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Abstract. We prove convergence for a meshfree rst-order system leassquares (FOSLS)
partition of unity nite element method (PUFEM). Essential ly, by virtue of the partition
of unity, local approximation gives rise to global approximation in H(div) \ H(curl).
The FOSLS formulation yields locala posteriori error estimates to guide the judicious
allotment of new degrees of freedom to enrich the initial point set in a meshfree dis-
cretization. Preliminary numerical results are provided and remaining challenges are
discussed.
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1. Introduction

1.1. Summary

Interest remains in avoiding the proper tessellation of a camputational domain used
to solve partial differential equations, especially in the context of moving meshfree, or
meshless, particle methods. However, as will be made clearthe exibility inherent to
using merely the cover of a domain does not come without cost. A number of mostly-
related meshfree approaches have been proposed, yielding aariety of approximation
spaces from which to choose. For example, consider the diffee element method (DEM),
element free Galerkin (EFG), nite point method (FPM), HP cl ouds, meshfree local Petrov
Galerkin (MLPG), smooth particle hydrodynamics (SPH), mowvng least squares SPH (ML-
SPH), material-point method (MPM), partition of unity nit e element method (PUFEM),
reproducing kernel particle method (RKPM); see[1, 2] for a classi cation and review. Be-
low, we employ the partition unity (PU) approach, given its  exibility and local nature, to
discretize the prototypical rst-order system least-squares (FOSLS) formulation for Pois-
son's equation. This synthesis can be generalized to existg FOSLS formulations of more
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complicated PDE systems. Since the FOSLS formulation preses local a posteriori error
estimates to guide adaptive enrichment of an initially-sparse point set, the synthesis may
enhance the utility of meshfree methods.

Below, after a brief discussion about meshfree methods, we ntroduce FOSLS and a
vector PUFEM discretization. Then, convergence is provedrbm assumptions about the lo-
cal approximation spaces de ned on each patch used to coverhe domain. Finally, several
numerical examples are provided.

1.2. Meshfreedom

The notion of altogether avoiding a mesh requires some clarication. First, a set of
points in a domain, along with an associated covering of the domain, must be chosen.
Given generic speci cations for this covering, such as the eénsity used in point set selec-
tion and the degree of overlap, a provision of points and their associated patches can be
supplied probabilistically, without use of a background mesh [3]. However, enrichment
of an initially sparse (or coarse) point set nevertheless erails relaxation of the new point
set, in concert with updating the associated cover. While exlicit retriangulation is thus
avoided, signi cant re nement costs persist to ensure that both point placement and patch
size are suitable.

Integration during assembly of the discrete problem leads b a second unavoidable com-
putational cost. In lieu of a tessellation, integration over each intersecting pair of patches
entails de ning quadrature points either locally, in a cons istent and ef cient manner, or
globally, appealing to some background mesh. Below we simpy use circular patches , to
cover a domain R?. Rather than perform quadrature on each individual lens, |\ |,
which would yield a symmetric linear system, it is more ef ci ent to simply set a quadrature
rule on each .. Of course, this leads to an asymmetric system due to inexacintegration,
i.e., A, is computed using quadrature on ; while A; is computed using quadrature on ;.

Our approach is truly meshfree in the sense that integrationis performed according
to neighbor connectivity, point locations, and neighborin g support radii, not according to
the elements of a tessellation. No background mesh is utilizd. As a result, adding and or
moving individual points is unencumbered by the need to re-tessellate the domain. This
exibility comes with less-ef cient assembly of the discre te problem, primarily because
there are many more regions of overlap, ;\ |, than there are elements of a comparable
tessellation. This cost is compounded by the partition of unity construction, which yields
conforming discretizations at the expense of pointwise corditions on the degree of overlap;
e.g., requiring that each point be covered by at least three éements of the cover, #fjj \

; 6 ;g approaches 30 in Fig. 1.

2. A FOSLS patrtition of unity method

FOSLS has been applied to far more dif cult PDE systems thantie simplistic elliptic
problem considered below [4]. As a methodology, it is only distinct from least-squares
(LS) in that a residual on vorticity, or the curl of velocity, is introduced in lieu of solving for
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pressure; the latter is the common velocity-pressure formuation, while the former leads to
approximation of velocity with respect to H (div)\ H(curl).

