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ABSTRACT

This thesis is aimed at (a) conducting an in-depth investigation of the feasibility
of the 4-D variational data assimilation (VDA) applied to realistic situations; (b)
achieving an improvement of the existing large-scale unconstrained minimization al-
gorithms. The basic theory of the VDA was developed in a general mathematical
framework related to optimal control of partial differential equations (PDEs) [116].
The VDA attempts to find an initialization (if control variables are the initial condi-
tions) most consistent with the observations over a certain period of time as linked
together with a forecast model through a cost functional which is a statement about
our knowledge and uncertainties concerning the forecast model and observations dis-
tributed in space and time (hence, the phrase 4-D VDA). This goal is accomplished
by defining the cost function to be a weighted sum of the squares of the difference
between the model solution and the observations; an attempt to minimize this cost
function is then sought by using an iterative minimization algorithm in the framework
of optimal control of PDEs [116]. The gradient of the cost function with respect of
the control variables is obtained by integrating the so-called first order adjoint model
backwards in time.

The present thesis first develops the second order adjoint (SOA) theory and ap-
plies it to a shallow-water equations (SWE) model on a limited-area domain. One
integration of such a model yields a value of the Hessian (the matrix of second par-
tial derivatives of the cost function with respect to control variables) multiplied by a
vector. The SOA model was then used to conduct a sensitivity analysis of the cost
function with respect to observations distributed in space and time and to study the

evolution of the condition number (the ratio of the largest to smallest eigenvalues)

XVl



of the Hessian during the course of the minimization since the condition number is
strongly related to the convergence rate of the minimization. It is proved that the
Hessian is positive definite during the process of the large-scale unconstrained min-
imization, which in turn proves the uniqueness of the optimal solution for our test

problem.

Experiments using data from an European Center for Medium-range Weather
Forecasts (ECMWF) analysis of the First Global Geophysical Experiment (FGGE)
show that the cost function J is more sensitive to observations at points where mete-
orologically intensive events occur. The SOA technique shows that most changes in
the value of the condition number of the Hessian occur during the first few iterations
of the minimization and are strongly correlated to major large-scale changes in the

retrieved initial conditions fields.

It is also demonstrated that the Hessian/vector product thus obtained is more
accurate than that obtained by applying a finite-difference approximation to the gra-
dient of the cost function with respect to the initial conditions. The Hessian/vector
product obtained by the SOA approach is applied to one of the most efficient min-
imization algorithms, namely the truncated-Newton (TN) algorithm of Nash ([129],
[130], [134]). This modified version of the TN algorithm of Nash differs from it only
in the use of a more accurate Hessian/vector product for carrying out the large-scale
unconstrained optimization required in VDA. The newly obtained algorithm is re-
ferred to as the adjoint truncated-Newton algorithm (ATN). The ATN is applied
here to a limited-area SWE model with model generated data where the initial con-
ditions serve as control variables. We then compare the performance of the ATN
algorithm with that of the original TN Nash [134] method and the LBFGS method
of Liu and Nocedal [117]. Our numerical tests yield results which are twice as fast

as these obtained by the TN algorithm both in terms of number of iterations as well
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as in terms of CPU time. Further, the ATN algorithm turns out to be faster than
the LBFGS method in terms of CPU time required for the problem tested.

Next, the thesis applies the VDA to a realistic 3-D numerical weather prediction
model, requiring the derivation of the adjoint model of the adiabatic version of the
Florida State University Global Spectral Model (FSUGSM). The experiments with
FSUGSM are designed to demonstrate the numerical feasibility of 4-D VDA. The
impact of observations distributed over the assimilation period is investigated. The
efficiency of the 4-D VDA is demonstrated with different sets of observations. The
results obtained from a forecast starting from the new initial conditions obtained
after performing VDA of model generated data sets are meteorologically realistic
while both the cost function and root-mean-square (rms) errors of all fields were
reduced by several orders of magnitude irrespective if whether the initial conditions
are shifted or randomly perturbed. It is also demonstrated that the presence of

horizontal diffusion in the model yields a more accurate solution to the VDA problem.

In all of the previous experiments, it is assumed that the model is perfect, and
so is the data. The solution of the problem will have a perfect fit to the data, with
zero difference. This is of course an unrealistic assumption and the lack of inclusion
of model errors constitutes a serious deficiency of the assimilation procedure.

The nudging data assimilation (NDA) technique introduced by Anthes [4] con-
sists in achieving a compromise between the model and observations by relaxing the
model state towards the observations during the assimilation period by adding a
non-physical diffusion-type term to the model equations. Variational nudging data
assimilation (VNDA) combines the VDA and NDA schemes in the most efficient way
to determine optimally the best initial conditions and optimal nudging coefficients
simultaneously. The humidity and other different parameterized physical processes
are not included in the adjoint model integration. Thus the calculation of the gra-

dient by the adjoint model is approximate since the forecast model is used in its

Xviil



full-physics (diabatic) operational form. It is shown that it is possible to perform
4-D VDA with realistic forecast models even prior to more complex adjoint models
being developed, such as models including the adjoint of all physical processes [215].
The resulting optimal nudging coefficients are then applied in NDA (or physical
initialization) (thus the term optimal nudging data assimilation (ONDA)) [229].

XX



CHAPTER 1

INTRODUCTION

1.1 Overview

We wish to know and understand not only the climatological or current state of
the atmosphere, but also to predict its future state (the aim of numerical weather
prediction). Beyond the qualitative understanding of the atmosphere, a quantitative
estimate of its state in the past and present, as well as quantitative prediction of
future states is required. The estimate of the present state is prerequisite for future
prediction, and the accuracy of past prediction is essential for an accurate estimate
of the present.

How does the estimation of the present proceed in meteorology? A good starting
point is Wiener’s article [223] on prediction and dynamics. At the time of his writing,
meteorology, like economics, could still be considered a semi-exact science, as opposed
to the allegedly exact sciences of celestial mechanics [89]. Dynamical processes in
the atmosphere were poorly known, while observations were sparse in space and time
as well as inaccurate. Relying theoretically on the hope of the system’s ergodicity
and stationarity, Wiener argued that the best approach to atmospheric estimation
and prediction was statistical. In practice, this meant ignoring any quantitative
dynamical knowledge of system behaviour, requiring instead a complete knowledge
of the system’s past history, and using the Wiener-Hopf filter to process this infinite
but inaccurate information into yielding an estimate of the present and future of
weather dynamics [222].

During roughly the same period, synoptic meteorologists were actually producing

charts of atmospheric fields at present and future times guided by tacit principles



similar to those explicitly formulated by Wiener. The main tool was smooth in-
terpolation and extrapolation of observations in space and time. Still, rudimentary
and quantitative dynamical knowledge was interpolated into these estimates of at-
mospheric states, such as the geostrophic relation between winds and heights, and

the advection of large-scale features of the prevailing winds.

The first step leading to the present state of art of estimation in meteorology
was objective analysis, which replaced manual, graphic interpolation of observations
by automated mathematical methods, such as for instance two-dimensional (2-D)
polynomial interpolation [160]. Not surprisingly, this step was largely motivated
by the rapidly improving knowledge of atmospheric dynamics to produce numerical
weather forecasts [27]. The main ideas underlying objective analysis were statis-
tical [57, 63, 165]. Observations are considered to sample a random field, with a
given spatial covariance structure which is preconditioned and stationary in time.
This generalized in fact the idea of Wiener [223] from a finite-dimensional system
governed by Ordinary Differential Equations (ODEs) to an infinite-dimensional one
governed by Partial Differential Equations (PDEs) of Geophysical Fluid Dynamics
(GFD). In practice, these statistical ideas appeared too complicated and computa-
tionally expensive at the time to be adopted as they stood into the fledgling Nu-
merical Weather Prediction (NWP) process. Instead, various shortcuts, such as the
successive-correction method were implemented in the operational routine of weather

bureaus [39).

Two related developments led to the next step, in which a connection between
statistical interpolation on one hand, and dynamics, on the other, became apparent
and started to be used systematically. One development was the increasingly accurate
nature of short-term numerical weather forecasts; the other was the advent of time
continuous, space-borne observing systems. Together, they produced the concept

of four-dimensional (4-D) space-time continuous data assimilation in which a model
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forecast of atmospheric fields is sequentially updated with incoming observations
28, 192, 178]. Here the model carries forward in time the knowledge of a finite
number of past observations, subject to the appropriate dynamics, to be blended
with the latest observations.

At this point, we note merely that noisy, inaccurate data should not be fitted by
exact interpolation, but rather by a procedure which has to achieve simultaneously
two goals (a) to extract the valuable information contained in the data, and (b) to
filter out the spurious information, i.e. the noise. Thus the analyzed data should
be close to the data but not too close. The statistical approach to this problem is
linear regression. The variational approach consists in minimizing the distance, e.g.,
in a quadratic norm, between the analyzed field and the data, subject to constraints
which yield smoother results. The merger of these two approaches into a stationary,
ergodic context is intuitively obvious, and is reflected in the fact that root-mean-
square (rms) minimization is used in popular parlance for both approaches.

In summary, during the last decade due to a constant increase in the need for
more precise forecasting and now-casting, several important developments have taken

place in meteorology directed mainly in two directions [107, 109]:

1. Modeling at either large scale or at smaller scales. Recently, many models
have been developed including an ever increasing detail of physical processes

and parameterizations of sub-grid phenomena.

2. Data: new sources of data such as satellite data, radar, profiles, and other
remote sensing devices have led to an abundance of widely distributed data
in space and time. However, a common characteristic of these data is to be

heterogeneous either in their space or time density or in their quality.

Therefore, a cardinal problem is how to link together the model and the data.

This problem includes several questions:



1. How to retrieve meteorological fields from sparse and/or noisy data in such a
way that the retrieved fields are in agreement with the general behaviour of

the atmosphere? (Data Analysis)

2. How to insert pointwise data in a numerical forecasting model? This informa-
tion is continuous in time, but localized in space (satellite data for instance)?

(Data Assimilation)

3. How to validate or calibrate a model from observational data? The dual ques-
tion in this case being how to validate observed data when the behaviour of

the atmosphere is predicted by a numerical model.

For these questions a global approach can be defined by using a variational for-
malism. Variational data assimilation (VDA) consists of finding the assimilating
model solution which minimizes a properly chosen objective function measuring the
distance between model solution and available observations distributed in space and
time. The assimilating model solution is obtained by integrating a dynamic system
of partial differential equations from a set of initial conditions (and/or boundary con-
ditions for limited area problems). Therefore, the complete description of the initial
atmospheric state in a numerical weather prediction method constitutes an impor-
tant issue. The four dimensional VDA method offers a promising way to achieve
such a description of the atmosphere using a methodology originating in the theory
of optimal control of distributed parameters.

Several techniques of assimilation have been used so far, e.g. optimal interpola-
tion and inverse methods, blending and nudging methods as well as Kalman filtering
applications [41, 68]. The optimal interpolation scheme (OI) is a particular form of
statistical interpolation and has been widely used amongst most operational centers
[118]. However several weaknesses inherent in the method and its practical imple-

mentation are now identified. For instance, the Ol analysis extracts information

4



poorly from observations nonlinearly related to the model variables [2]. The data se-
lection algorithm is also generally a source of noise which persists in the final analysis
[161].

The variational approach circumvents some of the practical Ol weakness, since
it allows the analysis to use all the observations at every model grid point, and
can easily handle a non trivial link between the observations and the model state.
In its 4-D version, the method consistently uses the information coming from the
observations and the dynamics of the model. Over a period of time it produces
the same results as the full extended Kalman-Bucy filter approach [207] at a much
lower cost. But the Kalman-Bucy filter approach does have its own advantages. For
instance, since it is a sequential estimation method it is capable of providing explicit
error estimates, such as the error covariance matrix of the obtained solution [68].

2-D VDA was implemented at ECMWEF [59]. 3-D VDA has been successfully
implemented operationally at the National Meteorological Center (NMC), USA [53],
yielding consistently better analyses and forecasts when compared with their classical
OI system.

The cost of the 4-D VDA is still prohibitive with current computer power
and there are remaining problems (such as, for instance, the treatment of non-
differentiable processes in the model) to be solved prior to its being implemented
operationally. However, the theoretical advantages of 4-D VDA as compared with
the current operational data assimilation systems make it a good candidate for a
possible near future operational assimilation scheme. As a matter of fact 4-D VDA

has recently been used with real data in a semi-operational set-up at ECMWF.

1.2 Four dimensional variational data assimilation in meteorology

The first application of variational methods in meteorology has been pioneered

by Sasaki ([179, 180]). Washington and Duquet [220], Stephens ([196, 197]) and
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Sasaki ( [181, 182, 183, 184]) have given a great impetus towards the development of

variational methods in meteorology.

In a series of basic papers Sasaki ([181, 182, 183, 184]) generalized the application
of variational methods in meteorology to include time variations and dynamical equa-
tions in order to filter high-frequency noise and to obtain dynamically acceptable ini-
tial values in data void area. In all these applications, the Euler-Lagrange equations
were used to calculate the optimal state. In general Euler-Lagrange equations are a
coupled PDE system of mixed type of well-posed initial-boundary value problems,
and can be solved numerically with reasonably computational cost [64, 139, 140, 142].
However, in most cases of real interest, this approach has not proved particularly
useful or promising. VDA circumvents the Euler-Lagrange equations by directly
minimizing a cost function measuring the misfit between the model solution and the

observations with respect to the control variables.

VDA was first applied in meteorology by Marchuk [127] and by Penenko and
Obrazstov [164]. Kontarev [95] further described how to apply the adjoint method
to meteorological problems, while Le Dimet [106] formulated the method in a general
mathematical framework related to optimal control of partial differential equations
based on the work of Lions [116]. In the following years, a considerable number
of experiments has been carried out on different two dimensional (2-D) barotropic
models by several authors, such as Courtier [33]; Lewis and Derber [112]; Derber [50];
Hoffmann [87]; Le Dimet and Talagrand [108]; Derber [51]; Talagrand and Courtier
[202]; Lorenc [120, 121]; Thacker and Long [204], Zou et al. [227], Navon et al.
[152]. Most of the published scientific papers including all the aforementioned papers
related to the use of adjoint methods in 4-D VDA have employed simplified models.
Only has recently the method been applied to more complex models (Thépaut and
Courtier [207], Navon et al. [149], and Thépaut et al. [210]). The main conclusion

was that the method may be applicable to realistic situations. However in most of
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these papers, observational data to be assimilated is idealized, in the sense that the
observations are generated by the model itself. In this case, it is assumed that the
model is perfect, and so is the data. The solution of the problem will have a perfect
fit to the data, with zero difference. This is an unrealistic assumption and the lack of
inclusion of model errors constitutes a serious deficiency of assimilation procedure.

While major advances have been achieved in the application of the adjoint
method, this field of research remains both theoretically and computationally ac-
tive [208, 209, 221, 213]. Nowadays the typical cost functional includes both model
errors and observational errors as well as background errors [42, 234]. Additional
research to be carried out includes: (a) applications to complicated models such as
multilevel primitive equation models related to distributed real data and the inclusion
of physical processes in the VDA process; (b) establishing more efficient large-scale
unconstrained minimization algorithms; (c¢) deriving efficient ways to carry out 4-D
VDA by using high performance parallel computers by using for instance domain
decomposition methods [150].

In parallel with the introduction of variational methods in meteorology, start-
ing in the 1960’s and 1970’s, mathematicians in collaboration with researchers from
other scientific disciplines have achieved significant advances in optimization the-
ory and optimal control, both from the theoretical viewpoint as well as from the
computational one. In particular significant advances have been achieved in the
development of large-scale unconstrained and constrained optimization algorithms

([10, 60, 61, 73, 123, 134, 143, 144, 145, 146, 147, 167] to cite but a few).
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uo
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Figure 1.1: Schematic representation of the 4-D VDA where squares represent obser-
vations, U0 is the initial guess, U is the optimal solution and dotted and solid lines
represent the trajectories starting from U and U0. Starting from U0, the 4-D VDA
finds the best initial condition U such that the sum of the weighted squares of the
difference between model solution and the observations obtains minimum.

1.3 Preliminaries

1.3.1 The definition of a variational method

The aim of the VDA [148] is to find an initial state for a numerical forecast by
processing observations which are distributed in space and time (hence, the phrase
4-D data assimilation). The variational data assimilation attempts to find a set of
initial conditions most consistent with the observations over a certain period of time
as linked together with a forecast model. This goal is accomplished by defining a
cost function consisting of the weighted sum of the squares of the difference between
model solution and the observations; an attempt to minimize this cost function is

then carried out (see Fig. 1.1). Therefore, the 4-D variational data assimilation
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problem may be mathematically defined as
mUin J(U), (1.1)

where the cost function J(U) is defined as
JWU) =Jdo+ Jp+ Jp, (1.2)

where J,, J, and J, are the distance to the observations, the distance to the back-
ground and the penalty term which contains physical constraints applied to the
model state X, respectively [3, 83, 158, 214]. To perform a 4-D VDA over a time
period, one needs to find the model trajectory which minimizes the misfit between
model solution and the observations over the period, as well as the misfit to a guess
at the initial time. This initial guess Xg represents the best estimate of the model
state at the initial time, prior to any collection of observations at and after the initial
time. As in all the operational assimilation schemes, the initial guess )Zg represents a
summary of all the information on X accumulated before the initial time. A natural
distance for observational errors is the sum of weighted squares of the differences
between the model solution and the observations. For simplicity, we assume the cost

function is defined by

M
JU) = J,= =3 < W(CX, - X7),(CX, - X7) >, (1.3)
1=0

N —

where X; is the state variable vector at the i-th time level in a Hilbert space X
whose inner product is denoted by < -,- > using either an Euclidean norm or other
suitably defined norms such as an energy norm. M + 1 is the total number of time
levels in the time assimilation window [to, ] where ¢; and ¢; are the initial and final
times and W is a weighting function usually taken to be the inverse of the covariance
matrix of observation errors. The objective function J(U) is the weighted sum of

the squares of the distance between the model solution and available observations



distributed in space and time. )Z'f is the observation vector at the i-th time level,
while the operator C' represents a projection operator from the space of the model
solution X to the space of observations. The control variable U and the state vector

X satisfy model equations

a_)t( = F(X), (1.4)

B
X(to) =1, (1.5)

where t is the time, and F' € C? is a function of X , where C? denotes a set of twice
continuously differentiable functions.

