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Superconvergence analysis of FEMs for the
Stokes-Darcy system

Wenbin Chen®*t, Puying Chen®, Max Gunzburger® and Ningning Yan¢

We consider a superconvergence analysis for quadratic finite element approximations of the Stokes-Darcy system. The
superclose property of an extra half order is proven for uniform triangular meshes. Based on the result of the superclose
property, global superconvergence is derived by applying a postprocessing technique. In addition, some numerical
examples are presented to demonstrate our theoretical results. Copyright © 2009 John Wiley & Sons, Ltd.
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1. Introduction

Recently, many researches focus on the Stokes-Darcy system, which arises in modeling the interaction between surface water
and groundwater, well-reservoir coupling in petroleum engineering, and computational fuel cell dynamics; see [1-13] and the
references therein. Among these works, different topics are touched on: mathematical justifications for the interface boundary
condition [1], robust finite element constructions [2, 12], least-squares formulations [10], well-posedness and convergence of finite
element methods [4, 3], locally conservative coupling [7], mortar discretization [8], two-grid method [11], and domain decomposition
methods [6, 9]. In this paper, we discuss the superconvergence of the Stokes-Darcy system.

The superconvergence analysis of finite element methods has been studied for almost 40 years; see, e.g., the early papers [14, 15].
It is well known that superconvergence analysis is a powerful tool for improving computational accuracy and efficiency. Using
the superconvergence technique and suitable postprocessing, the order of the convergence can be improved from one half to
two orders, depending on the setting. Thus, computational accuracy and efficiency can be improved greatly with relatively few
additional computing costs. It has been shown that the superconvergence analysis is valid not only for the standard finite element
schemes for elliptic partial differential equations, but also can be extended to nonconforming finite element methods, mixed finite
elements, the Stokes equations, parabolic equations, integral equations, and integral-differential equations. Related works can be
found in, among other papers, [16-22], and the references cited therein.

In this paper, we prove the superclose property of the Hood-Taylor element on uniform isosceles right-triangle meshes for
the Stokes equations and the Stokes—Darcy system. Based on the superclose property and a postprocessing technique, global
superconvergence is obtained; the convergence order is improved from 0(h?) to O(h*>) with respect to the H'-norm. For the L2-
norm, the convergence order is improved from O(h3) to O(h3). It should be pointed that although there are many superconvergence
results for the Stokes equations (see, e.g. [23-27]), to our knowledge, there are no such superconvergence results for the Hood-
Taylor element for the Stokes equations. Therefore, the superconvergence results provided in this paper are new not only for the
Stokes—Darcy system, but also for the Stokes equations. In order to prove the superconvergence for the Hood-Taylor element, we
use a new technique to prove the weak error estimate between the pressure p and its L2-projection; see Section 2. This technique
has not previously been applied in the standard superconvergence analysis.
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The paper is organized as follows. In Section 2, we provide the superconvergence analysis for the Stokes equations. The super-
convergence property of the Hood-Taylor element on uniform isosceles right-triangle meshes is proven. In Section 3, we extend the
results of Section 2 to the Stokes—Darcy system. In Section 4, some numerical examples are presented to illustrate the theoretical
results.

2. Superconvergence analysis for the Stokes equations

Consider the Stokes system

—Au+Vp=Ff inQ (M
divu=0 inQ,
u=0 ondQ, (2)

and [ pdx=0 so that p is uniquely determined. A variational formulation is given by: find (4, p) €V xQ such that
a,v)+b(v,p)=(fv), VveV, (3)
bu,q)=0, VqeQ, (4)
where V=(H}(Q))2, Q=L3(Q)={qeL?(Q): [,q=0}, and

a(u,v):/ Vu:Vvdx, by, q):—/ qdivvdx, (f,v):/ fvdx.
Q Q Q
Finite element approximations of (3)-(4) are defined by: find (uh,ph)evg X Og such that
alup, vy)+bWp, pp) = (Fvp),  VvpeVh, 5)
blup,gp) =0, Vgpeah, ©)
where Vg X Qg CV xQ denotes a finite element space. In this section, we use the Hood-Taylor element, i.e.
Vh = (veC@ vl ePyn), ¥reTh), vi=why?,

Q" = (geC®):qleePi (), V1T,

where P; denotes the space of polynomials of order.i and 7" denotes the mesh on the domain Q. In this section, we let T be
a uniform isosceles right-triangular mesh. Moreover, set ngvhﬂHﬂ)(Q), Vg:(vg)z, and QQ:QhﬂL%(Q). It has been proved (see,
e.g. [28]) that, for the Hood-Taylor element, the LBB condition

i Allv,q);(w,r))

sup =>c
waevixdf woevhxap IVIha+ldllo)wihe+lrloo)
v,9)#00)  (w,n+£(0,0)

@)

holds, where 8=(0,0),
Alv,q); w,r)=alv,w)+bw,q)—b,r).

Let 1} denote the interpolation operator from C(Q) to Vh such that, for all veC(Q),

pviz)) =viz)), /(Hhv—v)ds:o, i=1,2,3,

1

where z; and [;, i=1, 2,3, denote the vertices and edges of a finite element, respectively. For this interpolation operator, the following
weak estimates have been proved in [18].