2.1. Flux-vorticity formulation

Consider the prototypical rst-order system,

r u=f*f in , (2.1)
r u=20 in (2.2)
nu=20 on ., (2.3)

u=0 on ., (2.4)

where u 2 H(div; ) \ H(curl; ) and f 2 L?() . The simplest FOSLS (F) approach is to
formulate the solution of system (2.1-2.4) as the minimizer of the interior functional

€ S.
J(uif)i= krou+ fk2 +kr uk . (2.5)
By design[4], this functional provides a norm on the space
( z )
W= v2H(div; ) \ H(curl;) jn v=0on ,, v=0on , and v=0
D
That is, p
kvk, :=J (v;0,0)= hLv, L vi, , (2.6)
where , E
r 0
L= 0 r

Note that the (L2()) *-innerproduct is conducted componentwise. Hence, solvingfor
u=argminJ (v; f) (2.7)
v2W

is equivalent to minimizing error in the W-norm. As is standard, de ning functionals

F (u,v)= hLu,L vi, , (2.8)
v= (f 0)LLv, (2.9)

leads to a variational form of minimization problem (2.7):
Findu?2 Wsuchthat F (u,v)= "(v) forallv2W. (2.10)

Motivation for this approach is two-fold. First, functiona | equivalence to an H-like
norm implies optimal performance of multigrid methods in so lving the resulting discrete
problem. Furthermore, a posterioriW-norm error estimates follow simply from evaluating
the FOSLS functional given a computed solution. In[5], a meshfree LS formulation of
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steady incompressible viscous ow is presented that uses a ackground mesh for integra-
tion and employs RKPM to achieve exact approximation of quadatic functions de ned on
the entire domain. We have chosen to avoid any background mek and focus on retaining
the capacity to enhance a given mesh locally through direct gopeal to FOSLS a posteriori
error estimates.

We now establish convergence for problem (2.10) when using avector partition of
unity to de ne a discrete subspace of W. We only consider R? and use the notation
r? u=k (r u),butextensionto 3-D is straightforward. Non-homogeneousboundary
conditions can be handled through standard lifting techniques or by adding appropriate
boundary terms to (2.5). As will be illustrated, the latter g ives rise questions as to the
implementation of Sobolev norms on boundary spaces.

2.2. Vector PU Discretization

Brie y, a scalar partition of unity discretization involve s rst choosing a set of points in
the domain, fz,d! |, and then determining corresponding supports, |, to constitute a cover,
C=1ff g, iYL, | g. Next, a smooth compactly supported “window function”
is chosen from which a Shephard partition of unity, subordinate to C, is constructed.
Analogous to standard p-re nement, local approximation spaces on each support canthen
be formed to improve approximation accuracy.

As discussed in 3], we determine a point setfz,d! = f(x;, y,)d!, along with associated
radii fr,g., to determine C = f g’ according to

=fz2R%*jz zj rg.

Fig. 1 illustrates the connectivity of neighboring patches for such a cover, given a point set
with uniform density.

rr=217= N
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Following [6], on each patch we use a quartic spline window function

Lq. 1 6°+88 38" for 0 s 1,
P for s 1,

and then de ne
iz zj

r.

(2)="!

as building blocks for a Shepard partition of unity. That is, taken together, the functions

_ (2)
(2) = P——
j=1 j(Z)
yield a partition of unity of , subordinate to C. Note that the summation appearing

in the denominator need only be conducted over indices j such that |\ ;6 ;; ie,
as depicted in Fig. 1. In the context of scalar function appraximation, this immediately
de nes a global PU approximation spaceV"® := span ,(z) . The smoothness of the
quartic spline window function yields the conformity of thi s space.

