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Abstract

In this paper we address the problem of the prohibitively large computational cost of ex-
isting Markov chain Monte Carlo methods for large—scale applications with high dimensional
parameter spaces, e.g. in uncertainty quantification in porous media flow. We propose a new
multilevel Metropolis-Hastings algorithm, and give an abstract, problem dependent theorem
on the cost of the new multilevel estimator based on a set of simple, verifiable assumptions.
For a typical model problem in subsurface flow, we then provide a detailed analysis of these
assumptions and show significant gains over the standard Metropolis-Hastings estimator. Nu-
merical experiments confirm the analysis and demonstrate the effectiveness of the method with
consistent reductions of a factor of @(10-50) in the e-cost of the multilevel estimator over the
standard Metropolis-Hastings algorithm for tolerances ¢ around 1073.

1 Introduction

The parameters in mathematical models for many physical processes are often impossible to deter-
mine fully or accurately, and are hence subject to uncertainty. It is of great importance to quantify
the uncertainty in the model outputs based on the (uncertain) information that is available on the
model inputs. A popular way to achieve this is stochastic modelling. Based on the available infor-
mation, a probability distribution (the prior in the Bayesian framework) is assigned to the input
parameters. If in addition, some dynamic data (or observations) Fops related to the model outputs
are available, it is possible to reduce the overall uncertainty and to get a better representation of
the model by conditioning the prior distribution on this data (leading to the posterior).

In most situations, however, the posterior distribution is intractable in the sense that exact
sampling from it is unavailable. One way to circumvent this problem, is to generate samples using
a Metropolis—Hastings type Markov chain Monte Carlo (MCMC) approach [21, 25, 27], which
consists of two main steps: (i) given the previous sample, a new sample is generated according to
some proposal distribution, such as a random walk; (ii) the likelihood of this new sample (i.e. the
model fit to Fips) is compared to the likelihood of the previous sample. Based on this comparison,
the proposed sample is then either accepted and used for inference, or it is rejected and we use
instead the previous sample again, leading to a Markov chain. A major problem with MCMC
is the high cost of the likelihood calculation for large—scale applications, e.g. in subsurface flow
where it involves the numerical solution of a partial differential equation (PDE) with highly varying
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coefficients on a — for accuracy reasons — very fine spatial grid. Due to the slow convergence of
Monte Carlo averaging, the number of samples is also large and moreover, the likelihood has to be
calculated not only for the samples that are eventually used for inference, but also for the samples
that end up being rejected. Altogether, this leads to an often impossibly high overall complexity,
particularly in the context of high-dimensional parameter spaces (typically needed in subsurface
flow applications), where the acceptance rate of the algorithm can be very low.

We show here how the computational cost of the standard Metropolis-Hastings algorithm can be
reduced significantly by using a multilevel approach. This has already proved highly successful for
subsurface flow problems in the context of standard Monte Carlo estimators based on independent
and identically distributed (i.i.d.) samples [9, 1, 18, 6, 30]. The multilevel Monte Carlo (MLMC)
method was first introduced by Heinrich for the computation of high-dimensional, parameter-
dependent integrals [22], and then rediscovered by Giles [17] in the context of infinite-dimensional
integration in stochastic differential equations in finance. Similar ideas were also used by Brandt
and his co-workers to accelerate statistical mechanics calculations [2, 3]. The basic ideas are to
(i) exploit the linearity of expectation, (ii) introduce a hierarchy of computational models that are
assumed to converge (as the model resolution is increased) to some limit model (e.g. the original
PDE), and (iii) build estimators for differences of output quantities instead of estimators for the
quantities themselves. In the context of PDEs with random coefficients, the multilevel estimators
use a hierarchy of spatial grids and exploit that the numerical solution of a PDE on a coarser
spatial grid, and thus the evaluation of the likelihood, is computationally much cheaper than on a
fine grid. In that way each individual estimator will either have a smaller variance, since differences
of output quantities from two consecutive models go to zero with increased model resolution, or
it will require significantly less computational work per sample for low model resolutions. Either
way the cost of each of the individual estimators is significantly reduced, easily compensating for
the cost of having to compute L + 1 estimators instead of one, where L is the number of levels.

However, the application of the multilevel approach in the context of MCMC is not straight-
forward. The posterior distribution, which depends on the likelihood, has to be level-dependent,
since otherwise the cost on all levels will be dominated by the evaluation of the likelihood on the
finest level leading to no real cost reduction. Instead, and in order to avoid introducing extra bias
in the estimator, we construct two parallel Markov chains {6} },>0 and {©}_;},>0 on levels ¢ and
¢ — 1 each from the correct posterior distribution on the respective level. The coarser of the two
chains is constructed using the standard Metropolis—Hastings algorithm, for example using a (pre-
conditioned) random walk. The main innovation is a new proposal distribution for the finer of the
two chains {6} },>0. Although similar two-level sampling strategies have been investigated in other
applications [7, 13, 14|, the computationally cheaper coarse models were only used to accelerate
the MCMC sampling and not as a variance reduction technique in the estimator. Some ideas on
how to obtain a multilevel version of the MCMC estimator can also be found in the recent work
[23] on sparse MCMC finite element methods.

The central result of the paper is a complexity theorem (cf. Theorem 3.5) that quantifies,
for an abstract large—scale inference problem, the gains in the e-cost of the multilevel Metropolis—
Hastings algorithm over the standard version in terms of powers of the tolerance €. For a particular
application in stationary, single phase subsurface flow (with a lognormal permeability prior with
exponential covariance), we then verify all the assumptions in Theorem 3.5. We show that the
e-cost of our new multilevel version is indeed one order of € lower than its single-level counterpart
(cf. Theorem 4.8), i.e. O(e~ (D=9 instead of O(e~(4+2)=9) for any § > 0, where d is the spatial
dimension of the problem. The numerical experiments for d = 2 in Section 5 confirm all these
theoretical results. In fact, in practice it seems that the cost for the multilevel estimator grows
only like O(¢~%), but this seems to be a pre-asymptotic effect. The absolute cost is about O(10-50)
times lower than for the standard estimator for values of € around 1073, which is a vast improvement



and brings the cost of the multilevel MCMC estimator down to a similar order than the cost of
standard multilevel MC estimators based on i.i.d. samples. This provides real hope for practical
applications of MCMC analyses in subsurface flow and for other large scale PDE applications.

The outline of the rest of the paper is as follows. In Section 2, we recall, in a very general
context, the Metropolis Hastings algorithm, together with results on its convergence. In Section
3, we then present a new multilevel version and give a general convergence analysis under certain,
problem-dependent, but verifiable assumptions. A typical model problem arising in subsurface flow
modelling is then presented in Section 4. We briefly describe the application of the new multilevel
algorithm to this application, and give a rigorous convergence analysis and cost estimate of the
new multilevel estimator by verifying the abstract assumptions from Section 3. Finally, in Section
5, we present some numerical results for the model problem discussed in Section 4.

2 Standard Markov chain Monte Carlo

We will start in this section with a review of the standard Metropolis Hastings algorithm, described
in a general context. We denote by 6 := (6;)f, the Rvalued random input vector to the model,
and denote by X := (Xj)%l = X(0) the RM—valued random output. Let further Qs r = G(X)
be some linear or non-linear functional of X. We shall often refer to M as the discretisation level
of the model.

We consider the setting where we have some real-world dynamic data (or observations) Fyps
available, and want to incorporate this information into our simulation in order to reduce the
overall uncertainty. The data Fyps usually corresponds to another linear or non-linear functional F
of the model output. In the context of groundwater flow modelling, this could for example be the
value of the pressure or the Darcy flux at or around a given point in the computational domain,
or the outflow over parts of the boundary.

Let us denote the conditional distribution of 6 given F,ps by 7*%(f). We assume that as
M, R — oo, we have E amr [Qr,r — Q] — 0 for some (inaccessible) random variable Q. We are
interested in estimating E_a r [Q], for M, R sufficiently large. Hence, we compute approximations
(or estimators) Q Mg of E ar [@Qarr]. To estimate this with a Monte Carlo type estimator, or
in other words by a finite sample average, we need to generate samples from the conditional
distribution 7%, Using Bayes’ Theorem, we have

‘C(Fobs ’ 9) 73((9)
PF(Fobs)

B 0) .= PO Fons) = ~ L(Fops | 0) P(6). (2.1)

Since the normalising constant Pp(Fyps) is not known in general, the conditional distribution MR

is generally intractable and exact sampling not available.