Lemma 2.1
Let vV denote the continuous quadratic triangular finite element space on a uniform isosceles right-triangle mesh 7" and let the
interpolation operator I} be defined as above. Assume that ue (HJ)(Q)QH“(Q))Z. Then, we have that (see [18, pp. 231-237])

la(u—TThu,vp)<Ch3llullaglivhllng,  YWheV), ®)
and

|bu—ITpu, gp)|<Ch*> |ullaglignllon.  YaneQ™. )

. _______________________________________________________________________________________________________________|
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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Remark 2.1
For Lemma 2.1, when the condition vy, evg is weakened to vy, eVh, the estimate (8) should be replaced by

|a(TTpu—u,vp)| <Ch*> ullaqlivhling,  VYvpeV". (10

Furthermore, from the proof of the above results in [18, 19], it can be shown that the estimates (10) and (9) can be, respectively,
replaced by

la(u—TTHu,vp)|<Ch>3 lullanlVhllag,  YvheV", an
and
|b(u—TThu, gp)|I<Ch>°lullaallgnling,  YaneQ™. (12)

Next, let us consider the weak error estimate of the L2-projection based on the integral identities provided in [18]. The result
of this lemma is the key result for the superconvergence analysis in this paper; the technique used in the proof of this lemma is
different with that used in standard superconvergence analyses.

Lemma 2.2
Let P, denote the Lz—projection operator from L2(Q) to the continuous piecewise linear finite element space Q" on a uniform
isosceles right-triangle mesh 7h. Assume that pe H3(Q). Then, we have

b(vp, p—PRP)<Ch22 Dl alvh g, WvyeVh. (13)

Proof
Let /|, denote the standard piecewise linear Lagrange interpolant on Q". It has been proved that [18, pp. 235-237]

. h? .
bvp, p—Ipp)=—(p—Ipp,divwy) = T3 PPy —pxy, diwp) £Oh>)Iplzalivplne  WheV", (14)

where (-,-) denotes the standard L2-inner product. By the same way, it can be proved that

h2
(o= P, W)= 7= (Pxy —Pxx — Py, wp)+0(>3)lIplizallwpllon,  YwyeQ. (15)

Let P, denote the L2-projection operator from L2(Q) to @", such that
(P—Php,wp)=0, Yw,eQ". (16)

Then, it follows from (15) and (16) that, for all wy, cah,

h2
(Ihp—Ppp,wp)=(pp=p,Wp) = —E(ny_Pxx—Pyy, Wh)+o(h2'5)||p||3,9||wh||O,Q
h? 25
= —E(Ph(ny—Pxx —Pyy) Wp)+0h=>)Iplis.allwplioq- (17)

Setting

h2
Wh=Ipp—Ppp+ - Phpxy —Pxx —Pyy)
the identity (17) implies that

h2
Ihp—Php+ = PhPxy —pox—pyy)|  <Ch**Iplizg. (18)

0,Q

Moreover, it is easy to see that
h2 h2
b(vp, Ihnp—Ppp)=—(lpp—Ppp,divwp)=—| Inp—Ppp+ Eph(ny_pxx_Pyy),diVVh + Eph(pxy_pxx_pyy),divvh , (19)

and it follows from (18) that

h? . .
Inp—Pnp+ Eph(ny —pxx—byy)||  lIdivwplioq <Ch?3 Iplzalldivglioo. (20

0,Q

h? .
(/hp_PhP+ Eph(ny—Pxx—Pyy)rdWVh) <

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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Summing up, it follows from (14), (19), and (20) that

bvp, p—Php) = b(vy, p—Ihp)+bWh, Inp—Ppp)
h2

) h2 )
=5 (Pxx +Pyy —Pxy, divp) +0(h>)Ip3 130 lIVA 1.0 — (th—PhP+ Eph(ny —Pxx —Pyy)rd'VVh>

h? ,
+E (Ph(pxy —Pxx —pyy), divwp)

2

= — h2.5
12

h2.5

P (pxy —Pxx —Pyy) — (Pxy — Pxx — Pyy), divwp) +0h=)Ipli3 allvh 1,0 + O =) Ipll3.q lldivwy oo

< Ch3[Ipxy —Pxx —Pyy 1,0 ldivpllo o +Ch*2 Ipl3alvalie
<Ch*plzalvalie. (¢3)
This proves (13). a

Theorem 1
Let (u,p) and (up, pp) denote the solutions of (3)-(4) and (5)—(6), respectively. Assume that u e (H*(Q)2, pe H3(Q), and 7 is a uniform
isosceles right-triangle mesh. Then, we have that

ITIpu—up 1,0+ 11Php—Ph ||0,Q<Ch2'5(llull4,n+||P||3,Q), (22)
where I1; and Py, respectively, denote the interpolation operator and L2-projection operator defined in this section.

Proof
Note that Hhuevg and Phpng. The LBB condition (7) implies that there exists (vh,qh)evg X Qg such that

A(Ipu =up, Ppp—ph); Vh qp))

c(ITpu—uplli,o+1Prp—phlioo)< (23)
e hE Val0+1dn oo
Moreover, it follows from (3)-(4) and (5)-(6) that
A(ITpu—up, Ppp—pp); Vh, qp)) = alllpu—up, vp) +bvp, Ppp—pp)+ b(I1pu —up, qp)
= a(llpu—u,vy)+bvy, Ppp—p)+ b1 u—u,qp). (24)
Thus, (22) follows from (23), (24), and Lemmas 2.1 and 2.2. O

Theorem 2
Let (u,p) and (up, pp) denote the solutions of (3)=(4) and (5)—(6), respectively. Assume that ueH* Q)2 peH3(Q), 7" is a uniform
isosceles right-triangle mesh, and Q is convex. Then, we have that

I —uplloa<Ch>>(lullaa+pliz0), (25)
where I1;, denotes the interpolation operator defined in this section.

