. Some FV
and FE schemes can be written into an equivalent FD formulation. As noted in [6],
some F'V methods can be considered to be special types of DG methods. Furthermore,
there are other methods, e.g., kinetic methods [22], for hyperbolic conservation laws
that do not fall within the classes just mentioned.

1.2.1. Spectral viscosity methods. In [24], SV methods were introduced as
a scheme to obtain approximate solutions of the periodic Burgers equation using
Fourier spectral basis functions. The theory was further refined and extended in a
series of papers [5,9,12,19,20,25,26]. Of particular importance to us are [12,19], in
which Legendre polynomials are used. The variational formulation of the Legendre
SV method is closest to our FE formulation.

We present the most basic SV method, which uses Fourier spectral basis functions.
Using standard notation from Fourier spectral methods, we define

. 1 +1 ]
uN = PNU (x,t) R PNU = Z ak: (t) elkﬂr’ ak: (t) — 5/ U (l‘,t) e—zk,ﬂ'm dQ.
lk|<N -1

We seek uy such that

é)uN 0 UN2 0 8UN
—+ — | PNn—— | =e— — .
8t+8x<N2 92 \ 9 e
QN denotes the spectral viscosity operator defined as a convolution with the viscosity
kernel, Qn (z), so that

oun Oup (x,t)

QNE =Qn (z) * pe and Qn (v) = Z @keik”.

|k|<N

We choose 0 < @k <1and @k = 0 for small |k|. It is easy to see the effect of Qn
if we write the diffusion term in Fourier space:

6% (QN&;I;V> = —€ Z (k2772 @kak eiknrx) .

|kI<N

Since @k = 0 for all but large |k|, @ dampens or eliminates the low frequency modes
of up in the diffusion term. So, we see that the SV diffusion term is a compromise be-
tween not adding diffusion, which leads to instability, and adding full diffusion, which
limits the convergence rate and smears out discontinuities in the solution. Ideally,
one would like to add diffusion only in the vicinity of a discontinuity. However, the
global nature of the basis functions does not allow for an adaptive viscosity kernel.
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The SV solution uy does not converge to the exact solution u at the optimal rate
because of the poor convergence of Pyu. Pyu is limited to first-order convergence in
smooth regions and has O (1) Gibbs oscillations near a discontinuity. Post-processing
upn recovers spectral convergence. The post-processing scheme can be enhanced by
knowing the locations of discontinuities, as in [9]. Because of the global nature of
spectral basis functions, this edge detection task is not trivial.

1.3. Hierarchical finite element basis functions. The usual (nodal) basis
functions used in FE methods all have the same frequency. In order to have multi-
frequency basis functions, we use hierarchical basis functions. In the elliptic partial
differential equation setting, an early analysis of hierarchical basis functions, especially
in one dimension, is given in [31]. For two dimensions, see [29]. A good overview of
hierarchical basis functions can be found in [30].

First consider a polygonal domain Q. Let 75 be a coarse grid approximation of
Q. The nth-level triangulation 7,, is obtained by subdividing the elements of 7,,_;.
Let SN be the space of continuous functions which are polynomials of degree p on the
elements of Ty. Let Ay C Q be the nodes of the elements of 7. The nodal basis
functions of SN are defined by ¢; € SN such that ¢; (xj) = 6;5 for all z; € Ny. It is
well known that S™ = span {¢;},. The use of nodal bases leads to many nice numerical
properties, such as sparse matrices and the local assembly of matrices. However, we
cannot use the nodal bases for our purposes because, as we noted earlier, the elements
of {¢;}, all have the same frequency.

Let N,, denote the nodes of the nth-level triangulation, 7,,, S™ denote the corre-
sponding finite element space, and B™ denote the nodal basis of S™. The hierarchical
basis functions are defined by

¢n,,i € Bn SuCh that 1,[17,171‘ (I]) = O VZZ?]‘ € Nn—1~

For0 <n <N, {¢n’i}ni C SV is a linearly independent set with the same dimension

as SV, so SV = span {1/1,”}7” See Figure 1 for a comparison of the nodal and
hierarchical bases for linear elements in one dimension. As can be seen from the
figure, 1y, ; is a low frequency function for small n and a high frequency function for
large n.

The strategy just outlined works for polynomials of any degree. For example,
the first column of Figure 2 consists of quadratic hierarchical basis functions. An
alternate strategy is to use linear hierarchical basis functions for n < N, as in the
second column of Figure 2.

In order to determine 7, from 7,,, we must decide, for a given T' € 7,,, how many
subelements to divide T into. For linear and quadratic rectangular-type elements in
R¢, the natural choice is 2¢ subelements. For cubic elements, the natural choice is
3¢ since the vertices of an element will then be a subset of the vertices of its parent.
Here, we limit our attention to linear and quadratic basis functions.

For domains with curved boundaries, the situation is more complicated. Let
) be our potentially complicated domain. One strategy is to use the hierarchical
decomposition of some polygonal domain £’ such that Q C ', as in [15]. Another
strategy is to try and impose a hierarchical structure on an unstructured mesh, as
in [1]. The hierarchical structure could also be imposed on the mapping of Q to a
polygonal domain.