For the remainder of the paper, we will refer to the conditional distribution 7*%(6) as the
posterior distribution, to L(Fyps|60) as the likelihood and to P(0) as the prior distribution. The
likelihood gives the probability of observing the data Fjs given a particular value of 8, and usually
involves computing the model response Fyr g := F (X (0)) and comparing this to the observed data
Fops. Note that since the model output depends on the discretisation parameter M, the likelihood
and hence the posterior distribution 7% will in general also depend on M. As already mentioned,
the posterior distribution 7 is usually intractable. In order to generate samples for inference,
we will use the Metropolis Hastings MCMC algorithm in Algorithm 1.

Algorithm 1 creates a Markov chain {6"},cn, and the states " are used in the usual way
as samples for inference in a Monte Carlo sampler. The proposal distribution ¢(6’|0™) is what
defines the algorithm. A common choice is a simple random walk. However, as outlined in [20],
the basic random walk does not lead to dimension R independent convergence, and a better choice



ALGORITHM 1. (Metropolis Hastings MCMCQ)
Choose 6Y. For n > 0:

e Given 0", generate a proposal #' from a given proposal distribution ¢(¢’|6™).

e Accept ' as a sample with probability

. ' 7rM,R 9/ on 0/
oM (¢'|6™) = min {1, ﬂ—M,R((Qn)) qq((H’\‘G”))} (2.2)

i.e. 971 = ¢ with probability o and "1 = 6" with probability 1 — aM-%,

is a preconditioned Crank-Nicholson (pCN) algorithm [11]. Below we will see that it is also the
crucial ingredient in our multilevel Metropolis-Hastings algorithm. When the proposal distribution
is symmetric, i.e. when q(6"|6") = q(6'|6™), then the formula for o*% (¢'|0™) in (2.2) simplifies.

Under reasonable assumptions, one can show that 0% ~ MR as n — oo, and that sample
averages computed with these samples converge to expected values with respect to the desired
target distribution 7% (see Theorem 2.2). The first several samples of the chain {#"},cn, say
6°,...,0™, are not usually used for inference, since the chain needs some time to get close to the
target distribution 7M. This is referred to as the burn—in of the MCMC algorithm. Although
the length of the burn-in is crucial for practical purposes, and largely influences the behaviour of
the resulting MCMC estimator for finite sample sizes, statements about the asymptotics of the
estimator are usually independent of the burn-in. We will therefore denote our MCMC estimator
by

N 1 N+4ng ( ) 1 N+4ng
%C TN Z QZ\Z,R - N Z g (Xx(6")), (2.3)
n=ngo n=no

for any ng > 0, and only explicitly state the dependence on ng where needed.

2.1 Convergence analysis

We will now give a brief overview of the convergence properties of the Metropolis-Hastings algo-
rithm, which we will need below in the analysis of the multilevel variant. For more details we refer
the reader, e.g., to [27]. Let

K(0)0') := o™ (0|6 q(0]0") + (1 — /RR oME010") q(616") d9’> 50 —0)

denote the transition kernel of the Markov chain {6"},en, with §(-) the Dirac delta function, and

E=1{0:7"EH) > 0},
D ={6:q(0|0') > 0 for some ¢ € E}.

The set £ contains all parameter vectors which have a positive posterior probability, and is the
set that Algorithm 1 should sample from. The set D, on the other hand, consists of all samples
which can be generated by the proposal distribution ¢, and hence contains the set that Algorithm 1
will actually sample from. For the algorithm to fully explore the target distribution, we therefore
crucially require & C D. The following results are classical, and can be found in [27].



Lemma 2.1. Provided £ C D, ©™ is a stationary distribution of the chain {6"},en.

Note that the condition £ C D is sufficient for the transition kernel K(-|-) to satisfy the usual
detailed balance condition K (6]0") #M-E(0") = K (6'|0) m-F().

Theorem 2.2. Suppose that E g [|Qa,r|] < 00 and
q(010") >0, for all (0,0') € & x E. (2.4)

Then R
A}im QNC =E, a0k [Qu.R] for any 6° € & and ng > 0.

The condition (2.4) is sufficient for the chain {0"},en to be drreducible, and it is satisfied
for example for the random walk sampler or for the pCN algorithm (cf. [20]). Lemma 2.1 and
Theorem 2.2 above ensure that asymptotically, sample averages computed with samples generated
by Algorithm 1 converge to the desired expected value. In particular, we note that stationarity of
{0"},en is not required for Theorem 2.2, and the above convergence results hence hold true for
any burn-in ng > 0, and for all initial values 6" € &.

Now that we have established the (asymptotic) convergence of the MCMC estimator (2.3), let
us establish a bound on the cost of this estimator. We will quantify the accuracy of our estimator
via the root mean square error (RMSE)

e(QNC) = (E@ [( N~ EWM,R@))Q] ) " (2.5)

where Eg denotes the expected value not with respect to the target measure 7%, but with respect
to the joint distribution of @ := {0"},cn as generated by Algorithm 1. We denote by CE(A%C)
the computational e-cost of the estimator, that is the number of floating point operations that are
needed to achieve a RMSE of e( A%C) <e.

Classically, the mean square error (MSE) can be written as the sum of the variance of the
estimator and its bias squared,

e(QN°)? = Ve [A%C} + (E@ [A%C} “E un [Q])Q.

Here, Vg is again the variance with respect to the approximating measure generated by Algo-
rithm 1. Using the triangle inequality and linearity of expectation, we can further write this as

e(QNCY < Vo [N +2 (Ee [QN] ~ Bpuun [QNC])" +2(Bpsn[Quun— Q) (26)

The three terms in (2.6) correspond to the three sources of error in the MCMC estimator. The
third (and last) term in (2.6) is the discretisation error due to approximating @@ by Qas,r. The
other two terms are the errors introduced by using an MCMC estimator for the expected value;
the first term is the error due to using a finite sample average and the second term is due to the
samples in the estimator not all being perfect (i.i.d.) samples from the target distribution 7%,

Let us first consider the two MCMC related error terms. Quantifying, or even bounding, the
variance and bias of an MCMC estimator in terms of the number of samples IV is not an easy task,
and is in fact still a very active area of research. The main issue with bounding the variance is that
the samples used in the MCMC estimator are not independent, which means that knowledge of the
covariance structure is required in order to bound the variance of the estimator. Asymptotically,
the behaviour of the MCMC related errors (i.e. Terms 1 and 2 on the right hand side of (2.6)) can
be described using the following Central Limit Theorem, which can again be found in [27].



Let 0 ~ 7B Then the auxiliary chain O = {0 }nen constructed by Algorithm 1 starting
from 6° is stationary, i.e. 8" ~ 7% for all n > 0. Note that the covariance structure of O is
still implicitly defined by Algorithm 1 as for @. However, now Vg Q7 MRl = Voar[Qarg) and

Egl ~’]}47R] = E,m.r[Qu.g), for any n > 0, and

COVﬂ.M,RJrIVI,R Q(])\/[,Rv QR/[,R} = EW]W,R’W]\LR [(Q[J)\/I,R — EW]W,R[QMJ%]) (Qyj\L/LR - EWJVI,R[QM7R]>:| ,

where Q}}/‘,ﬁ = G(X(0")) and E, (2] = [gr Jar Z(6,0") dn(0)dn'(#'), for a random variable Z
that depends on 6 and 6’. We now deﬁne the so called asymptotic variance of the MCMC estimator

e}
Ué =V R [QM,R} +2 Z COV,TM,RJM,R [Q?\/[,R’ Q%,R} .

n=1

Note that stationarity of the chain is assumed only in the definition of Ué, i.e. for é, and it is not

necessary for the samples © actually used in the computation of Q\%C

Theorem 2.3 (Central Limit Theorem). Suppose aé < 00, (2.4) holds, and
P[aMF=1] <1 (2.7)

Then we have 1

\/—N (A%C —E_ mr [QM’R]> L N(O,Ugg)a

D . . . .
where — denotes convergence in distribution.

The condition (2.7) is sufficient for the chain © to be aperiodic. It is difficult to prove theoreti-
cally. In practice, however, this condition is always satisfied, since not all proposals in Algorithm 1
will agree with the observed data and thus be accepted.

Theorem 2.3 holds again for any burn-in ng > 0 and any starting value 6° € £. It shows that
asymptotically, the sampling error of the MCMC estimator decays at a similar rate to the sampling
error of an estimator based on i.i.d. samples. Note that this includes both sampling errors, and so
the constant aé is in general larger than in the i.i.d. case where it is simply V. ar [Qu, R].

Since we are interested in a bound on the MSE of our MCMC estimator for a fixed number of
samples N, we make the following assumption:

Al. For any N € N,

Ve [ C} - <E@ [Alz\vdc} —E;mr [@%0])2 S W, (2.8)

with a constant that is independent of M, N and R.