Proof
For any function ¢ € (L2(Q))2, let-(, p) €V x Q denote the solution of the following auxiliary equations:

a@,v)+bv,p) =(d,v), VeV, (26)
by,q) =0, VvgeQ. (27)

Then, we have (see, e.g. [28]) that
IWl2a+lple<Clloq. (28)

Set ¢ =I1,u—up, 0=Ppp—pp, and let v=¢ and g=0 in (26)-(27). We have that

112 = at, d)+ble, p)+b0, 0)
= a(¢, ¥ —TpY) +b(@, p—Ppp)+ b — Ty, 0)+ale, TTpy) + b1y, 0)+ blg, Ppp). (29)

. _______________________________________________________________________________________________________________|
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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From Theorem 1, standard interpolation error estimates (see, e.g. [28]), and (28), we can deduce that
|a(@, ¥ — 1Y)+ ble, p—Ppp)+ b —I1py, 0)]
<CIgllh,o+10lo)IY —Tp¥lli,a+Ilp—Prpllo)
<Ch**(lullan+IPlIz)h(W 20+ pll1,0)
<Ch**(lullan+Iplz0)Iglloo- (30)
Moreover, it follows from (3)-(4) and (5)-(6) that
ale, pY) +b(I1xY, 0)+b(g, Py p) = a(llpu—up, Ip) + by, Ppp—pp)+b(I1u—up, Ppp)
=a(ITpu—u, IIpY)+bITpY, Ppp —p)+ b1 pu—u, Py p). (31)
The weak error estimates (11)-(12) and the a priori estimate (28) imply that
|a(Mpu—u, TTpY) +b([Tpu—u, Ppp)l < Ch*|lullao(Tp¥ l20+I1Phpll1,0)
<> lullaaWlzo + oll1,0)
< lullagldloe: (32)
Then the only issue left is to estimate the term b(ITpy, Ppp—p). Note that

b(Tpy, Php—p) = —(Ppp —p, div(ITx))

= —(Ppp—p, div(ITpY) — Py (divih)). (33)
Similar to Lemma 2.2, it can be proved that
|(Php— p, div(TTyth) — Pp (divp)) | <Ch* ||p|l3 0 || div(TTat) —Pp (divih) lo,0 + Ch™ pll3,0 | divTTpy) — Py (divip) 11,0 (34)
Moreover, it is easy to see that
I div(ITa) — Pp (divip) o, <[ div(TTa) — divikllo,q + ldivy — Py (divih) o, o <Chl[¥ |2, <ChlIBllo,0r (35)
and
l[div(ITpy) = P (divip) 1,0 <ClIYll2,0<CliPllo.0- (36)
Summing up, it follows from (33)—(36) that
(6T, Pho—P)I<Ch*?lIplizalldlloo- (37)
Thus, (25) can be proved from (29)—(32) and (37). O

In order to obtain the global superconvergence based on the superconvergence analysis in Theorems 1 and 2, we introduce
the following interpolation postprocessing operator H;h (see, e.g. [18, 19]). Let 72h denote a uniform isosceles right-triangle mesh

with mesh size 2h and let T be constructed by dividing every element 7 in 72h (we refer to it as a macro-element) into four equal
elements !, i=1,2,3,4, in Th. Then, for any function we C(Q), define the interpolation postprocessing operator H;h to be such
that H;hw is a polynomial of order 4 on the macro element t and

I3, w(zg ) =wizy), k=1,...,6, ﬁ(H;hW—W)ds:O, j=1,..9,
J
where z, k=1,...,6, and [;;j=1,...,9, denote the vertices and edges of the elements ei, i=1,2,3,4, respectively. Using the above
interpolation postprocessing operator, we can obtain the following global superconvergence results.

Theorem 3
Let (u,p) and (up, pp) be the solutions of (3)-(4) and (5)-(6), respectively. Let H;h be the interpolation postprocessing operator
defined above. Assume that all the hypotheses of Theorems 1 and 2 are valid. Then, we have that

TS, up —ull,0<Ch?> (lullao+IPlI30) (38)
Moreover, if Q is convex, then
I up —ulloo<Ch>>(lullan+Ipli3.0). (39)

]
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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Proof
It follows from the definitions of the interpolation operators IT, and H;h that

I3, yw =115, w, VYweC(Q), (40)
Iy w—wlgq < Ch* K wlan,  YweH'(Q), k=01, (41)

and for any finite element space vh,
Ty, wh o <Cllwh o,  YwheVh, k=0,1. (42)

Then, (40)-(42) and Theorem 1 imply that
ITT5,up —ull,0 < T3, up —T15, (Lpu) 1,0+ 1T55), (TTHu) — T3, ull1,0 + 1T u—ull1,0
< Cllup—TTpulli0+0+Ch> ulla0
< Ch*>(lullan+Ipli30)+Ch lullan
< Ch*>(lullag+1pl3,0)-
This proves (38). The estimate (39) can be proved in a similar manner. a

Remark 2.2

Note that the integral identities (10)-(12) and Lemma 2.2 can be proven without the zero boundary condition assumption, i.e.
without assuming that vevg. Then, the superconvergence results in Theorems 1-3 can be extended to the Stokes equations with
the Neumann or the Robin boundary conditions without any difficulty. Also note that, according to the experiences with super-
convergence analyses for the elliptic equations, for the Dirichlet boundary conditions, we would expect that the superconvergence
order of the uniform piecewise quadratic finite element solution should be O(h3) for the H'-norm and O(h*) for the L2-norm, instead
of the O(h%>) and O(h3-3), respectively, that we have obtained. For the Stokes problem, we have not proven these improved results
in this paper, but the numerical results given in Section 4 indicate that these improved estimates do hold.

Remark 2.3

We obtained the global superconvergence results in Theorem 3.using a postprocessing technique and the superclose results
provided in Theorems 1 and 2. Unfortunately, we cannot have a similar result for the pressure p, although we have obtained the
superclose result in Theorem 1. This is because that the superclose result obtained in Theorem 1 is about supercloseness between
pp and Ppp, and we do not know how to construct a suitable postprocessing operator to obtain the global superconvergence
using the result of supercloseness, as the operator Pj is global. It can be shown that there is no superconvergence between the
finite element solution and the Lagrange interplant of the exact solution from the proof of this section; the numerical examples in
Section 4 confirm this observation.