Several important properties of hierarchical finite element basis functions and
several issues that arise in efficient implementations of finite element methods based
on these kinds of bases are discussed in [3,4].
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Linear Hierarchical Basis Functions
level 0: 2 functions
level 1: 1 function

level 2: 2 functions Standard Linear Basis Functions
level 3: 4 functions 9 functions

’ V0,0 Yo.1
" ><

0

-1 -0.5 0 0.5 1

\)

1 1,0
0.5

0

-1 -0.5 0 0.5 1

Ya0 Y21

1
0.5

0

-1 -0.5 0 0.5 1

Y30 Y3 4 V30 V33 05 0; 05 O

1 1 / /
0.5 0.5

0 0

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fic. 1. Hierarchical (left) and nodal (right) linear basis functions spanning the same nine-
dimensional finite element space.

2. Finite element multiresolution viscosity method. Assume we have a
hierarchical sequence of partitions {7, } _o of the open bounded set @ C R?. Let
S™ be the space of continuous vector-valued functions whose components are in SV.
We seek an approximate solution to the hyperbolic conservation law (1.1). The finite
element multiresolution viscosity method is defined as follows: seek qV € S such
that

d
A VdQ+Z/8a¢7 (a¥) - vdQ
(2.1) +5NZ Z / 5 Qi N) 8vz
171319 1
- QN ) vigds=0  Vvesh,
sz/ i qu)mks ve

where n is the unit normal to the boundary 9Q of Q. As in the SV method, ngk is
chosen to dampen or eliminate the low frequency modes of a function:

Qg\’/k:SN*)SNa ZZﬂnzwniHZZQanﬂn,iwn,iv
(2.2) i n=0 1

0 for small n (n near 0),
0< 1, and =
QN Mot = QN s 1 for large n (n near N).
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Quadratic Hierarchical Basis Functions
level 0: 3 functions
level 1: 2 function

level 2: 4 functions Alternate
level 3: 8 functions Quadratic Hierarchical Basis Functions
100 _ 0,1 _ 02
0.5 T
gl=—""" =
1 0. 5 0 0.5 1
1 1,0 1,1 1 1,0 1,1
0.5 0.5
0 0
1 0. 5 0 0.5 1 1 0. 5 0 0.5 1
1 2,0 2,1 22 23 1 2,0 2,1 2,2 2,3
0.5 0.5
0 0
1 0. 5 0 0.5 1 1 0. 5 0 0.5 1
4} 30 31 32 33 34 35 36 37 4} 30 31 32 33 34 35 36 37
0.5 0.5
0 0
1 0. 5 0 0.5 1 1 0. 5 0 0.5 1

Fi1G. 2. Two sets (left and right) of quadratic hierarchical basis functions spanning the same
17-dimensional, quadratic finite element space.

To account for boundary conditions imposed along with (1.1), a subspace of Sy might

need to be used (for essential boundary conditions) or the boundary integral in (2.1)

might be reduced to one over part of 99 (for natural boundary conditions).
Equation (2.1) is a weak formulation of the modified system

d
6q 8 ik
2.3 —_— J> — 07
23) ot 2 o (@ —ew Z axjax (@)
where [Qg\’,kq}i = Q’qu for 1 <1 < p. The dependence of ’ on both j and k allows

for the flexibility of introducing directional bias in the dlffusion which can result
in reduced crosswind diffusion. As in the streamline diffusion method, this would
probably require the use of entropy variables. Here, we simplify our formulation by
using an isotropic diffusion term, @y, such that

Qan = QN;TL,’L(S]IC

Then, (2.1) and (2.3), respectively, reduce to

d
o @), de+Z/ o) de—i—eN/V (Qna) : VvdQ

0 (@nq)-vds =0 Vv e sy

—eN
o0 8
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and
04 <~ 0
5% T JZ::I ijfj (@) —enA(Q@nq) = 0.

After choosing a time discretization technique, (2.4) is equivalent to a nonlinear
system of equations that may be solved, e.g., by Newton’s method. The relevant
Jacobian matrix has the form J7 = JH 4+ KHQ, where J¥ is the Jacobian of the
time dependent and flux terms, K is the Laplacian stiffness matrix, and Q is a
diagonal matrix whose nonzero elements are {Q N;n,i}- For ease of presentation, we
have ignored the boundary term. Note that for an explicit time integration method,
the Jacobian matrix reduces to the mass matrix.

The solution of the discrete equations resulting from our hierarchical finite element
discretization may be implemented using matrices arising from the corresponding
nodal basis. See [3,4] for details. Here, we merely observe that the Jacobian matrix
JH and residual vector R¥ may be expressed, respectively, in terms of their nodal
basis counterparts J? and RD through the relations J? = ST(JPS + K SQ) and

" = STﬁD, where S is the change of basis matrix such that XD = SXH. The
determination of (JH)1RH = (JPS + KPSQ)'RP by an iterative solver then
requires the calculation of the matrix-vector multiplication (JPS + KPSQ)X and
possibly (JDS + KDSQ)TX that only involve the nodal matrices JP and KP and
the transfer matrix S. Compared to KP and J D, S is not sparse, so one does not
want to explicitly construct S. So, making the iterative linear solvers efficient requires
being able to calculate S X and STX quickly. Algorithms for this purpose can be found
in [3,4].

2.1. Advantages of hierarchical bases. We use hierarchical bases (instead of
nodal bases) because of their multifrequency property. Nodal bases, however, have
important computational advantages such as producing matrices that are much more
sparse and that can be locally assembled. However, as just discussed, one can retain
most of the advantages of the nodal bases. One assembles and stores all of the system
matrices as nodal basis matrices and uses the transfer matrix S in an iterative linear
solver; S does not even have to be stored.