Non-asymptotic bounds such as in Assumption A1l are difficult to obtain, but have recently
been proved for certain Metropolis—Hastings algorithms, see e.g. [20, 28, 23]. These results require
that the chain is sufficiently burnt—in. The hidden constant usually depends on quantities such as
the covariances appearing in the asymptotic variance 0'?2.

To complete the error analysis, let us now consider the last term in the MSE (2.6), the dis-
cretisation bias. As before, we assume E .z [Qa,r — Q] — 0 as M, R — oo, and we furthermore

assume that we have a certain order of convergence, i.e.

Eoarr [Qur— QI S M+ R, (2.9)



for some «, @’ > 0. The rates a and o will be problem dependent. Let now R = M®/ 0‘,, such that
the two error contributions in (2.9) are balanced. Then it follows from (2.6), (2.8) and (2.9) that
the MSE of the MCMC estimator can be bounded by

~ \Y i B
e(QNC)2 < bR MA] RJEIQM’R] + M (2.10)

Under the assumption that V_u,z[@Qar,r] & constant, independent of M and R, it is hence sufficient
to choose N > e=2 and M > e~/ to get a RMSE of O(e).

Let us now give a bound on the computational cost to achieve this error, the so called e-cost.
For this, assume that the cost to compute one sample Qﬁ/[’ p satisfies C(QKL r) S M7, for some

v > 0. Thus, with N > =2 and M > e~ /*, the e-cost of our MCMC estimator can be bounded
by
C.(QXC) S NMY < em20/e, (2.11)

In practical applications, especially in subsurface flow, both the discretisation parameter M and
the length of the input random vector R usually need to be very large in order for E a,r [Qar,Rr] to
be a good approximation to Er [Q]. Moreover, from the analysis above, we see that we need to use
a large number of samples N in order to get an accurate MCMC estimator with a small MSE. Since
each sample requires the evaluation of the likelihood L£(Fops|6™), and this is very expensive when
M and R are very large, the standard MCMC estimator (2.3) is often extraordinarily expensive in
practical situations. Additionally, the acceptance rate of the algorithm can be very low when R is
very large. This means that the covariance between the different samples will decay more slowly,
which again makes the hidden constant in Assumption Al larger, and the number of samples we
have to take in order to get a certain accuracy increases even further.

To overcome the prohibitively large computational cost of the standard MCMC estimator (2.3),
we will now introduce a new multilevel version of the estimator.

3 Multilevel Markov chain Monte Carlo algorithm

The main idea of multilevel Monte Carlo (MLMC) simulation is very simple. We sample not just
from one approximation Qas,r of @, but from several. Let us recall the main ideas from [17, 9].

Let {My:¢=0,...,L} be an increasing sequence in N, i.e. My < M; <...< My =: M, and
assume for simplicity that there exists an s € N\{1} such that

My=sMp_ 1, forall{=1,...,L. (3.1)

We also choose a (not necessarily strictly) increasing sequence {Rg}fzo C N, ie. Ry > Ry_q, for
all £ =1,...,L. For each level ¢, denote correspondingly the parameter vector by 6, € Rf  the
quantity of interest by @, := Qy,,r, and the posterior distribution by mt = gMeRe,

As for multigrid methods applied to discretised (deterministic) PDEs, the key is to avoid es-
timating the expected value of ), directly on level ¢, but instead to estimate the correction with
respect to the next lower level. Since in the context of MCMC simulations, the target distribution
7t depends on ¢, the new multilevel MCMC (MLMCMC) estimator has to be defined carefully. We
will use the identity

L
E c[Qr] = Ero[Qo] + ZEwemeq[Qg — Q1] (3.2)
/=1
as a basis, where by the linearity of expectation

Eﬂeﬂrz*1 [Qﬁ - Qﬂ—l] = Ewl [QZ] /

REe—1

A 0rm1) ~ Erl@ir] [ d'(0)

R
= E[Qr] — Epee1[Qr_1]. (3.3)



The idea of the multilevel estimator is now to estimate each of the terms on the right hand
side of (3.2) independently, in a way that minimises the variance of the estimator for a fixed
computational cost. In particular, we will estimate each term in (3.2) by an MCMC estimator. The
first term E,0[Qo] can be estimated using the standard MCMC estimator described in Algorithm 1,
ie. QO N, as in (2.3) with Ny samples. We need to be more careful in estimating the differences
Ere ne- 1[Qg Q¢—1], and build an effective two-level version of Algorithm 1. For every ¢ > 1, we
denote Yy := @y — Qy_1 and define the estimator on level £ as

n0+Ng n0+Ng
YME = — Z — Z Qe(07) — Qe-1(071),
n= TLO n= no

where nﬁ again denotes the burn-in of the estimator and N, is the number of samples on level /.
The main ingredient in this two level estimator is a judicious choice of the two input vectors 6}
and ©}_; (see Section 3.1). The full MLMCMC estimator is now defined as

@%%Ne} = QONO + Z ZNgv (34)

where it is important (i) that all the chains that are used to produce the L + 1 estimators in (3.4)
are independent, and (ii) that the two chains {0} },en and {O} },en, that are used in 1@%(; and

in Y}fg Neas respectively, are drawn from the same posterior distribution 7¥,

so that @%I{JNE} is an
unbiased estimator of E_r[QL].

There are two main ideas in [17, 9] underlying the reduction in computational cost associated
with the multilevel estimator. Firstly, samples of @y, for £ < L, are cheaper to compute than
samples of Qr, reducing the cost of the estimators on the coarser levels for any fixed number of
samples. Secondly, if V., ;+-1[Yy] — 0 as £ — oo, we need only a small number of samples to obtain
a sufficiently accurate estimate of E ¢ ;¢-1[Y] on the fine grids, and so the computational effort on

the fine grids is also greatly reduced. Here,
Vﬂemzfl[Yg] = Ere e [(Yg — Eﬁe’wza[Yg])Q] , (3.5)

where the expectation E, ¢ .1 is as in (3.3).

By using the telescoping sum (3.2) and by sampling from the posterior distribution 7¢ on level
£, we ensure that a sample of Qy, for ¢ < L, is indeed cheaper to compute than a sample of Q. It
remains to ensure that V, ¢ o-1[Y;] — 0 as £ — oo.

3.1 The estimator for Q, — QQy_1

Let us for the moment fix 1 < ¢ < L. The challenge is now to generate the chains {0} },en and
{©}_1}nen such that V¢ ,1[Y,] is small. To this end, we partition the input vector 6 into two
parts: the entries which are present already on level /—1 (the “coarse” modes), and the new entries
on level ¢ (the “fine” modes):

0p = [0r,c, Oe,F),

where 6y ¢ has length Ry_1, i.e. the same length as ©,_;. The vector 6,  has length Ry — R¢_1.

An easy way to construct ¢ and ©}_; such that V . .-1[Y;] is small, would be to generate 6
first, and then simply use O} ; = QZC. However, since we require O ; to come from a Markov
chain with stationary distribution 7¢~!, and 07 comes from the distribution 7, this approach is
not permissible. We will, however, use this general idea in Algorithm 2.



ALGORITHM 2. (Metropolis Hastings MCMC for Q; — Qy_1)
Choose initial states 62_1 and 69 := [@2_1 , GE’F]. For n > 0:

e On level / — 1: Given O} ; generate @?fll using Algorithm 1 with some proposal
distribution ¢““(©}_, |©% ) and acceptance probability

Q0 2_ )qe,C( ?_1|@2_1)
¢C

=1 1
Tt O7,) ¢C(e)_1 187 ,)

a"€(6_,|0}_;) = min {1

e On level /: Given 0} generate H?H using Algorithm 1 with the specific proposal distri-
bution ‘(¢ |6}) induced by taking 0} - = G)?jll and by generating a proposal for 6
from some proposal distribution ¢“* (0 10} ). The acceptance probability is

' (0y) 4" (6719) }
m(07) ¢ (6;107) )

af(6,]67) = min {1,

The coarse sample @?j'll is generated using the standard MCMC algorithm given in Algorithm 1,
using, e.g., a random walk or the pCN proposal distribution [11] for ¢““. Based on the outcome on
level £ — 1, we then generate 9?“, using a new two-level proposal distribution in conjunction with
the usual accept/reject step from Algorithm 1. The proposal distribution ¢“* for the fine modes
in that step can again be via a simple random walk or the pCN algorithm.

At each step in Algorithm 2, there are four different outcomes, depending on whether we accept
on both, one or none of the levels. The different possibilities are given in Table 1. Observe that
when we accept on level ¢, we always have ngl = G)?fll, i.e. the coarse modes are the same.
If, on the other hand, we reject on level ¢, we crucially return to the previous state 6} on that
level, which means that the coarse modes of the two states may differ. They will definitely differ
if we accept on level £ — 1 and reject on level £. If both proposals are rejected then it depends on
the decision made at the previous state whether the coarse modes differ or not. In general, this

Level £ — 1 test | Level £ test @?jll 92”51
reject accept r1 71
accept accept 1 | 99y
reject reject r1 o,
accept reject 1| e

Table 1: Possible states of G)’Zjll and 9?'51 in Algorithm 2.