It is worth noting that the control variable U may consist of initial conditions
and/or boundary conditions or model parameters to be estimated. For mesoscale
numerical weather prediction (NWP) models and for steady state problems the model
equations will be given by F ()Z' ) = 0. Once U is defined, Eq (1.4) has an unique
solution, X.

In order to determine or at least approximate the optimal solution of Eq. (1.1)
and therefore the optimal associate state of the atmosphere, we first have to set up
an optimality condition. A general optimality condition is given by the variational
inequality [116]

(VJ(U"),V =U") >0, (1.6)

for all V' belonging to a set of admissible control space U,; where V.J is the gradient
of the cost functional J with respect to the control variable U.
In the case where U,y has the structure of a linear space, the variational inequality
(1.6) is reduced to an equality
VJ(U") =0. (1.7)

The aforementioned 4-D VDA problem (1.1) usually can not be solved analyti-

cally. Fortunately standard procedures [108, 144] exist allowing us to solve it. Among
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the feasible methods for large-scale unconstrained minimization are (a) the limited
memory conjugate gradient method ([144, 173, 174, 189, 190]); (b) quasi-Newton
type algorithms ([46], [70], [155]); (c) limited-memory quasi-Newton methods such
as LBFGS algorithm ([117], [154]) and (d) truncated-Newton algorithms ([129], [130],
[131], [138], [185, 186]).

These procedures are iterative procedures, i.e. they start from an initial guess Uy,
find a better approximation U to optimal solution U in the sense of J(U;) < J(Uy),
and repeat this minimization process until a prescribed convergence condition is
met (see Fig. 1.2). A common requirement of all these procedures is the need to
explicitly supply the gradient of the cost function with respect the control variables.
The question is therefore: how to numerically determine the gradient VyJ? One
theoretical possibility would be to evaluate the components of V;.J through finite-
difference approximations of the form AJ/Auw;, where AJ is the computed variation
of J resulting from a given perturbation Au; of the j-th component w; of U. This
method has been put forward by Hoffman [85, 86, 87] for performing variational
assimilation. But it requires as many model integrations as there are components
in U. Its numerical cost would be totally prohibitive in most situations, especially
for NWP problems where the number of the components of the control variables is

bigger than 10°.

With present computer power, the only practical way to implement variational
assimilation is through an appropriate use of the so-called adjoint of the assimilation
model although it is still computational expensive. The adjoint model of a numerical
model basically consists of the equations which govern the temporal evolution of a
small perturbation imposed on a model equation, written in a form particularly
appropriate for the computation of the sensitivities of the output parameters of the
model with respect to input parameters [19, 20, 80, 103, 128, 232]. The use of

adjoint models is an application of the theory of optimization and optimal control
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Figure 1.2: Schematic representation of a minimization process, where ellipses are
the isolines of the cost function J, U0 is the initial guess, U is the optimal solution
and each arrow represents an iteration of the minimization process.

of PDEs, which has been developed in the last twenty years by mathematicians
[116], and which is progressively being applied to various research disciplines. The
principle for deriving adjoint models is based on a systematic use of the chain rule

for differentiation.

1.3.2 Description of the first order adjoint analysis

A cost effective way to obtain the gradient of the cost function with respect to
the control variables is to integrate the first order adjoint (FOA) model backwards
in time from the final time to the initial time of the assimilation window. The theory
and application of the FOA model is discussed by several authors, e. g. Talagrand
and Courtier [202] and Navon et al. [149]. In order to provide a self-contained
comprehensive dissertation and develop the second order adjoint (SOA) theory, we

briefly summarize the theory of the FOA model.

12



Let us consider a perturbation, U’, on the initial condition U, Eqs (1.4-1.5)

become
X+ X L
I(X +X) =F(X +X),
ot
- oF . 1., 0F? .
= F(X)+—=X+-X"—=X+0(|X]*, (1.8)
0X 2 0Xx2
X(to) + X(to) =U + U, (1.9)
where (-)* denotes the complex conjugate transpose, || - | denotes the Euclidean
norm or other suitably defined norm of “” and X is the resulting perturbation of

the variable X. Retaining only the first order term of Eq (1.8), one obtains

OX  OF
=X 1.1
X(ty) =U". (1.11)

Egs. (1.10)-(1.11) define the tangent linear model equations of Eqs. (1.4-1.5) and
are linear with respect to the perturbation U’ on the initial condition U. Eq. (1.10)
is called a tangent linear model because the linearization is around a time-evolving
solution, and therefore, the coefficients of the linear model are defined by slopes of
the tangent to the nonlinear model trajectory in phase space.

The Gateaux derivative d.J of the cost function in the direction of U’ is defined

by
J(U +aU") — J(U)

0J = lim , (1.12)
a—0 o
which can be expressed as
60 =VyJ- U (1.13)

Eq. (1.13) is, to the first order accuracy, the variation of the distance function J

due to the perturbation U’ on the initial condition U, i.e.

M
5] =3 <W(X, - X?), X; >. (1.14)

=0
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Using for example the Euler time differencing scheme one obtains from (1.10)

. 5 oF | -

OF | . &
= [I—i—At(—_,)Z]XZ
0X

! OF | . &
= I+ At(—=);] X 1.15
T+ i), 1% (115
where At is the constant time step, I is the unit matrix operator, (OF/ 0X ); rep-
resents the matrix OF/ 0X at the J-th time level, and H;-:o denotes the product of
1+ 1 factors.

Substituting (1.15) into (1.14) and using basic concepts of adjoint operators, we

obtain the following expression

oY OF L L
o = Y <AL+ At(—=) ]} W(X; — X7), Xo >
i=1 =0 0AX
+ < W(Xo — Xg), Xo > (1.16)

where ( )* denotes the adjoint of ( ). On the other hand, we have
5] =< VyJ, Xy > . (1.17)

Equating Eqs. (1.16) and (1.17), one obtains the gradient of the cost function with

respect to the initial conditions as

Vo = SATTI + At [ WK - X¢). (1.18)

i=0 j=0
The i-th term in (1.18) can be obtained by a backwards integration of the following

adjoint equation
_op _ oF
ot oX

from the i-th time step to the initial step, starting from

)P, (1.19)

Pi - W(XZ - X-O), (120)



where P represents the adjoint variables corresponding to X. It appears that M
integrations of the adjoint model, starting from different time steps tp;, tar—1 5 .oeo.. ,t1,
are required to obtain the gradient VyJ. However, since the adjoint model (1.19)
is linear, only one integration from t¢,; to to of the adjoint equation is required to
calculate the gradient of the cost function with respect to the initial conditions.

In summary, the gradient of the cost function with respect to the initial condition

U can be obtained by the following procedure:

1. Integrate the forecast model from ¢y to t); from initial condition (1.5) and store

in memory the corresponding sequence of the model states X, (1 =0, 1, ..... ,

M);

2. Starting from Py, = W()ZM — )Z'J?/,), integrate the “forced” adjoint equation
(1.19) backwards in time from ¢y to t, where a forcing term W (X; — X?)
is added to the right-hand-side of (1.19) at the i-th time step whenever an
observation is encountered. The final result P, is the value of gradient of the

cost function with respect to the initial condition,

Vud = F. (1.21)
It is worth noting that

1. When the observations do not coincide with model grid points, the model
solution should be interpolated to the observations, i.e., CX — X° should be
used instead of X — X in the cost function definition, where the operator C
represents the process of interpolating the model solution to space and time
locations where observations are available (i.e. C'is a projection operator from

the space of the model solution X to the space of observations).
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2. We note that the numerical cost of the adjoint model computation is about
the same as the cost of one integration of the tangent linear model, the latter
involving a computational cost of at most one integration of the nonlinear

model.

A continuous derivation of the gradient of the cost function is provided Chapter
3. In order to provide the readers with some practical examples and some insight
about the adjoint theory and the accuracies of the TLM, FOA and SOA models,
two examples, one linear and one nonlinear, are presented in Appendices A and
B, respectively. Both examples have exact solutions and thus exactly illustrate the

adjoint process.

1.4 The theme of my dissertation

This thesis is aimed at (a) carrying out a in-depth investigation of the feasibility
of the 4-D VDA applied to realistic situations; (b) achieving an improvement of the
existing large-scale unconstrained minimization algorithms. Toward this end, the
thesis first develops the SOA theory and a modified version of the truncated Newton
(TN) algorithm of Nash [134], secondly develops the SOA model of the shallow-water
equations model and finally derives the FOA model of the Florida State University
global spectral model (FSUGSM), thirdly conducts a series 4-D VDA experiments
and variational nudging data assimilation, and fourthly compares results of the 4-
D VNDA and optimal nudging assimilation to assess their ability to retrieve high
quality model initial conditions (i.e. physical initialization).

The first part of my thesis (Chapters 2, 3) focuses on the development of the
SOA theory and its application. The SOA model serves to study the evolution of
the condition number of the Hessian during the course of the minimization since

one forward integration of the nonlinear model and the tangent linear model and
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one backwards integration in time of the first order adjoint (FOA) model and the
SOA system are required to provide the value of Hessian/vector product. This Hes-
sian/vector product may then be used with the power method to obtain the largest
and smallest eigenvalues of the Hessian whose dimension is 1083x 1083 for our test
problem. The dimension of the Hessian will be more than 10° x 10° for 3-D primitive
equations models. If the smallest eigenvalues of the Hessian of the cost function
with respect to the control variables are positive at each iteration of the VDA min-
imization process, then the optimal solution of the VDA is unique. This statement
is proved to be true for the shallow water equations model (Subsection 2.4.2). The
variation of the condition number of the Hessian of the cost function with respect to
number of iterations during the minimization process reflects the convergence rate
of the minimization. It has been observed [149] that large scale changes occur in
the process of minimization during the first 30 iterations, while during the ensuing
iterations only small scale features are assimilated. This entails that the condition
number of the Hessian of the cost function with respect to the initial conditions
experiences a fast change at the beginning of the minimization and then remains al-
most unchanged during the latter iterations. The condition number can also provide
information concerning the error covariance matrix. The rate at which algorithms
for computing the best fit to data converge depends on the size of the condition
number as well as the distribution of eigenvalues in the spectrum of the Hessian.
The inverse of the Hessian can be identified as the covariance matrix that establishes
the accuracy to which the model state is determined by the data; the reciprocals of
the Hessian’s eigenvalues represent the variance of linear combinations of variables
determined by the eigenvectors [205]. The above mentioned Hessian/vector product
calculation strategy can be efficiently used in the truncated-Newton algorithm of
Nash [133], which is referred to as adjoint truncated-Newton algorithm (ATN). The
ATN differs from the truncated-Newton algorithm of Nash [134] only in the use of a
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more accurate Hessian/vector product for carrying out the large-scale unconstrained
optimization required in variational data assimilation. The Hessian/vector product
is obtained by solving an optimal control problem of distributed parameters and its
accuracy is analyzed and compared with its finite-difference counterpart. The ATN
is based on the first and second order adjoint (SOA) techniques allowing to obtain
a better approximation to the Newton line search direction for the problem tested
here. The ATN is applied here to a limited-area shallow water equations model with
model generated data where the initial conditions serve as control variables. We com-
pare the performance of the ATN algorithm with that of the original TN Nash [134]
method and the LBFGS method of Liu and Nocedal [117]. Our numerical tests yield
results which are twice as fast as these obtained by the TN algorithm both in terms
of number of iterations as well as in terms of CPU time. Further the ATN algorithm
turns out to be faster than the LBFGS method in terms of CPU time for the problem
tested.

The second part of my thesis (Chapters 3, 4) addresses the challenging issues
related to 4-D VDA application in NWP problems, i.e. the numerical feasibility
of 4-D variational data assimilation applied to complex NWP models. In order to
address these questions, I choose the FSUGSM as an experimental model, since it is
an operational model developed from the Canadian spectral model of the Recherche
en Prevision Numerique [40] by a research group led by Krishnamurti at Florida
State University. In the development of the FSUGSM from the Canadian model,
the primary effort has been directed at improving the physical effect parameteriza-
tions, adapting the model code to run efficiently on the NCAR Cray-1 computer and
developing post-forecast diagnostics [162]. The FSUGSM is a very complex model.
Developing its first order adjoint model and tuning the minimization algorithm to
perform adequately with a control variable vector of dimension 303104 constitute a

challenging task.
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In this part of the thesis the tangent linear model (TLM) is first developed and
then the the first order adjoint model (FOA) of the FSUGSM is developed by writing
the TLM backwards in time subroutine by subroutine. The accuracy of the TLM is
investigated by comparing its results with those produced by identical perturbations
introduced in nonlinear forecasts of the original model. The accuracy of the FOA is

verified by using a Taylor expansion.

Through different initial conditions and different scenarios of sets of observations
distributed in time, we demonstrate the efficiency of the 4-D VDA in extracting the
information contained in the dynamics of the model together with the information
contained in the observations. The conditioning is an important factor for an opera-
tional implementation. The dynamics of the model may lead to different reductions
of rms errors at different times and the loss of the conditioning of the problem, i.e.
the shape of the cost function can become strongly elliptic with respect to the non
optimal metric used and the gradient can even become almost orthogonal to the
direction of the minimum. The solution to this is a knowledge of the structure of
the Hessian of the cost function. It seems that the SOA application may constitute
an efficient way to to obtain additional information about the Hessian of the cost

function.

As mentioned before, an implicit assumption made in 4-D VDA is that the model
exactly represents the state of the atmosphere. However, this is clearly not true since
any model only approximately represents the state of the atmosphere. The nudging
data assimilation (NDA) addresses the imperfectness of the model by adding a non-
physical diffusion-type term to the model equations and thus relaxes the model state
towards the observations during the assimilation period (hence an equivalent name
for it is Newtonian relaxation [98, 99]). The NDA method is a flexible assimilation
technique which is computationally much more economical than the VDA method.

However, results from NDA are quite sensitive to the ad hoc specification of the

19



nudging relaxation coefficient, and it is not at all clear how to choose a nudging
coefficient so as to obtain an optimal solution.

Variational nudging data assimilation (VNDA) combines the aforementioned data
assimilation schemes in the most efficient way. It takes both the initial conditions
and the nudging coefficients as control variables and finds the best initial conditions
and optimal nudging coefficients iteratively. In Chapter 6, the VNDA is applied,
in the framework of 4-dimensional variational data assimilation (VDA), to a T42
version of the FSU global spectral model (FSUGSM) in its full-physics operational
form with 12 vertical layers. The technique is tested for its ability to obtain the
best initial conditions and optimal nudging coefficients. Results from the VNDA
indicate significantly better results and a faster convergence rate compared with the
VDA for our test problem when a nudging term is added to the model equations
and the nudging coefficients are optimally estimated using VDA in a parameter es-
timation mode. The humidity and all the different parameterizations of the physical
processes are not included in the adjoint model integration. Thus the calculation of
the gradients by the adjoint model is approximate since the forecast model is used
in its full-physics operational form. It is important to note that the approximate
gradient obtained from a simplified adjoint model is used in the experiments. It is
shown that it is possible to perform variational data assimilation of realistic forecast
models even before more complex adjoint models including diabatic processes are
developed. The resulting optimal nudging coefficients are then applied in nudging
data assimilation (thus the term optimal nudging data assimilation (ONDA)) [229].
Results of data-assimilation experiments involving estimated nudging assimilation,
ONDA and VDA are compared for their ability to retrieve high quality model initial
conditions (physical initialization).

Conclusions summarizing the main results of this thesis, their implications, limi-

tation and outstanding problems are presented in the last Chapter.
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CHAPTER 2
SECOND ORDER ADJOINT ANALYSIS: THEORY AND

APPLICATIONS

2.1 Introduction

The complete description of the initial atmospheric state in a numerical weather
prediction method constitutes an important issue. The four dimensional variational
data assimilation (VDA) method offers a promising way to obtain such a description
of the atmosphere. It consists in finding the assimilating model solution which min-
imizes a properly chosen objective function measuring the distance between model
solution and available observations distributed in space and time. The control vari-
ables are either the initial conditions or the initial conditions plus the boundary
conditions. The boundary conditions have to be specified so that the problem is well
posed in the sense of Hadamard. In most unconstrained minimization algorithms as-
sociated with the VDA approach, the gradient of the objective function with respect
to the control variables plays an essential role. This gradient is obtained through
one direct integration of the nonlinear model equations followed by a backwards
integration in time of the linear adjoint system of the direct model.

The knowledge of the structure of the Hessian of the cost function with respect to
the control variables is useful in many ways. For instance, the positive definiteness
of the Hessian implies the uniqueness of the solution, the Hessian/vector produc-
tion can be used implement truncated-Newton algorithms [134] and the eigenvalue
distribution and eigenvalue structure of the Hessian can provide useful information

for preconditioning unconstrained minimization algorithms [187]. In this chapter I
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will develop the SOA theory to study the evolution of the condition number of the
Hessian during the course of the minimization and to conduct the sensitivity analysis
of the cost function with respect to distributed observations.

The context of this chapter is outlined as follows: the theory of the SOA is
introduced in Section 2.2. In Section 2.3, we present a detailed derivation of the
SOA model of a two dimensional shallow water equations model. Quality control
methods for the verification of the correctness of the SOA model are discussed in
Subsection 2.3.1. Issues concerning uniqueness of the solution and the evolution of
the condition number of the Hessian during the course of the minimization as well
as issues related to the structure of the retrieved initial conditions are addressed in
Section 2.4. Section 2.5 is devoted to a sensitivity study of the solution with respect
to distributed inaccurate observations. Finally conclusions are presented in Section

2.6.

