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QOutline
Overview

@ Proper Orthogonal Decomposition (POD)
@ POD Model

@ Artificial Viscosity-POD (AV-POD) Model
@ Theoretical results

@ Numerical results

@ Conclusions
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POD

Proper Orthogonal Decomposition

Navier-Stokes equations
HU+(U-V)U=—-VP+Re 'AU
V-Uu=0
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POD

Proper Orthogonal Decomposition

Navier-Stokes equations
HU+(U-V)U=—-VP+Re 'AU
V-Uu=0

o uM u® ... ulm snapshots with rank d
@ Find {44, ...,4,}, r <= d, orthonormal basis
r

min =S U0 1) = SO, 1), Gk OIE,
j=1

{wk}2:1 m i k=1
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POD

Proper Orthogonal Decomposition

Navier-Stokes equations
HU+(U-V)U=—-VP+Re 'AU
V-Uu=0

o uM u® ... ulm snapshots with rank d
@ Find {44, ...,4,}, r <= d, orthonormal basis

r

min fZIIU ) = > (WD), k() k()13
{T/Jk}k 1 k=1
o KV =iy Ky = 5(ul,u)

@ Y, = Ui, ¢ =1,...,r [Kunisch & Volkwein, 2001]
= Z( e @ ViginiaTech
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POD

POD model

@ POD truncation
U u" =31 a(t)yi(x)
@ POD-Galerkin model
ou’ 2
(m71/)k) + ((u"- VU, 9y + (Ft’e D(Ur)av¢k> =0

@ high Reynolds number
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POD

POD model

@ POD truncation
U u" =31 a(t)yi(x)
@ POD-Galerkin model
ou’ 2
(m71/)k) + ((u"- VU, 9y + (Ft’e D(Ur)av¢k> =0

@ high Reynolds number = {v, 1, ...,14} important
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Artificial Viscosity POD model

@ Energy cascade (Richardson , Kolmogorov)

@ Artificial Viscosity = Dissipation
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Artificial Viscosity POD model

@ Energy cascade (Richardson , Kolmogorov)
@ Artificial Viscosity = Dissipation
@ AV-POD model (Smagorinsky)
ou’ 2
(m’¢k> + ((u"- VU, ) + <<us + Re) D(uf),v¢k> =0
vs := Cs|D(u")|
vs models {1, 1,..., %4}
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Theoretical results for Burgers Equation

Burgers equation

U —vUg+UlUx =T in Q
u(x,0) = up(x) inQ
u(x,t)=g(x,t) on 0Q

MVirginiaTech
Invent the Future

Zhu Wang AV-POD



Theoretical results for Burgers Equation

Burgers equation

U —vUg+UlUx =T in Q
u(x,0) = up(x) inQ
u(x,t)=g(x,t) on 0Q

Error Estimates

1 m
m 2=

>
Il
R

d
I|Ux — U(i‘k)H2 <C (Uo = pEUoH2 4F Z Ak + ATZ)
k=r+1
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Num.

Numerical results for Burgers Equation

Experiment 1  [Kunisch & Volkwein, 1999]

1 if x € (0, 3]
Uo(X){
0 ifxe(31).

u(0,t)=u(1,t)=0
f=0

[0, T] = [0, 1]

Ax =1/2048;
At=10"3;

v=10"%;

m = 1000 (snapshots).
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DNS

POD model

Lvm

POD, AV-POD, DNS at T = 1
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Num.

Numerical results for Burgers Equation

Experiment 2 [Mohseni, Zhao & Marsden, 2006]

Up(x) = %exp(—400(x —1/8)3);

7
o ul0,t)y=u(1,t)=0
ef=0

@ [0, T]=10,1.5]

@ Ax = 1/2048;

o At=1073;

@ v=375x1075;

@ m = 1000 (snhapshots).
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DNS POD model

08

o 0o .

AV-POD model (¢ =5 x 107°) POD, AV-POD,DNS at T = 1.5

I — o
Il —— ponav|
I —ons
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Conclusions
Conclusions

Accomplishments

& introduced AV-POD models
o theoretical error estimates (Burgers Equation)

© numerical experiments (Burgers Equation)
o “Artificial Viscosity Proper Orthogonal Decomposition”

Borggaard, lliescu, Wang

o 2D, 3D Navier-Stokes Equations
o turbulent pipe flow

o optimal model parameters

© improved models
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Thank You!
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