As detailed in the proof of convergence, partitioning unity provides the ability to trans-
fer local approximation properties to the entire domain. For example, in analogy to p-

re nement, global approximation can be enhanced by considering local spaces
Vihlq:= Span i'(X Xi) il(y yl) i!"'(X Xi)q i1
(X x)HYy ¥ ey oWt (2.11)
Through direct summation, these give rise to the global PU aproximation space

vhai= ey oha oy ha (2.12)

N

Note that H* approximation requires q 1.
Generalization to a vector setting follows immediately from introducing PU basis func-

tions , E 7 E
i 0

W (7) = i(2) n @(2) =

“(2) o and (@) @
It is convenient, notationally, to suppress arguments and ce ne 2 2 matrices

e .
= o @
. _ € S
so that, using a constant coef cient vector = ® @ -
X

Iy |

u" = . forany u" 2 (V")?%. (2.13)
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Clearly, we have a vector partition of unity in the sense that

XN

ot
I

i=1

Consequently, foranyv2 H*() ? note that

V= Lv= V. (2.14)
i=1 i=1

As done in the scalar case and in analogy top-re nement, approximation on each
can be enhanced. For example, letting

(x %) (y )
-

Q.= span 1,

and taking the tensor product Q;, Q , leads to local approximation spaces

(V‘hyl)z = Span (1), (2), (X Xl) (1), (y yl) (1), (X Xl) (2), (y yl) (2)
I I I ri I ri I ri | ri |
(2.15)
Again, direct summation yields a global PU approximation space
(VM)2i=(V)? (Vih? (2.16)

subordinate to C. Employing additional coef cient vectors, , and ,, and folding these
into a coef cient vector function, U, 2Q, Q ,, allows us to write

X | | X
U = R C ) R O A ) U
r.

C i i , (2.17)
i=1 !

Fi ! i=1

for any u" 2 (V")2. Hence, for example in the case that R?, six unknowns are asso-
ciated with each i. This space represents the simplest extension of the PUFENMIf which
convergence of the FOSLS formulation can be proven in the maner presented below. In
general, the supplemental spaceQ can be built to suit, yielding global approximation
spaces referred to below agV ")

2.3. Convergence

To establish global convergence of a FOSLSPU formulation,estain local approximation
is required [ 7]. We thus introduce the notion of a uniform Helmholtz partiti on of unity.

De nition 2.1. A vector partition of unity, (V "9)?, is uniform Helmholtz if, for any u 2
(H?()) ?, there exist constants C C,, and C, independent of y such that there existW, 2

Q, Q ; satisfying
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i) k(U W)k, , 2Crkuk, ,
(i) kr? (u W)k, ,, 2Crkuk, , ;
(i) ku Wk, , 4Crkuk, ,

This de nition suggests how convergence can be establishedbut rst we generalize to
the vector setting a lemma that appears in[7].

Lemma 2.1. Dene a maximum degree of covering overlap, M, such th& z 2
e card ijézz , M. Then, for any f 2 HY) ? and any collection of f 2

2
HEC \ ) , wehave
kfkZ | Mkf k2 (2.18)

and

X X
k  fk M kfke . (2.19)

ik, Ik,
i=1 i=1

The proof using scalar norms that appears in[ 7] generalizes, componentwise, to vector
norms without complication. We only remark that the second estimate neglects any speci ¢
treatment of each lenticular overlap |\ ;. Instead, the result follows from bounding each
inner-product over such regions by an inner-product over al of ;. This leads to the factor
of M, suggesting some potential for re nement of this estimate given more careful analysis
of a class of coverings. Of course, the maximum degreeM, is linked to the minimum
degree of overlap; i.e., the minimum number of supports coveing any given point in the
domain. The latter characteristic of a covering impacts the smoothness of the functions
f .(2)g, and thus also the accuracy of their integration.

We can now state and prove the following convergence result.

Theorem 2.1. Let(V"%? be a uniform Helmholtz partition of unity, with overlap degree M,
constructed from a scalar partition of unityf g, that satis es

k ky, =C,, (2.20)
C

kr  k = =, 2.21

r i™No, \ i 2r ( )

for some constants Cand C,. Also, let

u":=arg min J (V";f). (2.22)
vh2 (v ha)2

Then, there exists a constant C, depending only on C,, C,, C,, and G, such that

J (u u%0) 2CMr,,kuk, |, (2.23)

max

where r,, = maxfr,g.

max
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Proof. First, via triangle inequality,