“divergence” of the coarse modes may mean that V . ¢-1[Y;] does not go to 0 as £ — oo for a
particular application. But provided the modes are ordered according to their relative “influence”
on the likelihood £(F,ps|f), we can guarantee that af(6;|67) — 1 and thus that V.. e-1[Y] — 0
as £ — oo. We will show this for a subsurface flow application in Section 4.

The specific proposal distribution ¢° in Algorithm 2 can be computed very easily and at no
additional cost, leading to a simple formula for the “two-level” acceptance probability af.



Lemma 3.1. Let ¢ > 1. Then

7r€ o’ 7-(-5—1 on 0 F o 1o’
O/(@HQ?) = min{l, (%) ( &C)q ( é,F| Z,F)

mh(0F) 71 (0] ) aF (0], 107 )
If we further suppose that the proposal distributions ¢ and ¢F are symmetric, then

-1/ Lin!\ 4—1(gn
0,010/ n . T Z—l) Lont 1 om . T (02) m (ee,c)
a” (01|07 1) =minq 1, ———— and o (6;]0)) =minq 1, — .
( -1 ’ 14 1) { ﬂg_l(e)f—l)} Z‘ Z) { WK(QK)TFK 1(0270)

Proof. Let 6} and 02 be any two admissible states on level £. Since the proposals for the coarse
modes 0 c and for the fine modes 0, p are generated independently, the transition probability
q° (92 |67) can be written as a product of transition probabilities on the two parts of #,. For the
coarse level transition probability, we have to take into account the decision that was made on level
¢ — 1. Hence,

" (09107) = " (0} 0107 o) 4" (050107 o) 4" F (67 16F 5. (3.6)
and so

qe’c(ezcw?,c
q‘“c(%cl@?,c

i 6Crpa |pb \.LF (pa |pb
qf(eg\eg) mm{l’wﬁ—le }q (ae,0|95,c)q (Z,F‘QE,F) ﬂéfl((gzc)qe,F(

2(pnblpa 0—1
¢"(07107) min{l, m

qz’c(%cl@?,c

mt (GZ,C)QZ’F(GZF 107 ) .
qe’c(%’,cw?,c

(
B (
(
(

|| |

B 0 leg,F)
} 4B 0167 ) g (88 162 1)

This completes the proof of the first result, if we choose 8 := 6} and 92 := 0. The corollary for
symmetric distributions ¢“¢ and ¢%* follows by definition. O

Remark 3.2 (Recursive algorithm). Note that one particular choice for the coarse level proposal
distribution in Step 1 of Algorithm 2 on each of the levels ¢ > 1 is ¢“C := ¢*~1, i.e. the “two-level”
proposal distribution defined in Step 2 of Algorithm 2 on level £ — 1. We can apply this strategy
recursively on every level and set ¢” to be, e.g., the pCN algorithm [11]. So proposals for Q,_1
and for @)y get “pre-screened” at all coarser levels, starting always at level 0. The formula for
the acceptance probability af in Lemma 3.1 does not depend on ¢“¢ and so it remains the same.
However, this choice did not prove advantageous in practice. It requires ¢ + 1 evaluations of the
likelihood on level ¢ instead of two and it does not improve the acceptance probability. Instead,
we found that choosing the pCN algorithm for ¢©¢ (as well as for ¢“") worked better.

A simplified version of Algorithm 2, making use of the symmetry of the pCN proposal distri-
bution and of the formulae derived in Lemma 3.1, is given in Section 5 and will be used for the
numerical computations.

3.2 Convergence analysis

Let us now move on to convergence properties of the multilevel estimator. As in Section 2.1, let
Ki00107) = 0“0 000 0 + (1= [ a(0ul 6y a0 6 a8, ) o005 — ),
Re

denote the transition kernel of {0} },cn, and define, for all £ =0, ..., L, the sets
L= {0, : 7°(0,) > 0},
D' = {6, : ¢“(6,]6}) > 0 for some 8 € £}.
The following convergence results follow from the classical results, due to the telescoping sum

property (3.2) and the algebra of limits.
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Lemma 3.3. Provided £° C D, 7t is a stationary distribution of the chain {07 }en.

Theorem 3.4. Suppose that for all £ =0,...,L, E_[|Q¢]] < oo and
q‘(0016)) >0, forall (8,,0;) € E° x E°. (3.7)

Then R
{Niigm Q%I{NZ} =E . [Qr], for any 69 € €% and n§ > 0.

Let us have a closer look at the irreducibility condition (3.7). As in (3.6), we have
" (0410}) = o (04,c10;.0) "€ (00,0100, 0) ¢“F (00,p 0} )

and thus (3.7) holds, if and only if, for all (6, 0}) € ExEL, 7t1(0,0), qz’c(ﬁévc\ﬁgvc), qZ’C(Hg’c]%C)
and ¢&f' (6y, F]% ) are all positive. The final three terms are positive for common choices of proposal
distributions, such as the random walk sampler or the pCN algorithm. The first term can also be
assured to be positive by appropriate choices for the likelihood and prior distributions.

We finish the abstract discussion of the new, hierarchical multilevel Metropolis-Hastings MCMC
algorithm with the main theorem that establishes a bound on the e-cost of the multilevel estimator
under certain assumptions on the MCMC error, on the (weak) model error, on the strong error
between the states on level ¢ and on level £ — 1 (in the two-level estimator for Yy), as well as on the
cost Cp to advance Algorithm 2 by one state from n to n + 1 (i.e. one evaluation of the likelihood
on level ¢ and one on level £ — 1). As in the case of the standard MCMC estimator, this bound
is obtained by quantifying and balancing the decay of the bias and the sampling errors of the
estimator. To state our assumption on the MCMC error and to define the mean square error of
the estimator we define @y := {6} }nen U {O}_; }nen, for £ > 1, and ©g := {0 }nen -

Theorem 3.5. Let ¢ < exp|[—1] and suppose there are positive constants a, ', 3,5 ,v > 0 such
that o > % min(3,v) and Ry 2, Ménax{a/a BIY  Under the following assumptions,

Ml B [Q—Ql S (M;*+R;*)

M2. VoY) S M5+ R

~

Ma3. V@Z [YVEI,\GIVCZ] + (E(")e [}/E%[V(z] - Eﬂ'e,ﬂl*1 [Yvél,\é[\g])2 S Néil Vwe,wl*1 D/f]

M4. C; S M,

there exists a number of levels L and a sequence {Ng}é::() such that

~ —~ 2
(@i = Bue, | (@ - Eal@])] <2
and
e~ [logel, if 8>,
C(@)'tny) S 4 €% |logel?, if =",
e 2= B/ loge|, if B <.

Proof. The proof of this theorem is very similar to the proof of the complexity theorem in the
case of multilevel estimators based on i.i.d samples (cf. [9, Theorem 1]), which can be found in the
appendix of [9]. First note that by assumption we have RZO‘/ <M, and Rzﬁ SM, A

11



Furthermore, similar to (2.6), we can expand

(QL {Nﬁ}) Vue, [@IX{]{JNZ}] +2 <EUZ@4 [Q\E/{I{Ne}] Ere [QL {N/}}>2 + 2(E”L [@r — Q]>2

Since the second term in the MSE above can be bounded by
~ ~ 2 L ~ . 2
(o @] -2 [0t - <z (o 2] - 2152
1=0

~ ~ 2
L+ (Eo, [T] — Brrmen [F91)

Mh

=1

where we have set Yj := Qo and E o 1 [%M]\% | :=E o [@16/7[](\3,0], it follows from Assumption M3 that

L
(@) S (L4 )Y N Ve ¥+ (B lQr — Q1) (3.8)
=0

In contrast to the MSE for multilevel estimators based on i.i.d samples, we hence have a factor
(L + 1) multiplying the sampling error term on the right hand side of (3.8). This implies that in
order to make this term less than 2 /2, the number of samples Ny needs to be increased by a factor
of (L 4+ 1) compared to the i.i.d. case. The cost of the multilevel estimator is correspondingly also
increased by a factor of (L + 1). The remainder of the proof remains identical.