In the SV method, there is only one function, with global support, at a given
frequency. In the hierarchical FE formulation, there are many functions, with local
support, at a given frequency. Compared to SV methods, the hierarchical FE for-
mulation offers two advantages: Diffusion can be added locally, and edge detection is
trivial For large values of n, the hierarchical basis function 1, ; has local support,
o) Q N:n,i only has a local effect. One can therefore add more diffusion near a discon-
tlnulty and less or no diffusion in smooth regions. This should improve the accuracy
of the method. As we are about to see, the size of |3, ;| (where 3, ; is the coefficient
of 1, ; in the hierarchical basis expansion of a function; see (2.2)) can be used to
determine if the support of 1, ; resides in a smooth region or is near a discontinuity.

2.1.1. Edge detection. Using hierarchical bases, edge detection is a trivial
task. Near a discontinuity, the high frequency hierarchical coefficients are of order
one. In smooth regions, they shrink exponentially. Figure 3 illustrates a hierarchical
decomposition of a piecewise smooth function containing a discontinuity. One can
easily determine the location of discontinuities by looking at the magnitude of the
coeflicients of the high frequency basis functions.
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15 0.4 0.4

0.2 0.2

1 0 0
P.W. level 1 level 2
smooth —0.2 | hierarchical —0.2 | hierarchical
function coefficients coefficients
0.5 -0.4 -0.4
-1 0 1 -1 0 1 -1 0 1
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
level 3 level 4 level 5
—0.2} hierarchical —0.2 | hierarchical —0.2 | hierarchical
coefficients coefficients coefficients
-0.4 -0.4 -0.4
-1 0 1 -1 0 1 -1 0 1
0.4 0.4 0.4
0.2 0.2 l 0.2 I
0 0 0
level 6 level 7 level 8
—0.2 | hierarchical —0.2 | hierarchical —0.2 | hierarchical
coefficients coefficients coefficients
-0.4 -0.4 -0.4
-1 0 1 -1 0 1 -1 0 1

Fic. 3. Hierarchical decomposition of a piecewise smooth function with a discontinuity.

O p U4 )

(Xk,i+1’ u(xk,\+1))

F1G. 4. Determination of a linear hierarchical coefficient from function values.

Edge detection for piecewise linear polynomials. Let us examine the behavior of
the hierarchical coefficients for linear hierarchical basis functions. As one can see in
Figure 4, B;41,; can be calculated from the value of the function u at x4, ; and at
the node points of the parent cell. For a uniform partition, the cell size at level k is
Az = |Q| 2k, Thus, Th+1l,j — Thyi = Thi+l — Thtl,j = Al’k+1 and

u(@ry1y) = u(@rs)  w(@Tit1) — U (Trtr, )
2 2 '

(2.5) Brrr =

Let Ty = (Xk,iy Thoyit1)-
Assume that u is discontinuous and has a discontinuity in T} ;. Then, at least
one of the two terms in (2.5) will have a relatively large value so that |5x41 ;| will be
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of the same order as the jump of u, independent of k.
Now, assume that u is continuously differentiable, i.e., u € C'(T} ;). Then, since
(2.5) can be written as

19k (u(@hgy) —u (k) u(@hie) —u (They)
Br+1,j = T 2 - ,
Thotl,j — Thi Thitl — Thtl,j

the mean value theorem yields that

(2. Buvry = 0 ! (1) (@)

for some 71, %2 € T ;. Therefore, By41 ; is of order 27k e,

—k—1
Brr1.5] < 1 10| oo, 2
so that it decays exponentially with k. L
If u is twice continuously differentiable, i.e., u € C?(T};), the mean value theorem
applied to (2.6) yields that

Q - . -
Br+1,j = —% 278 (Zy — 71) W (T)

for some € Ty ;. Therefore, Bj11,; is of order 47%, i.e.,

Q - - SO b
Bl < B — ] " (@) 27 <P o 47

so that it again decays exponentially with k.
Similar results can be obtained for quadratic hierarchical basis function; see [3,4].

3. Convergence to entropy solutions for one-dimensional scalar con-
servation laws. In this section, we prove that the solution of the hierarchical finite
element discretization introduced in section 2 converges to the entropy solution of
the one-dimensional, periodic Burgers equation. We will make use of the method of
compensated compactness; in particular, we will use the div-curl lemma [7,21,28] and
Murat’s lemma [7,13,19,21,28]. The broad outlines of the proof follow that of [24].

3.1. The periodic, one-dimensional Burgers equation. Let 2 = (a,b) be
an open bounded interval and let Qp = (a,b) x (0,7) for some finite time interval
(0,T). We seek a finite element (FE) approximation to « (z,t), the entropy solution
of the periodic hyperbolic conservation law:

ou 0 [u? _
(31) E + % <2> =0 in QT,

(3.2) u(a,t) =wu(b,t) in (0,T), and u(z,0) =g in (a,b),

along with the entropy condition

0 [u? 0 [(u?
. —(=)+=(—=)<o0 i
(3.3) 5t<2>+3m<3>_0 in Qrp,

where (3.1) and (3.3) hold in the distributional sense. We will assume the g € H* (a, b)
and that g is space-periodic. The entropy solution of Burgers’ equation can be found
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using (3.3) instead of the more general entropy condition (1.4). This greatly simplifies
our analysis since we now require an entropy-type inequality for one entropy/entropy

flux pair, ("72, ";), instead of all of them. A weak form of the problem (3.1) is given
by

ou 9 ru? -
(3.4) /QT (wat n goax(2)) dedt =0 Ve C(Qr).