3. Superconvergence analysis for the Stokes-Darcy system

In this section, we will extend the results of the last section to the Stokes-Darcy system. In the Stokes-Darcy system, the domain
Q=0QpUQ. In the porous media region Qp, the fluid velocity up and the hydraulic head bp satisfy the Darcy equations

up=—KVep, and V.up=0, (43)

where K is the hydraulic conductivity, which is a positive-definite symmetric matrix. In the fluid region Q, the fluid flow satisfies
the Stokes equations

—V-T(ugpp)=Ff and V-u=0, (44)

where u¢ is the fluid velocity, ps is the kinematic pressure, f; is the external body force, v the kinematic viscosity of the fluid,
T(ug, pr) =2vD(ug) —psl is the stress tensor, and D(uf) = %(VUf-FVTUf) is the deformation tensor.
Along the interface F:Qpﬂﬁf, the Beavers—Joseph-Saffman-Jones interface boundary condition is imposed:

Ug-Ng = —up-np, (45)
—7¢- (T (ug, pf) - ng) = ate- Uy, (46)
—n¢-(T(ug, pr)-ng) = gy, (47)

where ¢ is the tangential direction on I" and g, o, and v are positive constants.

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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The weak form of the Stokes-Darcy system is as follows:
ar(ug, ve) +br(ve, pp) +9ap(p, p) +(gdp, ve-ne) — (gue-n, ) +o(Peug, Pove) = (F,vea,  YveeXs Y €Xp, (48)
belur, gr) =0, ¥ greQy, (49)
where we have the spaces
X¢ = {vie (H' Q)% v =0 on 3QA\T),
Qr =L%(Qy),
Xp = {hp €H (Qp)Yp, =0 on dQp\T'}
and the bilinear forms
ap(dp, ¥p) = (KVdp, Vihpla,,
aslug, ve) = 2v(D(ug), Dve))gy,
belve, q) = —(V v, glay

and where (;,-)q; and (ODN denote the L2-inner products on the domains Qf and Qp, respectively, (-,-) the L2-inner product on
the interface boundary I', and P; denotes the projection onto the tangent space on T, i.e. P.u=(u-tf)ts. Let

Allu, p, ) (v, G, 1)) = ag(u,v)+b(v, p) +gap (¢, ) + (g, v-ng) —(gu-ng, 1) + ex(P.u, Pv) — be(u, q),
Y(u,p, P), (v,q ) eXsx Qs X Xp.

1 Then, the system (48)-(49) can be rewritten to

Allu,p, ¢% v, g ) =FV)g, YV, q) eXsx QX Xp. (50)
3 A finite element discretization of (50) is to seek (uh,ph, ¢h) eXé7 X Q? XXQ such that
Alwh,p", ™00, Py =g v, g M exf x Qff xxh, (51)

5 where X? xQ? ><X£,7 CXfx QfxXp is a finite element space. In this section, we set X? ><O£7 to be the Hood-Taylor element on Th,
and Xg to be the standard continuous quadratic finite element space on T/, where Tfh and TQ are uniform isosceles right-triangle

7 meshes on Q and Qp, respectively. Comparing with the finite element space defined in Section 2, X?:Vh and O]?:Oh on the
domain Q, and X{)’ =V" on the domain Qp, with'the zero boundary condition on the boundaries Q¢\T" and Qp\T".

Theorem 4
Let (u,p, ¢) and (uh,ph, ¢h) denote the solutions of (50) and (51), respectively. Assume that ue (H4(Qf))2, peH3(Qf), ¢eH4(Qp), and
Tfh, TQ are uniform isosceles right-triangle meshes. Then, we have that

ITpu—uM 11 0+ 1PRp =P llo.0 + 1ITThd — ¢4,

<Ch*>(lulla.0p+ P30+ I Dll40,), (52)

9  where Il and Py, are defined in Section 2.

Proof
11 Let vh:l'Ihu—uh, qh :Php—ph, and 1//h:1'[h¢—¢h. Then, it is easy to see that (vh,qh,wh)exf XQ? XXS, and

AW, g 00, g M= VI o+ W1 o) (53)
Note that (u,p, ¢) and (uh,ph, ¢h) are the solutions of (50) and (51), respectively. We have that
AWV, q" 0", g ) = AT pu—u", Pop—p", T — ") ", 6", y™)
= A —u, Php—p, Th¢— )", 4", ")
= ag([pu—u,v") +be(v", Php—p)+gap (T — b, ™) + (g — p), v -ng) — (g(TTpu —u) -ng, Y1)

+a(P(TTpu—u), PVl — be(TTu —u, g1). (54)

Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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Similar to the last section, it can be shown from Lemmas 2.1 and 2.2 that

lag(TTpu—u, v < Ch? ullaq IV 11,0, (55)
lb¢(v", Php—p)I < Ch22 IplI3. 00 IV 11,00 (56)

and
|be(TTpu —u, ") <Ch?> ulla.ofllq" lo,0f- (57)

Using the standard superconvergence results (see, e.g. [18, 29]), we have that
(M — o, Y™)I<Ch? h (58)
Igap(pp— ¢, 7)< Plla.0, ¥ 1,0,
Moreover, we can use standard error estimates and the trace theorem to prove that

gy — V" -ng) |<CITT e — Bllo,r IV lo,r <Ch3 b 13,1 IV 1o, - <Ch3 | plla,p IV 11,0 (59)