Since L is chosen such that the second term in (3.8) (the bias of the multilevel estimator) is
less than £2/2, it follows from Assumption M1 that L+ 1 < |loge|. The bounds on the e-cost then
follow as in [9, Theorem 1], but with an extra |log¢| factor. O

Assumptions M1 and M4 are the same assumptions as in the single level case, and are related
to the bias in the model (e.g. due to discretisation) and to the cost per sample, respectively.
Assumption M3 is similar to assumption Al, in that it is a non-asymptotic bound for the sampling

errors of the MCMC estimator }/}j\ﬁ[\g For this assumption to hold, it is in general necessary that

the chains have been sufficiently burnt in, i.e. that the values ng are sufficiently large.

4 Model Problem

In this section, we will apply the proposed MLMCMC algorithm to a simple model problem aris-
ing in subsurface flow modelling. Probabilistic uncertainty quantification in subsurface flow is of
interest in a number of situations, as for example in risk analysis for radioactive waste disposal or
in oil reservoir simulation. The classical equations governing (steady state) single phase subsurface
flow consist of Darcy’s law coupled with an incompressibility condition (see e.g. [12, 10]):

w+kVp=g and divw=0, in DcRY d=1,23, (4.1)

subject to suitable boundary conditions. In physical terms, p denotes the pressure head of the
fluid, & is the permeability tensor, w is the filtration velocity (or Darcy flux) and g are the source
terms.

A typical approach to quantify uncertainty in p and w is to model the permeability as a random
field k = k(z,w) on D xQ, for some probability space (£2,.4,P). The mean and covariance structure
of k has to be inferred from the (limited) geological information available. This means that (4.1)
becomes a system of PDEs with random coefficients, which can be written in second order form as

=V - (k(z,w)Vp(z,w)) = f(x), in D, (4.2)

12



with f := —div g. This means that the solution p itself will also be a random field on D x €. For
simplicity, we shall restrict ourselves to Dirichlet conditions p(w,z) = po(z) on dD, and assume
that the boundary conditions py and the sources g are known (and thus deterministic).

In this general form solving (4.2) is extremely challenging computationally and so in practice it
is common to use relatively simple models for k that are as faithful as possible to the measurements.
One model that has been studied extensively is a log-normal distribution for k, i.e. replacing the
permeability tensor by a scalar valued field whose log is Gaussian. It guarantees that k£ > 0 almost
surely (a.s.) in 2, and it allows the permeability to vary over many orders of magnitude, which is
typical in subsurface flow.

When modelling a whole aquifer, a whole oil reservoir, or a sufficiently large region around a
potential radioactive waste repository, the correlation length scale for k is typically significantly
smaller than the size of the computational region. In addition, typical sedimentation processes
lead to fairly irregular structures and pore networks, and faithful models should therefore also
only assume limited spatial regularity of k. A covariance function that has been proposed in the
application literature (cf. [24]) is the following exponential two-point covariance function for log k:

C(z,y) = o’exp <||:U—)\y||r> ) x,y €D, (4.3)

where || - ||, denotes the £,.-norm in R% and typically r = 1 or 2. The parameters ¢ and A denote
variance and correlation length, respectively. In subsurface flow applications typically only o2 > 1
and A\ < diam D will be of interest. This choice of covariance function implies that & is homogeneous
and it follows from Kolmogorov’s theorem [26] that k(-,w) € C%*(D) a.s., for any t < 1/2.

For the purpose of this paper, we will for the remainder of this section assume that k is a
log-normal random field, where log k has mean zero and exponential covariance function (4.3) with
r = 1. However, other models for k£ are possible, and the required theoretical results can be found
in [6, 30, 29].

Let us briefly put model problem (4.2) into context for the MCMC and MLMCMC methods
described in sections 2 and 3. The quantity of interest @) is in this case some functional G of
the solution p, and Qg is the same functional G evaluated at a discretised solution pys,r. The
discretisation level M denotes the number of degrees of freedom (e.g. grid nodes for standard
piecewise linear finite elements) for the numerical solution of (4.2) for a given sample, and the
parameter R denotes the number of random variables used to model the permeability k. The
random vector X7 g will contain approximate values of the pressure p at M given points in the
spatial domain D.

In order to apply the proposed MCMC methods to model problem (4.2), we hence need to
represent the permeability k in terms of a vector 6 of random variables. For this, we will use the
Karhunen-Loeve (KL-) expansion. For the Gaussian field log k, this is an expansion in terms of a
countable set of independent, standard Gaussian random variables {&, }nen. It is given by

log k:(w, .T) = Z \/lTnﬁbn(x)én(w)v
n=1

where {/i,, }nen are the eigenvalues and {¢, }nen the corresponding L2-normalised eigenfunctions
of the covariance operator with kernel function C(z,y). For more details on its derivation and
properties, see e.g. [16]. We will here only mention that the eigenvalues {p,}nen are all non—
negative with Y _un < +oo. For the particular covariance function (4.3) with r = 1, we have
pn <n72 and hence there is an intrinsic ordering of importance in the KL-expansion.

Truncating the KL-expansion after a finite number R of terms gives an approximation of k in
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terms of R standard normal random variables,

R
kR(w,x) = exXp [Z \//Tnd)n(fv)gn(w)] :
n=1

The coefficients {&, 5:1 will be our input random vector 6 in the MCMC algorithms. To achieve a
level-dependent representation of k, we simply truncate the KL-expansion after a sufficiently large,
level-dependent number of terms R, such that the truncation error on each level is bounded by
the discretisation error, and set 6y := {gn}fil.

For the spatial discretisation of model problem (4.2), we will use standard, continuous, piecewise
linear finite elements (see e.g. [4, 8] for more details). Other spatial discretisation schemes are
possible, see for example [9] for a numerical study with finite volume methods and [19] for a
theoretical treatment of mixed finite elements. We choose a regular triangulation 7 of mesh width
h of our spatial domain D, which results in M = O(h~%) degrees of freedom for the numerical
approximation. A sequence of discretisation levels M, satisfying (3.1) can then be constructed by
choosing a coarsest mesh width hg, and choosing hy, := s thy. A common (but not necessarily
the optimal) choice is s = 2 and uniform refinement between the levels. We will denote the finite
element solution on level ¢ by py.

Let us finally specify the prior distribution and likelihood model that we will assume for the
remainder of this paper. The prior distribution P, of 6, is simply a standard R,-dimensional
Gaussian:

1 & &
- _ 2
Py(8y) o )T P ; 5| - (4.4)

For the likelihood we also choose a normal distribution, centred around the model response F*(6,) =
F(pe(6y)) and with variance 0% ,:

Ly(Fops | 0¢) ox exp (4.5)

—[|[Fons — F“(60) |
QG%e '

Recall that the coarser levels in our multilevel estimator are introduced only to accelerate the
convergence and that the multilevel estimator is still an unbiased estimator of the expected value
of @, with respect to the posterior 7 on the finest level L. Hence, the posterior distributions on
the coarser levels 7¢, £ = 0,...,L — 1, do not have to model the measured data as faithfully as
7. In particular, this means that we can choose larger values of the fidelity parameter G%M on the
coarse levels, which will increase the acceptance probability on the coarser levels, since it is easier
to match the model response F*(6;) with the data Fyps. As we will see below (cf. Assumption A3),
the growth in a%! has to be controlled.

4.1 Convergence analysis

We now perform a rigorous convergence analysis of the MLMCMC estimator @}{I{JNZ} introduced
in Section 3 to the described model problem (4.1). Using Theorem 3.4, we will first verify that
indeed this multilevel estimator is an unbiased estimator of E_.[Qr], before we go on to quantify
its computational cost by verifying the assumptions of Theorem 3.5.

To conclude that the multilevel estimator converges to the correct expected value E_.[Qr] as
the number of samples tends to infinity, we only need to verify the irreducibility condition (3.7)
in Theorem 3.4. As already noted in Section 3, for common choices of proposal distribution, the
condition holds true if we have 7~1(0,¢) > 0 for all 0, s.t. 7*(6;) > 0. Since both the prior and
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the likelihood were chosen as normal distributions, and normal distributions have infinite support,
the conclusion then follows.

Theorem 4.1. Suppose that for all ¢ =0,...,L, E_«[|Q¢|] < co. Then

lim QIXH{JNZ} =E . [Qr], for any 69 € £ and n§ > 0.
{Ny}—o0 ’

Let us now move on to quantifying the cost of the multilevel estimator, and verify that the
assumptions in Theorem 3.5 hold for our model problem. We will prove M1 and M2. As mentioned
earlier, assumption M3 involves bounding the mean square error of an MCMC estimator, and a
proof of M3 is beyond the scope of this paper. Results of this kind can be found in e.g. [28, 20].
We will also not address M4, which is an assumption on the cost of obtaining one sample of Qy. In
the best case, with an optimal linear solver to solve the discretised (finite element) equations for
each sample, M4 is satisfied with v = 1.