2.2 The second order adjoint model

2.2.1 Theory of the second order adjoint model

The forward and backwards integrations of the nonlinear model and its adjoint
model respectively, provide the value of the cost function J and its gradient. The
following question may then be posed: can we obtain any information about the
Hessian (second order derivative matrix) of the cost function with respect to the ini-
tial conditions by integrating the adjoint model equations? Once the Hessian/vector
product is available, the condition number of the Hessian may be obtained. This
condition number may then be used to study the convergence rate of the minimiza-
tion algorithms used in of VDA. We will show in this section that one integration
of the SOA model yields a Hessian/vector product or a column of the Hessian of

the cost function with respect to the initial conditions. Therefore, the SOA model
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provides an efficient way to compute the Hessian of the cost function by performing
M integrations of the SOA model where M is the number of the components in the
control variables. For a large dimensional model, obtaining the full Hessian matrix
proves to be a computationally prohibitive task beyond the capability of present
day computers. The SOA approach will be used to conduct a sensitivity analysis
of the observations in Section 2.5. We will also study the relative importance of

observations distributed at different space and time locations.

The original idea of the SOA theory was proposed by Le Dimet (personal com-

munication). Here we developed the SOA theory in a clearer and simple manner.

Assume that the model equations are given by Eqgs. (1.4) and (1.5). Let us define
the cost function as
1 T Lo oo
J(U):§ A <W((CX - X%),CX — X° > dt, (2.1)
where W is a weighting matrix often taken to be the inverse of the estimate of the
covariance matrix of the observation errors, 7' is the final time of the assimilation
window, the objective function J(U) is the weighted sum of squares of the distance
between model solution and available observations distributed in space and time,
X° is observation vector, the projection operator C' represents the process of inter-
polating the model solution X to space and time locations where observations are
available. The purpose is to find the initial conditions such that the solution of the
Eq. (1.4) minimizes the cost function J(U) in a least-squares sense. The FOA model
as defined by Egs. (1.19)-(1.20) may then be rewritten as

oP  OF e o
—5r = g/ PHOW(EX - X0), (2.2)

P(T) = 0. (2.3)
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where P represents the FOA variables vector. The gradient of the cost function with

respect to the initial conditions is given by (see Subsection 3.2.1)
Vud = Pl(t), (2.4)

Let us now consider a perturbation, U’, on the initial condition U. The resulting
perturbations for the variables X, P, X and P may be obtained from Eqs. (1.4)-(1.5)
and (2.2)-(2.3) as

OX  OF .
X(0)=U", (2.6)
OP  OF .  OPF ., o
—ar = (7) P+ [8)22)(] P+ C"WCX, (2.7)
P(T) =0, (2.8)

Egs. (2.5)-(2.6) and Egs. (2.7) and (2.8) are called the tangent linear and SOA
models, respectively.
Let us denote the FOA variable after a perturbation U’ on the initial condition

U by Py,yr, then according to definition

N

Py yur(to) = P(to) + P(to). (2.9)

Expanding Vi ¢vJ at U in a Taylor series and only retaining the first order term,

results in

Vo] =Vl + V2 -U +O(|U'1%) (2.10)
From Eq. (2.4), we know that
Vuivd = Pyiu(to), (2.11)
Combining Egs. (2.4), (2.9), (2.10) and (2.11), one obtains
P(ty) = V2] -U = HU', (2.12)

24



where H = V2] is the second derivative of the cost function with respect to initial
conditions.
If we set U' = e;, where e; is the unit vector with the j-th element equal to 1,

the j-th column of the Hessian may be obtained by
He; = P(t;) (2.13)

Therefore theoretically speaking, the full Hessian H can be obtained by M integra-
tions of Eqs. (2.7)-(2.8) with U" = e;,i = 1,..., M where M is the number of the
components of the control variables (the initial conditions u(tg), v(ty) and ¢(ty) in
our case).

In summary, the j-th column of the Hessian of the cost function can be obtained

by the following procedure (also see Fig. 2.1):

1. Integrate the model (1.4)-(1.5) and the tangent linear model (2.5)-(2.6) forward

and store in memory the corresponding sequences of the states X, and X, (7

3. Integrate the SOA model (2.7)-(2.8) backwards in time. The final value P(t,),
yields the j-th column of the Hessian of the cost function with respect to the

control variables.

2.2.2 The estimate of the condition number of the Hessian

Let us denote the largest and the smallest eigenvalues of the Hessian of the cost
function with respect to the control variables and their corresponding eigenvectors

by Amax, Amin, Vinax and Viin, respectively. Then the condition number of the Hessian
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is given by

K(H) = imf“ (2.14)

Considering the eigenvalue problem HU = AU and assuming that the eigenvalues

are ordered in decreasing order with |[A\;| > [\ >....... > |A\u|, an arbitrary initial

vector Xy may be expressed as a linear combination of the eigenvectors {U;}
i=1

If \; is an eigenvalue corresponding to the i-th eigenvector U;, m times multiplications

of the Hessian H to (2.15) result in,

i=1
where
Xm = H"X,. (2.17)
Factoring A" out, we obtain
X = A Zci(A—)mUi. (2.18)
i=1 1

Since A is the largest eigenvalue, the ratio (\;/A;)™ approaches zero as m increases

(suppose A1 # Ag). Therefore we may write
Xm = ATCIUM (219)

From (2.19) we observe that the largest eigenvalue may be calculated by

- jth component of X,

2.20
jth component of X,, ( )

This technique is called the power method [199]. We can normalize the vector X,
by its largest component in absolute value. If we denote the new scaled iterate by
X/, then

X1 = HX),, (2.21)
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and the method is called the power method with scaling. It yields an eigenvector
whose largest component is 1.

The main steps in the power method algorithm with scaling are:
1. Generate a starting vector Xj.

2. Form a matrix power sequence X,, = HX,,_1.

3. Normalize X, so that its largest component is unity.

4. Return to step (b) until convergence
X — Xyt <1076, (2.22)

is satisfied or a prescribed upper limit of the number of iterations has been attained.
The smallest eigenvalue of H may also be computed by applying the shifted
iterated power method to the matrix Z = z - I — H, where z is the majorant of the

spectral radius of H and [ the identity matrix.

2.3 The derivation of the second order adjoint model for the shallow

water equations model

In this section, we consider the application of the SOA model to a two dimensional
limited-area shallow water equations model. Our purpose is to illustrate how to
derive the SOA model explicitly.

The shallow water equations model may be written as

ou  Ou ou 0¢

v Ov ov 0¢

5= Y, Uay u oy’ (2.24)
96 0(ud)  O(ve)
ot Ox oy (2.25)



where u, v, ¢ and f are the two components of the horizontal velocity and geopo-
tential fields and the Coriolis factor, respectively.

We shall use initial conditions due to Grammeltvedt [75]

9(y - yo) + HQS@Chg(y - yo) <in 2mx

2D D L’

h = Hy + Hitanh (2.26)

where Hy = 2000m, H, = —220m, Hy = 133m, g = 10msec™2, L = 6000km,
D = 4400km, f = 107*sec™!, B = 1.5 x 10~ sec™'m~!. Here L is the length of the
channel on the 3 plane, D is the width of the channel and yo = D/2 is the middle of
the channel. The initial velocity fields were derived from the initial height field via
the geostrophic relationship, and are given by

g oh

- I 2.27
700 (2.27)
g Oh
==—. 2.28
U= T o (2.28)
The time and space increments used in the model are
Az = 300km, Ay = 220km, At = 600s, (2.29)

which mean that there are 21 x21 grid point locations in the channel and the number
of the components of initial condition vector (u, v, ¢)" is 1083. Therefore the Hessian
of the cost function in our test problem has a dimension of 1083x1083.

The southern and north boundaries are rigid walls where the normal velocity
components vanish, and it is assumed that the flow is periodic in the west-east
direction with a wave length equal to the length of the channel.

Let us define

X = (u,v,0)" (2.30)
ult + vg—z — fo+ %
F=—|uft+v+fu+3|. (2.31)
Aug) | O(vo)
ox + Jy
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Then Egs. (2.23)-(2.25) assume the form of Eq. (1.4). It is easy to verify that
O(u(- o(- u (-
W) 4o (Y- f()
8F v o(- O(v(- a(-
X O+ () ufd 4 2 o) . (2.32)
9(o() 9(o() ou()) 4 O(v())
Ox Oy Ox Jy

The adjoint of an operator L, L* is defined by the relationship
<LX)Y >=< X,L*Y >, (2.33)
where < -, - > denotes the inner product

< >://D--dD, (2.34)

where D is the spatial domain. Using the definition (2.34), the adjoint of (2.33) can

be derived as

o( O(v(- v o(-
R - 0RO R
oF * N (- O(u(: (-
B2l = O —f0 —pfd ) Bl (2.35)
o() () o) _ , 00
“ oz Ty U9z T V%y

Therefore the first order adjoint model with the forcing terms may be written as

ou* ou*  OJ(vu*)  Ov . 0o* o
5 = ( U o +v 8x+fv ¢8x)+Wu(u u®), (2.36)
o Ou Ot O(wt) 09" o
e (u 9 fu*—w o o ¢ o )+ Wy(v —v?), (2.37)
0" _ _(_ow _ov _ 0¢  0O¢ e
with final conditions
u(T) = 0, v(T) = 0, (T) =0, (2.39)

where P = (u*,v*, ¢*)" is the first order adjoint variable. W,,, W,, W, are weighting
factors which are taken to be the inverse of estimates of the statistical root-mean-
square observational errors on geopotential and wind components respectively. In

our test problem, values of W, = 10~*m~*s* and W,, = W, = 10~ %m~2s? are used.
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Now let us consider a perturbation, U’, on the initial condition for X, X (to).

The resulting corresponding perturbations for variables X and P, X = (4,0, (ﬁ)t and

P = (u,v,¢)!, are obtained from Egs. (2.23)-(2.25) and (2.36)-(2.39) as

ou o)  da  ou . 99
o~ o T T T e
oo, ov ., 9 Owd)  0¢
g~ gty = T o)
06 _ _ 01)  0(60)  0ud)  I(ve)

ot = o Ay o Ay )

with zero initial conditions, and

ou _ou 9O(vu)  _Ov 0o

ot —( “or y +U0x ox
ou* 8(@u*)+ L0009

ﬁax_ oy Y or ¢8x)+Wua’
0SS M 58w,
6 on o 0 0b
ot or 0Oy ox oy
L 8;;* - 178;*) + W,

with final condition

Therefore

P(to) = (a(t), 0(to), d(t0))" = HU',

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

where H is the Hessian of the cost function with respect to the initial conditions (the

control variables). Equation (2.47) gives the Hessian/vector product. If we choose
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U’ to be unit vector e; where the j-th component is unity and all other components
are zeros, then the corresponding column H; of the Hessian H will be obtained after

one integration of the SOA backwards in time.

2.3.1 The verification of the correctness of the first and the second order

adjoint models
It is very important to verify the correctness of the FOA and SOA codes. A

Taylor expansion in the Y direction leads to

—

v 2
J(E+at) = J(X) + oy 4 Lapd TG Ly, (2.48)
ox - 2 ke

where « is a small scalar, Y is a random perturbation vector which can be generated
by using the randomizer on the Cray-YMP computer and Yt denotes the transpose

of the vector Y. Equation (B.1) can be used to define two functions of «

JX +aY) - J(X
o) = L 6J(X2) I (2.49)
a5z Y
and )
J(X +aY) - J(X) - a2y
¢(a) = ( " )2 ﬁtagt,(;) S, (2.50)
50& Y —3)?2 Y
then for small o we have

Y(a) =1+ O(a), (2.51)
o(a) =1+ O(w), (2.52)

For values of o which are small but not very close to the machine zero, one should
expect a value of ¥(«) or ¢(«) approaching 1 linearly for a wide range of magnitudes
of a.

The experiment was performed using a limited area 2-D shallow water equation
model. The results are shown in Figure 2.2. It is clearly seen that for values of «

between 10°-107" unit values for 1(a) and ¢(«) are obtained. The correctness of

31



the gradient of the cost function and the correctness of the Hessian/vector product

have therefore been verified.

2.4 Second order adjoint information

2.4.1 Calculation of the Hessian/vector product

There are two practical ways to calculate the Hessian /vector product at a point X
associated with VDA. One way consists in using a finite difference method while the
other way is the SOA method. The finite-difference approach assumes the following

form (namely a difference between two adjacent gradient values)
flo) =VJ(X 4+aY) - VJ(X) = aHY + 0(a?), (2.53)

where Y is a random perturbation vector and H is the Hessian of the cost function.
A second way to obtain Hessian/vector product is to integrate the SOA equations

model backwards in time. According to Eq. (2.12), we also have
fla) =aHY, (2.54)

The computational cost required to obtain the Hessian/vector product is approx-
imately the same for both methods. The SOA approach requires us to integrate
the original nonlinear model and its tangent linear model forward in time once and
integrate the FOA model and the SOA model backwards in time once. The finite
difference approach requires the integration of the original nonlinear model forward
in time and the FOA model backwards in time twice. The computational costs for
integrating the tangent linear model forward in time, or the FOA model backwards
in time and the SOA model backwards in time once are comparable. However the
SOA model method gives an accurate value of the Hessian/vector product while the

finite-difference method yields only an approximate value, which can be a very poor
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estimate when the value « is not properly chosen. Figures 2.3, 2.4, 2.5 presents a
comparison between the first 50 components of Hessian/vector products at the opti-
mal point obtained by using both the SOA and finite-difference approaches for various
scalars « varying from 10, 3 to 0.01. It is clearly seen that the Hessian/vector product
obtained by using finite-difference approach converges to that obtained by SOA as the
scalar a decreases. With the SOA approach a more accurate result can be obtained
with a relatively large perturbation (o = 10), while the finite-difference approach is
much more sensitive to the magnitude of perturbations. When the perturbations are
large, say for a = 10, the finite-differencing approach yields no meaningful results
(Figure 2.3). When the perturbations are small, the finite-difference approach might
involve a subtraction of nearly equal numbers which results in the cancellation of
significant digits and the results thus obtained are an inaccurate estimate of the Hes-
sian/vector product. This is the case when the Hessian/vector product is estimated
at the initial guess point with a = 0.01 (Figure 2.6). Therefore it is much more

advantageous to use the SOA approach than to use the finite-difference approach.

The calculation of a Hessian/vector product is required in many occurrences.
For instance, Nash’s Truncated Newton method [130] requires the values of Hes-
sian/vector products. It may also be used to carry out eigenvalue calculations and

sensitivity analyses.

2.4.2 The uniqueness of the solution

An important issue related to VDA application is to determine whether the solu-
tion obtained is unique. If there is more than one local minimum, then the solution
obtained by the minimization process may possibly change depending on different

initial guesses.

There are two different but complementary ways to characterize the solution to

unconstrained optimization problems. In the local approach, one examines the rela-
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tion of a given point to its neighbour. The conclusion is that at an unconstrained
relative minimum point of a smooth cost function, the gradient of the cost function
vanishes and the Hessian is positive semidefinite; and conversely, if at a point the
gradient vanishes and the Hessian is positive definite, that point is a relative min-
imum point. This characterization has a natural extension to the global approach
where convexity ensures that if the gradient vanishes at a point, that point is global
minimum point.

The Hessian (the second order derivative of cost function with respect to the
control variables) is the generalization to E™ of the concept of the curvature of func-
tion, and correspondingly, positive definiteness of the Hessian is the generalization of
positive curvature. We sometimes refer to a function as being locally strictly convex
if the Hessian is positive definite in the region. In these terms we see that the second
order sufficiency result requires that the function be locally strictly convex at the
point X*.

A simple experiment was conducted to find out about the uniqueness of the
cost function with respect to the initial conditions using the shallow-water equations
model. The experiment is devised as follows: the model-generated values starting
from the initial condition of Grammeltvedt (Eq. (2.26)) are used as observations, the
initial guess is a randomly perturbed Grammeltvedt initial condition, and the length
of the assimilation is 10 hours. we know exactly what the solution is, and the value of
the cost function at the minimum must be zero. All the random perturbations used
in this chapter are from a uniform distribution. The limited memory quasi-Newton
method of of Liu and Nocedal [117] is used for all experiments in this chapter.

The symmetric version of the power and shifted power methods are used to obtain
the largest and smallest eigenvalues of the Hessian at each iteration. The results are
shown in Figures 2.7 and 2.8. The smallest eigenvalues at each iteration of the

minimization process are small positive numbers. The positiveness of the smallest
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eigenvalues implies positive definiteness of the Hessian, which in turn proves the

uniqueness of the optimal solution.

2.4.3 Convergence analysis

The largest and smallest eigenvalues and the condition numbers are considered
here. The purpose of this study is to provide an in-depth diagnosis of the conver-
gence of the VDA applied to a meteorological problem. The various scale changes
of different field retrievals with the number of minimization iterations of VDA have
attracted the attention of several researchers [149]. In this research work we will
attempt to provide an explanation of this phenomenon based on the evolution of the
condition number of the Hessian of the cost function with respect to control variables
[205]. It has been observed that in VDA large scale changes occur in the first few
iterations and small scale changes occur during the latter iterations in the process of
the minimization of the cost function.

The same experiment as described in section 4.2 was conducted again this time
to follow the quality of the retrievals initial conditions at different stages of the
minimization process. Figures 2.9-2.11 show the perturbed geopotential field and
the retrieved geopotential fields after 6 and 25 iterations, respectively. It can be
clearly seen that most of the large scale retrievals occur within the first 25 iterations
of the minimization process. The geopotential field retrieved after 25 iterations is
very similar to the one retrieved after 54 iterations at which stage the prescribed

convergence criterion
IVI (X < 107 x maz{1, || X}, (2.55)

is satisfied. This clearly indicates that the VDA achieves most of the large scale
retrievals during the first 25 iterations and that in the latter part of the minimization
process only small scale features are being assimilated. In this case by stopping the

minimization process prior to the cost function satisfying the preset convergence
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criteria, the expensive computational cost of the VDA process could be cut by more
than a half, while satisfactory results may still be obtained.