Correspondingly, (3.3) can be expressed in the weak form

a0 (u? a9 (u?
(3.5) /Q (¢at<2)+“"ax<3)) drdt <0 Yo e CE(Qr), ¢ >0,

3.1.1. The hierarchical finite element discretization. To formulate the FE
approximation, we need some notation. Let 7o = (a,b); Tx is obtained by subdivid-
ing the elements of Tn_; into M distinct elements. Let |b — a| hy be the maximal
diameter of the elements of 7. Since we assume that the partition is quasi-uniform,
there exists a positive constant v such that M—N <hy <vM=N for all N.

Let {1/%1};” be a hierarchical basis of Sév. Let us define Qu : S;)V — S;)V as a
damping operator Qnuy = Zk’i (Qk,i Br,i Yr,i) for u= Zk’i (Br,i Vi) € Sév, where
0 < Qr; <1and Q; =1 for k¥ > my. Thus, Qn dampens (or eliminates) the
low frequencies of a function while keeping the high frequencies above the level mg.
Occasionally, when the level of a basis function is unimportant, we will switch to
the less cumbersome notation {1;}, and {Q;}, for the basis functions and damping
coefficients, respectively.

We will also use the following convention: C will denote any positive constant
which depends on known quantities and is independent of any indexing variables.

Let gy € SI])V be the interpolant of g. The hierarchical finite element approxima-
tion of (3.1)—(3.2) is given by the following: seek uy (x,t) with uy (-,0) = gy such
that, for all v € SZ],V,

b 1o ) 2 bro )
(3.6) /a [g;v—l—w(ug)]vdx-i-szv/a {&F(QNUN)GZ] dx = 0.

3.2. Convergence theorem. We prove the following convergence results for
hierarchical finite element approximations of the entropy solution of (3.1) and (3.2).
THEOREM 3.1. Let {un}¥_, denote a sequence of hierarchical finite element
approzimations determined by (3.6). Assume that ||un| = (q,) < C and assume that

(3.7) en,hn — 0 as N — o0,

38) N >c,
hn
(38.9) VEw |2 [(T - Qu)on] < C llowll gy forvw € Ly, 2
. N O N)UN L2(a7b)_ NlL2(a,b) N N> ot ’
d d
(3.10) Hd (@ngn) < C‘ % .
z L2(U) Tz w)

Then, there exists a subsequence of {un}3_o that converges strongly in L*(Qr) to a
solution u € L?(Qr) of (3.1) and (3.2). Further, assume that
EN

(3.11) — — 00 as N — oo and
N
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— 0 as N — oo.
L2(a,b)

(3.12) VENuglKI—QN)wﬂ

Then the subsequence of {un}3¢ converges strongly in L?(Q27) to the entropy solution
of (3.1) and (3.2), i.e., to the solution of (3.1)—(3.3).

For the moment, we assume that (3.7)—(3.12) hold, and we prove, in sections 3.3
to 3.7, the theorem. Subsequently, in section 3.8, we will show that these conditions
are satisfied in our context.

3.3. Existence of the finite element approximation. The discrete FE equa-
tions (3.6) are equivalent to the following: seek @ : (0,7) — R®, where s = dimSZ])V ,
such that

(3.13) A+ MF@+M1'KQda=0,
where M is the mass matrix, K is the stiffness matrix, @ is a diagonal matrix whose

elements are {Q;}, and F is the flux term: [F(&)]; = ff wi%a%(zj Q; ¢j)2dx =

al A;a, where A; is the symmetric matrix (4;);x = %f; Vi (Y1) dz. Evidently,
the diffusion term is globally Lipschitz continuous. We now show that the flux term
is locally Lipschitz continuous. For all &, 5 € R® and all i,

=T A, B—-aT Aid| = |(B+a@)T A (B - d)
< |G+ dll2)|Aill2llF — @ll2 < VI8 + @2 )| Adll2ll8 — @l

so that || F(3) — F(@)lee < v/3llF+ @lle maxicic, [ Aill2llF - &loc. Since |42 and s
are independent of @ and 5, the flux term is locally Lipschitz continuous for any 7.

Lipschitz continuity together with |@ (t)] < oo, by (3.15) and (3.17), yields that
there exists a unique C* [0, 7] solution of (3.13) or, equivalently, of (3.6).

i

() - F@)]

3.4. Estimates for un. In (3.6), choose v = uy; then

bTO [un? 0 [un? b9 Jun
[ (5 3 (5 )] oo [ v G0

Since uy is periodic, fb 9 (“TNs) dx = 0 so that

a Oz

1d
2 dt

8’U,N

b
0
||UN||2L2(a,b) + €N/ D (Qnun) —=— dx = 0.