Since they will become useful later, let us recall some of the main results in the convergence
analysis of multilevel Monte Carlo estimators based on independent and identically distributed
(i.i.d.) samples, rather than samples generated by Algorithm 2. An extensive convergence analysis
of finite element multilevel estimators based on i.i.d. samples for model problem (4.1) with log—
normal coefficients can be found in [6, 30, 29]. We firstly have the following result on the convergence
of the finite element error in the natural H'-norm.

Theorem 4.2. Let g be a Gaussian field with constant mean and covariance function (4.3) with r =
1, and let k = exp[g] in model problem (4.2). Suppose D C R is Lipschitz polygonal (polyhedral).
Then

1/q —1/2d+6 —1/2+46
Ep, Ip— pf|q}]1(D):| < Ck,fposq (MK / + R, / );

for any q < oo and 6 > 0, where the (generic) constant Cy fp, q (here and below) depends on the
data k, f, po and on q, but is independent of any other parameters.

Proof. This follows from [30, Proposition 4.1]. O

Convergence results for functionals G of the solution p can now be derived from Theorem 4.2
using a duality argument. We will here for simplicity only consider bounded, linear functionals,
but the results can easily be extended to any continuously Frechet differentiable functional (see
[30, §3.2]). We make the following assumption on the functional G (cf. Assumption F1 in [30]).

A2. For given w € 2, let G : H'(D) — R be linear, and suppose that, for any ¢ < co, there exists
Cg € L1(9), such that

IG(v)| S Cg(w) vl g1/2-s, for all § > 0.

An example of a functional which satisfies A2 is a local average of the pressure, [ i pdx for some
Dx C D. The main result on the convergence for functionals is the following.

Lemma 4.3. Let the assumptions of Theorem 4.2 be satisfied, and suppose G satisfies A2. Then
—1/d+6 —1/2+46
Ep, [16() = 90|17 < Choppog (M, V" + R,

for any q¢ < oo and § > 0.

Proof. This follows from [30, Corollary 4.1]. O
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Note that assumption A2 is crucial in order to get the faster convergence rates of the spatial
discretisation error in Lemma 4.3. For multilevel estimators based on i.i.d. samples, it follows
immediately from Lemma 4.3 that the (corresponding) assumptions M1 and M2 are satisfied, with
a=1/d+6,d =1/2+ 4§ and = 2a, 3 =2, for any § > 0 (see [30] for details).

The aim is now to generalise the result in Lemma 4.2 to include the framework of the new
MLMCMC estimator. There are two issues which need to be addressed. Firstly, the bounds in
assumptions M1 and M2 in Theorem 3.5 involve moments with respect to the posterior distributions
7f, which are not known explicitly, but are related to the prior distributions P, through Bayes’
Theorem. Secondly, the samples which are used to compute the differences Q)} — Q7 _; are generated
by Algorithm 2, and may differ not only due to the truncation order, but also because they come
from different Markov chains (i.e. ©}_; is not necessarily equal to 920, as seen in Table 1).

To circumvent the problem of the intractability of the posterior distribution, we have the
following lemma, which relates moments with respect to the posterior distribution 7 to moments
with respect to the prior distribution P,.

Lemma 4.4. For any random variable Z = Z(6y) and for any q s.t. Ep, [|Z|?] < oo, we have
| Ere [27] < Ep, [|12]7].
Similarly, for any random variable Z = Z(0y,©,_1) and for any q s.t. Ep, p, , [|Z|?] < oo, we have
|Ext re1 [Z29] S Ep,p,, [12]].
Proof. Using Bayes’ Theorem (2.1), we have

Li(Fobs | 0) Pe(6r) supy, [Le(Fobs | 0r)]
AL do £
/]RRZ ( é) PF (Fobs) o= PF(Fobs>

Since the likelihood L, is not a discrete probability measure, so that supy, [L¢(Fops | 0¢)] < 00, the

first claim of the Lemma then follows, since Pr(F,ps) is a constant. The second claim of the Lemma
can be proved analogously. O

| Ere [29]] =

[, 12600180 a0

Note that it follows immediately from Lemmas 4.3 and 4.4 and the linearity of expectation that
assumption M1 in Theorem 3.5 is satisfied, with « = 1/d — ¢ and o/ = 1/2 — ¢, for any § > 0. In
order to prove M2, we further have to analyse the situation where the two samples 0} and ©}_;
used to compute Y;* “diverge”, i.e. when O} ; # HZC.

We need to make the following two assumptions on the parameters 0%7 , in the likelihood model
(4.5) and on the growth of the dimension Ry.

A3. The dimension Ry — oo as £ — oo and

_Ry—Ry_,

(Ry — Ry—1)(2m) < RZ__11/2+67 for all 6 > 0.
A4. The sequence of fidelity parameters {Jl%w}g’io satisfies
a;’% — O'E,%_l < max <R€__11/2+5, M[_l/dM) , forall >0.
For A3 to be satisfied it suffices that Ry — Ry_1 grows logarithmically with R, ;. Assumption A4
holds for example, if we choose the fidelity parameter to be constant for all £ > ¢y, for some £o > 0.

Under these assumptions we can now prove that assumption M2 in Theorem 3.5 is satisfied,
with §=1/d—¢ and ' =1/2 — 4, for any ¢ > 0.
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Lemma 4.5. For n € N, let 0} and ©}_; be the nth states of the Markov chains generated by
Algorithm 2. Let the assumptions of Theorem 4.2, as well as Assumptions A8 and A4 hold, and
suppose that F and G both satisfy Assumption A2. Denote Y, = Q(6}) — Q¢—1(0}_1). Then

Vot ot (V7] < Cgpo (M "7+ BP), for any 6> 0.

To prove Lemma 4.5, we first need some preliminary results. Firstly, note that for @?jll =+ 9251
to be the case, the proposal on level £ at state n + 1 had to be rejected. Given the proposal 6
and the previous state 0}, the probability of this rejection is given by 1 — ot (67167). We need to
quantify this probability, and this leads to the following crucial result.

Theorem 4.6. Suppose F satisfies A2 and A3 and A4 hold. Then
lim of(6)]6)) =1, for Py — almost all 6,, 0y .

— 00
Furthermore,
I\q 1/q
Ep,p, [(1 —a’) }

for any g < oo and 0 > 0.

—1/d+6 — )
< Cy f,po,q(Mz e + R, 1/2+ >7

Proof. We will first derive a bound on 1 — a*(6;|6)), for £ > 1 and for ¢} and 6 given. First note

thtifw>1 then 1 — E(@/w//)_o Otherwi h
b TG, ) = b e a'(0y]6)) =0. erwise, we have

L0107 = ﬂe(%) 7[-((92)776_1(92/,0) B WE(HZ)
@mg-( ﬂl%d)*@ﬂ%ﬂ%@@ )
<

(4.6)

Let us consider either of these two terms and set 6, = (fj)f:[ | to be either ¢, or ¢j. Using the
definition of 7¢ in (2.1), as well as the models (4.4) and (4.5) for the prior and the likelihood,
respectively, we have

™ (0) Po8)  Lo(Fobsl8e)

_ A7
—1(b0) Po—1(00,c) Lo—1(Fobs|be,c) (4.7)

_ Re 2 _ 2 _ 2
= exp _(QW)—M Z 57] _ HFobs FE(‘%)” + HFobs Fffl(ef,C)H

2 2 2
j=Re_1+1 TFe OFe—1

Denoting Fy := F(6;) and Fy_1 := F'(6yc), and using the triangle inequality, we have that

2
[ Fops — FUlI2 || Fops — Fri])? <”Fobs — Foa|l + 1Fe — FHH) | Eops — o1 ]2
2 - 2 2 - 2
OFy OFe—1 OFy OFre—1
2||Fops — Foall + || Fy

_ _ _ — Fp4|
= | Fons = Fra I (072 — 07, ) + s |Fe = Fral.
Fl

Since F was assumed to satisfy A2, it follows from the theory in [5, 30] (for the particular covariance
function C(z,y) in (4.3) with r = 1) that

1Fe = Feall S Cheogpo (00) (ke = kerlloogmy + Mg ),
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for almost all 6, and for a constant Cj, fp,(f¢) < oo that depends on 6, only through k, :=
exp (Z?ﬁl \ /,ujqﬁjfj). Since ||Fy_1|| can be bounded independently of ¢, for almost all 6, (again
courtesy of Assumption A2), and since || Fops — Fr—1]| < ||Fobs|| + || Fe—1]|, we can deduce that

| Fobs — Foll2 || Fops — Fr1]|? 2 o ~1/d+5
= - < Cry.f.po (02) ((UF,€ — 0p—1) T [[ke = kf*1|’00(5) + M, / ) '
Oy OFe—1

Finally, substituting this into (4.7) and using the inequality |1 — exp(z)| < |z|exp |z| we have

¢ _
7 (6r) _Rem Ry _ _ —1/d+6
‘1 - =16, ) S Che.tpo (00) ((27T) TGt (UF,% - UF,%—1) + ke — kﬂfluoo(ﬁ) +M, / )
(4.8)
for almost all 8y, where (; := JRZZ Ry_q+1 sz, i.e. a realisation of a y?-distributed random variable

with Ry — Ry_1 degrees of freedom.