This in turn is related to the evolution of the largest and smallest eigenvalues of
the Hessian spectrum and thus to the change in the condition number of the Hessian
with the number of iterations (Figures 2.7, 2.8 and 2.12). From these figures we

observe

1. The smallest eigenvalues are positive at each iteration and remain approxi-
mately the same except for rather small changes during the first a few iterations

(Figure 2.7).

2. The largest eigenvalues decrease quickly during the first a few iterations of
the minimization process, then change only slightly for the next 15 iterations
and finally remain approximately the same until the convergence criteria are

attained (Figure 2.8).

3. The condition numbers of the Hessian/vector product at different steps of the
minimization vary in a way similar to the evolution of the largest eigenvalues
during the minimization process and they are around 83,000 in magnitude

which is very large (Figure 2.12).

We see now that most changes in the condition numbers occur during the early
stage of the VDA minimization process. This explains why large scale retrievals
occur during the first few (25-30) iterations of the minimization process.

The large condition numbers in the initial stage of the minimization imply that
the contour lines of the cost function J = constant are strongly elongated in the
parameter space [62, 73, 116, 123|, which explains the slow convergence rate of the
VDA process. The above experiment was carried out without adding either a penalty

or a smoothing term. The addition of such a penalty term, which is positive definite
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and quadratic with respect to the initial conditions, will definitely increase the con-
vexity of the cost function. Thus the addition of an adequate quadratic penalty term
adding additional information to the cost function changes the condition number of

the Hessian and speeds up the convergence of the VDA process.

2.5 Sensitivity analysis for observations

2.5.1 Sensitivity theory for observation

The cost function is also a function of the observations. Different observations
will result in different solutions. Due to the errors inherent in the heterogeneous ob-
servations, it is important to obtain the sensitivities of the cost function to changes in
the observations which quantify to what extent the perturbations in the observations
correspond to the perturbation in the solution. If the sensitivities are large, then the
model will possess a large uncertainty with respect to changes in the observations.

Conventional evaluation of the sensitivities with respect to model parameters is
carried out by changing the values of model parameters and recalculating each model
solution for every parameter. Such a calculation is prohibitive for models with a large
number of parameters since it requires an exceedingly large amount of computing
time. The adjoint sensitivity method [19, 20, 78, 79, 200] has proved to be an efficient
way for carrying out sensitivity analysis. The objective of the sensitivity analysis
considered here is to estimate changes in the cost function J arising from changes in
observations which are distributed in space and time. This will illustrate the relative
importance of observations at different time and space locations.

Assume that the operator C'in Eq. (2.1) is an unit operator. Due to the equivalent
position of the state vector and the observation vector in Eq. (2.1), the cost function

can be viewed as depending on both of them, namely
J=J(X - X°), (2.56)
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As such, the following identities can be proved using the chain rule:

0?J 0?J
8)22 — W, (258)

These two equations are used in the following sensitivity analysis.
Let us denote a change in the observations by §X°. If this change is small, then

we may expand the cost function J around X°ina Taylor series as

dJ(X(t,)) 53

J(X(t,) + 0X°(t) = J(X°(t,)) + ——= X(t,
(Rt + 08180 = (o)) + 255K )
1 o PI(XO(t)) . = .
+ 20X () L5 X (t,) + O(J0X()]1), (259
50X (tn) %o, (tn) + O(lo X (En)[]%),  (2.59)
According to the identities given by Eqs. (2.57) and (2.58), Eq. (2.59) can be written
as
. . . 0J(X°(t,)) . o
J(X°(t,) + 0X°tn)) =J(X°(t,)) — —=—50X"
(Rt + 6%7(0) = (o) = 252

1 oy, GO2J(XO(t))

+20X°(t,) T IOR, 5X°+ O(|6X°(t)|P),  (2.60)

2
where t,, denotes the time, t,, = to + nAt and At is given by Eq. (2.29). Since the
first order term in Eq. (2.60) dominates, we obtain from Eq. (2.60)

J= J(X°(t,) +6X°(t,)) — J(X°(t,))

I (X°(tn))

= T X O I (2.61)

This equation describes changes in the cost function resulting from changes in the
observation at time t,,.

If the gradient of the cost function with respect to the state vector X(¢,) is zero,
then we obtain

J = J(XO(t) + 6X°(t,)) — J(X°(tn))

L 2o, 102 (X7(t0)

= Z8X°(t,) oXG )g 5X°+ O(||6X°(t)|°), (2.62)

2
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where the second derivative of J with respect to the observations is the Hessian of J
with respect to the state variable at time t¢,,. Equation (2.62) describes the changes
in the cost function resulting from a change in the observation at time t,,.

The gradient 0.J(X°(t,))/0X (t,) of the cost function with respect to the state
variable X (t,,) is the value of the first order adjoint variable at time ¢,. The Hessian
B2J(X°(t,))/0X (t,)? of the cost function with respect to the state variable X (t,,)
is not required. Only the Hessian/vector product [92J(X°(t,))/ X (t.)?X(t,) is
required and it may be obtained using an integration of the second order adjoint
model Egs. (2.7) and (2.8).

In summary, the perturbation in the cost function resulting from a perturbation
in the observations at the time ¢, may be obtained by performing the following
operations provided the gradient of the cost function with respect to the state vector

X(t,) does not vanish.

1. Generate a perturbation on the observation at time ¢,;

2. Calculate the gradient of the cost function with respect to state variable X (t,,),

i.e. starting from Py = W (X, —X']OVI), integrate the “forced” adjoint equation

aF — —
P=[+ At(ﬁ)*]ﬂ“ +W(X; — X7), (2.63)

i

backwards in time from ¢,; to t,,. The final result P, is the gradient of the cost

function;

3. Use equation (2.61) to obtain the corresponding perturbation in the cost func-

tion resulting from the perturbation in the observations at time t,,.

If the gradient of the cost function with respect to the state vector X (t,) is close

to zero, then we modify the last two steps as
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1. Calculate the Hessian/vector product [02J(X°(t,))/0X (t,)%X°(t,). That is
to integrate the second order adjoint model Egs. (2.7) and (2.8) backwards in

time from ¢,/ to t,. The final result P, is the required Hessian /vector product;

2. Use equation (2.62) to obtain the corresponding perturbation in the cost func-

tion resulting from the perturbation in the observations at time t,,.

It is worthwhile noting that we need not integrate the FOA equations repeatedly
to obtain the gradient of the cost function with respect to th. We need only to
integrate the FOA equations backwards in time starting from ¢, to ¢,, and store the
FOA variable at each iteration in memory. The final value is the gradient of the
cost function with respect to the state variables at time ¢,,. Once these gradients are
calculated, they need not be recalculated. They can be used repeatedly to calculate

the perturbations in the cost function for different perturbations in the observations.

2.5.2 Numerical results from model generated data

A sensitivity study was conducted by using the same model as described in Section
3 and the sensitivity calculations were carried out using formula (5.7) at the end of the
variational data assimilation. First we choose a point (x5, y19) in the assimilation
window where 15 = xo + 15Az and y19 = yo + 10Ay. Suppose a 1% perturbation
in the observations occurs only at this point for the two components of the wind
velocity field and the geopotential field. The variation of the resulting perturbations
in the cost function as a function of the number of time steps is displayed in Figure
2.13 (solid line). The results indicate that the changes in the cost function with
respect to the changes in the observations at a fixed point are different for different
times in the window of assimilation. If perturbations are imposed first only on the
u—wind component, then only on the v—wind component and then only on the

geopotential field ¢, the corresponding perturbations in the cost function exhibit
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different variations with time as shown in Figure 2.13 by the dotted line, dashed line
and dash-dot line, respectively. This figure indicates also that perturbations in the
observed geopotential field have more impact on the cost function than these in the
observed velocity field. The changes in the cost function arising from changes in the
u-wind component and v-wind component observations are close to zero at all times.

Similar experiments conducted at different grid points yielded similar results.

In order to study the importance of observations at different space locations,
three different points are chosen. They are located at (zs5,v15), (Z10, Y10), (15, Y5),
respectively, representing low, middle and high points in the isoline values of the
geopotential field. From Figure 2.14 we observe that changes in the magnitudes of
the cost function at the three points behave in a similar pattern and the sensitivities

at the three points differ dramatically at the beginning of the assimilation window.

Finally, we study the impact of the perturbations on all the observational data.
The results are displayed in Figure 2.15. This figure clearly indicates that perturba-
tions of the observations at the beginning of the window of assimilation have a larger

impact on the sensitivity of the cost function with respect to the observations.

Presented in Table 1 are sensitivities (the column labeled “Predicted change”) of
the cost function due to 1% changes in the observations at the beginning of the assim-
ilation window and the corresponding actual changes (the column labeled “Actual
change”) obtained by rerunning the model after actually varying the observations
by 1%. The good agreement obtained between the actual and predicted changes as
shown in Table 1 provides evidence as to the adequacy of the numerical method used

to obtain these sensitivities.
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2.5.3 Numerical results using real analysis of First Global Geophysical

Experiment (FGGE) data
In order to examine the sensitivity of the cost function with respect to real
analyses, we employed a set of FGGE data of height and horizontal wind fields
at 500mb level at 0 and 18UTC, May 26, 1979. The data are equally spaced with
AN = A¢p = 1.875°. Using the formula

o) = Ly gy = RV, (2.64)
X
>\(I> = 0! COS ¢(J) + >\07 (265)

we obtain a correspondence between points on the sphere and grid points located
on a limited area on a f—plane approximation at (32°,130°), which approximately
represents the center of the zonal jet. Using a cubic interpolation we obtained the
height and horizontal wind data on the grid points. Then we carried out another
cubic interpolation near the left boundary in order to impose a periodic boundary
condition in the z-direction. Near the top and bottom boundaries we used a linear
interpolation to impose solid boundary conditions. The fields thus obtained are
shown in Figure 2.16.

The geopotential and wind fields at time QUTC were used to produce the model-
generated observations. The minimization started from geopotential and wind fields
distribution at time 18UTC. The difference between these two fields is shown in
Figure 2.17. Having the model generated observations, the minimization should be
able to reduce the value of the cost function as well as the norm of its gradient, and
the retrieved differences should be zero. This turns out to be the case.

The sensitivity calculations were carried out using formulas (2.61) plus (2.62) at
the beginning of the variational data assimilation. From Figure 2.16, we note that
meteorologically intensive events occur at the center area of the limited-area domain

while fewer such events occur at the corners of the limited-area domain. We choose
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two points (z10,¥10) and (z7,ys), which are located in the center and in the left
bottom corner of the limited-area domain, respectively. We then introduced a 1%
perturbation in the geopotential and wind fields at these two points. The variations
of sensitivities of the cost function with the number of time steps in the window of the
assimilation are displayed in Figure 2.18, the solid line corresponding to sensitivity
at the point (x19,y10) and the dotted line to sensitivity at the point (z7,ys). Clearly
the sensitivity of the cost function with respect to observations at point (z10, y10)
is larger than that at the point (z7,ys). This confirms that the cost function is
more sensitive to observations at points where intensive events occur. It also means
that the accuracy of observations at locations where intensive events occur has more

impact on the quality of the VDA retrieval.
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2.6 Conclusions

In this chapter, a SOA model was developed, providing second order information.
The coding work involving in obtaining the SOA model is rather modest once the

FOA model has been developed.

One integration of the SOA model yields an accurate value of a column of the
Hessian of the cost function with respect to the control variables provided the per-
turbation vector is a unit vector with one component being unity and the rest being
zeros. Numerical results show that the use of the SOA approach to obtain the
Hessian/vector product is much more advantageous than the corresponding finite-
difference approach, since the latter yields only an approximated value of the Hes-
sian/vector product which may be a very poor approximation. The numerical cost
of using the SOA approach is roughly the same as that of using the finite-difference
approach. This application of the SOA model is crucial in the implementation of
the large-scale truncated Newton method, which was proved to be a very efficient
algorithm for large-scale unconstrained minimization [225].

Another application of the SOA model is the calculation of eigenvalues and eigen-
vectors of the Hessian. There are several iterative methods such as the power,
Rayleigh quotient or the Lanczos method [199], which (combined with deflation)
require only information of the Hessian multiplied by a vector to calculate several
dominant eigenvalues and their respective eigenvectors. Such a calculation using the
power method is presented in this chapter and reveals that most changes in the largest
eigenvalue of the Hessian occur during the first few iterations of the minimization
procedure, which may explain why most of large-scale features are retrieved earlier
than the small scale features in the VDA retrieval solution during minimization [149]
while the positiveness of the smallest eigenvalues of the Hessian of the cost function

during the minimization process indicate the uniqueness of the optimal solution.
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We also examined the sensitivity of the cost function to observational errors using
a two dimensional limited-area shallow water equations model. We found that the
sensitivity depends on the time when the errors occur, the specific field containing
the errors, and the spatial location where these errors occur. The cost function is
more sensitive to observational errors occurring at the beginning of the assimilation
window, to errors in the geopotential field, and to errors at grid point locations where
intensive events occur.

Sensitivity analysis using balanced perturbations will be reported later where we
pay special attention to the spatial scale of the perturbations. Further research on
the issue of calculating the inverse Hessian multiplied by a vector is currently under
consideration, the latter being of crucial importance for developing a new efficient

large-scale unconstrained minimization algorithm.
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Figure 2.1: Schematic flowchart of the relationships between the model equations
and the adjoint equations. The gradient VJ and the Hessian/vector product GU’
are obtained by integrating the FOA and SOA models, respectively.
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Figure 2.2: Verifications of the correctness of the gradient calculation (dotted line)
and Hessian/vector product calculation (solid line) by FOA and SOA models, re-
spectively.
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Figure 2.3: The first 50 components of the Hessian/vector products at the optimal
solution obtained by the finite-difference approach (dash line), and the second order
adjoint method (solid line) when o = 10
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Figure 2.4: Same as Figure 2.3 except a = 3.
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Figure 2.5: Same as Figure 2.3 except a = 0.01.
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Figure 2.6: Same as Figure 2.5 except at the initial guess point.
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Figure 2.7: Variation of the smallest eigenvalue of the Hessian of the cost function
with the number of iterations.
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Figure 2.8: Variation of the largest eigenvalue of the Hessian of the cost function
with the number of iterations.
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Figure 2.9: Distribution of the randomly perturbed geopotential field.

Figure 2.10: Reconstructed geopotential field after 6 iterations of minimization.
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Figure 2.11: Reconstructed geopotential field after 25 iterations of minimization.
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Figure 2.12: Variation of the condition numbers of the Hessian of the cost function
with respect to the number of iterations.
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Figure 2.13: Time variation of the sensitivities of cost function J to 1% observational
error in the v-wind component (dashed line), the u-wind component (dotted line
which coincides with the dashed line), the geopotential field ¢ (dash-dotted line
which coincides with the solid line) and in all the three fields (solid line) at point

($157 ylo)-
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Figure 2.14: Time variation of the sensitivities of cost function J to 1% observational
error at points (19, y10) (solid line) (x5, y15) (dotted line), and (x5, y5) (dash line)
in the wind and the geopotential fields.
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Figure 2.15: Time variation of the sensitivities of cost function J to 1% observational
error on all grid points in the wind and the geopotential fields.
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Figure 2.16: Distribution of (a) the geopotential and (b) the wind fields for the
First Global Geophysical Experiment (FGGE) data at OUTC 05/26, 1979 on the

500mb. The contour intervals are 200m?/s? and the magnitude of maximum vector
is 0.311E4+02m/s.
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Figure 2.17: Distribution of the difference fields of the geopotential (a) and the wind
(b) fields at 18UTC and OUTC on 500mb between 18UTC and OUTC times. The con-
tour intervals are 100m?/s* and the magnitude of maximum vector is 0.210E+02m/s.
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Figure 2.18: Time variation of the sensitivities of the cost function J to 1% obser-
vational error in the wind and the geopotential fields at grid points (x19,y10) (solid
line) and (x7,ys) (dotted line).
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Table 2.1: A comparison between the actual and predicted changes due to identical
perturbations at specified locations at the beginning of the assimilation window.

Location where Specific perturbations | Predicted Actual
perturbations are given | at the given location | change change
(215, Y10) 1% on u, v and ¢. 100.1707 100.2702
(215, Y10) 1% on wu only. 0.7124 0.7328

(215, Y10) 1% on v only. 0.0633 0.0652

(215, Y10) 1% on ¢ only. 99.1629 99.2294
(210, Y10) 1% on u, v and ¢. 120.4539 120.2349
(x5, Y15) 1% on u, v and ¢. 144.5532 144.3873
(215, Ys5) 1% on u, v and ¢. 88.4600 88.4590

All points. 1% on u, v and ¢. 105860.5213 | 105867.8337
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CHAPTER 3
THE ADJOINT TRUNCATED NEWTON ALGORITHM FOR

LARGE-SCALE UNCONSTRAINED OPTIMIZATION

3.1 Introduction

The issue of variational 4-dimensional data assimilation (VDA) applied to the
shallow water equations (SWE) model has been the subject of several recent re-
search papers such as [34], [108], [218], [225], [227], [228] etc. In Chapter 2, we
introduced the SOA theory and applied it the SWE model. It was found that the
Hessian/vector product obtained by using the SOA approach is more accurate than
the finite difference approach and the convergence rate is slow.

Newton descent methods have never been used in a realistic large-scale optimal
control of distributed parameters problems due to the fact that computation and
storage of the Hessian matrix are too costly to be practical. Among feasible methods
for large-scale unconstrained minimization are (a) the limited memory conjugate
gradient method ([144], [190]); (b) quasi-Newton type algorithms ([46], [70], [155]);
(c) limited-memory quasi-Newton methods such as LBFGS algorithm ([117], [154])
and (d) truncated-Newton algorithms ([49, 131, 133, 134, 137, 185, 186]).

