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#(-1): Inspiration

\Ther e comesa time when, for every addition of knowledge,
you forget somethingthat you knewbefore. It is of the
highestimportance, therefore, not to haveuselessfacts

elbowing out the usefulones!"

{Sherlock Holmesin \A Study in Scarlet"
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#1: The IN/OUT Steady State Vector Field

Figure 1: Steady state velocity �eld for IN/OUT
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#2: The IN/OUT Steady State Direction Field

Figure 2: Steady state direction �eld for IN/OUT
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#3: The Setting

� Our systemis time-dependent, andparameterized;

� We have \snapshots"at varioustimesandparameters;

� (Snapshotsfrom �nite element simulation,or windtunnel).

� We needtrajectoriesfor many parametervalues;

� Generic�nite elements too slow or too expensive.
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#4: Observ ations

� Most �nite element \degreesof freedom"arenot used;

� Solutionsinhabit a low dimensionalspaceof \lik elybehaviors";

� Newbehaviorsemergewith increasingenergy;

� Trajectories:energymovesto preferredbehavior subspace;

� A basisusing\preferredbehaviors" wouldbe tiny.
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#5: Goals

� System exploration + exp erimen t design

� Data analysis, weighting, compression

� Choice of reduced model

� Computation of appro ximate tra jectories

Long range goal:

� Closed loop control of parameterized 
ow.
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#5.5: Goals (Commen ts)

System exploration + exp erimen t design :

� may we choosewhich snapshotsto create?;

� which parameter and boundary valuesshouldbe tested?

� can we identify and weight \imp ortant" behaviors?

Data analysis, weighting, compression :

� a behavior is important if it has high energy;

� a behavior is important if it is \far away" from others;

� a behavior is important if it occurs often;

Mo del reduction :

� reduce existing snapshotdata to a smaller representative
set;

� �nd a low dimensionalbasis for 
uid behavior;

Appro ximate tra jectories :

� approximate points on known trajectory;

� calculatepoints on unknowntrajectory usingreduced model;

Long range goal:

� closed loop control of parameterized 
ow.
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#6: Case Study: SVD

Givenan m by n matrix A, regardthe columnsas\b ehaviors".

The energyassociatedwith a directionis the projectionof all
columnsonto that direction.

The SVD producesa factorization:

A = U � � � V 0 (1)

� The leadingcolumnsof U arethe \preferredbehaviors";

� The diagonalof � is an energyor importanceweight;

� A reducedmodelof A canbe constructed;
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#7: A 9-D Space with 2-D Subspace
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#8: PDE Data Reduction: POD

Each columnof an m by n matrix A is a solutionor \snapshot".

1.computethe m by m matrix B = A � A0,

2.determineeigen-decompositionB = X � � � X 0,

3.each eigenvectorx i is a mode;

4.each eigenvalue� i is the energy of a mode;

5.selecteigenvectorsby energyto getdominant modes.

In fact, we cancarry out the samecomputationby computing
the SVD of A. The � 0s arethe squareroots of the energy, and

the correspondingleft singularvectorsof U arethe modevectors.
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#9: An Algorithm of Man y Names!

The method hasmany names,dependingin part on the �eld
(meteorology, statistics,biomedicaldataanalysis,mechanical

engineering):

� KL: the KarhunenLo�eve analysis;

� POD: PrincipalOrthogonalDirection

� POD: Proper OrthogonalDecomposition

� EOF: EmpiricalOrthogonalFunctions

� MDS: MultidirectionalScaling

� PCA: PrincipalComponent Analysis
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#10: Sample Flo w Problems

� BA CKSTEP usedto model 
ow separation;

� CA VITY , drivencavity;

� IN/OUT , 
ow into box andout again;

� TCELL , drivencavity + 
ow regionabove it;

Most of our resultswill concernthe INOUT problem:

� square2D box, 1 by 1 units;

� parabolic in
ow from the lower right

� in
ow amplitudeparameter� .