(3.14) o

3.4.1. H! (Qr) estimates for un for linear polynomials. The elements
of the piecewise linear hierarchical basis are orthogonal with respect to the H* (a, b)
seminorm. As a result,

b b
/a & (Quun) 2 o = > Z Qi6:6; / i, da
b b
=3"Q:8? / (W)* de > Q36 / (W) da

=YY [ “vttgde = || 2 @yun)|

2
L2(ab)
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Integrating (3.14) over time, we obtain

t b
2 2 2 0 oun
C ||9||L2(a,b) 2 HgNHLZ(a,b) = |lun ('7t)||L2(a,b) + 25N/0 / oz (@nun) e du dt

2

t
0
> Ju (O ey + 26 [ (5 @uuw)| e
0 z 12(a,b)
so that
(3.15) JJunll ooy, < CVT gl Ver|| 2 @vun) |, < Cllal
. N L2(Qr) = g L2(ab) N Oz NUN L2Qr) = g L2(a,b) *

3.4.2. H! (Qr) estimates for u for quadratic polynomials. The quadratic
hierarchical basis functions are not orthogonal, but we can still obtain an estimate
similar to (3.15). We now have that

(9’1,6[\[

b
/a 88 (@nun) 76533_/ 7 (@nun) (QNUN)d

b
+ [ g Quun) 3 (- @)y da

b a 2
> —
> /a p (QNun)| dx
1 ("9 : 1 (" d :
*i/a B (@nun)| dz— g/a e (I = @Qn)un]| dx
0 2 0 2
_ 42 S0, |
2 H ox (@nun) ’ L2(ab) 2 H ox ( @) un] L2(a,b)
0 2 C
> 2| =
- 2H6x (@nun) ‘ L2(ab) 26N I N”L2 (ab)
Substituting this result into (3.14), we obtain
(316) g lunla < Cllunlia — oz @ [,

We require a nonstandard formulation of the differential form of Gronwall’s in-
equality. A proof is given in [§].

LEMMA 3.2. Let n (t) be an absolutely continuous function on [0,T] such that for
a.e. t€[0,T], 0 (t) < ¢ (t)n(t)+¢(t), where ¢ (t) and ¢ (t) are summable functions
on [0,T]. Then, n(t) < elo #dr[y (0) + fot e~ Jo ¢ dry, (5) ds] ¥ t € [0,T).

Let us now assume that ¢ = C' is a positive constant, and ¥ < 0 is never positive.
We then have

00 < o)+ [ i) ]

t ¢
<t {77 (0) —I—/ et (s) ds] = +/ P (s) ds
0 0
Using this result with (3.16), we obtain
2 2 0 ’
e o < € o lGau = [ |5 (@uan)|| ds.
L2(a,b) L2(a,b) o |lox L2(a.0)




A MULTIVISCOSITY FEM FOR HYPERBOLIC PDEs 2001

Since ||gN||L2(a7b) <C ||g||L2(a,b)’

2

ds < Ce“! ||9||2Lz<a‘b> .
L2(a,b)

9 (QNun)

t
2
Jun 7,200 +5N/0 o

Therefore, we have that

lunll 20y < CVEET =1 gl 120y,
0
VN ||z @vum) |, < OVECT gl ag -

(3.17)

L2(Qr)

3.5. Strong convergence of {un}. Let vy = (UTM,UN) and wy = (“—1\’2, —“NS)

2 3
so that

. - auN 6 UN2 - 8 uN2 8 UNS
dlva—at+ax(2> and curle—at<2 +% - )

3.5.1. L? () bound on {divvn}. In (3.6), choose v = Z4¥; then

b 2 b 2 2
0 (uy ) Oun _ 0*un
/a d +/a oz (2) o 0= EN/ gz (Qnun) g 4

2

b9 B
:_5N/a 9z (@nun) Dzot (Q@nun) dx

8UN

ot

—eN /b 8% (@nun) % (I = Qn)un] dz
= :gt{[aa (QNumf}d:c—aN/:ai(QNuN) (1 Qu)un] d
<5 [ {5 v ] e

e g @i, o (- @0
2 22 v B[,

a L2 a,

Sgg/bgt{{aax (QNUN)] } da:+CH5u1v s
S*%N baat{[aax <QN“N>T}‘*”+C’2 4H8UN L2(ab)

a
Rearranging terms in the last expression, we obtain
2

o [ 2 (5) B
L2(a,b) . O ot

<[ ()1
L2(a,b) or \ 2

2

87.LN 5N d

ot LQ(ab) 2 dt

<[5 (%)

Rearranging terms again, we obtain

|

20

il

% +al 5,

L2(a,b) L2(a b) 4 L2(a,b)

(%)

2 2

ou N
ot

<C- EN H (Q@nun)

=

L2(a,b) L2(a,b) L2(a,b) .
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Integrating over time, we obtain

8 2 2 2
’uN §C+2/ 9 (“N> da dt
ot L2(r) oz
8 2 d 2
319 ~ew|gp @ )| e @vam
x L2(a,b) x L2(a,b)
a [(u\| d 2
(319) < C+ 2/ E) (QN) dx dt +eéen H (QNQN)
Up | 0T L2(a,b)
2 2
d
(3.20) §C+2/ 0 (“N> dxdt+CsNH IN
Ur 8$ 2 LQ(a,b)
o (ui\|’ dg 2
(3.21) gc+2/ (N) d:cdt—f—CaN‘
Ur 81} 2 d L2(a b)
Now,
2 2 2
/ i (UN> dmdt:/ un]? 0N o it
<urliean |G| <=
= =@ 92 || g,y en

Combining the last two results, we obtain e || 25 |12, To(ap < C (1+en +en?) so that

a’)

BuN < C

L2(Qr)

(3.23) r‘

Combining (3.22) and (3.23), we obtain

v | % 5 (%) L

2
_ un
L2(QT)+ ENH&E( 2 )‘

3.5.2. {divvy} lies in a compact subset of H~1 (7). Let ¢ € H} (7).
For all t € (0,T), let @n (-,t) € S} N H{ (a,b) be the H' (a,b) projection of ¢ so that

b a~ b A~
9PN () Ov 99 (-, t) dv N A gyl
/a o Bxd /a o &fnd VYo e S, NHy(a,b).