The TN algorithm can be applied to many problems such as to the above uncon-
strained minimization problem (Eq. (2.1)) and to parallel minimization problems
([135], [136]). The main purpose of the present work is to propose a modified version
of the truncated-Newton (TN) algorithm of Nash [134] which uses the SOA tech-

nique to obtain a more accurate Hessian/vector product required in calculating the
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Newton line search direction and to compare the numerical results obtained by the
ATN algorithm with these obtained by the TN algorithm of Nash [134] as well as by
the LBFGS algorithm [117]. The ATN algorithm is only useful for optimal control
problems where adjoint model codes exist or could be easily derived.

The truncated-Newton algorithms attempt to blend the rapid (quadratic) conver-
gence rate of classic Newton method with feasible storage [134] and computational
requirements [137] for large-scale unconstrained minimization problems. When these
algorithms are used for the large-scale unconstrained minimization [227], the Hes-
sian/vector product is usually obtained by applying a finite-difference (FD) approx-
imation technique to the gradient of the cost function with respect to the initial
conditions, while the gradient is calculated by using the first order adjoint (FOA)
technique. Other alternatives for obtaining the Hessian/vector product such as auto-
matic differentiation ([55], [69]), analytical evaluation and higher order FD approxi-
mations exist. However, they are either not feasible for this optimal control problem
applied to VDA or are too costly to apply.

We will introduce in Section 3.2 the FOA and the SOA techniques used in the
VDA to obtain a more accurate Hessian/vector product. In Section 3.3 we present
numerical results obtained by using the ATN algorithm , and compare them with
the results obtained by using the limited memory quasi-Newton algorithm of Liu
and Nocedal [117] and the truncated-Newton algorithm of Nash [134]. A detailed
discussion concerning the accuracy of the FD approximation of the Hessian/vector
product and the sources of error related to this approximation is provided. Conclu-
sions as well as topics for further research related to the ATN approach are presented

in Section 3.4.
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3.2 The adjoint Newton algorithm

3.2.1 Description of the first and second order adjoint theories

For a perturbation U’ on the initial condition U in Eq. (1.5), the exact evolution
of the resulting solution due to the initial perturbation U’ is given by the difference,
X, — X1, between the two solutions of the model Eq. (1.4) with initial conditions
X1(to) = U and X,(ty) = U + U, respectively. The tangent linear variable defined
by Egs. (1.10)-(1.11) only yields a second order approximation, with respect to U’,
to the exact evolution of the perturbation due to this perturbation U’. The Gateaux
derivative, < VyJ,U" >, of the cost function J is given by

t - = N
0] =< VyJU' >= [ <W(CX — X°),CX > dt, (3.1)

to

To exhibit the linear dependence of §J with respect to U’ and consequently in
order to compute the gradient of J, we introduce the adjoint variable P. Taking the

inner product of Egs. (1.10) with —P and integrating between times ¢, and t; gives

fi X fi F .
cp X - / < r %% (3.2)
to at to aX

Integrating by parts, one obtains

. . t . OP
< —P(ty), X(ty) >+ < P(tg), X(to) > + A ! < X,%—t >
t F R
[T % s ar, (3.3)
to (9X
or
< —P(ty), X(ts) > + < P(to), X (to) >
iy ~ 0P oF
= X — Y | = *P 4
J R S R (3.4)
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Now let us define P as being the solution of

OP  OF \ . .o
—5 = (a_)?) P+ C*W(CX — X°), (3.5)
P(ty) =0, (3.6)

Then from Eq. (3.1) one obtains
8J(U,U") =< VyJ, U >=< U’ P(ty) > (3.7)

and

Vi J = Plty). (3.8)

Therefore the gradient of the cost function is obtained by a backwards integration
of the adjoint system (3.5-3.6). The dependence of J on the initial condition U is
implicit via X.

It is important to realize that the TLM defined by Egs. (1.10)-(1.11) is only
second order accurate except when the original model equations Eq. (1.4) are linear.
Although the TLM is used to derive Eq. (3.8), Eq. (3.8) is exact since there is
no TLM variable in the FOA model defined by Eqs. (3.5 and 3.6). This point is
illustrated in Appendix B by using a simple nonlinear model.

For the perturbation U’ on the initial condition U, the resulting perturbation on

the variable P, P, may be obtained from Egs. (3.5)~(3.6) as

) - _— )
38_1;’ _ (%) P4+ [2;)(] P+ CWCX, (3.9)

~

P(t;) =0. (3.10)

Egs. (3.9) and (3.10) define the SOA model of Egs. (1.4) and (1.5).
Let us denote the FOA variable after a perturbation U’ on the initial condition

U by Py4ury, then according to the definition

~

Puiury(to) = P(to) + Plto). (3.11)
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Expanding V¢ J around U in Taylor series and retaining only the first order terms,

results in
* 83 J(&O)

, 1
Vosvd =Vyd + VzUJ U+ =(U) BliE

2

U, (3.12)

where V#.J is the Hessian matrix of second derivatives of the cost function with
respect to the initial condition and 5}'] is a point in the interval [U, U + U’]. From Eq.
(3.8), we know that

VU+U/J == P(U+U’) (to) (313)
Using Eq. (3.8) and Egs. (3.11)-(3.12), one obtains

0°J (&)
ouU3

. 1
ViJ U = P(ty) — 5(U’)* U, (3.14)

where G = V#J. Therefore the error in a SOA approximation is proportional to

1o,

3.2.2 The adjoint truncated-Newton method.

We provide a brief description of the ATN algorithm which differs from the TN
algorithm ([134], [137]) only in the Hessian/vector calculation required for solving

the Newton equations at the k-th iteration
Grdy = G, (3.15)

where (G is the Hessian of the cost function, d; is the linear search direction and
g, =VJ (ljk) is the gradient of the cost function with respect to the initial conditions.
For a complete description of the TN algorithm, see Nash [134] and Appendix C.
The main steps of the ATN algorithm are as follows:
(1) Choose Up, an initial guess to the minimizer U* and set the iteration counter

to k=0.

62



(2) Test Uy for convergence. If the following convergence criterion is satisfied
gkl < 1077 - [|goll, (3.16)

then stop. Otherwise continue.

(3) Solve approximately the Newton Eqs. (3.15) using a preconditioned
modified-Lanczos algorithm where the Hessian/vector product is obtained
using a backwards integration of of the SOA model given by Egs. (3.9) and
(3.10).

(4) Set k =k + 1 and update
(jk+1 = ﬁk + OékCZ;f, (317)

where «y, is the step-size obtained by conducting a line search using Davi-
don’s cubic interpolation method [46]. Go to step 2.

The computational cost required to obtain the Hessian/vector product is similar
for both the FD approach and the SOA approach. The SOA approach requires us to
integrate the original nonlinear model and its tangent linear model forward in time
once and integrate the FOA model and the SOA model backwards in time once.
The FD approach requires the integration of the original nonlinear model forward
in time and the FOA model backwards in time twice. The computational costs for

each model integration are comparable.

3.3 Numerical results obtained using the adjoint truncated-Newton

algorithm.

In this section we display numerical results obtained by applying the ATN algo-

rithm for the large-scale unconstrained minimization of the functional in the VDA
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and compare the results obtained by the ATN algorithm with these obtained by both
the TN and the LBFGS algorithms.

3.3.1 Application of the adjoint truncated-Newton algorithm to varia-

tional data assimilation

A simple experiment was conducted applying the ATN algorithm to minimize
the cost functional J given by Eq. (2.1) in the VDA using the SWE model. The
experiment is devised as follows: the model generated values starting from the ini-
tial condition of Grammeltvedt [75] are used as observations, the initial guess is a
randomly perturbed Grammeltvedt initial condition, and the length of the time as-
similation window is 10 hours. We know the exact solution, i.e. that the value of the
cost function at the minimum must be zero since we must retrieve the original initial
conditions. The ATN algorithm described in Section 3.2.2 is used here for large-scale
unconstrained minimization in the VDA experiment. The maximum number of con-
jugate gradient inner-iterations (MCGI) allowed for each ATN iteration is chosen as
50. The number of BFGS corrections that is to be stored in memory is denoted by
M.

Computations were performed on the CRAY-YMP supercomputer at the Su-
percomputer Computations Research Institute in Florida State University. All the
routines are coded in single precision FORTRAN. The runs were made on the CRAY-
YMP supercomputer, for which the relative machine precision € is approximately
107, The variation of the objective function scaled by its initial value (J/Jy) as
well as that of the norm of the gradient also scaled by its initial value (||g]|/||gol|)
as a function of the number of iterations are displayed in Figure 3.1, respectively.
Figure 3.1 shows that after 16 minimization iterations the value of the cost func-

tion and the norm of the gradient were reduced by 10 and 6 orders of magnitude,
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respectively. At this stage the prescribed convergence criterion given by Eq. (3.16)
is satisfied. The CPU time used by the ATN algorithm is 10.817s. The rms error,
\/m , between retrieved geopotential field ¢, after 16 iterations and the
unperturbed geopotential field ¢, is 0.9069m?/s®> which is 3 orders of magnitude
smaller than that of the perturbations, where N is the number of components in ¢,..
We conclude therefore that the ATN algorithm performs well both in terms of CPU

time and the number of iterations.

3.3.2 Numerical results

In this section we compare the numerical behaviour of the ATN unconstrained
minimization algorithm with those of other robust large-scale unconstrained mini-
mization methods. The methods tested are:

(1) TN-the truncated-Newton method of Nash ([132], [134]).

(2) LBFGS-the limited memory quasi-Newton method of Liu and Nocedal [117].

The test problem is the same as that described in section 3.3.1. Computational
efficiency and accuracy were used as leading criteria. For the ATN, TN and LBFGS
algorithms, the same convergence criterion as set by Eq. (3.16) is applied. The
numerical results obtained are displayed in Table 3.1.

The first column displays the unconstrained minimization algorithms tested. The
second column displays the parameters used for each algorithm. The third, fourth
and eighth columns record the number of iterations (Iter.), the number of function
calls (NFC), and the CPU time in seconds required to satisfy prescribed convergence
criteria, respectively. The fifth column records the total number of conjugate gra-
dient iterations (NCG) used to determine the Newton descent directions. The next
two columns display the scaled cost function (Ji/Jy) and the scaled gradient norm

(1gk|l/llgoll) at the end of the assimilation process, respectively.
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Both the ATN and TN algorithms obtain the Newton descent direction by solving
approximately the Newton equations using a truncated conjugate gradient algorithm.
They only differ in the calculation of the Hessian/vector product. However their
relative performances turn out to be dramatically different. Table 3.1 indicates that
for different MCGI allowed for each inner iteration, the ATN algorithm outperforms
the TN algorithm. When MCGI is 5, the TN algorithm stopped without satisfying
the prescribed convergence criterion. When MCGI is 4, the TN algorithm required
three times the CPU time used by the ATN algorithm to satisfy the same convergence
criteria. In terms of CPU times the ATN, TN and LBFGS algorithms yield optimal
results when MCGI is 4 and 3 and M is 5, respectively. In this case the CPU time
required by ATN algorithm is about half of that required by either the TN or the
LBFGS algorithms.

If we relax the convergence criterion given by Eq. (3.16) by two orders of mag-
nitude, then the ATN, TN and LBFGS algorithms require 8, 16 and 55 iterations
and take 5s, 8s and 6s of CPU time to converge where we used MCGI=50 for the
ATN and TN and M=5 for the LBFGS, respectively. Therefore even for the relaxed
accuracy requirement the ATN algorithm performed slightly better than the LBFGS
algorithm in terms of CPU time required to satisfy the convergence criteria.

Let us define the degree of nonlinearity of the cost function at U as
DN(U) = (J(U) = [J(U*) + p'VJ(T*) + 0.5p'V> T (T)p)) /lIp|*, (3.18)

where U is a point between the starting point U, and the solution U L p= U-U*

and p' denotes the transpose of p. DN ((j ) gives a measure of the size of the third

derivative or a deviation from quadratic behaviour (see Nash and Nocedal [137]).
For our test problem we noticed that DN (U) increases from 1.7E —7 to 4.7E +12

as U approaches U* from the starting point. Therefore we may classify our test prob-

lem as a highly nonlinear problem near the solution. Then it is not surprising that
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the LBFGS algorithm outperforms the TN algorithm in terms of CPU time (Ta-
ble 3.1) if we take into account Nash’s observation that for most of highly nonlinear
problems, the LBFGS algorithm performs better than the TN algorithm [134]. Our
point is that even in this case, if we use a more accurate line search direction in the
TN algorithm, the TN can outperform the LBFGS as the ATN does for the particular
optimal control problem tested here.

Therefore we conclude that the ATN algorithm turns out to be the most accurate
and robust amongst the large-scale unconstrained minimization algorithms tested in

terms of both CPU time and number of iterations for the specific problem tested here.

3.3.3 An accuracy analysis of the Hessian/vector product.

The Hessian/vector product G U’ for a given U’ required by the inner conjugate
algorithm of the ATN algorithm is obtained by the SOA technique where the vector
U’ serves as the initial condition for the TLM model. The Hessian/vector product
GrU’ of the TN algorithm is obtained by the following FD approximation GU’|rp

(U + hU") — §(T)

GyU'|lrp = A ;

(3.19)

where G, is the Hessian matrix at the k-th outer iteration, h = \/e x (14 [|Tx) is
the differencing parameter, where € is taken to be the machine precision [134], and
the computed gradients §(U, + hU’) and §(Uy) are obtained by using Eq. (3.8).

In order to consider the accuracy of the FD approximation with respect to the
differencing parameter h, we assume h € [Rpin, Pmaz] Where Ry, and Ry, are taken
to be the machine accuracy € and 103, respectively, such that the interval [Pomins Pomaz]
contains all reasonable sequences of differencing parameters.

Although a FOA integration yields an exact gradient of the cost function with

respect to the control variables, when a computer is used to calculate the gradient
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there is always computational errors involved. Let a positive quantity ¢y denote an
error bound on the absolute error in the computed gradients of the cost function using
Eq. (3.8) at Uy and Uy, 4+ hU’. It will be assumed throughout this chapter that the
value of € at the given point is available; an effective technique for computing € is

given by Hamming [82].

So one has
a(U,) = §(U) + boeo, (3.20)
G(Uy, + hU") = §(Uy + hU") + 01, (3.21)

where |6p] < 1 and |#;] < 1. Using a Taylor series expansion, one obtains

I 0g(U) i)
U, +hU") = U +h U + U U +
§(Us ) §(Uk) o, 5 ( )" o0
=77 / h'2 82 (5) /

where G U'|; = [0§(U,)/0U,|U" denotes the true value of the Hessian /vector product
and £ is a point in the interval [Uy, Uy + hU'].
Solving for G\ U’|; from Eq. (3.22) and using Egs. (3.21) and (3.20), one obtains

—

G0+ hU") = G0 0 058

GyU'|; = . -5 2 o0
U+ hU) = §(Ok) | (o —0)e  h ., 0
= - + 2(U) oz U (3.23)

where —h(U")*[0%§(€)/0UR)U’ /2 is the truncation error and (6 — y)eo/h is the con-
dition error [70]. Combining Eqs. (3.19) and (3.23), one obtains

—

(90 —91)60 h 82 ( )

GkU’|t:GkU/‘FD+?—2(U) o0 k (3.24)
According to Eq. (3.14)
(D)
GpU'ly = GyU'|s0a — §(U) o U, (3.25)
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where GU’|s04 denotes the Hessian/vector product obtained by using the SOA tech-
nique. Since G,U’|; and 83.J(&,)/0UP are not available, one can not calculate the over
all errors in both SOA and finite-difference approximations. However one may inves-
tigate the truncation and condition errors by looking at the difference between the

GkU/|SOA and GkU/|FD>

GrU'lsoa — GxU'|pp =

(90 - ‘91)60 _ E ' *825(_3 /1 ' *83*](&]) /

where the error U'(U")*[03J(&)/OUZU’ /2 resulting from the SOA approximation is
fixed for fixed U’ while the truncation and condition errors resulting from the finite-
difference approximation change with differencing parameter.

The rms errors between the the Hessian/vector products obtained by using the
SOA and the FD techniques with various differencing parameters are displayed in
Table 3.2. This Table indicates that (a) the Hessian/vector products obtained by
the FD and the SOA techniques follow a relationship given by Eq. (3.26) where
the error term O(h) dominates for large differencing parameter h, (b) for a small
differencing parameter, the error term O(1/h) in Eq. (3.26) dominates. The FD
technique involves subtractions of nearly equal numbers which result in cancellations
of significant digits and which are the reason for the increase in the rms errors and
(c) the differencing parameter h in the TN Nash [134] may become too small near the
end of the minimization process. Thus in practice, the SOA approximation is more
accurate than the finite-difference approximation in calculating the Hessian/vector
product.

Figure 3.2 shows the first 50 components of the scaled difference between the Hes-
sian/vector products obtained by using the SOA and the FD techniques respectively
after 15 iterations using the ATN algorithm. The differencing parameter is chosen

as hy = h (solid line), hy = h x 107! (dotted line) and hy = h x 10 (dashed line)
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where h is the differencing parameter used in the original TN Nash [134] minimiza-
tion algorithm, respectively. The results with hy = h x 10% clearly illustrate that
toward the end of the minimization the differencing parameter in the TN Nash [134]
is too small. This result agrees with the rms error evolution in Table 3.2. It can be
seen that the FD technique can yield an approximation of similar accuracy to that
obtained by SOA technique if the differencing parameter is properly chosen. However
simply increasing or decreasing the differencing parameter h at every iteration will
not improve the performance of the TN minimization algorithm since the differencing
parameter depends on the vector U’ at each iteration and the vector U’ is not known
prior to performing the minimization iteration.

The differencing parameter h should be chosen such as (a) it balances the trunca-
tion error of the order h with the condition error ([70], [72], [74]) of order 1/h, (b) h
must be adjusted to the size of vector U’ [185, 186] and (c) h should not become so
small as to cause cancellations of significant digits [198]. It is difficult to choose an h
which satisfies all these requirements. Some good choices of h in addition to that used
in the TN Nash minimization algorithm [134] are h = 2(1 + ||U|)v/€/||U"|| [185, 186],
h = e/|U'|| [49] and h = 2(1 + ||U,|)v/€/||U]|? [155] ete. But results (not shown
here) obtained using these choices of h are no better than those obtained when

h = \/e X (14 ||Uxll) as used in the TN Nash [134]. All these choices of h cause

cancellations of significant digits at some stage of the minimization process.