Similarly, it can be shown that

(g(ITpu—u)-ng, ") |<Ch3 Ul 4,00 19" 11,0, (60)
and
| (P Ty —u), Pov™) [<Ch3 lulla 0 IV 11,63 (61)
Thus, it follows from (53)-(61) that
V13, + 18713 0, SCOR> (111G o+ 1PI3 0 +11613.0,)+ COUNV 1.0+ 10" 10 + 117 ) (62)

where ¢ is an arbitrary small positive number.
Note that the Hood-Taylor element satisfies the inf-sup condition, i.e. for above qh, there exists a vector function w/ eX? such that

lbw", q")
g™ o0 <C———. (63)
lw™ 11,0
Choosing (ph eX{)’ to be such that ||<ph||1,gp<C||wh||1,Qf, we have that
bwh,q"=bw", Pp—p™") =bw", PLp—p)+bw", p—p"), (64)
and
h oh) h h h h
bw", p—p") = agu—ul, wh) +gap (¢ — ¢, oM+ (g(p — o), W -ng) — (gu —u™)-ng, @)+ (P (u—u"), P.W")
= a(u—TTpu,w")+gap(d—TThe, o)+ (9(d — T ), W -ng) — (glu — TTpu)-n, ")+ (P (u—TTu), Pow")
+a(TTpu—u", W) +9ap (T — §", ")+ (g(TThp— $™), W' -ng)
—(gMpu—ul)-ng, o)+ (P (Mpu—uh), P.wh). (65)
Considering (64) and (65) with the superconvergence estimates (55)-(61), we can deduce that
bw", ") < Ch2>(lulla,op + 1P I3, + D140, W 11,0, + 110" 11,0,)
+C(ITTpu —ub Mpep— ¢ h h
pU—U" 1,0+ ITIpd — " 11,0, )W 1,0 + 119" 11,0,)
Ch*3( (lulla,or + P10 +lI@ll40,)+ITTou—u |I1Qf+llnh¢ <l5h||1Qp w" 1,0 (66)
Then (63) and (66) imply that
1" lo,0, <Ch** (Ul +1P113.0; + 1 Dllany,) +ITTpu— "1 0+ 1T — §11,0,). (67)
Substituting (67) to (62) and noting that vh :Hhu—uh and lﬁh:thb—dbh, we have that
VP12 o+ 10713 o) SCOR (Ul o +11P13 0+ 113.0,)+ COR> (1ul o, + 1P I3 0 + I 813.0)+COUV I3 o + 10713 ).
Let 6=1/2C. Then,
V13 0+ 18713 ) SCH (U1 0, + 1P13 0+ 1015 0, )- (68)
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Moreover, (67) and (68) imply that

llg" IIO,Qf<Ch2'5 (lulla,or +1Pl3.0+ 19ll40,)- (69)

Then (52) follows from (68) and (69). d
Similar to Theorem 2, we can deduce the following superconvergence result with respect to the L2-norm.

Theorem 5

Let (u,p, ¢) and (uh,ph, ¢h) denote the solutions of (50) and (51), respectively. Assume that ue (H4(Qf))2, peH3(Qf), ¢eH4(Qp), and
Tfh, TQ are uniform isosceles right-triangle meshes. Moreover, let Q¢ and Qp be such that, for all ve(Lz(Qf))2 and 1//eL2(Qp), there
exists a triple (W, g, ¢) e X¢ x Q¢ x Xp satisfying the following auxiliary equations:

Al r, p); W, g, @) = v, o+, play, V1, p) €Xex Qe x Xp (70)
and
W20+ G110+ 101120, <CUV oo+ W llop)- 1)
Then, we have that
1T —u"llo,0,+ 1TThd — & lo,0, <C >3 (lullao + P30+ b lla0,). (72)

where Iy, is defined in Section 2.

Proof
Let v:l'[hu—uh, B:Php—ph, 1//:1'[,,4)—4)", and let u=v, r=0, p=y in (70). We have that

VI 0+ 1113 0, =AWV, 0,);W,q, ¢)
= A(\v, 0,); W —T1,w, g —Ppg, 0—T140))+A((v, 0, ); (T1,w, Ppq, TT, ). (73)
Similar to Theorem 2, it follows from Theorem 4, standard interpolation error estimates , and (71) that
AV, 0,1); W —T1,w, g —Ppq, o —TTpe))| < CllIvii,of +110llo,0: + W111,0,)(Iw —TTawll1,0 + 1 —Phalloo + lo —Hpelloo,)
< Ch*>(lulla o+ IIPl30+ 1D la0)hIWl 20+ g0, + @l 20,)
< Ch33(lull 406+ 1P 1130+ lpllan,)Iviioo+ 1V lo0,)- (74)
Moreover, it follows from (50) and (51) that
AV, 0,); (T1pw, Prq, 14 @) = A((Tpu —u”, Ppp—p', Tl — §"); (I1w, Pg, T4 )
= A(ITpu—u, Prp—p, T — $); (TTpw, Prq, T1, ). (75)
Similar to Theorems 2 and 4, it can be proved that
|A(ITpu—u, Php—p, Ty — d); (TTpW, Ppg, T )|
<Ch3'5(llull4,gf+ Ipl3,00+11@lla0,) ITIaWll 2.0+ 1PRGII,Q: + T @l12,0,)
<Ch3‘5(llull4,gf+ Ipliz00+11@lla0)lIVIoo + 1¥lloa,)- (76)
Thus, (72) is proved from (73)-(76). O

Similar to Theorem 3, we can have the following global superconvergence result from Theorems 4, 5 and the interpolation
postprocessing interpolation operator H;h introduced in Section 2.