� out
ow on the upper right.

� dynamicviscosity = 1/300;
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#11: An IN/OUT Velocit y Field
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Figure 3: Velocity �eld at time step 100 for IN/OUT

The in
ow parameteris � = 5=3 for this snapshot;
MATLAB's automaticscalingmakesthe largestvectoronecell
long. This hasbeendoubledfor visibility, and3/4 of the data

hasbeendeleted!

17



#12: An IN/OUT Direction Field
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Figure 4: Direction �eld at time step 1 for IN/OUT

All vectorsareshown with the samelength.This allowssmaller
magnitudeportionsof the 
ow to be visible.
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#13: Generating Snapshots

Collectingsnapshotsinvolvesobservingthe system,if possible,
over a rangeof parametersandtimes.

� initial conditionis steadystate(� = 1=3);

� time step� t = 0:01;

� solve with � = 5=3 for 250time steps.

� continuewith � = 1=3 for 250time steps.

� two impulsive changesto � intendedto excitemany modes;

� 41by 41evenlyspacedgrid of nodes;

� 800elements (quadraticvelocity, linearpressure);

This systemhas3,362degreesof freedom.We areinterestedin
approximatingit with 2, 4, 8 or 16degreesof freedom!
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#14: IN/OUT Animation

This animationdisplays the velocity direction�eld in the
IN/OUT 
ow. The sharpchangein the valueof � is quite

noticeable.

For clarity, only 1/4 of the nodesareshown.

This animationis availableasan MPEG-4�le at

http://www.csit.fsu.edu/� burkardt...
/datasets/inout
ow/inout 
ow movie.html
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#15: The IN/OUT Mo dal Energies (Figure)
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Figure 5: Energiesfor �rst 16 POD vectors

21



#16: The IN/OUT Mo dal Energies (T able)

For this problem,the energyis concentrated in a fewmodes.The
12-thmodehas1/100the energyof the �rst.

If energy\prefers" to stay in the �rst fewmodes,everythingis
�ne, but if changesto the parametersmeanthe energymovesto

othermodes,we may be in trouble!

Table 1: Modal Energy

Vector Singular value
1 26.9107
2 7.0878
3 6.5015
4 3.1420
5 1.6973
6 1.4947
7 0.9253
8 0.7592
9 0.5738

10 0.4570
11 0.3736
12 0.2749
13 0.2707
14 0.1787
15 0.1453
16 0.0994
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#17: The IN/OUT Mo dal Vectors

The modesreadleft to right, andareplausiblyorganizedby
complexity, which we presumere
ects their natural energy

capacity.
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#18: The IN/OUT Mo dal Vectors
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#19: Strengths of POD

POD strengthsarelargelythe strengthsof eigen-analysis:

� the data is easyto setup, processanduse;

� LAPACK providesstandarde�cient software;

� parallelLAPACK available;

� basisvectorsareorthonormal;

� basisvectorsareorderedby energy;

� basisvectorshave physicalmeaningasmodes;

� the basisvectorsare\nested",the setof 8 is createdby adding
1 to the setof 7.

� the weights have physicalmeaningasenergy;

� theenergiesgiveanaturalway to measureapproximationerror;
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#20: Weaknesses of POD

POD weaknessesinclude:

� requiressolutionof largeeigensystemor SVD;

� addingjust onemoresnapshotrequiresrecomputation;

� highenergymodesmay not betheonly interestingphenomena;

� rapid drop-o� in energymay not be be typical;

� limited modelingof boundaryconditions;
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#21: PDE Data Reduction: Clustering

We canalsoseek\preferredbehaviors" by lookingfor clusters
in the data,usingK-means .

We seekk \generators"G minimizing

E(X ; G) = � N
i=1 jjX (i ) � nearestGjj 2 (2)

Figure 6: 100 random points in the unit square
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#22: Clustering by K-Means

Figure 7: 100 random points clustered by K-Means
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#23: The K-Means Algorithm

Given N points X to be assigned to K clusters:

Assign each X to a random cluster;

Do Forever

For each point X

For each cluster C
determine energy change if X -> C

MoveX to its preferred cluster.