The convergence rate of the ATN minimization algorithm is best understood intu-
itively by splitting the error into three terms [155]. Let U* be the true solution to the
problem, G (U'k) the exact Hessian at ﬁk, G, the approximate Hessian obtained by the
FD or by the SOA technique, and Hj, the approximate matrix to the inverse Hessian
matrix that the inner conjugate gradient algorithm actually used, i.e. py = —Hggg.

Then, if the step size chosen was 1 and if G(U,) is positive definite,
U1 — U =U,— Hygo — U
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= (Us — GU) "G — U) + (G(U) ™ — Gy )G + (G5 — Hy)Gi (3.27)

Therefore

1Tksr = T < 1T = G(O) "G = U + (G(T0) = GGl + 11(G " = Hi) il
(3.28)

The first error term is the Newton error at the (k + 1)-th step. The second error
term is due to the error in the SOA technique or due to discrete differencing and
depends on the choice of h in the conjugate gradient algorithm. The third error
term is an error due to round-off and early termination (truncation) in the conjugate
gradient inner iteration. The second error induced by the SOA technique is smaller
than or as big as that caused by the FD technique. Therefore the ATN minimization
algorithm yields a speed-up for our test problem. It is also clear that both the ATN
and TN algorithms have the same convergence rate. We know that if cost function J
is sufficiently smooth, Gy is a strongly consistent approximation to G(Uy,), and G(U*)
is nonsingular, then local quadratic convergence can be obtained if the differencing
parameter h decreases sufficiently rapidly ([16], [71]). Under the same conditions we
expect the ATN algorithm obtains the same convergence. However in practice both
the ATN and TN algorithms have only a super linear convergence rate.

If we choose the vector U’ as one of the coordinate directions e, ... e, where ¢; is
the ¢-th unit vector and n is the number of the components in U’, respectively, either
the SOA or the FD technique will generate an approximation to the Hessian. Since,
for smooth functions, the Hessian is symmetric, the approximate Hessian is often
symmetrized by averaging corresponding elements in the upper and lower triangles.
Again the SOA technique will obtain a more accurate approximation to the Hessian
than (or an approximation to the Hessian as accurate as) that obtained by using

the FD technique. Burger [15] pointed out that the SOA technique requires less

71



computing time than direct differentiation in obtaining the approximate Hessian and
thus the results from the former method are more accurate than these from the latter
method. Our results are consistent with those of Burger [15] in as far as the aspect of
accuracy is concerned. Similar results to ours were obtained by Symes [201] showing
the advantage of using the SOA technique to obtain the Hessian/vector product in
the TN algorithm.

In summary, we conclude that the SOA technique yields a more accurate value
of the Hessian/vector product compared to the FD technique for optimal control
problems tested here. When the differencing parameter h is too small or too big,
cancellations of significant digits or truncation errors dominate the FD approximation.
It is hard to avoid the occurrence of these two types of error in the minimization
process when the FD technique is used [211]. Use of more accurate Hessian/vector
products in the inner conjugate gradient iteration of the TN algorithm results in
a better line search direction as measured by the amount of decrease in the cost

function, but not in the residuals [138].

3.4 Conclusions

In this chapter, we proposed a modified version of the Nash truncated-Newton
algorithm [138] by using the FOA and the SOA techniques, i.e. we proposed a new
method to obtain a Hessian/vector product to be used in the process of solving the
Newton equations for the TN minimization algorithm for an optimal control problem.
The costs of the SOA approach and the FD approach are computationally compa-
rable, each of them requiring four different model integrations when applied to the
optimal control problem tested here. But the former approach yields a more accurate
Hessian/vector product, while the latter provides only a less accurate approxima-

tion to the Hessian/vector product if the finite-differencing parameter is taken to be
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the square root of the machine accuracy. The numerical results indicate that the
new Hessian/vector calculation strategy employed in the modified-Lanczos algorithm
of Nash [138] allows the ATN algorithm to perform better than either the TN or
the LBFGS algorithms both in terms of CPU time as well as in term of number of
iterations required to satisfy the prescribed convergence criterion in our test prob-
lems. This result may be very useful, since truncated-Newton type methods and
conjugate-gradient methods have comparable storage requirements and constitute
the only practical methods for solving many large-scale unconstrained minimization

problems arising in 4-D VDA.

In our test example, the eigenvalues of the Hessian at each iteration are posi-
tive [218], which implies the Hessians are positive definite and the cost function is
strictly convex. Therefore the existence of a local minimum is assured. However the
condition numbers at each iteration are large [218], which explains why all three algo-

rithms require more than 16 iterations to satisfy the prescribed convergence criteria.

Theoretically, the TN and the ATN minimization algorithms have the same con-
vergence rate. However the ATN algorithm results in a speed-up due to the use of a

more accurate Hessian/vector product to obtain the line search direction.

The ATN algorithm, like its TN counterpart, is a close approximation to the
Newton method at reasonable storage and computational cost. We expect the ATN
algorithm to yield a similar speed-up for other large-scale unconstrained minimiza-
tion problems related to optimal control and VDA. The idea of obtaining the Hes-
sian/vector product using the SOA technique can be applied in other settings requir-
ing large-scale minimization, in cases where an adjoint model formulation is possible,
or via automatic differentiation techniques [77] - pointing to a more general applica-
bility of this idea. An application of the ATN minimization algorithm for minimizing

a cost functional in optimal control of distributed parameters in a primitive equations
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3-D spectral model will be reported separately, once the SOA model of this model is

derived.
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Figure 3.1: Variations of the log of the scaled cost function (Ji/.Jy) (a) and the scaled
gradient norm (||gx||/[|go]|) (b) with the number of iterations using algorithms: ATN
(dotted line), TN (solid line) and LBFGS (dashed line), respectively.
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Table 3.1: Numerical results of minimization algorithms: adjoint truncated Newton,
truncated Newton and LBFGS for the minimization of the cost function in the varia-
tional data assimilation problem when observations are model generated and control

variables are the initial conditions.

Algorithms Iter. | NFC | NCG Jx/Jo Gkl /1| Goll CPU
MCGI=1 96 139 93 3.622 x 1072 | 8.552 x 107% | 23.615s
MCGI=2 42 43 84 | 8.597 x 10711 | 6.922 x 1075 | 13.407s

ATN MCGI=3 30 46 89 | 1.716 x 10719 | 9.347 x 1076 | 14.116s
MCGI=4 15 16 58 | 6.540 x 10710 | 8.467 x 1076 | 7.866s
MCGI=5 20 43 91 | 2.590 x 10710 | 8.467 x 1075 | 13.992s
MCGI=50 | 16 17 85 | 1.485 x 10710 | 4.822 x 1076 | 10.817s
MCGI=1 104 | 164 104 | 3.211 x 1071 | 6.455 x 1076 | 35.862s
MCGI=2 50 51 100 | 1.291 x 1071° | 8.577 x 107% | 20.663s

TN MCGI=3 32 38 88 | 6.440 x 10710 | 8.785 x 1076 | 17.125s
MCGI=4 38 87 106 | 1.114 x 1071 | 5.929 x 1076 | 25.202s
MCGI=5 25 74 75 1.008 x 107% | 1.113 x 1072 | Failure
MCGI=50 | 34 69 116 | 1.485 x 10710 | 8.156 x 1075 | 24.491s
M=3 163 | 167 7.892 x 1079 | 7.804 x 107 | 16.511s
M=4 157 | 167 2.211 x 1072 | 9.655 x 1076 | 16.724s

LBFGS | M=5 147 | 153 1.658 x 1072 | 8.138 x 1075 | 15.585s
M=6 153 | 159 1.585 x 1072 | 7.368 x 1075 | 16.290s
M=7 148 | 158 2.080 x 1072 | 8.136 x 107% | 16.333s
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Table 3.2: Rms errors between the Hessian/vector products obtained by using the
second order adjoint and the finite-difference techniques for various differencing pa-
rameters at the end of 15 iterations of the adjoint truncated Newton minimization
algorithm, respectively. The maximum number of conjugate gradient inner-iterations
is 4 and h is the differencing parameter used in the original truncated Newton algo-
rithm of Nash minimization algorithm.

Differencing parameters | rms errors
h x 10° 7.3674493981314 x 10~7
h x 10% 6.9428037222996 x 108
h x 107 6.8992950502148 x 10~
h x 106 6.8262063502701 x 10710
h x 10° 6.2331779844824 x 10~
h x 10* 1.1954425938165 x 10711
h x 103 1.4501562065627 x 10711
h x 10? 2.9876262946020 x 10711
h x 10! 2.6527501712652 x 10710
h x 10° 2.6074180374738 x 107
h x 1071 2.5350296945351 x 1078
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Figure 3.2: The first 50 components of the difference between the Hessian/vector
products obtained by using the SOA and the FD techniques scaled by a factor 1.£09
after 15 iterations using the ATN algorithm where the differencing parameter is
chosen as h; = h (solid line), hy = h x 1.E — 01 (dotted line) and hy = h x 1.E' + 03
(dashed line) instead of h in the original TN Nash, respectively.
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CHAPTER 4

THE FSU GLOBAL SPECTRAL MODEL

4.1 Introduction

The spectral method is a popular technique for hemispheric or global atmospheric
modeling, in both operational and research applications. This has largely been a
consequence of the discovery of the transform technique, developed by Orszag [156],
and later refined by Bourke [12]. There are a number of advantages which bespeak
the superiority of the spectral method over the grid-point method for large-scale
prediction models. In the first place, the spectral coefficient representation of the
dependent atmospheric variables carries more information (i.e. smaller scales) than
the grid-point depiction, for an equal number of degree of freedom. Moreover, the
Galerkin procedure (used in most of spectral models), by definition, assures that
when nonlinear terms are evaluated there is no aliasing of unresolved scales into those
scales which are resolved by the model’s truncation limit. Aliasing is a common cause
of nonlinear instability and phase errors in grid-point models, even for those using
fairly sophisticated finite difference approximations for the nonlinear advective terms.
With the aid of transform technique, the spectral model can efficiently compute the
nonlinear terms by forming products in the real (grid) space and transforming them
back to the spectral (coefficients) space. The essence of the Galerkin procedure will
be preserved if exact numerical quadrature is employed for the transforms. Prior
to the introduction of the transform technique, it was thought necessary to remain
in the spectral space and to compute and store a tremendous number of interaction

coefficients (arising from the nonlinearities in the governing equations) in the course
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of a numerical forecast. The removal of this encumbrance has made spectral models
competitive, in terms of computational overhead, with respect to their grid-point
counterparts.

An added advantage which arises from the transform procedure is seen when phys-
ical effects are to be incorporated into the prediction scheme. The availability of the
dependent variables at the transform grid points enables the calculations of parame-
terized physical effects in the real space. These may then be added to the dynamic
tendencies prior to transforming back to the spectral domain. Drawbacks of the spec-
tral method are related to computational issues which may become a problem for high
resolution spectral methods, specially related to the unavailability of fast Legendre
transforms. Moreover transporting spectral methods to high performance parallel
computers of multiple instruction multiple data type (MIMD) may be less efficient
than the corresponding procedure for finite difference or finite element methods.

The FSUGSM has been developed from the Canadian spectral model of the
Recherche en Prevision Numerique [40]. In the development of the FSUGSM from
the Canadian model, the primary effort has been directed at improving the physical
effect parameterizations, adapting the model code to run efficiently on the NCAR
Cray-1 computer and developing post-forecast diagnostics [162].

The FSUGSM is a multi-level primitive equations model with A (longitude), 6
(latitude) as horizontal coordinates in the real space and o

o= —, 4.1
0. (4.1)

where p and p, are pressure and surface pressure, respectively, as vertical coordinate.
In the horizontal direction, all dependent variables are expanded in a truncated series
of spherical harmonic functions Y;™(\,0). Here Y/™(\,0) = X/"(sin )™, where
X["(0) are the associated Legendre functions of the first kind of order m and degree

[ (m is the zonal wave number and m — [ is the number of meridional nodes from
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pole to pole). For real to spectral space transform, any variable, say f(\,6,0,t), is
assumed to be expanded in a truncated series of spherical harmonics

J |m|+J

FN0, 00 = 3 3 Mo, YA 6), (4.2)

m=—J I=|m)|
if rhomboidal truncation is used or
f(\,0,0,t) = Z Zflat (A, 0), (4.3)
m=—J I=|m|
if triangular truncation is used (all experiments in the following chapters are carried
out using a triangular truncation), where f/"(o,t) is the spectral coefficients and J
denotes the rhomboidal or triangular truncation limit.

The rhomboidal type of truncation is so named because it allows an equal number
of meridional degrees of freedom, J, for each of the J zonal (wavenumber) degrees
of freedom. For triangular truncation all mode would have to satisfy —J < m < J,
[ < J. There are several advantages to the triangular truncation, particularly in the
calculation of energetics and energy spectra. However, the superiority of triangular
truncation with respect to the integration of a complicated numerical model has
never been demonstrated. Moreover, the rhomboidal truncation is much simpler to
code, particularly if it is desired to take full advantage of symmetry in integrating a
hemispheric model.

Spectral harmonics are orthogonal, with the normalization constant being incor-
porated into the Legendre functions such that (for arbitrary zonal wave numbers m,

n and meridional indices [, j):
1 3 2 ;
2—/ Y™ (A, 0) (Y] (X, 0))" cos 0dAdO = b} oy, (4.4)
7 J-z Jo

where (Y*(),0))" = (=1)"Y;™" is the complex conjugate of Y*(\,6) and &/, 0" are
Kronecker deltas. By choosing our spectral expansion functions to be orthogonal,

we greatly simplify the application of the Galerkin weighted residual procedure. In
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principle, one could use any set of expansion functions; the Galerkin procedure only
requires that the residue incurred by the spectral approximation of governing equa-
tions be orthogonal to those of the functions [125].

Given the condition imposed by Eq. (4.4) we can determine the spectral expansion

coefficients f/"(o,t) in (4.2) via
n t
fitot) =57 /__/ FX0,0,8)(Y]" (A, 0))" cos BdAdo. (4.5)

It should be noted that if f(\, 8, 0,t) is an explicit function of the dependent variables
in the governing equations, then the notation f;™ is used for the left-hand side of Eq.

(4.5).

4.2 Model equations

It is important to notice that ¢ = 0 at the top of the atmosphere and o =1 is at
the earth’s surface. We will employ the usual boundary conditions ¢ = 0 at ¢ = 1
and o = 0.

It is convenient to define the following operators before developing the governing

equations:
1 R 1
— / Fdo: F = / Fdo. (4.6)
o 0

The real space forms of the governing equations of the FSUGSM are as follows.
This model uses the differentiated forms of the unfiltered primitive equations of mo-
tion and other model equations are the thermodynamic equation, continuity equation,
hydrostatic equation, and a moisture equation, as follows:

Vorticity equation

K G (4 )T —F-V x (RTVq+ 52 _ ), (4.7)
ot do
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Divergence equation

oD - -
= - k- Vv
T Vx(C+F)
v V.-V
— V- (RTV y—— — ) = V(P + ——
(RTVq+ 65—~ F) (®+——),
Thermodynamic equation
T - RT 06
—=-V-VI'+TD+ovy— —(D+—)+ H
o +TD + oy Cp( +80)+ T
Surface pressure tendency equation
0q ol
L _D_ZZ_Yy.
ot do Va,
Hydrostatic equation
0P
— = —RT
e ’
and Moisture equation
95 _ —V-VS+SD-&§+HT—HM
ot do

RT  RT? 9 &
- e amP e S

where

¢ = vertical component of vorticity = k-V x v,
f =Coriolis parameter,

V= horizontal vector wind,

D = horizontal divergence =V - 17,

T

= the absolute temperature,

q = Inp;,
— L3 ey o RT aT
~v = static stability =56 ~ 50
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(4.9)

(4.10)

(4.11)
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o= vertical motion in sigma coordinates
=(c —1)(D+V -Vg)+ D7+ V- Vg,
®= geopotential height,
F'= the horizontal frictional force per unit mass,
Hp =the diabatic heating,
R= the gas constant for dry air,
C), =the specific heat of dry air at constant pressure,
T, =the dew point temperature,
S =T — Ty is the dew point depression,
e=the ratio of the molecular weight of water vapor
to effective molecular weight of dry air (0.622),
L(T,;) =the latent heat of vaporization of water or ice,
H); =represents moisture sources or sinks.
The moisture Eq. (4.12) results from the combination of the thermodynamic Eq.
(4.9) with an expression for the time rate of change of the dewpoint temperature [40].
To facilitate the application of the spectral transforms and the implementation
of the time differencing scheme, some manipulation of the basic Eqs. (4.7) through

(4.12) will be performed. First, let us introduce some notation. For eastward (zonal)

and northward (meridional) wind components u and v, respectively, we define

U = wucosf/a
= wcosf/a, (4.13)

where a is the earth’s radius. With this transformation, the wind components become

true scalars, with no discontinuities at the north or south poles [176]. Also, the
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horizontal average over a global o-surface is defined as,

uy

o) = o /_ ’ / F(\,6,0,t) cos 0dAH, (4.14)

For implementation of the semi-implicit algorithm (discussed below), the temperature

is expressed as an initial horizontal (global) mean plus a deviation; hence,
T\, 0,0,t) =T (o,t) +T'(\,0,0,t),, (4.15)

where T*(0,t) = TH(0,t) at t = 0. Likewise, we also have for static stability factor
v = ~v* + 9. Furthermore, let us define a horizontal differential operator for two

functions A and B:

1 0A oB
[a + cos 0@] (4.16)

Now let us expand the governing Eqgs. (4.7-4.12) from vector into scalar (spherical

a(A,B) =

cos2 0

coordinate) form, make use of Egs. (4.16) and (4.6) and the definitions of U, V', T*,

T', v* and 4/. With these manipulations, the governing Eqs. (4.7-4.12) become:
a¢

— =—a(A,B 4.1
5 a(A, B), (4.17)
(- x LAY 202
T V4(® + RT"q) = a(B,—A) — a"V°E, (4.18)
or .. RI*dq ——
5 70 Coot a(UT",VT") + Br, (4.19)
dq
2 T G+D=0, (4.20)
% = —a(US,VS) + Bg, (4.21)
and the hydrostatic Eq. (4.11) is unchanged. Here,
A = ((+HU+ Ug—v + R 9% — oS 9— (4.22)
B ou RT’ 8q
B = ((+f)V-— 0% 5 OS@;, (4.23)
B 1 dq 8q
G = coszﬁ[Uw\ + Vo 980] (4.24)
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(U*+Vv?)

