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13) Conservation of Mags

1) Introduction

Consider the system of nonlinear conservation
law in (1) for the variable u. The linearization
lforu=u+717vas7—0

e Climate modeling is a computationally intense effort that benefits
oreatly from the use of multi-resolution, non-uniform, spatial grids.

The DOE OS’s Model for Prediction Acmss Scales (MPAS) models the
Earth’s climate using this idea (right) and the Primitive Equations.

Owv(x,t) + O f (z,u)v =0, (4)

e Currently MPAS does not have a matching multi-resolution temporal Jerasn e
scheme. Such a scheme would need to be conservative and negate the | TR

d th kt 1S 21 b
restrictive CFL condition generated by the smallest grid cells. all € Weak 101 15 glven by

8t/gbvdw—/8 f(x,u)vdx =0, (5)
VoeV .

e Exponential Integrators solve linear problems exactly (CFL indepen-
dent), and solve stiff problems well, but are they conservative?

2) Exponential Integrato 4) Shallow Water Setup

Note the boundary terms Cancel due to period—
The Shallow water equations (which serve as icity of v. Let {) := U Sz, Si == {wi—1/2 <
a prototype for the Primitive Equations) for a r < Tip1/2}, b= g1 — 2, and let ¢ = 1.
tions given bathymetry are (¢ ~ 9.8 kg m s~ ) Discretizating the weak form (5) on each .S; and
uy = F(u) = fr(u), (1) summing all .S; gives

Q:={a<z<b}, 0<t <AL, u(ly,x) = uy, d . .

2 _ _ | Z— ol dm+(g’- 12 =91 2)
Oru + Oz (u”/2+ g(h —b(x))) =0 . — dt [ i+1/ i—1/

b(x) = Hsherf + Ho/2(1 + tanh(d(z)/v)) . d "
:%;dt/&v dr=0 Vte (0,T)

Consider the following system of nonlinear con-
servation laws with periodic boundary condi-

and expanding F'(u) at ug

(6)

wr = F(up) + Jn(u—uy) + R(u) = Ju+ R(u)

¥

i
The shallow water equations are discretized !
using a staggered central finite volume scheme.

where J,, = F'(u,) .

L .
ThthEd orde];hExponfntialfRoseglbl::oc;{—EulTr s B A A where ¢/;,1/, = %( (2110, u?’_)vh’_ T
method, using the variation of constants formula K8 B! = = (i johisr o — Wit s2hiii2) f/(xz'_|_1/2,U?7+)Uh’+—04i(vh’_—’l}h’+)) < the Lax B
and freezing F' at wu,,, has the form h Ax Friodrichs f he inferf h .
1 Y riedrichs flux at the Intertace, where a; 1S a =
N - UQH e A—x{(u@+1/ 2 —u;/2) penalty parameter. This is equivalent to matrix B
At) = u, Tn(At=3)qs | F(u, roblem o
A = thn (/ 6 o) Flm) +g([hiss — b(zis)] - [hi — b(zi)])} P
~ A~ 1 7 1 d — h / —h__—h
sntl on e W U = o (Uig1y2 +Ui—1/2) 5 Nipi/2 = 5 (hig1 + ) —M,V +F,(U )V =0;
0" = U + At (ATF . ©2) B P / /27 9 dt
where ] v = miax(\ui + \/ghi|), At = Az /v ~ 9.38 s . Z (9/7;+1/2 _ 9’1—1/2) 0
o0 Ak j S,
¢8 (A) — Z (3) ry =

(k+s)! ~ 1 F(U)WV =0.

k=0

This can be calculated efficiently in several ways:

EI method is of the form

—sn-+1 — N — "N — N

1. Krylov Methods: Assume ¢q(AtJ,)F"” O = U" + Atgy (M FL(G)E, (T . B

lies in the space K,,(J,,F"), for m < n,
then

Testing ¢1 () by fTMh and using (3) yields

U = 0"+ AH|F ||V, 6, (AH,, )&,

-1 _ — 1 T
1 Mpo(M; "F/ (U ))=1 My,
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x (m) % 10°

Typically the number of Krylov vectors re-
quired for an accurate, non-oscillatory so-
lution is one to three times the At/Ax ra-
tio. Thus more Krylov vectors are needed
for larger time steps.

yielding conservation of mass

Figure 1: (Top) The bathymetry of the ocean
given by the function b(x). (Bottom) Initial condi-
tions on A (ho (CIZ):CLB_(QC/NE))Z— b(x)) for wave-like
behavior (a=1) and shock-like behavior (a=10).

v, O =TT MO v

2. Sub stepping methods The quantity

( ) = o1 (AT, )F is solution of the fol-
lowing ODE:

5) 1-D Shallow Water (S.W.)

The S.W. system is discretized in time, using the pfethod At/Az  Time (s)
3 EI methods and RK4. KV is the # of Krylov

Error, Error,

—/ — o) — —

R (t) =J,,R(t)+F t<1,R(0)=0.

() } 2RI < —>n< R{(0)=0 vectors, .Sub 1s the # of I.{Kél. Sub—§teps, and 1n IE{IK évz A ?O N 613553 gigg j?ﬁ%i
Thus R(1) = ¢1(AtJ,)F can be found space using the F'V discretization with N = 2049  Expokit-KV10 100« 7.69 2.8E-2  1.81E-3
by sub-stepping (perhaps RK4) instead of points. The solutions are compared to an over- Expokit-KV10 10 15.7 6.5E-3 4.45_E-4
explicitly evaluating matrix exponentials. refined solution using RK4 and 10 times as many Fl-5ub-10 10a 043 0.0b-5 44154

spatial points and time steps. EI-Sub-100 100 2.67 2.8E-2 1.81E-3
3. Open software packages such as Expokit The wave-like IC in Fig. 1 is used and ug(x) = 0,
combine these methods in some way and gl and homogeneous Dirichlet BC’s on u. For small = goy . oemonwramornsomyierepsw
provide error control. perturbations in A and u, S.W. — Wave Equa- " . 03 xflm, 03 ! s
. Chebyshev interpolation for the ¢s func- tion, Thi.s . Where. El performs well since.the EE:E%:/\"L . 0 ) L "

, ) o problem is nearly linear. Large perturbations () L

tions over the domain containing the spec- . . "
, give rise to shocks, and the EI cannot propagate e
trum (not yet implemented). faster than the shock. g o | ; TN 0 =X s
The time horizon for the simulation is one day, fosmme ' l l l
Acknowledgements and o = 6.38E —3. The EI-Sub method provides ° 5 e ” )

a performance advantage over RK4 by minimiz-
ing the number of nonlinear flux calculations and Figure 2: The S.W. equations at Day 1 using EI-
replaces them with sparse mat-vecs using the J,,. Sub-10. Both energy and mass are conserved.
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