Now as ¢ — oo, due to Assumption A3 we have R; — oo and (2r)~(Fe—Re-1)/2¢, — 0, almost
surely. Moreover, My — oo and it follows from [5, Prop. 3.6 & §7.1] that ||k; — ke—1]lcoy) — 0,
almost surely. Hence, using also A4 we have

(6¢)
1 (0r,c)
The first claim of the Theorem then follows immediately from (4.6).

For the bound on the moments of 1 — ay, we use that all finite moments of Cy, rp,(0¢) can be
bounded independently of ¢ (cf. [5, 30]). It also follows from [5, Prop. 3.11 & §7.1] that

lim '1—

{—o0

=0, for almost all 6,.

1/‘1 _ 5
Ep, [”ke - kZ—IHqu(ﬁ)] < R, 1/2+ , forany 6 >0, g < oo.

Finally, since ¢y is y?-distributed with R, — R,_; degrees of freedom, we have

I (3(Re— Re—1) +q)
' (3(Re— Re-1))

Ep, [¢f] = 27 < (Re—Re)?, forany §>0, q< oo,

Thus, the bound on the gth moment of 1 — «y follows immediately from (4.8), Assumptions A3
and A4 and Holder’s inequality. O

We will further need the following result.

Lemma 4.7. For any 0y, let k¢(0y) := exp (Zfél \/[T](;S]f]) and k(0¢) == min 5 ke(-, 7). Then

£l -1 (D)
/ / /
1pe(0e) — pe(Op) Dy S w(O)R(0]) 1ke(0c) — ke(09)ll oy, for almost all 0y, 6y, (4.9)
and Ny 1/q
Ep, p, [\pg(&g) —pe(0y) Hl(D)] < constant, (4.10)

for any q < oo, where the hidden constants are independent of £ and py.

Proof. Using the definition of k(6;), as well as the identity
/ ke(00)Vpe(0y) - Vodz = / fodx = / ke(07) Vpe(07) - Vo du, for all v € H (D),
D D D
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(deduced from (4.2)) we have
K(00)[pe(00) — pe(0)) |71 () < /D ke(0e) V (pe(0e) — pe(07)) -V (pe(0e) — pe(0)) da
< /D (e(00) — ke(05)) Vpe(68)) -V (pe(02) — pe(6})) da.

Due to the standard estimate |pe(0¢)|g1(py S | fIla-1(py/#(6¢) this implies (4.9)
It follows from [5, Prop. 3.10] that Ep, [£(6,)~9] and Ep, p, [||/g£(9g)||g0 (5)}

independently of £. The result then follows from an application of the Minkowski inequality to

can be bounded

1/
Ep,», [IIke(6e) — kg(%)”i,o(ﬁ)} q, as well as Holder’s inequality. O
Using Theorem 4.6 and Lemma 4.7, we are now ready to prove Lemma 4.5.

Proof of Lemma 4.5. Let 8} and ©}_; be the nth states of the Markov chains generated by Algo-
rithm 2 on level £. It follows from Lemma 4.4 and the fact that V,[X] < E,[X?], for any random
variable X and any measure 7, that

Vot pir [Qu(8) — Qur(071)] S Epyp, [(Qu(07) - Q1(07-1))7] (4.11)

Now, to simplify the presentation let us set 6 := 0}, 0c = 0}, and 0 = 0}, and denote by
¢ = 6, the proposal generated at the nth step of Algorithm 2 with 0 =0}, and with some .
Note that € # 6 only if this proposal has been rejected at the nth step. It follows from (4.11) by
the triangle inequality that

Vot pe-1 [Qe(0) — Qe-1(00)] S Ep,p, {(QM) - Qe(Q'))z] +Ep,p, [(QM') - QH(%))Q} :
(4.12)

A bound on the second term follows immediately from Lemma 4.3, i.e.
2 —2/d+6 _
Epg,'p[71 [(Qe(@l) — Qg_l(e/c)) } < Ck,f,Po (ME 2/d+ + Ré 1+6> . (4.13)

The first term in (4.12) is nonzero only if 6 # ¢’. We will now use Theorem 4.6 and Lemma 4.7, as
well as the characteristic function I gy € {0,1} to bound it. Firstly, Holder’s inequality gives

Ep,p, [(Qﬁ(e) - Qﬁ(el))z} = Ep,p, [(QZ(H) - Qé(gl))2 H{G#G’}}

Ep,,p, [(QE(H) - Qf(el))qu} Yo ]1/112

IN

Ep,p [Liozoy] ' (4.14)

for any q1,q2 s.t. q; Ly a5 1 — 1. Since the functional G was assumed to be linear and bounded
on HY(D) ¢ H'Y?79 for all § > 0 (Assumption A2), it follows from Lemma 4.7 that the term
Ep,p, [ (Qe(8) — Qg(@l))qu] in (4.14) can be bounded by a constant independent of ¢, for any
q1 < oo. Moreover, using the law of total expectation, we have

Ep, P, [1{97&9'}] = Ep,p, [P [9 # 010, 9/] }

Since 0 # 6" only if the proposal 6 has been rejected on level £ at the nth step, the probability
that this happens can be bounded by 1 — af(#'|6), and so it follows by Theorem 4.6 that

Ep, 7, [Io20)) < Epp, |1 -0 (016)] S M504 R (4.15)

Combining (4.12)-(4.15) the claim of the Lemma then follows. O
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We now collect the results in the preceding lemmas to state our main result of this section.

Theorem 4.8. Under the same assumptions as in Lemma 4.5, the Assumptions M1 and M2 in
Theorem 3.5 are satisfied, with « = 3 =1/d—§ and o/ = ' =1/2 =4, for any § > 0.

If we assume that we can obtain individual samples in optimal cost C; < h[d log(hzl), e.g. via
a multigrid solver, we can satisfy Assumption M4 with v = 1 4 4, for any § > 0. Then it follows
from Theorems 3.5 and 4.8, as well as equation (2.11), that we can get the following theoretical
upper bounds for the e-costs of classical and multilevel MCMC applied to model problem (4.2)
with log-normal coefficients k, respectively:

~ ~

C-(QNO) S e @ and C(QYy,) S eV, forany 6> 0. (4.16)

We clearly see the advantages of the multilevel method, which gives a saving of one power
of £ compared to the standard MCMC method. Note that for multilevel estimators based on
i.i.d samples, the savings of the multilevel method over the standard method are two powers of
e for d = 2,3. The larger savings stem from the fact that 6 = 2« in this case, compared to
8 = « in the MCMC analysis above. The numerical results in the next section for d = 2 show
that in practice we do seem to observe 3 ~ 1 ~ 2a, suggesting Cg(@%%w}) = (’)(E*d). However,
we do not believe that this is a lack of sharpness in our theory, but rather a pre-asymptotic
phase. The constant in front of the leading order term in the bound of V ¢ ¢—1[Y/"], namely the

term Ep, p, [ (Qe(0}) — Qg(&é))qu }l/ql in (4.14), depends on the difference between Q(6}) and
Q¢(0)). In the case of the pCN algorithm for the proposal distributions ¢¢ and ¢“F (as used in
Section 5 below) this difference will be small, since # and 6" will in general be very close to each
other. However, the difference is bounded from below and so we should eventually see the slower
convergence rate for the variance as predicted by our theory.

5 Numerics

In this section we describe the implementation details of the MLMCMC algorithm and examine
the performance of the method in estimating the expected value of some quantity of interest for
our model problem (4.2). We start by presenting in Algorithm 3 a simplified version of Algorithm 2
given in Section 3 using symmetric proposal distributions for ¢“¢ and ¢%, describing in some more
detail the evolution of the multilevel Markov chain used to approximate E ¢ ¢e-1[Yy].

5.1 Implementation Details

Given the general description of the multilevel sampling in Algorithm 3, it remains to describe
several computational details of the method, such as the choice of the symmetric transition prob-
abilities ¢%¢(©),_,|0% ;) and ¢“F'( 0 7|07 ), the values R, defining the partition of the KL modes
over the multilevel hierarchy, as well as various MCMC tuning parameters.