Theorem 3.1
Let (u,p, ¢) and (uh,ph, ¢h) denote the solutions of (50) and (51), respectively. Let H;h denote the interpolation postprocessing

operator defined in Section 2. Assume that ue(H*(Q)2, peH3(Qy), ¢eH4(Qp), and Tfh, T{)’ are uniform isosceles right-triangle
meshes. We then have that

T u" —ull1 0+ 1113, &1 — bll1,0, SC*> (lulla,0; + IPI3,0 + 1 b ll2,0,)- (77)
Moreover, assume that all the hypotheses of Theorem 5 hold. Then,

TP —ullo 0+ 1T, 8" — Bllo.a, <Ch*>(lullagy + P30+ [ dllag,) (78)
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Remark 3.1
In Sections 2 and 3, superconvergence results are proven for the quadratic finite element approximation on uniform isosceles
right-triangle meshes. Using standard but more complicated superconvergence analyses techniques, the condition on the mesh
can be weakened to uniform mesh, almost uniform mesh, or mildly structured grids; see, e.g. [16, 18, 19, 22, 30, 31].

4. Numerical results

In this section, we provide some numerical examples to illustrate our theoretical results. In order to do the computations more
conveniently, we define another interpolation operator 7: for all ve C(Q), let n,ve VP be such that

TpvZ)=v(z), i=1,...,6 (79)

where z; are the vertices of the element (i=1, 2,3) and the midpoints of the edges of the element (i=4,5,6), respectively. It is clear
that it is more convenient to use 7y, instead of ITj, in the computation of norms. Moreover, the difference between n,u and ITju
has a higher-order error compared with the standard error if u is smooth enough, so that the error incurred by using mpu instead
of I1pu can be ignored.

In the following three examples, the domain (Q in Examples 1 and 2) and subdomains (¢ and Qp, in Example 3) are first divided
by n? squares, then every square is subdivided into two triangles. We set n=2,4,8,16,32,64 and the mesh size hoc1/n.

Example 1 (Darcy Problem)
Let Q=[0,11x[0, 1], and ¢ denote the solution of

—Ap+¢=f

Two types of boundary conditions are used, one is the Dirichlet boundary condition and the another is mixed Dirichlet-Robin
boundary condition. In the first case, the Dirichlet boundary condition ¢ =0 is imposed on JdQ and the exact solution is given
by ¢ =sin(nx)sin(ny); In the second case, the Robin boundary condition d¢/dn+¢ =G is imposed on the boundary segment I'=
{0<x<1,y=0} and the Dirichlet boundary condition ¢ =0 is imposed on dQ\T’; the exact solution ¢ is taken as ¢ =sin(nx) sin(1—y).

The relative errors ||, —mpdllo.o/ IThdlioq, Vdh—mhd)lga/ IVapdlioq and [T, ¢p—dloa/ I lloq are plotted in Figure 1
(the left figure for the Dirichlet boundary condition and the right figure for the mixed Dirichlet-Robin boundary condition). In order
to clarify the superconvergence behavior, we compute the convergence order from the ratio of the errors on successive mesh
refinements:

error on the mesh size h=1/n
error on the mesh size h=1/2n"

convergence order= (80)

The convergence orders are listed in Tables | and-ll; it is clear that almost half-order accuracy is lost in the mixed Dirichlet-Robin
boundary condition.

107" 107"

1072 1072

1073 1073 f
S S
s 1074 3 1074
(0] (0]
= =
E 1 0_5 E 10—5 L
[ o

1076 105§

-7 167,01 4 _7 167,01
10 i V0, 0)f 10 j IV(0,-m,0)!
—— H‘[;h@hfwl —+— I, 0,-0!
1078 1078
100 10! 102 10° 10! 10?
n n

Figure 1. Log-log relative error figures of Darcy problems: Dirichlet boundary condition (left) and mixed Dirichlet-Robin boundary condition (right).

Table 1. Convergence orders of the Darcy problem (Dirichlet boundary condition).
ldp—Thdllo 3.5698 3.8481 3.9527 3.9854 3.9953
IV(pp—mh)llo 2.5788 2.8363 2.9351 2.9725 2.9876
T3, én—llo 4.0052 3.9093 3.9722 3.9919 3.9948
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Table IlI. Convergence orders of the Darcy problem (mixed Dirichlet-Robin boundary condition).
ldp—7hdllo 3.5384 3.6961 3.7036 3.6589 3.6078
IV —mhd)llo 23211 24751 2.5083 25102 2.5068
IS, én—¢llo 4.1639 3.8845 3.8809 3.8363 3.7648
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2 g 107 ’
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@ @ 1074 :
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_ —+— Iplpl \ —+— Ip, -l pl
107 —o— Iyl N 100 | o T, -ul 1
1076 P N . 1077 T NonP N
10° 10 102 10° 10’ 102
n n

Figure 2. Log-log relative error figures of Stokes problems: Dirichlet boundary condition (left) and mixed Dirichlet-Robin boundary condition (right).

Example 2 (Stokes Problem)
Let Q=[0,1]1x [0, 1] and u and p denote the solution of the Stokes problem

—Au+Vp=Ff ingQ, (81)
divu=0 inQ. (82)

The Dirichlet and the mixed Dirichlet-Robin boundary conditions are also considered here. In the first case, we have the Dirichlet
boundary condition u=0 on dQ and the exact solution is given by uq = —sin2(nx)sin(27y), uz =sin2nx)sinZ(ny), p=sin(m(x+y)).
In the second case, the Robin boundary condition n-T(u,p)-n4+u=G is imposed on the boundary segment I'={0<x<1,y=0}
and the zero Dirichlet boundary condition on the remaining part of the boundary 6Q\I'; the exact solution is given by uy =
sin?(nx) sin(my), up = 3 (sin 2y — 27y +27) sin 27x, p=sin (x +).

