Chapter b.

Partitioning and Divide-and-Conquer
Strategies

In this chapter, we explore two of the most fundamental techniques in parallel program-
ming, partitioning and divide and conguer. The techniques are related. In partitioning, the
problem is divided into separate parts and each part is computed separately. Divide and
conquer usually applies partitioning in a recursive manner by continually dividing the
problem into smaller and smaller parts before solving the smaller parts and combining the
results. First, we will review the technique of partitioning. Then we discuss recursive
divide-and-conquer methods, Next we outline some typical problems that can be solved
with these approaches. As usual, there is a selection of scientific/numerical and real-life
problems at the end of the chapter,

4.1 PARTITIONING

4.1.1 Partitioning Strategies

Partitioning divides the problem into parts. Tt is the basis of all parallel programming, in
one form or another. The embarrassingly parallel problems in the last chapter used parti-
tioning without any interaction between the parts. Most partitioning formulations,
however, require the results of the parts to be combined to obtain the desired result. Parti-
tioning can be applied to the program data (i.e., to dividing the data and operaling upon the
divided data concurrently). This is called data partitioning or domain decomposition. Par-
titioning can also be applied 1o the functions of a program (i.e., dividing it into independent
functions and executing them concurrently). This is functional decompaosition, The idea of
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performing a task by dividing it into a number of smaller tasks that when completed will
complete the overall task is, of course, well known and can be applied in many situations,
whether the smaller tasks operate upon parts of the data or are separate concurrent func-
tions. It is much less common to find concurrent functions in a problem, but data partition-
ing is a main strategy for parallel programming.

To take a really simple data-partitioning example, suppose a sequence of numbers, x;,
-+ X, are to be added. This is a problem recurring in the text to demonstrate a concept;

unless there were a huge sequence of numbers, a parallel solution would not be worthwhile.
However. the annroach can he 1nsed far mars ranlintin ameliontiames fooo it 4 i

peonplenoal
culations on large databases.

We might consider dividing the sequence into p parts of nlp numbers each, (x; ...
Hnip)-1)r Kugp -+ Xagpy-1ds oo (X(p-tynip -+ X1y at which point p processors (or pro-
cesses} can each add one sequence independently to create partial sums, The p partial sums
need to be added together to form the final sum. Figure 4.1 shows the arrangement in which
a single processar adds the p partial sums. (The final addition could be parallelized using a
tree construction, but that will not be done here.) Note that each Processor requires access
to the numbers it has to accumulate. In a message-passing system, the numbers would need
1o be passed to the processors individually. (In a shared memory system, each processor
could access the numbers it wanted from the shared memory, and in this respect, a shared
memory system would clearly be more convenient for this and similar problems. )

The parallel code for this example is straightforward. For a simple master-slave
approach, the numbers are sent from the master processor (o the slave processors, They add
their numbers, operating independently and concurrently, and send the partial sums to the
master processor. The master processor adds the partial sums to form the result, Often, we
talk of processes rather than processors for code sequences, where one process is best
mapped onto one processor.

It is a moot point whether broadcasting the whole list of numbers to every slave or
only sending the specific numbers to each slave is best, since in both cases all numbers must
be sent from the master. The specifics of the broadcast mechanism would need to be known
in order to decide on the relative merits of the mechanism, A broadcast will have a single

startup time rather than separate startup times when using multiple send routines and may
be preferable.

TR = Xnipl-1

Partial sums

sum

Figure 4.1  Partit

ing a sequence of numbers into parts and adding them,
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First, we will send the specific numbers to each slave using individual send(}s. Given
n numbers divided into p groups, where nip is an integer and one group is assigned to one

slave process, there would be p slaves. The code using separate send(}s and recv ()5 might
look like the following;

Master

g = nfp;
for (1 =0, x=0; 1 <p; i

/% number of numbers for slaves*/
;X =X+ og)

send(énurbers [x], s, By); /% send s numbers to slave */

sum = 0;

for (i = 0; 4 < p; d+4) | /% walt for results from slaves */
recvispart_sum, Pyl
SUM = sum + part_sum; /* accumilate partial sums */

3

Slave

recy mumbers, 8, Ppigpee) ! /* receive s numbers from master */

part_sum = 0;

for {i = 0; 1 < s; d+s} 4* add numbers ¥/

part_sum = part_sum + numbers[i]; |

send{fpart_sum, Ppooeect: /

Py

send sum to master */

IT a broadcast or multicast routine is used to send the complete list to every slave,

code is needed in each slave to select the part of the sequence Lo be used by the slave, adding
additional computation steps within the slaves, as in

Master
e = v r _
s = n/p; A% number of numbers for slaves =/ _
boast (numbers, =, Falave_group! ¢ /* send all numbers to slaves =/ “
sam = 0; i
Tor (1= 0; i < p; di+4) { /% walt for resullbs from slaves +/
recvikpart_sum, Pupeet:
SUm = sum 4+ part_sum: /" accumilate parrial sums */

Slave

beoast inumbers, s, Boioia) #* receive all numbers from master®/

art = slave number * s; /* slave number obtained sariier */

end = skart + &;

part_sum = (;

for {i = start; i < end; i++) /* add numbers */
Part_sum = part_sum + numbers[i];

send{&part_sum, Po.i.00; /% send sun to master =/
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Slaves are identified by a process ID, which can usually be obtained by calling a library
routine. Most often, a group of processes will first be formed and the slave number is an
instance or rank within the group. The instance or rank is an integer from 0 to m — 1, where
there are m processes in the group. MPI requires communicators 1o be established, and
processes have rank within a communicator, as described in Chapter 2. Groups can be asso-
ciated within communicators, and processes have a rank within groups.

If scatter and reduce routines are available, as in MPI, the code could be

Master

scatter (numbers, &8, Bypqyp, Foot=master) ; /* send numbers to slaves */
reduce_add(&sum, &s, Pypo,p, Foot=master) ; /* results from slaves */
Slave

scatter{mumbers, &5, Py, oy, root=master) ; /% receive s numbers Y/

. /* add numbers */

nmazno..m&&_".wccﬂwlm;;,wm:vnaonm‘no TEmASUer) ; /* send sum to mast xd

Remember, a simple pseudocode is used throughout. Scatter and reduce (and gather when
used) have many additional parameters in practice that include both source and destination
IDs. Normally, the operation of a reduce routine will be specified as a parameter and not as
part of the routine name as here, Using a parameter does allow different operations to be
selected easily. Code will also be needed (o establish the group of processes participating
in the broadcast, scatter, and reduce.

Although we are adding numbers, many other operations could be performed instead.
For example, the maximum number of the group could be found and passed back to the
master in order for the master to find the maximum number of all those passed back to it.
Similarly, the number of occurrences of a number (or character, or string of characters) can
be found in groups and passed back to the master.

Analysis. The sequential computation requires 1 — 1 additions with a time com-
plexity of O{n). In the parallel implementation, there are p slaves, For the analysis of the
parallel implementation, we shall assume that the operations of the master process are
included in one of the slaves in a SPMD model as this is probably done in a real implemen-
tation, (Remember that in MPI, data in the root is used in collective operations.) Thus, the
number of processors is p. Our analyses throughout separate communication and computa-
tion, It is easier to visualize if we also separate the actions into distinct phases, As with
many problems, there is a communication phase followed by a computation phase, and
these phases are repeated.

Phase 1 — Communication.  Firsl, we need to consider the communication aspect
of the p slave processes reading their a/p numbers, Using individual send and receive
routines requires a conununication time of

leomm] = ﬁﬁﬂmnm:.ﬁ + (P Y ga)
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