el

div VN‘
L2 (QT

Oun <C
L2Qr) ~

< Vx| 5

We need the H'(a,b) projection into S}Y of an arbitrary ¢ € Hg (Qr) in order to use
our FE formulation:

/(diva)@dzdt:/ (diVVN)@NdxdtJr/ (div vy) (p — ¢pn) da dt
QT QT

Qr
= —gN/

:—EN/ aa (QNUN) gidl‘dt-f—/QT (le VN) ((Z—&N) dx dt

o
PN 1 dt +/ (div v) (§ — @n) dadt
8.17 Qr



A MULTIVISCOSITY FEM FOR HYPERBOLIC PDEs 2003

B 0p . L

<en|gy @) | o 5o a1V o llzagan) 18 - Pl
B ]

<en|| 2 C hy ||di ‘

J—NH = (QNuN>\L2(QT) o PP e 2 L PR e
7 ) [y =0 (22 15
( > L2(Qr) Oz L2z

From (3.8), we have that h—N < C so that

o9
. <
(3.24) /QT (divvy) pdedt < C /ey H o ‘ -

Let ¢ € Hy (Qr) with ||@]|g1(op) < 1. Then, from (3.24), we have that
[div vl g-1(0) S CVen — 0as N — o0
so that {divvy} lies in a compact subset of H~! (Q7).

3.5.3. {curlwn} lies in a compact subset of H~! (Qr). Let p € C§° (Qr)
be a test function. Since ux ¢ € H} (27), we can choose ¢ = uy¢ in (3.24). Then,

/ (curl WN)goda:dt:/ (div vy)un o dx dt
QT QT

0 8’LLN
< -
< CVER |3 tuve) \ om = OV G2+ 05
8uN
< 0 vew (v S
( “Norllrzam T 1P 0x LQ(QT))
dp oun
<C./e (”UNHLOO (Qr) oz |1 L2 () + ||30||Loo(QT) or LQ(QT)>
dp
< —_— .
<o(van, ) Ielz~an )

Using a variational form of Murat’s lemma [13,19] gives, from the last result, that
{curlwy} lies in a compact subset of H~! (7).

3.5.4. Strong convergence in L? (27) of a subsequence of {un}. Since
llun|| L) < C, there exists a subsequence {un, } of {ux} such that for 1 <p < 4,

{ul, } converges weakly in L*(Qr). Let uP) € L2(Qr) be the weak limit of uly, -
Then, vy, and wy, converge weakly:

u®@ u®@ B
vy, — <u2 u(1)> v and  wy, — (uz,—u?)) =W

By the div-curl lemma [7,21,28], we have

(3.25) klingo ; (ka-ka)wdxdtzfg (V-W)pdxdt VoeCi° ().

For all ¢ € C§° (Qr),

. . un, ' un?
lim (VN, - Wn, ) pdrdt = lim 3 pdxdt
Qr

k—oo Qr k—oo 4

2
(3.26) ' un,t u®
= lim — = ——gp dx dt.
k—o0 Qr 12 Qr 12
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For the right-hand side of (3.25) we have
1 /——2 1———
(3.27) / (VW) pdx dt = / ( (u<2>) — Zu® u(3)> @ dz dt.
Or ar \4 3
Combining (3.25)—(3.27) yields that

R - N2
2@ — AuD u® 3 (u(2)) ae.,

which can be used to show that uy, converges strongly to u(1) in L? (Qr). First, we
have

4 S _\2 __\3 4
(uNk fu(l)) =un,* —4dun, 2 u® +6uy,> (u(l)) —4up, (u(l)) + (u(l)) .

Taking the weak limit of both sides of the last equation, we have that
—\4
w — limg_ o (uNk _ u(l))
N - - s \2 — N\ 4 —\4
— 0@ — 40® 4D 4 6@ (uu)) 4 (uu)) + (uu))
- SR 2 — N\ 4 — N4
— 4D u® _3 (u@)) —4u® g 4 6u@ ( <1>) 4 (uu)) + (uu))
<

s ) ) s -

Then

0.

2

4 2
0< lim (uNk_ — u(1)> dx dt :/ -3 {u@) — (u(l)) } dz dt < 0.
k—oo Qr O

2
We now have (2 = (u(l)) a.e., which gives us

T

- 12
<1>) = | u@dzdt= Jir 2dzdt = li 2 )
Hu o) /Q ul®) dx . 0y UN,~ 0T o ||uNk||L2(QT)

Therefore, @ := u() is the strong limit of uy, in L2 (Qr).

3.6. Convergence to a solution of the hyperbolic conservation law. We
now show that @ is a solution of the conservation law (3.4). For all test functions

¢ € C§° (),

om0 (u dp 0y
Lo (3) 4 == [ o

Op 8(,0 Oy u?\, dyp
= — (H=—x — —_r 'k
/ [ s —|— ] dx dt = khm [uz\/,c 5 + dx dt

= lim Ouy, ., 0 (uy, dedt = lim [ (div vy,) e dz dt

The right-hand side of last expression vanishes since

/ (div v, ) pdx dt
Qrp

S C V EN ||()0||H1(QT) — O as k — OO

so that @ is a solution of (3.4).