J(u u%0) J (u w"0o)+J (w" u"0) (2.24)
P
for any w" 2 (V"2 In particular, set w" = iN:1 \W., where W, is that which is guaran-
teed by the uniform Helmholtz property. Then,
Jw" uho) = F(w" uw" u"

FWw' u+u u",w" u"

Fw" uw" u"
J (w" u"0)J (u w"0) (2.25)
by virtue of the orthogonality condition on u  u" that follows from (2.22). Thus, since
J(u u™0) 23 (u w"0), (2.26)

it suf ces to bound the quantity J (u w";0) in terms of the radii of supports . The above
lemma, combined with the uniform Helmholtz property, provi de the bound as follows.
First, property (2.14) yields

Ju wi0)’=F(@u whu w"
=kr (u wWYKZ +kr? (u whk?
XN XN
= kr (U W)KZ +kr” (u WOk . (2.27)
i=1 i=1

Then, separately appealing to the second estimate in Lemma 2 leads to

XN
kr (U W)k,
i=1
XN XN
ko U Wk, +k 1 (U Wk,
i:1x\l i:J! 1=2 X ! 1=2
M k r (u Wi)kf)’\_ + M kr . (u Wi)kéy\_ (2.28)
=1 | i=1 '
and
XN
k? U Wk,
i=1
XN XN
k 7 (u W)k, +koor7 o (u Wk,
|:1X\‘ i:J! o « | .
M k r? (u Wi)kf,,\i + M kr 7, (u Wi)kéy\_ .(2.29)
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Then, bounds (2.20-2.21) and the uniform Helmholtz propert y provide that

h\l
kr (U Wk,
i=1 | |
2 X 2 T 2X\‘ 1 2 T
MCE k(U Wk, MCY o omk(u Wokg
i=1 L i=1 i L
XN 1=2 XN 1=2
amcrcerz, kuk? |+ AMCICZ o kuk | (2.30)
i=1 i=1
and
A
kr ? (U W)k,
i=1 | |
XN ) 1=2 XN 1 1=2
MC,  kr? (U WK+ MC —ku W)K
i=1 - i:14ri .
)(\l 1=2 )(\l 1=2
AMCIClrz  kuki |+ 4MCICIrZ - kuki | . (2.31)
i=1 i=1

Finally, employing the rst estimate of Lemma 2.1 and combining each of the above ac-
cording to (2.27) implies that

€ él—z
J(u wh0)  [G G+ CCIP+[C G+ CClY 2Mrkuk, ,  (2.32)

€ S..
so that settingC= [C, C, + C,C]*+[ C, C,+ C,C]? . completes the proof. f

Accounting for inexact integration entails de ning a proje ction of f,

fh= argwq;i\?hkf wkiz(y (2.33)

that satis es
- 1 _
fofh . =0,8i. (2.34)

Do
Then, as approximate solution to (2.1-2.4), we seek

u":=arg min J (w"f"). (2.35)
th(vh,l)z

Well-posedness of (2.35) follows from extending (2.24) to i nclude an additional error term
kf f"k, and subsequently employing the same line of proof.
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3. Numerical demonstration

3.1. Boundary functionals

To demonstrate the above, consider the Neumann problem

ru=f in (3.1)
ro u=0 in (3.2)
nu=g on , (3.3)

and the more general FOSLS functional with boundary terms

€ S,-
Jop(Uif)i= kr u+ K2 +kr uk? +kn u g2, . (3.4)
Practically, in lieu of the Sobolev boundary norm, we use an gpropriately weighted L?-
norm on the boundary and de ne

. . 2 2 1 2
Joay(u; f,9) = kr u+ fki +krukS + Fkn u  gky . (3.5)

Hence, we seek

u" = argwhzn(”n\irgvl)z\] bay (W £, ") . (3.6)
In the event that a chosen cover consists of patches with noniniform radii, this weighting
should be enacted during assembly in a consistent fashion. o, note that unlike standard
nite elements, interior nodes contribute to the solution a t the boundary. That is, PU basis
elements do not have the kronecker delta property and the unknown associated with a
node on the boundary is not the function value at that node.

