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#(-1): Inspiration

\Ther e comesa time when, for every addition of knowledge,
you forget somethingthat you knew before. It is of the
highestimportance, therefore, not to have uselesdacts

ellowing out the useful ones!"

{Sherlak Holmesn \A Studyin Scarlet"
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#1. The IN/OUT Steady State Vector Field
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Figure 1: Steady state velocity eld for INJOUT




#2: The IN/OUT Steady State Direction Field
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Figure 2: Steady state direction eld for INJOUT



#3. The Setting

Our systemis time-de@ndeh and parameterized,;

We have \snapshots'at varioustimesand parameters;
(Snapshotérom nite elemehsinulation, or windtunnel).
We needtrajectoriesfor mary parametewnalues;
Genericnite elemets too slov or too expensie.



#4: QObserv ations

Most nite elemen\degreesof freedom"arenot used,;
Solutiongnhabita low dimensionaspacef\lik ely behaviors";
Newbehaiorsemergavith increasingnergy;
Trajectories:energymovesto preferredoehavior subspace;
A basisusing\preferredbehariors” would be tiny.



#5: Goals

System exploration + experiment design
Data analysis, weighting, compression
Choice of reduced model

Computation of appro ximate tra jectories

Long range goal:
Closal loop control of parameterizel ow.
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#5.5. Goals (Commen ts)

System exploration + experiment design:
may we chabsewhich snapshotsto create?,
which parameter and boundary valuesshouldbe testead?
can we identify and weight\imp ortant” behaviors?

Data analysis, weighting, compression :
a behavioris important if it hashigh enegy;
a behavioris important if it is \far away" from others
a behavior is important if it occurs often;
Mo del reduction :

reduce existing snapshotdata to a smaler representative
set

nd a low dimensionalbasis for uid behavior,
Appro ximate tra jectories :
approximate points on known trajectory;
calculate points on unknowntrajectory usingreduced model

Long range goal:
closal loop control of parameterizel ow.
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#6: Case Study: SVD

Givenanm by n matrix A, regardthe columnsas\b ehaviors".
The energyassaiatedwith a directionis the projectionof all

columnsono that direction.

The SVD producesa factorization:
A=U & (1)

The leadingcolumnsof U arethe \preferredbehariors";
The diagonalof is anenergyor importanceweigh;
A reducednaodel of A canbe constructed,;
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#7. A 9-D Space with 2-D Subspace

13




#8: PDE Data Reduction: POD

Ead columnof anm by n matrix A is a solutionor \snapshot".

1.computethem by m matrix B = A A°

2. determinesigen-decongsitionB = X X ©
3.eat eigenectorx; is a mode;

4.eat eigenalue ; isthe enelgy of a made;
5.selectkigenectorsby energyto getdominarm modes.

In fact, we cancarry out the samecomputationby computing
the SVDof A. The & arethe squareroots of the energyand
the correspndingleft singularvectorsof U arethe mode vectors.
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#9: An Algorithm of Many Names!

The methal hasmary namesdependingin part onthe eld
(meteorologystatistics,biomedicatlata analysismehanical
engineering):

KL: the KarhunenLoe\e analysis;

POD: PrincipalOrthogonalDirection
POD: Proper OrthogonalDecompsition
EOF:. EmpiricalOrthogonalFunctions
MDS: MultidirectionalScaling

PCA: PrincipalComponern Analysis
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#10: Sample Flow Problems

BA CKSTEP usedto model ow separation;
CAVITY , drivencavity;

IN/OUT , ow into box andout again;
TCELL , drivencavity + ow regionabove it;

Most of our resultswill concerrthe INOUT  problem:
square2D box, 1 by 1 units;
paralolicin ow from the lower right
In ow amplitudeparameter .
out ow onthe upper right.
dynamicviscosy = 1/300;

16



#11: An IN/OUT Velocity Field

In/Out Flow Field
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Figure 3: Velocity eld at time step 100 for IN/OUT

Thein ow parametetis = 5=3 for this snapshot;
MATLAB's automaticscalingmakesthe largestvectoronecell
long. This hasbeendoubledfor visibility, and 3/4 of the data

hasbeendeleted!
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#12: An IN/OUT Direction Field

In/Out Direction Field
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Figure 4: Direction eld at time step 1 for INJOUT

All vectorsareshavn with the samdength. This allovssmaller
magnitudeportionsof the ow to be visible.
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#13. Generating Snapshots

Collectingsnapshotsvolvesobservinghe systemjf possible,
over a rangeof parameterandtimes.

initial conditionis steadystate( = 1=3);

timestep t = 0.01;

sohewith = 5=3for 250time steps.

cortinuewith = 1=3 for 250time steps.

two impulsive changedo intendedto excitemary maodes;

41 by 41 ewenly spacedyrid of nodes;
800elemets (quadraticvelccity, linearpressure);

This systemhas3,362degreesf freedom.\We areinterestedn
approimatingit with 2,4, 8 or 16 degreesf freedom!
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#14: IN/OUT Animation

This animationdisplgys the velccity direction eld in the
IN/OUT ow. The sharpchangen the valueof is quite
noticeable.

For clarity, only 1/4 of the nodesare shavn.

This animationis availableasan MPEG-4 le at

http://www.csit.fsu.edu/ burkardt...
/datasets/inout ow/inout_ow_movie.itml
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#15: The IN/OUT Mo dal Energies (Figure)

In/OUT: First 16 Modal Energies
30 T T T T

0 2 4 6 8 10 12 14 16 18

Figure 5: Energiesfor rst 16 POD vectors
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#16: The IN/OUT Mo dal Energies (T able)

For this problem the energyis concetrated in afewmodes.The
12-thmode has1/100the energyof the rst.
If energy\prefers”to stay in the rst fewmodes,ewerythingis
ne, but if changedo the parametersneanthe energymovesto
othermodes,we may bein trouble!