If no point moved, exit;

End Forever
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#24: Commen ts on K-Means

� if any X switchesclusters,a�ects all points.

� Algorithm terminatesat \local minimum" of clusterenergy;

� Resultdependson initial clusterassignment;

� The weaker H-meansalgorithmcanprecondition.

Parallelexecution?

� H-meanscanbe parallelized.

� K-meansis not parallel;

� Want to doseveral(� 15to 30)cycles,thesecanbe in parallel.

Questions:

� Shouldwe normalizethe snapshotdata?
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#25: The IN/OUT Clustering Energies

Notethat the clusterscorrespondto time intervals. This makes
the clusteringplausible.In someruns,the two relatively quiet

\tail ends"(here,clusters4 and5) areclusteredtogether.

Table 2: Cluster Energy

Vector Cluster energy Population Extent
1 6.30 15 [ 1, 15]
2 4.79 27 [ 37, 63]
3 3.77 30 [267,296]
4 3.28 153 [348,500]
5 4.68 187 [ 64,250]
6 5.54 21 [ 16, 36]
7 3.43 51 [297,347]
8 4.75 16 [251,266]

Total 36.58 500 [ 1,500]
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#26: The IN/OUT 8-Cluster Vectors

The �rst four of the setof 8.
Here,the CVT basisvectorsarenot orthogonalized,sothey

sharea largecomponent in common.
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#27: The IN/OUT 8-Cluster Vectors

The �rst four of the setof 8.
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#28: Clustering Strengths

Clusteringstrengthsinclude:

� canclusteranything for which you cande�ne a distance;

� a clusteringcan be updated, rather than being recomputed,
whendata is added(or removed);
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#29: Clustering Weaknesses

Clusteringweaknessesinclude:

� vectorsarenot orthogonal;

� the clusterenergiesdo not yield the sameinformationasPOD
energies;

� the K-meanscomputationmust be designedby hand;

� possibility of localminima;

� limited parallelizability (H-meansversusK-Means)

� thesolutionof the8 vectorproblemisnot the7 vectorproblem
plus1!
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#30: Solving New Reduced Problems

The sameprocedurefor POD or clustering(onceclustervectors
areorthonormalized).

BasisvectorsZ i form reducedorder�nite element basisfunctions
zi (x).

A typicalreducedmodelsolution:

u(x; t) = � (t)v(x) + � d
i=1ci (t)zi (x) (3)

wherev is a 
ow solutionsatisfyingthe boundaryconditions.

� The momentum equationsareformallythe same;

� The continuity equationis unnecesary;

� The boundaryconditionsaretakencareof by � . (not soeasy
for complicatedboundarycases!)

Systemwassolvedusing4th orderRunge-Kutta.
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#31: Simulation of IN/OUT with Varying In
o w
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Figure 8: The time history of � for HAT and SINUSOID problems

This animationshowsthe simulation of the IN/OUT 
ow with a
sinusoidalin
ow parameter� .

This 
ow �eld is to be approximatedby a reducedordermodel
POD or CVT basissetderivedfrom the originalsetof snapshots

in which � took on the values1/3 and5/3.

This animationis availableasan MPEG-4�le at

http://www.csit.fsu.edu/� burkardt/datasets/...
inout 
ow/inout case2movie.html
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#32: Errors of IN/OUT with SINUSOID AL In
o w
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Figure 9: CVT approximation error, snapshotswere NOT normalized
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Figure 10: CVT approximation error, snapshotsWERE normalized
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#33: Conclusion

� better methodsof exhibitingmodesthan by impulse?;

� weighting by energyor distance?;

� for clustering,normalizationof snapshotdatahelpsandhurts;

� treatment of problemswith complexboundaryconditions?

� canweadjustbasisfunctionsto account for parameterchange?
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