0<

< Ndiv vl g-1(ar) 1€l 00
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3.7. Convergence to the entropy solution. We showed in sections 3.5 and 3.6
that {uy, } converges strongly to a solution @ of the conservation law. We now show
that, if the strengthened requirements (3.11) and (3.12) are satisfied, then @ is the
physically relevant entropy solution.

Let p € C3° (Qr); then

/ (@ — un,®) (pdxdt‘ = ‘/ (u—un,) (W +uun, +un,”) @dxdt)
Qr Qr
< @ = unllp2 0y || (@ +Tun, +un,?) ‘pHm(QT)
<ol oo 17 = unyll L2y |7 +Tun, + uNk2HL2(QT)
< el poo gy 1T = unill 20 (HEQHLQ(QT) Flwunllpzor) + HuNkQHLZ(QT))
= ||80||L°<>(QT) @ — uNk||L2(QT)

12 — 2
(11 oy + 00l e gy 1T 22y + i I ey VIR

Since {uy} is uniformly bounded, we have that ||uy,|/z~@.) < C. Also, @ is in

L*(Qr) since @ = u® € L?(Qr). Then, since limy oo [T — uny || 22 (0r) = 0, we have
that

lim (uNk)Bgodxdtz/ T de dt.
k—oo QT QT

Now, let ¢ € C§° (1) with ¢ > 0; then,

0 (u? o (u® w2 0p  wd oy
/QT [at (2) T (3)] pdndt = ‘/QT (zaﬁ m) et

2 3

. un,” 0p  un,” Op

-1 e 0P UNe 9P gy
Hoo Q ( 2 0Ot + 3 ax) v

T 0 ’LLNk2 0 uNk?’
klinéo/QT {815( 2 >+8x< g )| pdedt

lim (curl wy, ) pdxdt = lim (div v,,) un, pdzdt.
k—o0 Qr k—o0 Qr

(3.28)

Let zy = un ¢. For all ¢t € (0,T), let 2 (-,t) € S N H{ (a,b) be the H' (a,b)
projection of zy so that, for all v € S) N Hj (a,b),

b h b
0z () Qv Ozy (-, t) Qv
/a Oz %dw _/a oz a?dx'
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We then show that, as k — oo, the right-hand side of (3.28) is nonpositive:
/ (div uy) un gpdmdt:/ (div uy) 2y dxdt
QT QT

:/ (div un) 2% dxdtJr/ (div un,) (v — 2h) dzdt
QT QT

h
= —¢epn Oz 0 (Qnun) dxdt+/ (div uy) (2n —ZN) dz dt
Qr 8.13 8 Qr
aZN .
= —€N (Qnuy) dzdt + (div un) (z2n — 2h) dx dt
Qr a.’L' 8 Qr
_ Ozn Oupn 6ZN (9

(3.29)
+/ (div uy) (2w —ZN) dx dt

321\/ a )
+en o, Oz Oz (I = @n) un] dxdt+/QT (div un) (25 — 2%) ddt
2
:—61\1/ 14 8qu da:dt—aN/ uN&p auNd dt
Qr x Qp Or Ox
azN 0 )
ten o 7o (I~ @n)un] dedt + (div uy) (ZN—ZN) dzx dt.
op Or Ox ar

For the second term on the right-hand side of (3.29), we have that

dp Ou Ou
’—EN/ un 22N g dt‘ <en lunllze oy HJ

B

Jx Oz Oz L2 (Qr) L2(Qr)
vew| 2|
< N .
¢ H oz llL2(Qr) —0as N = oo
For the third term on the right-hand side of (3.29), we have that
aZN 1o} (921\/ 0
I- de dt| < H - ’
N /QT ox Oz I @n) un] do ‘ N oz llL2(Qr) oz ( @n)un] L2(Qr)
0
ENHax (un @) ‘ L2(Qr) Oz (= Qn)un] ‘ L2(Qr) ENHBI ( @n)un] L2(Qr)
Ooun 2
(Nellzwion | Bl s + 103w [ )
<ovar| Ziu-anyunl]|,, . (Ieliewn +var|2Z] L ) =0as N o0
< N5z Nunl 6. L (Qr) N3z e :

For the fourth term on the right-hand side of (3.29), we have that

/Q (div upn) (zN — zﬁ,) dmdt‘ < ||div UNHLQ(QT) HZN — ZR’HH(QT)
T

Ozn dzn

Or

< Chy ||div un| 20,

L2( QT) L2(Qr)
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=C

rHax )|

L2(QT)

8’&]\]
< (O _r -
<c FN (||uN||Lw<QT> [ O oy LQ(QT))
hn

Thus, we have shown that the second, third, and fourth terms on the right-hand side
of (3.29) vanish as N — oco. Since the first term is clearly nonpositive, we have that

o (u? o (u?
—_ (= —_ =1i f i <
/QT {at ( 5 ) * o ( 3 )] pdrdt = lim in /QT (div un,) un, ¢ drdt <0

so that the @ is the entropy solution of (3.4). This completes the proof of Theorem
3.1.

3.8. Verifying the hypotheses of Theorem 3.1. In the hierarchical finite
element formulation (3.6), we have to choose €y, m, and the form of Qn for k < m.
Let 0 < 6 <0 < 1. We then choose

6N 0, k<
en =Chy’, myg < —, ; =T
2 1, k>mg.

It is then evident that ex,hy — 0 as N — oo so (3.7) holds. Since 0 < 6 < 1,
= = Chy®' > C so that (3.8) also holds.