E = 2cos26 42)
T . - T
Br = T'D++'¢— i (G+D)+R—G+HT, (4.26)
C, C,
¢ = (0—1)(G+D)+G+D°, (4.27)
By = SD-— 95
do
2 .
AT BRIy 8—0+G—G—D]+HT_HMa (4.28)

[Fp eL(Td)H&r
Fy and F) are the northward and eastward components of the frictional force, respec-
tively. V2 is the horizontal Laplacian operator in spherical coordinates.

We have transferred some of the terms to the left-hand side in Eqs. (4.18), (4.19)
and (4.20). These terms will be treated implicitly when the semi-implicit algorithm
is introduced. Following Robert et al. [176] we introduce two new variables, P and
4%

P =®+ RT"q, (4.29)

W =¢—0o(G+D), (4.30)

From the hydrostatic law (4.11), we can used Eq. (4.29) to express T" in term of

P:

or* o JdP
%  Roo (4.31)

With these new variables, we will be able to isolate those terms in the governing

T =qo

equations which must be time averaged in the semi-implicit time differencing scheme
while simplifying the implementation of this scheme in the prediction. Substituting
these new variables into the left-hand side of the divergence, thermodynamic and

continuity equations, one obtains

oD
5T V2P = a(B, —A) — a*V*E, (4.32)
2
o + Ry*W = Ra(UT',VT') — RBr, (4.33)
Otdo
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and

dq B
Fri Wy = 0. (4.34)

We now have one more variable than the number of equations and we therefore

generate a diagnostic equation for W from the definitions of ¢ and W.

W D= By (4.35)
Oo

where By = —G.
Thus, the dependent variables of the model are now (, S, D, P and ¢, which are
governed by Eqs. (4.17), (4.21), (4.32), (4.33) and (4.34).

4.3 Spectral form of the governing equations

Now we shall cast the governing equations of the model into the spectral space.
D, T, & W and S are expanded in the same manner as (4.2). The variable ¢ is
similarly expanded except that the ¢ are functions of time only. In the expansion
of U and V there is one extra component for each m, in order to be consistent with

the expansions for ¢ and D [57].

J |m|+J41
v=% 3 urye (4.36)
m=—J |=|m|
J |m|+J+1
V= > > vy (4.37)
m=—J [=|m)|

The fields of U and V are derived from stream function, 1, and the velocity potential,

X. Since

¢ =V?%); D=V?y, (4.38)

we can express these relations spectrally as

CL2 2

m __ m m __ a m
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U and V are related to ¥ and x through

N T W
= 2oy ~sigg)i V= aGy Heostgg).

(4.40)

Using these relations and the properties of spherical harmonics, it can be shown that

W+ DU = =+ D" + 1l Gy — im D", (4.41)
W+ 1)V™ = [+ 1)g" D"y — lefy Dty — imG™, (4.42)
where
€ = %, (4.43)
and U = (0, V) = —€) DY are special cases.

The diagnostic relationships involving P, ® T and ¢ can be obtained from hydro-
static Eq. (4.31):

m o OP" or~
It = R o0 "o (444)
and
o 0P
m=——= . 4.4
l R Oo ( 5)

Now the spectral form of the governing equations can be written as, for all m, I:

o N
X~ —fa(a, B (4.46)
a,i — a2 mo__ _ _ 2v72 m
SL— a7+ DR = {a(B,—A) - ¢’V B}, (4.47)
OB Ry W = REa(UT' VT — By (4.48)
7 otoo T = mae ’ s '
oW
D = (B (4.49)
9" yeym — 0. (4.50)
ot : ‘
% — {—a(US,VS) + Bs}P, (4.51)
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Integrals on the right-hand side of Eqs. (4.46) to (4.51) all fall into one of three

categories, typified by

% 27
{Br}" = % /_ . /0 Br(Y™)! cos BdAd6. (4.52)
g 27 U2 +V2
VBN = dAdb, L
VB -z 20089 ) (4.53)
g 27 1 a .
{a(A B} = o /__/ — aJrcos@%](Y )dAdf. (4.54)

Now Br, E, A, B and a(A, B) are all nonlinear expressions. The integrals of type
(4.52), (4.53) and (4.54) are calculated using the methods of Eliassen et al. [57] and
Orszag [156]. That is all variables (¢, D, U, V, T, S, 0q/0\, and cos 00q/00) required
in the calculation of the right-hand side of Eq. (4.46) to (4.51) are first synthesized
onto the real space transform grid. From the real space form of the variables, the non-
linear expressions, A, B, E, T'U, T'V, SU, SV, By, Br and Bg, can be calculated.
The integrals on the right-hand side of Eq. (4.46) to (4.51) are then calculated by
exact numerical quadrature. Integrals of type (4.52) and (4.53) are straightforward,
but integrals of type (4.54) employ an integration by parts in the manner of Bourke
(12, 13]. Thus if

J J
A= Y A,e™; B= > Bpe™, (4.55)
m=—J m=—J
then
m o [Z m oxm. db
{a(A, B)}; —/_E[zmAle By, cos 50 ]0059’ (4.56)

2

where A,, and B,, are the Fourier coefficients of A and B, respectively.

4.3.1 Grid to spectral transform

For a given field f, we define its Fourier coefficients at a given latitude as

£7(0) = % / O, )N, (4.57)
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which can be evaluated using a discrete Fourier transform, provided f is a trigono-
metric polynomial. In general, if f(z) is a trigonometric polynomial of degree not

exceeding J — 1,

2m it ]
[ e =3 15 (4.5%)

is an exact evaluation of the integral [100]. Since the model’s variables are assumed
to have a spherical harmonic expansion, they are represented in the zonal direction
by a trigonometric polynomial of degree J. Quadratic terms will contain powers of
at most 2J, and the integrand in Eq. (4.57) will be of degree not exceeding 3.J. For
exact integration in the zonal direction, we therefore require at least 3J 4+ 1 points

around a latitude circle.

The integration in the meridional direction is performed by Gaussian quadrature

[100]. That is,
/%

where N and z; are the number of the roots and the roots of the ordinary Legendre

9(0) cosdt = [ 11 g(2)de = 3 Wyg(a;), (4.59)

— =

vl

polynomial X, respectively. Eq. (4.59) is an exact integration of the function g,
provided that g(z) is a polynomial of degree not exceeding 2N — 1, and the function

g is known at the Gaussian points z;.

Using Eqs. (4.57) and (4.59), the grid to spectral transform may be written as

1 N
fir = [P @)X @) = YW () X ). (4:60)

_ =
For rhomboidal truncation, we must have N > (5J41)/2 while for triangular trunca-
tion, N > (3J+1)/2. For an arbitrary resolution, the maximum power of f(x) X" (z)
must be evaluated, and the condition imposed by the Gaussian quadrature require-

ment must be applied.
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4.3.2 Spectral to grid transform
The computation of grid values from spectral expansion given by Eq. (4.2) or Eq.

(4.3) is carried out in the following two steps,

N(m)
i) = Y2 X (), (4.61)
I=|m]|
and ;
FO;,0) = > f™(x;)e"™, (4.62)
m=—J

where N(m) = J+|m| for rhomboidal truncation and N = J for triangular truncation.

The grid used in the present model was designed following the above principles,
however it should be realized that higher than quadratic (i.e. cubic) order terms are
involved, which results in some aliasing. For a 742 mode, the Gaussian (transform)
grid consists of 128 equally spaced (2.8125° increment) longitudes beginning at the
Greenwich Meridian and 64 Gaussian latitudes (the roots of X§,). These latitudes
are tabulated in Table (4.1); note that they are symmetric with respect of equator

and are nearly equally spaced (roughly a 2.76° increment).

4.4 The semi-implicit algorithm

The semi-implicit formulation follows Robert et al. [176]. In Egs. (4.46) to (4.51),
time derivatives are replaced by centered time differences (except at initial time where
forward differences are applied), i.e. df/0t are approximated by [f(t + At) — f(t —
At)]/(2At) where At is the time step. The remaining terms on the left hand sides
are handled implicitly by the application of the time averaging operator (—*) defined
by Tt = [f(t+ At) + f(t — At)]/2, while the right-hand-sides are calculated explicitly.

Two equations remain fully explicit. They are the vorticity and moisture equa-
tions:

Mt + At) = —2At{a(A, B)}" + (" (t — At), (4.63)

91



Table 4.1: Gaussian latitudes of the T-42 model. + indicates north, and — south.

£2.14° | £24.42° | £46.75° | £69.07°

+4.90° | £27.21° | £49.54° | £71.86°

+£7.69° | £30.00° | £52.33° | £74.65°

+£10.47° | £32.79° | £55.12° | £77.44°

+13.26° | £35.58° | £57.91° | £80.23°

+16.05° | £38.37° | £60.70° | £83.02°

+18.84° | £41.16° | £63.49° | £85.81°

+21.63° | £43.96° | £66.28° | £88.60°

and

SM(t + At) = 2At{—a(US,VS) + Bg}™ + S™(t — At). (4.64)

The remaining equations are handled in a semi-implicit manner using the (~)

operator:

D' — a2At(L+ 1)P™ = At{a(B, —A) — >V2E}" + DI*(t — At),  (4.65)

t

on __ oprm
"aaoll + AtRy W = A{Ra(UT',VT') — RBy}! + o ot — A1), (4.66)
= MW = @'t — At), (4.67)
Rl - .
aal + D = {B,}". (4.68)

The integrals on the right hand side are all evaluated at time ¢. Some of the terms
in the integrals are forcing terms and should really be calculated at time ¢t — At to
avoid the growth of a computational mode. In the case of non-linear forcing terms this

would necessitate the transform from spectral to real space of many ¢ — At variables.
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This is undesirable from the point of view of computational efficiency, so we have
chosen to calculate certain forcing terms at time ¢ and suppress the computational
mode with a very weak time filter [7].

In the manner of Robert et al. [176], D—th is eliminated between Eqgs. (4.65) and
(4.68). Then W—lmt is eliminated between the resulting equation and Eq. (4.66) giving

a diagnostic equation for P

& 0 OP™  RA# — O (Cpym
=7 - NP = — m 4.
do v+ Oo a? I+ DF 80{7* }z +{Col", (4.69)
where
m Ry m ., On"
{Cr}" = RAH{a(UT",VT") — Br}" + 0 %o (t — At), (4.70)
and

{Cp}" = RAH{Bw — Ata(B,—A) + *AtV?E}]
+ RAtD™(t — At). (4.71)
Thus, Egs. (4.65) to (4.68) have been reduced to a two-point boundary value

problem for each horizontal mode. If {Cr}* and {Cp}]" are known at time ¢, the

Wt can be calculated for each m, [ provided the boundary conditions at ¢ = 0 and

o =1 are given. The remaining variables Dlmt, VVlmt, stﬁ, Wt can be calculated by
back substitution into Eqs. (4.65) to (4.68) and the same variables at t+ At can then
be calculated from the definition of the (") operator. Discussion of the appropriate
boundary condition for the solution of Eq. (4.69) will be delayed until the vertical
discretization has been introduced in the next section.

It is appropriate at this time to comment briefly upon the semi-implicit algorithm
just derived, since it might appear that certain non-linear terms are being handled
implicitly. Thus, at first sight, it appears that the non-linear term G is being included
on the left hand (implicit) side of Eq. (4.33) because of the definition for W given in

Eq (4.30). This is not so, as was pointed out by Asselin [7], because the equation for
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W that is actually used in the model is Eq. (4.35), in which the non-linear term G is
on the right-hand (explicit) side. Thus, the introduction of the variable W does not
allow the implicit treatment of some non-linear terms, but it is convenient, as will be

demonstrated subsequently.

4.5 Vertical discretization

The vertical finite-difference scheme is a somewhat more general form of the
scheme used by Robert et al. [176]. The basic feature of the scheme is that the
temperatures are carried at levels intermediate to the levels of the geopotentials. We
will dwell principally on the finite-difference analogues to the left-hand-sides of Eqs.
(4.65)-(4.69). The vertical finite-differencing involved in the right-hand-sides of these
equations is conventional and will not be discussed in length. It should be stated,

though, that logarithmic vertical differencing has generally been used, in particular
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c=0.1
_______________ - O
oc=0.2
oc=0.3 - UV, D, O, P
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Figure 4.1: Schematic representation of the vertical structure of the model. The
solid lines represents the levels o,,. The dashed lines represents the layers ,,. 0 =0
is at the top of the atmosphere and o = 1 is at the earth’s surface.
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with respect to the thermodynamic variables. To simplify the notation, the subscript
[ and superscript m will be assumed. Thus, f/™ is written as f, and {f}]"* as {f}.
The levels (in o) of the FSUGSM are placed as shown in Fig. 4.1. This is a twelve-
level model. Note (in Fig. 4.1) the vertical staggering of the levels, where ¢, D and
P (hence, also U , V and ®) are defined at levels shown by solid lines (here after
referred to as the o-levels) while 7', S and W (also ¢) are defined at levels indicated
by dashed lines (hence after referred to as the g-levels). Second order accuracy for
the hydrostatics demands that the g-levels be located midway between the o-levels
in the In o coordinate, thus

Ino, +Inogyy
2 )

which implies
&k:\/akakﬂ, ]{7:1,,N (473)

where the subscripts refer to the level in question and N, the index of the bottom
model level, is equal to 12. Note also in Fig. 4.1 that the increment of the o-levels is
0.1 above o0 = 0.8 and becomes smaller below ¢ = 0.8, which affords greater vertical
resolution in the planetary boundary layer.

The thermodynamic equation is applied at intermediate levels. These levels are
obtained from a finite difference form of the hydrostatic equation. The following finite-
difference approximation to the hydrostatic equation (4.47) is second-order accurate,
provided that the layer temperatures 7, are defined as the geometric mean of the
adjacent o-level values, i.e. by

o (I)n - <I>n-l—l

T, =1,...,N, 4.74
R n (4.74)

where

o, =P(c=0y,), d,=1In(o,1/0,). (4.75)



We will hereafter refer to the o-values, defined by Eq. (4.73) where the thermody-
namic equation is applied, as the layer values. The tilde (~) will be used to indicate
which variables are carried in the layers (o = 7,); these are T,, S,, and W,,. Note
that WN is not carried; instead we use Wy which is applied at a level oy 1 = 1 and
therefore appears without a tilde.

It is convenient to define vertical increments in o; i.e.

Op =0py1—0n, n=1...,N—2. (4.76)
Both the top and bottom increments are special cases. Thus
do=01 On1=1—6n_1. (4.77)

Now P, = ®, + RT}q is defined on the o, levels, whereas the temperatures T,
and thus T are carried in the &, layers. We obtain T)* and thus P, from T and g
by simply taking the logarithmic average of the adjacent layer temperatures 7. » and
T* 41~ To second order accuracy

T — dn—lj—: + dnj—:—l
" dn—l + dn ’

2<n<N. (4.78)

T} can not be calculated in this manner and is instead simply obtained by linear
extrapolation.

Ty = 1.5T7 — 0.5T5, (4.79)

The T are obtained in a similar manner.

The static stability v* can be calculated at the &, layers simply as

. 1 /(RT: T*+1—T*)
g [l A n =1,...,N 4.80
e e ) (480)

where T, ; = T,. In the absence of an equation for T, it has been assumed that
A% = Ay_i. This, in effect, formally defines T* in terms of T5 and T%. A similar

expression and assumption is used to relate ¥;, to 7}, T, and 7, ;.
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Vertically discretized analogues of the vertical integration operators () and (")
defined in Eq. (4.6) are required for the calculation of G, D, G°, D° and ultimately
& from ¢ = (0 — 1)(D+V - Vq) + D7 + V° - Vq and Eq. (4.24) at &, layers. The
vertical integral Fo s approximated by F", a simple quadrature extending from the
surface (o = 1) to ,,. Fis approximated by FO, the same quadrature extending from
o =110 o =0. Thus, if F is a level variable, the approximation for £ at o = G, is

~ N ~
F'= 3" Fyp1, n=1,...,N—-1 (4.81)
k=n+1

and the approximation for Fis
A N ~
FO=>" Fidp_1. (4.82)
k=1

In this manner it is possible to obtain the quadrature analogues of @, 15, G",
D7 and thus & at each of the layers 0,, 1 < n < N — 1. At oy we have assumed
on = hoy_1 where h is an empirical constant 0 < h < 1.

Similar approximations are used for any remaining terms on the right-hand-sides
of Egs. (4.65-4.69).

All that remains to be discussed is the solution of the boundary value problem
(4.69). The consistent vertically discretized form of this equation for 2 <n < N —1
is

4 -t
t

1 [/ P —Pn> (E—Pn_f)] RA#? —
_ 1 (£ _ 1+ 1P, =
511—1 [< ’V;Zdn ’y:z—ldN—l a? ( )
1 | 1 ~
S—[N—*{CT}H—T{CT}n_l +{Cp}a (4.83)
n—1L/n n—1

where, as mentioned previously, n refers to level or layer, (7) indicates a layer value,
and { } refers to a horizontal integration (Eq. (4.5)).