For all our symmetric proposal distributions ¢¢ and ¢“*, ¢ = 1,..., L, we use the so-called
precondition Crank-Nicholson (pCN) random walk proposed by Cotter et al. in [11]. Given the
current state 6", the j*" entry of the proposal is obtained by

0; = /1= 3207 + B¢, (5.4)

where & ~ N (0,1) and £ is a tuning parameter used to control the size of the step in the proposal,
that may be chosen level dependent, i.e. § = (. In the numerical experiments, we typically choose
B < Bgfor£=1,..., L.
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ALGORITHM 3. (Simplified Metropolis Hastings MCMC for Yy, ¢ > 0)

Choose initial states @271 and 92. For n > 0:

e On level ¢ —1:

— Given ©}_,, generate ©)_, from a symmetric distribution qe’c(®2_1|@?_1).

_ 0010 noN _ o mHO)_,)
Compute ™% (0)_[0p_1) =min {1, = ——<¢. (5.1)
107 )

©),_, with probability abC( 1-1197-1)

o n+1 __
¢—1 Wwith probability o= (0p_4|0F_4).

e On level ¢:

— Given 07, let 0 = O and draw 0y from a symmetric distribution " ( 0 F 07 )

0/ nl /—1 gn
_ l ny _ .o ™ (HZ) T ( K,C')
Compute o (92|(9£) = min {17 71-5(0?) 775*1(92 C) ' (5.2)
0, =07l ¢ with probability ot (6|67
_ Set 92+1 _ r =007 e,F] p y o (65107
o} with probability 1 — o*(6}]67).
e Compute )/Zn—i—l —Q (9?+1) — Qs (@?j-ll) (5.3)

The other free parameters in Algorithm 3 are the parameters 0%7 , found in the likelihood model
described in (4.5). The value of J% , controls the fidelity with which we require the model response
to match the observed data on level £. In our implementation we fix the fine-level likelihood variance
0%7 ;, to a value consistent with traditional single level MCMC simulations (i.e. the measurement
error associated with Fips in a practical application), and then allow the remaining parameters to
increase on coarser levels. This is done for two reasons. First, because the coarse simulations do
not include all stochastic modes of the model, and so the coarse approximation will not necessarily
agree exactly with the observed data. Second, since the coarse approximations necessarily include a
higher level of discretisation error, it makes sense to relax the restrictions on the agreement between
the model response and the observed data. Due to the consistency of the multilevel estimator, the
choices of 0’% s» £ < L, will only influence the overall cost of the estimator and not the bias. The
particular values used in the presented numerical experiments are chosen so that the values of
likelihood variance increase with the characteristic mesh size in the hierarchy. Specifically we fix
the value of 0%7 ;, on the finest grid, and then set

ope = (14 K)ok, £=0,...,L—1, (5.5)

where h; is the mesh size on level [ and & is a tuning parameter. This choice ensures assumption A4.

To reduce dependence of the simulation on the initial state of the Markov chain, and to aid
in the exploration of the potentially multi-modal stochastic space, we simulate multiple parallel
chains simultaneously. The variance of the multilevel estimator Vg, [@hﬁl\g] is approximated on
each grid level by s? ,; using the method of Gelman and Rubin [15]. Finally, due to the very high-
dimensional paramejter space in our numerical experiments, both the single-level and multilevel
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samplers displayed poor mixing properties. As such, we use a thinning process to decrease the
correlation between consecutive samples, whereby we include only every T sample in the approx-
imation of the level-dependent estimator, where T is some integer thinning parameter [27]. Then,
after discarding ng initial burn-in samples, the approximation of E, ¢ .¢-1[Y;] is computed by

no+Ng ( T
n
éNe N Z Y

n=ng

After the initial burn-in phase, the multilevel MCMC simulation is run until the weighted sum
of the estimators from the L + 1 grid levels satisfies

2 2

L e
Z < 5 (5.6)

=0 't

for some user prescribed tolerance €. The total cost of the multilevel estimator is minimised when
the number of samples on each level is chosen to satisfy

Ny \/Vﬂ.e,ﬂ.e—l V2] /C ~ \/sgw /Cy, (5.7)

as described in [9], where Cy is the cost of generating a single sample of Y, on level /. We assume
this cost to be expressed as

Co = Crn)M], (5.8)
where the constant C* may depend on the parameters o? and X in (4.3), but does not depend on
£. The factors ny reflect the additional cost for the auxiliary coarse solve required on grid ¢ — 1.
For the experiments presented below, with geometric coarsening by a factor of 4, we have 1y = 1
and ny = 1.25 for j = 1,..., L. When an optimal linear solver (e.g. algebraic multigrid) is used to
perform the forward solves in the simulation we can take v &~ 1. For a given accuracy &, the total
cost of the multilevel estimator can be written as

C- (Qny) ZC@N@ (5.9)

5.2 Numerical Experiments

We consider (4.2) defined on the domain D = (0,1)* with f = 1. The boundary conditions are
taken to be Dirichlet on the lateral boundaries of the domain, and Neumann on the top and bottom:

Op Op

op .
on 22=0 on -

p’:ﬁzo =1, p‘xlzl =0, =0.

The quantity of interest we approximate in our numerical simulation is the flux through the
“outflow” part of the boundary, given by

kot
Jout ‘= — .
out 0 821?1

The (prior) conductivity field is modelled as a log-normal random field with covariance function
(4.3) with » = 1. The “observed” data Fyps is obtained synthetically by generating a reference
conductivity field from the prior, solving the forward problem, and evaluating the pressure at 9
randomly selected points in the domain. The domain is discretised using piecewise linear finite

dx. (5.10)

r1=1
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Figure 1: Performance plots for A = 0.5, 02 = 1, Ry = 169, and my = 16.

elements on a 2D uniform triangular mesh. The coarsest mesh contains mg = 16 grid points in
each direction, with subsequently refined meshes containing my = 2Ymyg in each direction, with the
total number of grid points on level ¢ defined as M, = me Five parallel chains are used in each
multilevel estimator.

The top two plots in Figure 1 show the results of a four-level simulation with A = 0.5, 02 =1,
and mg = 16. The partition of the KL modes was such that Ry = 96, R; = 121, Ry = 153, and
R3 = 169. Five parallel chains were used for each level- dependent estimator. The fidelity parameter
in the likelihood on the finest grid was taken to be O'F L= = 10~*. The fidelity parameters on the
other levels were obtained by equation (5.5) with x = 1. The simulation was stopped when the
variance of the multilevel estimator reached £2/2 with e = 8 x 107%. The top left plot compares the
variance of quantities (y and Y; on each level. The top right plot compares the mean of quantities
Q¢ and Y on each level. The plots for Y, seem to decay with O(hZ) and O(hy), respectively. This
suggests that at least in the pre-asymptotic phase our theoretical result on the variance which
predicts O(hy) (in Theorem 4.8) is not sharp (see comments at the end of Section 4). The result
on the bias seems to be confirmed.

The bottom two plots in Figure 1 show the number of samples Ny required on each level of
the multilevel MCMC sampler and compare the computational cost of the standard and multilevel
MCMC samplers for varying values of accuracy ¢, respectively. Note that for larger values of ¢
fewer grid levels are required to attain a reduction in variance equivalent to the spatial discretisation
error. The total cost of the simulation is given in terms of the cost of one forward solve on the
coarsest grid (which is the same in each case). The y-axis is scaled by 2. It is clear that the
multilevel sampler attains a dramatic reduction in computational cost over the standard MCMC
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Figure 2: Average acceptance rate a of the multilevel sampler (left figure) and estimates for goug
for nine reference data sets (right figure) for A = 0.5, 02 = 1, Ry, = 169, and mg = 16.

sampler. The precise speedup of the multilevel over the standard algorithm can be evaluated by
taking the ratio of the total cost of the respective estimators, as defined by (5.7)-(5.9). When an
optimal linear solver (such as AMG, with 7 &~ 1) is used for the forward solves in the four-level
simulation with ¢ = 8 x 10™% (as in the top plots of Figure 1), the computational cost of the
simulation is reduced by a factor of 50. When a suboptimal linear solver is used (say, v ~ 1.5 for
a sparse direct method) the computational cost is reduced by a factor of 275.

Figure (2) (left) confirms that the average acceptance rates ay of the fine-level samplers — the
last three dots in Figure (2) (left) — tend to 1 as ¢ increases, and E[1 — ay] =~ O(hy), as predicted in
Theorem 4.6. Finally, the results in Figure (2) (right) demonstrate the good agreement between the
MLMCMC estimate QML N} and the standard MCMC estimate Q C of the quantity of interest gout
for nine distinct sets of reference data with three levels of fine-grid resolution. As before, the coarse
grid in each case was defined with mg = 16, the tolerance for both estimators was ¢ = 8 x 10~% and
the model for the log-normal conductivity field is parametrised by A = 0.5, 0> = 1 and Ry, = 169
on the finest grid.
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