Let v € SIJ)V (I — Qu) is simply an interpolation operator on a coarse grid so that
I = Qn) vl 20y < C N0l L2,

Qn retains the high frequencies of a function, so (I — Qu) eliminates them: Q; =
1=1—-Qr;=0for k> mpg sothat (I —Qn)v € Sy, Using a standard inverse
estimate,

0 _
|52 1= @yun |, <€ ()™ I = Q) 0l gy

SOM™ I = Q) v 2ap) < CM™= ||(I - QN) vl L2 (a,n)
[
2

)
14 v :
<c (hN) 17 = @) vllgaqap < € (hN) ol
=CViihy~? [Vl £2(q,0)

and
Ver| - Quyunl |, <OV ol
(330) 81: L2(a,b) hN ’

= C VAN vl o) -

Since 6 < 0, we have that hy?~® < C; therefore, (3.9) is satisfied.
Since (I — Q) is an interpolation operator on a coarse grid, for all v € SZ],V,

| (@vu | d

L) H% Cda

(1= @Qw)el|

L2(ab) — H ’ L2(ab)



2008 MARCUS CALHOUN-LOPEZ AND MAX D. GUNZBURGER

Therefore, (3.10) is satisfied. This completes the verification of the hypotheses (3.7)—
(3.10) of Theorem 3.1 that are used to prove the convergence of the hierarchical finite
element approximations.

To verify the hypotheses (3.11) and (3.12) of Theorem 3.1 that are used to prove
the convergence of the hierarchical finite element approximations to the entropy so-
lution, we must choose 0 < § < 1. In this case, ;—J; =Chy’' - 0 as N — 0o so

that (3.11) holds. Since now § < 0 so that hy’~% — 0 as N — oo, (3.30) implies that
(3.12) holds.

4. A simple computational illustration. We consider the simple periodic
problem for the Burgers equation in one dimension:

ou 0 [(u?
Fn + 7 <2> =0on (—1,41) x (0,T)

(4.1) u(—1,t) =u(+1,t) for all t € (0,7)

1
u(z,0) =1—|—§sin(7m:).

A means for establishing the exact solution of this problem is given in [8,16]. All
of our numerical results were generated using the finite element library deal.II [2].
More extensive computational experimentations are provided in [3,4].

In (2.1), the values of several parameters must be chosen. We set ey = hy and
add diffusion only to the finest level: Qn,n,, =0 for n < N. Neither of these choices
satisfies the requirements of Theorem 3.1 for convergence to the entropy solution.
Even with the smaller diffusion term, however, our numerical experiments indicate
that the approximations still converge to the correct solution.

After spatial discretization is effected using linear hierarchical finite element func-
tions, the resulting system of ordinary differential equations is integrated using a third-
order, strong, stability-preserving Runge-Kutta method found in [11], with time step
At that satisfies the CFL condition At/hy supu < 0.2.

The exact and discrete solutions of (4.1) are given in Figure 5. Because we are
approximating a discontinuous solution with continuous piecewise polynomials, we
see Gibbs oscillations near the discontinuity; see Figure 5. A simple post-processing
strategy to remove the oscillations is to set the coefficients of the hierarchical expansion
to zero around the discontinuity. The question then becomes how to determine the
location of the discontinuity. Let 3,,1,, be a high frequency hierarchical coefficient in
the discrete solution. Let 3, , be the parent hierarchical coefficient, so the support of
Yn+1,, is a subset of ¢, ;. If the solution is continuously differentiable in the region of
the support of ¢, ,, then 53, ,/Bn+1,, = 2. Thus, our simple post-processing strategy
is as follows: For the highest four frequencies, if a hierarchical coefficient is larger
than half the value of its parent, then it is set to zero. Our simple post-processing
strategy only affects the region around a discontinuity, but it has the disadvantage
of smoothing across the discontinuity. See Figure 6. We note that post-processing
strategies must also be applied in the spectral viscosity method in order to reduce the
size of the Gibbs oscillations.

In Table 1, we use the L' norm to measure errors in the approximate solution.
Near a discontinuity, we are limited to how well a piecewise polynomial can approx-
imate a solution. We are more interested in the convergence rates in the smooth
regions. We therefore exclude a region of length 0.2 around the discontinuity in our
error calculations. We see that away from the discontinuity, we achieve the optimal
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TABLE 1
Convergence rate for the periodic Burgers equation using linear hierarchical basis functions.

without post-processing with post-processing

levels L error rate L error rate

8 5.775e-03 - 5.238e-02 -

9 5.321e-04 3.44 3.124e-03 4.07

10 2.221e-05 4.58 2.517e-05 6.96

11 3.691e-06 2.59 3.691e-06 2.77

12 9.230e-07 2.00 9.230e-07 2.00

13 2.307e-07 2.00 2.307e-07 2.00

14 5.768e-08 2.00 5.768e-08 2.00

error rate with or without post-processing. We have no theoretical justification for
these convergence rates, but this is a common failing for conservation laws.

5. Concluding remarks. Initial results for the new method seem promising.
We have a stable finite element method which, in some cases, attains quasi-optimal
convergence rates in smooth regions. We also have developed a theoretical foundation
for understanding why the method works. These results, however, are preliminary.
There are potential pitfalls awaiting in more complicated problems, but there is also
untapped potential within the framework. Hierarchical bases, for example, should
provide a suitable environment for implementing adaptive strategies, both for the
grid and the diffusion term.
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