For both cases, the relative errors |lup —mpullo/ Impullo, IVup—npw)lio/ IVrpullo. lPh—Ihpllo/ kpllo, IT15,up —ullo/ llullo, and
||l§hph —pllo/ llpllo are shown in Figure 2 (the left figure for the Dirichlet boundary condition and the right figure for the mixed
Dirichlet-Robin boundary condition). Here I;h is another interpolation postprocessing operator, which generates, from the solution
pp. @ polynomial of order two on the macro-element; see, e.g. [18, 19].

The convergence orders are presented in Tables lll and IV. It is clear that the finite element solution uj, has the superconvergence,
whereas the solution pp, does not have.

Example 3 (Stokes-Darcy problem)
Let Qp=(0,7) x (—1,0), Q¢=(0,7) x (0, 1), ' ={0<x<7,y=0}, g=1,v=1, and K=1 in the Stokes-Darcy system. Note that along the
interface boundary I, ng=(0, —1),7s=(1,0),.and np=(0, 1) so that

Oug | Qugy  dupy

’

T(ufzpf)'“f:_< Pf)r 76U =g,

oy ox oy
and the interface conditions become
—ugy = %, (83)
2 6;';2 —pr =y (85)

We set v(y)=—2+nr"2sin%(ny) and the exact solutions
ugr =Vv'(y) cosx, uga=vly)sinx, pr=sinxsiny, ¢o=(e’—e™¥)sinx
satisfy the Beavers—Joseph-Saffman-Jones interface boundary condition with any o.

]
Copyright © 2009 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2009
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Table Ill. Convergence orders of Stokes problem (Dirichlet boundary condition).
lup —mhullo 2.8645 3.5753 3.8533 3.9573 3.9880
IV (up—7mpu)lo 2.3791 2.5844 2.8302 29384 2.9763
len —Inpllo 1.5384 2.7977 2.2478 2.0272 2.0019
ITT3,u—ullo 2.6148 3.7943 3.8836 3.9620 3.9879
1% pn —pllo 2.6464 3.0167 22326 2.0253 2.0025
Table IV. Convergence orders of Stokes problem (mixed Dirichlet-Robin boundary condition).
lup, —hullo 2.7891 3.5888 3.8440 3.9192 3.9141
IV (up—7pt)llo 2.0804 2.6100 2.7573 2.7734 2.7188
lph —Inpllo 1.9823 2.5395 2.1508 2.0240 2.0038
ITT5,u—ullo 2.7706 3.9184 3.9029 3.9567 3.9623
155.pn —pllo 3.1520 23547 2.0839 2.0150 2.0031
10' 107!
0 X
10 102
107! .
. 1072 . 10
< <
& 1073 o 107
S 2
g 10 3 1078
e ®
10™
] 1076
‘10_6 iw{u,‘h—nhu,)\ 3
107 | v 10T
Py —O— Maybyity
1078 : 1078 -
10° 10’ 102 10° 10’ 102
n n
Figure 3. Log-log relative error figures of Stokes-Darcy problems.
Table V. Convergence orders of Stokes-Darcy problem.
llugp, — mhullo 2.6591 3.4622 3.6815 3.8014 3.8220
IV (ugp —mauglio 1.9296 2.4202 2.6751 2.7894 2.7864
Ilpgn — Inpsllo 23312 2.8184 23322 2.0679 2.0139
ITX5, ugp —ugllo 3.0080 4.0330 3.7953 3.8395 3.8636
175, Pt —Pello 2.9927 2.9195 2.2730 2.0477 2.0096
1dp,n—Thdpllo 3.5691 3.6656 3.6077 3.5588 3.5305
IV (dph—hdp)llo 2.3363 2.5018 2.5142 2.5078 2.5035
”H§h¢p,h — ¢p llo 4.0479 3.7586 3.6957 3.6289 3.5759

Color Online, B&W in Print

The relative errors of [lugy —npullo/ Imputllo, IV(ugn —mpuelio/ IVrnusllo, IPsh—Inpsllo/ Inpsllo, 1115, usp —utllo/ llugllo, and
||/§hpf,h —psllo/ llpsllo are shown in left figure of Figure 3, and the relative errors ||¢p,h—ﬂh¢p||0/||ﬂh¢p||0: ||V(¢p,h—7fh¢p)||0/
IVap¢pllo, and ||H§h¢p,h—¢p||0/||¢p||0 are plotted in the right figure of Figure 3.

The convergence orders. are listed in Table V; the superconvergence of the solutions ugj, and ¢p,n can be observed, which
confirms our theoretical results.
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ing in course packs, e-reserves, presentation at professional conferences,
in-house training, or distance learning. The Contribution may not be used
in seminars outside of normal teaching obligations (e.g. commercial semi-
nars). Electronic posting of the final published version in connection with
teaching/training at the Contributor’s institution/place of employment is
permitted subject to the implementation of reasonable access control
mechanisms, such as user name and password. Posting the final published
version on the open Internet is not permitted.

d. Oral presentations. The right to make oral presentations based on the
Contribution.

4. Article Abstracts, Figures, Tables, Data Sets, Artwork and Selected
Text (up to 250 words).

a. Contributors may re-use unmodified abstracts for any non-commercial
purpose. For on-line uses of the abstracts, Wiley-Blackwell encourages but
does not require linking back to the final published versions.

b. Contributors may re-use figures, tables, data sets, artwork, and selected
text up to 250 words from their Contributions, provided the following
conditions are met:

(i) Full and accurate credit must be given to the Contribution.

(i) Modifications to the figures, tables and data must be noted.
Otherwise, no changes may be made.

(iii) The reuse may not be made for direct commercial purposes, or for
financial consideration to the Contributor.