Table 1: Modal Energy
Singular value
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26.9107
7.0878
6.5015
3.1420
1.6973
1.4947
0.9253
0.7592
0.5738
0.4570
0.3736
0.2749
0.2707
0.1787
0.1453
0.0994
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#17: The IN/OUT Mo dal Vectors
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The IN/OUT Mo dal Vectors
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#19: Strengths of POD

POD strengthsarelargelythe strengthsof eigen-analysis:
the datais easyto setup, processand use;

LAPACK providesstandarde cient softvare;
paralleLAPACK available;

basisvectorsareorthonormal;

basisvectorsareorderedoy energy;

basisvectorshave physicalmeaningasmaodes;

the basisvectorsare\nested",the setof 8 is createdby adding
1 to the setof 7.

the weighs have physicalmeaningasenergy;
the energiegiveanaturalway to measur@approaimationerror;
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#20: W eaknesses of POD

POD weaknessaaclude:
requiressolutionof largeeigensysterar SVD;
addingjust onemoresnapshotequiresecomputation;
highenergymodesmay not be the onlyinterestingphenomena,;
rapid drop-o in energymay not be be typical,
limited modelingof boundaryconditions;
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#21: PDE Data Reduction: Clustering

We canalsoseelpreferredbehaviors" by lookingfor clusters

In the data, usingK-means .
We seekk \generators"G minimizing

E(X;G) = N,jiX(i) nearestGjj°

[ * ...! o . * 0. °
° ° .0 o ..

Figure 6: 100 random points in the unit square
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H22:

Clustering by K-Means

Figure 7: 100 random points clustered by K-Means
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#23: The K-Means Algorithm

Given N points X to be assigned to K clusters:
Assign each X to a random cluster;
Do Forever

For each point X

For each cluster C
determine energy changeif X -> C

Move X to its preferred cluster.
If no point moved, exit;

End Forever
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#24: Commen ts on K-Means

If any X switdhesclustersa ects all poirts.

Algorithm terminatesat \lo cal minimum" of clusterenergy;
Resultdependson initial clusterassignmen

The wealer H-meansalgorithmcanprecondition.

Parallelexecution?
H-meansanbe parallelized.
K-meands not parallel;
Wart to doseeral( 15to 30)cyclesthesecanbein parallel.

Questions:
Shouldwe normalizethe snapshotata?
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#25: The IN/OUT Clustering Energies

Notethat the clusterscorrespndto time intervals. This malkes
the clusteringplausible.In someruns,the two relatively quiet
\tail ends"(here,clusters4 and5) areclusteredogether.

Table 2: Cluster Energy

Vector Cluster energy Population Extent
1 6.30 15 [1,15]
2 479 27 [ 37,63]
3 377 30 [267,296]
4 3.28 153 [348,500]
5 4.68 187 [ 64,250]
6 554 21 [ 16, 36]
7 343 51 [297,347]
8 4.75 16 [251,266]
Total 36.58 500 [ 1,500]
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#26: The IN/OUT 8-Cluster Vectors

The rst four of the setof 8.
Here,the CVT basisvectorsarenot orthogonalizedsothey

sharea largecompner in common.
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#27: The IN/OUT 8-Cluster Vectors

The rst four of the setof 8.

//////

\\\\\\\\\\

/////////
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#28:. Clustering Strengths

Clusteringstrengthanclude:
canclusteranything for whid you cande ne a distance;

a clusteringcan be updated, rather than being recomputed,
whendata is added(or remwed);
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#29:. Clustering Weaknesses

Clusteringweaknessasnclude:
vectorsarenot orthogonal,

the clusterenergieslo not yield the samenformationasPOD
energies;

the K-meanscomputationmust be designedby hand,;
possibiliy of local minima;
limited parallelizabiliy (H-meansrersusk-Means)

the solutionof the 8 vectorproblemis not the 7 vectorproblem
plus 1!
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#30: Solving New Reduced Problems

The sameprocedurefor POD or clustering(onceclustervectors
areorthonormalized).

BasisvectorsZ; formreducedrder nite elemehbasisfunctions

Zi (X).

A typicalreducednadel solution:

ux;t) = (Mvx)+ L c(t)zi(x) (3)
wherev isa ow solutionsatisfyingthe boundaryconditions.

The mometum equationsareformallythe same;
The continuity equationis unnecesary;

The boundaryconditionsaretakencareof by . (not soeasy
for complicatedoundarycases!)

Systemwassolhedusing4th orderRunge-Kutta.
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#31: Simulation of INJOUT with Varying Ino w

Figure 8: The time history of for HAT and SINUSOID problems

This animationshavsthe sinulation of the IN/OUT ow with a
sinusoidalin ow parameter .

This ow eld isto be apprximatedby a reducedrdermodel
POD or CVT basissetderived from the originalsetof snapshots
In which  took onthe valuesl/3 and5/3.

This animationis availableasan MPEG-4 le at

http://www.csit.fsu.edu/ burkardt/datasets/...
Inout. ow/inout_caseznovie.ltml
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#32: Errors of IN/OUT with SINUSOID AL

Ino w

Errors in L2

Figure 9: CVT approximation
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#33: Conclusion

better methads of exhibitingmaodesthan by impulse?;
weighing by energyor distance?;

for clustering hormalizationof snapshotiata helpsand hurts;
treatmen of problemswith complexboundaryconditions?
canwe adjustbasidunctionsto accouhfor parameterchange?
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