As discussed in the introduction, assembly of the discrete poblem (3.6) is performed
by quadrature on a disc[8], translated and dilated to each ,. The symmetric part of the
resulting matrix is then taken. Integration remains a signi cant challenge to the ef cacy
of meshfree methods. We have resorted to a 64pt scheme on eachatch to achieve the
accuracy apparent in the below selected examples. Use of a I alters diagonal entries of
the stiffness matrix signi cantly (by 10-50 %), depending o n the extent of overlap in the
cover C and its impact on the regularity of the basis elements ..

3.2. Selected examples

The three examples presented correspond, respectively, wh the following exact solu-
tions

( ) ®

X(1 X

yiy) 37
&

u= (3.8)
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and
E

kcotk x)sin(l Y) i k= 12 and | = 2.3

| sin(k x)cog(l ) (3.9)

In each case,f and g are set accordingly. Fig. 2 depicts solutions using only a vetor PU
while Fig. 3 shows results using a Helmholtz PU.

Clearly, in light of Table 1, these elementary examples pregnt signi cant practical
computational challenges. The theoretical advantage to castructing Helmholtz partition
of unity is off-set by severe conditioning of the resulting linear systems. Helmholtz PU yield
stiffness matrices with condition numbers 10° 107, compared to 10> 102 for the simple
vector PU in the caseN = 400; note that these discretizations involve 2400 and 800
unknowns, respectively. A supplemental least-squares PU @proach to mesh re nement
may, in practice, present similar drawbacks that derive from the prohibitive need for precise
integration over lenticular regions.

(V h,0)2 (V h,1)2

D

Discretizaton | N [ ri=1.7= N L2() J . (u" £ g"
64 .2125 1.604e-03 1.419e-01

(V19)? 256 1062 1.071e-03 | 4.013e-02
400 .0854 9.198e-04 2.094e-02

64 .2125 3.969e-02 3.893e-01

(V"2 256 .1062 3.359e-02 3.387e-01
400 0854n 4.186e-02 | 4.059e-01

r=23= N

64 .2875 1.435e-03 1.170e-01

(V"0)2 256 1437 7.597e-04 1.678e-01
400 1150 6.441e-04 1.736e-01

64 2125 2.881e-02 2.384e-01

(V"2 256 1062 2.668e-02 3.037e-01
400 0854 2.688e-02 3.209e-01

3.3. Adaptive enrichment algorithm

Given an approximate solution u", local FOSLS functional values

1=2

J.(uh "= kr u"+ f“k§i+ kr ? u“kii (3.10)

may be computed through submatrix-subvector multiplications. This suggests some utility
in determining an approximately minimal subcover C, C when dening C initially.
Then, to quantify further enrichment of the point set using | ocal FOSLS estimates, a simple
way to de ne a density function is to impose

A%, y)=J,(uf" g") 8isuchthat ,2C,. (3.11)
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Provided convergence can be improved in practice, this suggsts the following simplistic
algorithm for meshfree enrichment:

1. Select an initially-coarse point set and covering to consruct a Helmholtz partition
of unity V"9,

2. Compute u" by solving (3.6).
3. Evaluate local estimates (3.10)8 i 2 C, as visualized in Fig. 4.

4. De ne a density function (X, y) satisfying (3.11) and assess equi-distribution
of error.

5. If needed, supplement the initial point set in targeted patches subjectto (X, y)
and repeat.

4. Concluding remarks

Given the compromises in ef ciency that accompany a truly meshfree approach, its
primary appeal may be as a conformal supplement to more-stadard discretizations. In
principle, this could be done precisely within a least-squaes setting, whether the mesh-
free exibility is utilized to resolve multiscale phenomen a or to optimize least-squares
approaches to local mesh adaptation[9]. Integration, however, and its impact on condi-
tioning, remains a concern.

Beyond mechanics and classical PDE systems, application &U methods to dynamic
cell-centered biological simulations may hold special pramise [ 10,11]. This is due to nat-
ural interest in either moving (cell migration), eliminati ng (cell death), or adding (cell
division) subsets of points used to build multilevel — with r espect to biological organiza-
tion — descriptions of various molecular factors and their impact on cell proliferation, cell
differentiation, and cell death in tissue.
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