(iv) Nothing herein shall permit dual publication in violation of journal
ethical practices.
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D. CONTRIBUTIONS OWNED BY EMPLOYER

1. If the Contribution was written by the Contributor in the course of the
Contributor's employment (as a “work-made-for-hire” in the course of
employment), the Contribution is owned by the company/employer which
must sign this Agreement (in addition to the Contributor's signature) in the
space provided below. In such case, the company/employer hereby assigns to
Wiley-Blackwell, during the full term of copyright, all copyright in and to the
Contribution for the full term of copyright throughout the world as specified in
paragraph A above.

2. In addition to the rights specified as retained in paragraph B above and the
rights granted back to the Contributor pursuant to paragraph C above, Wiley-
Blackwell hereby grants back, without charge, to such company/employer, its
subsidiaries and divisions, the right to make copies of and distribute the final
published Contribution internally in print format or electronically on the Com-
pany'sinternal network. Copies so used may not be resold or distributed externally.
However the company/employer may include information and text from the
Contribution as part of an information package included with software or
other products offered for sale or license or included in patent applications.
Posting of the final published Contribution by the institution on a public access
website may only be done with Wiley-Blackwell's written permission, and payment
of any applicable fee(s). Also, upon payment of Wiley-Blackwell's reprint fee,
the institution may distribute print copies of the published Contribution externally.

E. GOVERNMENT CONTRACTS

In the case of a Contribution prepared under U.S. Government contract or
grant, the U.S. Government may reproduce, without charge, all or portions of
the Contribution and may authorize others to do so, for official U.S. Govern-

ment purposes only, if the U.S. Government contract or grant so requires. (U.S.
Government, U.K. Government, and other government employees: see notes
atend.)

F. COPYRIGHT NOTICE

The Contributor and the company/employer agree that any and all copies of
the final published version of the Contribution or any part thereof distributed
or posted by them in print or electronic format as permitted herein will include
the notice of copyright as stipulated in the Journal and a full citation to the
Journal as published by Wiley-Blackwell.

G. CONTRIBUTOR’S REPRESENTATIONS

The Contributor represents that the Contribution is the Contributor’s original
work, all individuals identified as Contributors actually contributed to the Con-
tribution, and all individuals who contributed are included. If the Contribution
was prepared jointly, the Contributor agrees to inform the co-Contributors of
the terms of this Agreement and to obtain their signature to this Agreement or
their written permission to sign on their behalf. The Contribution is submitted
only to this Journal and has not been published before. (If excerpts from copy-
righted works owned by third parties are included, the Contributor will obtain
written permission from the copyright owners for all uses as set forth in Wiley-
Blackwell’s permissions form or in the Journal’s Instructions for Contributors,
and show credit to the sources in the Contribution.) The Contributor also
warrants that the Contribution contains no libelous or unlawful statements,
does not infringe upon the rights (including without limitation the copyright,
patent or trademark rights) or the privacy of others, or contain material or
instructions that might cause harm or injury.

CHECK ONE BOX:

|_| Contributor-owned work
ATTACH ADDITIONAL SIGNATURE

PAGES AS NECESSARY Contributor’s signature Date
Type or print name and title
Co-contributor’s signature Date
Type or print name and title

|_| Company/Institution-owned work

(made-for-hire in the o )

course of employment) Company or Institution (Employer-for-Hire) Date
Authorized signature of Employer Date

D U.S. Government work

Note to U.S. Government Employees

A contribution prepared by a U.S. federal government employee as part of the employee’s official duties, or
which is an official U.S. Government publication, is called a “U.S. Government work,” and is in the public
domain in the United States. In such case, the employee may cross out Paragraph A.1 but must sign (in the
Contributor’s signature line) and return this Agreement. If the Contribution was not prepared as part of the
employee's duties or is not an official U.S. Government publication, it is not a U.S. Government work.

|_| U.K. Government work
(Crown Copyright)

Note to U.K. Government Employees

The rights in a Contribution prepared by an employee of a U.K. government department, agency or other
Crown body as part of his/her official duties, or which is an official government publication, belong to the
Crown. U.K. government authors should submit a signed declaration form together with this Agreement.
The form can be obtained via http://www.opsi.gov.uk/advice/crown-copyright/copyright-guidance/
publication-of-articles-written-by-ministers-and-civil-servants.htm

|_| Other Government work

Note to Non-U.S., Non-U.K. Government Employees
If your status as a government employee legally prevents you from signing this Agreement, please contact
the editorial office.

|_| NIH Grantees

Note to NIH Grantees

Pursuant to NIH mandate, Wiley-Blackwell will post the accepted version of Contributions authored by NIH
grant-holders to PubMed Central upon acceptance. This accepted version will be made publicly available
12 months after publication. For further information, see www.wiley.com/go/nihmandate.
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WILEY AUTHOR DISCOUNT CARD

As a highly valued contributor to Wiley’s publications, we would like to show our
appreciation to you by offering a unique 25% discount off the published price of any of
our books*.

To take advantage of this offer, all you need to do is apply for the Wiley Author
Discount Card by completing the attached form and returning it to us at the following
address:

The Database Group
John Wiley & Sons Ltd
The Atrium

Southern Gate
Chichester

West Sussex PO19 85Q
UK

In the meantime, whenever you order books direct from us, simply quote promotional
code SO001W to take advantage of the 25% discount.

The newest and quickest way to order your books from us is via our new European website
at:
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Verity Leaver
E-marketing and Database Manager

*TERMS AND CONDITIONS
This offer is exclusive to Wiley Authors, Editors, Contributors and Editorial Board Members in acquiring books (excluding encyclopaedias
and major reference works) for their personal use. There must be no resale through any channel. The offer is subject to stock
availability and cannot be applied retrospectively. This entitlement cannot be used in conjunction with any other special offer. Wiley
reserves the right to amend the terms of the offer at any time.
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