Eq. (4.83) yields N — 2 equations in the N unknowns Et, 1 <n < N. To close
the system it is necessary to obtain two additional equations involving respectively
P, and Py
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The top boundary condition is straightforward to apply. At ¢ =0, 6 = 0, which
implies W = 0 in the finite difference analogue of Eq. (4.68) applied at ¢1. This leads
——t _
to the following equation relating W; to Dlt:

=t

W _
5—1 +D;, ={Buh. (4.84)
0

Combining the above equations with finite difference analogues of equations (4.65)
and (4.66), applied at o1 and &, respectively, yields an equation involving Flt and Et

only:

-5t -1
%O(Pzﬁ_dfl > RCLAtQZ(z LR = {Sf;l} {Cph. (4.85)
To close the system at the bottom boundary is less straightforward. Recalling
the definition of W and assumptions made for 45 and oy and noting that ®g is time
invariant, it can be shown that the finite difference analogue of Eq. (4.66) degenerates

into the following form when applied at o .

Sy At ——
N +R © Wno1 + RAV {CT}N, (4.86)
where )
. RTY T e~

The finite difference analogues of Eqs. (4.65) and (4.68) applied at oy yield a relation

., = t . I - ¢
between Wst, Wy_1 and PNt. A third relation between PN_lt, PNt and Wx_; can

be obtained by applying the finite difference analogue of Eq. (4.66) at ox_;. This

- - t _
yields 3 equations in 4 unknowns PN_lt, PNt and Wx_; and Wst which can be used

to obtain a single equation in Py_; and Py'; i.e.

5t S Bt 9
! LPN _ (va PN*)] RAL 0 By
ON_1 )\*NdN )‘*N—ldN—l a?
171 .
Ll {epiy, (a8
e b COUEEc {Coln,  (489)

99



where

(4.89)

Egs. (4.83), (4.85) and (4.88) define a N x N tridiagonal matrix relationship for
each horizontal mode (m, 1) of the Et, 1 <n < N. These matrix problems are easily
solved by an efficient tridiagonal matrix algorithm of the Thomas algorithm variety.
Once the ?nt have been calculated, back substitution into the vertically discretized
forms of Egs. (4.65) and (4.66) yields D, and W—nt, respectively. Substitution of B’
and W—nt into Eq. (4.86) yields W', from which g' can be obtained using Eq. (4.67).
The definition of the (") operator then yields P, (t + At), D,(t + At) and q(t + At).
The remaining variables @, (t+ At) and T,,(t+ At) are calculated diagnostically using
vertically discretized forms of Eqs. (4.44) and (4.45). The explicit prognostic Eqgs.
(4.63) and (4.64) yield (,(t + At) and S, (t + At).

This formulation of the semi-implicit method does have the advantage of yielding
a tridiagonal matrix in the vertical at the expense of some conceptual complication.
However, the extra calculations per time step due to the semi-implicit calculation are
completely negligible.

The physical processes included in the FSUGSM are described in Appendix F.
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CHAPTER 5
4-D VARIATIONAL DATA ASSIMILATION WITH THE FSU

GLOBAL SPECTRAL MODEL

5.1 Introduction

The numerical feasibility of variational data assimilation has been extensively
demonstrated for 2-D models, but has only recently been applied to 3-D models
[11, 38, 54, 157, 168, 169, 170, 171, 233]. The objective of the current chapter is to
demonstrate the feasibility of 4-D variational data assimilation applied to an adiabatic
version of the FSUGSM. The number of components of the control variables vector
(the initial conditions vector) is 303104. As stated before the numerical cost of the 4-
D VDA originates both from the model integration and the gradient calculation of the
cost function with respect to the control variables. With present numerical models,
numerical algorithms and presently available computer power, the only practical way
to carry out the 4-D VDA is through an appropriate use of the adjoint techniques in
calculating the gradient of the cost function with respect to the control variables [35].
The adjoint techniques were developed in the fields of optimal control theory of PDEs
of distributed parameters [116], and their application to 4-D VDA requires to obtain
the gradient of the cost function with respect to the control variables which is obtained
by one backwards integration of the adjoint model in time. Therefore, we first develop
the TLM and the adjoint model of a dry version (i.e., no physical effects are involved
except horizontal diffusion) of the FSUGSM and verify their accuracies in Section 5.2.
The dry version of the FSUGSM is used because we do not want to add, at this stage,

101



the complexity inherent in the inclusion of effects of highly nonlinear and threshold on-
off diabatic physical parameterizations, which are still at the research stage [216, 231,
236]. The numerical algorithms employed in 4-D VDA and related scaling issues are
discussed in Section 5.3. In Section 5.4, various variational assimilation experiments
are conducted. The ability of 4-D VDA to retrieve observational fields is investigated
starting from either shifted or randomly perturbed initial conditions. We evaluate the
impacts of different observations distributed in space and time as well as the impact
of the horizontal diffusions. Through different scenarios of sets of observations, we
demonstrate the efficiency of 4-D VDA in extracting the information contained in the
dynamics of the model together with information in the observations. Conclusions
as well as topics for further research related to the 4-D VDA with FSUGSM are

presented in Section 5.5.

5.2 Model developments and numerical validation

5.2.1 The cost function and its gradient with respect to control variables

The cost function will be defined in physical space rather than in spectral space
because it is clearer and easier to implement proper scaling in physical space than
in spectral space. Therefore the cost function is still defined by Eq. 1.3 where W is
an N x N diagonal weighting matrix with Wg, W5, Wg, Wy, and Wi as its diagonal
sub-matrices entries of weighting factors for vorticity, divergence, moisture, surface
pressure, and temperature fields, respectively. Here N = L(4K + 1) is the number
of components of the state vector X , K is the number of vertical levels and L is the
number of Gaussian grid points. X = (5 , ﬁ, S , f)t denotes the state vector, where
5 ,5, S ,cf,f contain values of vorticity, divergence, moisture, surface pressure, and
temperature over all grid points on all levels at time t. X° = (50,50, §°,q°,f°)t,

denotes the observation vector where (°, D° 5° ¢°,T° are observational values of
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vorticity, divergence, moisture, surface pressure, and temperature over all grid points
on all levels at time ¢. F' is a vector function with five components being the right
hand sides of vorticity, divergence, thermodynamic, surface pressure tendency and
moisture equations (4.7 — 4.7 and 4.12).

The 4-D variational data assimilation problem (1.1) is usually solved by using
large-scale unconstrained minimization algorithms such as LBFGS of Liu and Nocedal
[117], truncated-Newton [130], the adjoint truncated-Newton [219] and quasi-Newton
algorithms. All these minimization algorithms require the calculation of the gradient
of the cost function with respect to control variables. The current studies will ob-
tain the gradient of the cost function by using the adjoint model techniques. Other
alternatives for obtaining the gradient of the cost function such as automatic differ-
entiation ([55], [69]), analytical evaluation and finite-difference (FD) approximations
exist. However, they are either not feasible for this optimal control problem applied
to VDA or are too costly to apply.

The adjoint model of Eqgs. (1.10) and (1.10) is defined as

oxX  OF ., o
o T (ﬁ) X, (5.1)
X(t;) = U", (5.2)

where X is the adjoint variable and (-)* denotes the complex conjugate transpose.
The FOA model of Egs. (1.10) and (1.11) is defined by Eqgs. (2.2) and (2.3).

Clearly the FOA model given by Eq. (2.2) can be obtained by adding a forcing term

to the adjoint model given by Eq. (5.1) and setting the final condition (5.2) to zero.
One can prove that the gradient of the cost function with respect to the initial

conditions is equal to the value of the FOA model variable at the initial time
VyJ = P(t), (5.3)

(see Section 1.3 and [149, 202, 218]).
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5.2.2 The accuracy of the tangent linear model

The TLM model of the adiabatic FSUGSM was developed and its validity was
verified. The TLM model is the result of the linearization of the direct adiabatic
FSUGSM in the vicinity of a given model trajectory [113]. If we view the direct
adiabatic FSUGSM as, M, the result of multiplication of a number of matrices:

M = AlAg...AN, (54)

where each matrix A; (i = 1, ..., N) represents either a subroutine or a single do loop,

then the TLM model can be viewed as T'lm
Tlm = BlBg...BN, (55)

where B; = A; if A; is linear and B; is a linearization of A; in the vicinity of a basic
state of X if A; is nonlinear for i = 1,...,N.

Suppose that U] and U} are two initial conditions for the TLM model then
By By...By (Ul + UL) = B, By...By(U!) + By By...By(U3). (5.6)

Eq. (5.6) can be used as a preliminary criterion for the correctness-check of the TLM
model.
For a given state variable U, and a perturbation, U’ on U, the real evolution of

the solution due to a perturbation al’ is given by
MU +aU") — M(U) (5.7)

where « is a scalar and M(U) represents the numerical integration of the direct
adiabatic FSUGSM starting from the initial conditions U. If Tlm(aU’) represents
the numerical integration of the TLM models starting from the initial conditions aU’,

then according to the definition of the TLM one obtains

_ MU +oU") = MU
[Tim(al")]

() =L+ 0(U]), (5.8)
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where || - || denotes the Euclidean norm of “.”.

We take the fields of vorticity, divergence, moisture, surface pressure, and tem-
perature at 0 UTC 1 June 1988 as U, and choose U’ = aU where « is small scalar
but not too close to the machine accuracy. The direct adiabatic FSUGSM and TLM
models are integrated for an hour with various a values. Fig 5.1 indicates that the
TLM model produced a good asymptotic approximation to the evolution of perturba-
tions for the forecast period when a varies from 1077 to 1. It is surprising that even
for perturbations with magnitudes similar to that of U, the TLM model still yields
a relatively good approximation to the evolution of perturbations for the forecast

period.

When the forecast period is increased to 6 hours, the results shown in Fig 5.1 are
still correct. For instance, when o = 0.1, ¢(a) = 0.9995405246. Therefore the TLM
is correct for reasonable long forecast period and for perturbations with magnitudes
similar to that of the initial condition of the nonlinear model. So the correctness of

the TLM model has been verified.

5.2.3 The accuracy of the first order adjoint model

The adjoint model of Eq. (5.5) can be obtained by taking its complex conjugate

i.e.

Tim' = B'B....B.,. (5.9)

In this way, the discrete adjoint model can be directly derived from the discrete linear
model, which in turn is derived from the FSUGSM by linearization around a basic
state. This simplifies not only the complexity of constructing the adjoint model but
also avoids the inconsistency generally arising from the derivation from the adjoint

equations in analytic form followed by the discrete approximation.
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The correctness of the adjoint model can be checked in three ways. First, at any

level of the code, the adjoint code can be checked by using the following identity
(BQ)(BQ) = Q'[B(BQ)], (5.10)

where B and () represent any code and its input in the discrete TLM model, respec-
tively. For example, if B = T'lm, the initial condition @) of the TLM model is chosen
as the basic state X at 0 UTC 1 June 1988, the basic states at later times are ob-
tained by integrating the FSUGSM starting with the same initial condition () and all
models are integrated for six hours, then B*(B(Q) denotes the backwards integration
of the adjoint model given by Eq. (5.1) with final condition taken as the output of
the TLM model integration, then one obtains

(BQ)'(BQ) = 1.0189576063747 x 103, (5.11)

Q'[B'(BQ)] = 1.0189576063753 x 103, (5.12)

which prove the correctness of the discrete adjoint model given by Eq. (5.9) up to
the machine’s precision of 14 digits.

Second, the TLM describes the evolutions of perturbations in a forecast model.
Eq. (5.10) indicates that the accuracy of the TLM is the same as that of its adjoint
model given by Eq. (5.9) or (5.1)-(5.1). This can also be demonstrated intuitively by
the following experiment.

Let observations consist of a full-model-state vector at the end of the assimilation

period, then the cost function assumes the following form
J(U) =< W(X(t) = X°(t7)), (X () — X°(t7)) > . (5.13)

If we denote AJ(U) as a first order approximation to J(U + U’) — J(U) due to the

change U’ in the initial condition U, and Tlm as the numerical integrations of the
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TLM, then

JU+U)—JU) ~ AJU) = 8‘2)()?7(%)) - AX (t)
~ 0J (X (ts)) Tim(U")
X (ty)
o " Tlmt 8J(X(tf)) _ 77t
= U"-TI (78)?(%) ) =U" -V, (5.14)

where the superscript ¢ denotes a transpose and AX (tf) is the change in the state
variable X at the final time t; due to the change U’ in the initial condition U, i.e.
given U and U’ then identical values of AJ(U) are obtained whether the TLM or its
adjoint model is applied, implying both values are equally accurate [58].

Still, it is worthwhile to provide an example of the accuracy of an adjoint calcula-
tion, especially since we will claim that the accuracy is much better than one would
have expected.

Suppose that the cost function is defined as the difference between the model
solution and the observation at the final time (six hours from the initial time) and
the observation is taken as a full-state vector solution at a time which is twelve hours
apart from the initial time. The weighting factor for divergence field is calculated

according to the following formula
1
W5 = = = 5 (5.15)
4 D(ty) — Do(ty)|
with similar expressions for the moisture, temperature, surface pressure, and vorticity

fields. The term 3J()z(tf))/8)z(tf) in Eq. (5.14) is obtained by integrating the

forward model and using the above specified weighting factors, i.e.
0J (X (ts))
X (ty)
The initial condition for the TLM model is taken as 8J()2(tf))/8)z(tf), ie.
o 0I(X ()
0X(tr)

= 2 (X(ty) - X°(t)). (5.16)

(5.17)

107



8J(X(t 7))/ X (tf) is also used as the final condition for the adjoint model given by

Egs. (5.1)-(5.1). If the perturbation is applied to an six hour forecast, then
8J(X(tr))
o<y LimU"0.00040447305742735

ey Tlmt(a;gg;)» 0.00040447305742624

= 1.000000000003, (5.18)

which proves numerically that both the TLM and its adjoint model are correct and
have the same accuracy.

Third, the verification of the correctness of the gradient can be conducted as
described below. The Taylor formula applied in the direction U’ = 8.J(U)/0X (¢ f)

yields
JU +aU") —J(U)
aU"-VyJ

For small a but not too close to the machine accuracy, the value of ¢(«) should be

ola) = = 1.+ O0(a||U']). (5.19)

close to one if the gradient Vi J is correctly calculated. Fig 5.2 shows that for « in

the range between 1073 and 107 an unit value of ¢(«) is obtained.

5.3 Descent algorithms and scaling

5.3.1 The LBFGS algorithm of Liu and Nocedal

Liu and Nocedal [117] compared the combined conjugate-gradient quasi-Newton
method of Buckley and LeNir [14], the limited-memory quasi-Newton method de-
scribed by Nocedal [154] (called LBFGS method), and the partitioned quasi-Newton
method of Griewank and Toint [76]. Zou et al. [227] compared four of the state-
of-the-art limited-memory quasi-Newton methods on several test problems, including
problems in meteorology and oceanography. Their results show that the LBFGS al-
gorithm is the most efficient and particularly robust amongst the algorithms tested
for the set of problems considered here. Therefore the LBFGS algorithm is chosen

for this study since it deals with the critical issue of storage in large-scale problems.
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In the LBFGS algorithm, the user provides a sparse symmetric and positive definite
matrix Hy, which approximates the inverse Hessian of the cost function, and spec-
ifies the number m of the quasi-Newton up-dates, therefore controls the amount of
the storage required. The LBFGS algorithm updates the formula generated matrices
which approximate the Hessian by building curvature information using information
from the last m quasi-Newton iterations. After having used the m vector storage lo-
cations for m quasi-Newton updates of the Hessian, the quasi-Newton approximation
of the Hessian matrix is updated by dropping the oldest update vector and replacing
it with the newest update vector. A new line search direction, which is an estimate of
the relative change to the current variables vector that produces the maximum reduc-
tion in the cost function, is then computed. It employs a cubic line search required
to satisfy a Wolfe condition [224], and an unit step size is always tried first. For a

precise description of the LBFGS algorithm, please see [117].

5.3.2 Weighting and scaling

Weights in the cost function have a serious impact on the minimization algorithm
[26]. A poor set of weights may result in elongated contour lines of the cost function,
or even in a total failure of the VDA. There are several ways to determine weights
such as: (1) trial and error method [110], (2) the statistical method, i.e. taking the
reciprocal of the variance of the observation errors [32], and (3) temporal weighting
method [34]. The first method may be very costly since it depends on both luck
and experience. In the second method, the variances are difficult to specify properly,
and much more research work is necessary in this area. In the third method weights
are assigned to individual observations and vary linearly with time. The total sum
of the weights assumes the same value as the reciprocal of squared estimates of the

statistical root-mean-square observational error.
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In our experiments with FSUGSM, a diagonal weighting matrix
W = diag{Wg, Wg, Wg, Wg, Wx}, (5.20)

is used where Wg, Wy, Wg, Wg, and Wi are constant diagonal sub-matrices. The

diagonal elements of W are calculated according to the following formula

1
(W5 =  — (5.21)
DAy M D) - Do)

with similar expressions for the moisture, temperature, surface pressure, and vorticity

fields. Model solutions are obtained by integrating the model from an initial condition.
Weights given by Eq. (5.21) nondimensionalize the cost function, and result in an
unit cost function at the beginning of the variational data assimilation.

Scaling is a crucial issue in the success of nonlinear unconstrained optimization
problems, and considerable research has been carried out on scaling nonlinear prob-
lems. It is well known that a badly scaled nonlinear programming problem can be
almost impossible to solve [149, 34]. An effective automatic scaling procedure would
ease these difficulties and could also render problems that are well scaled easier to
solve by improving the condition number of their Hessian matrix [205]. Thus scaling
is a crude way of carrying out preconditioning. For more discussion about precondi-
tioning, please see Appendix C and references [134, 236]

In the FSUGSM, the variables in the control vector have enormously different
magnitudes varying over a range of eight orders of magnitude. Typical values of
vorticity, divergence, natural log of the surface pressure and temperature have the
magnitudes of 1075, 1075, 1072 and 100, respectively. Scaling by variable transfor-
mation converts variables from units that reflect the physical properties to units that
display desirable properties for minimization process. Given a diagonal scaling ma-
trix S = diag{Sg, S5, S5, Sq, S} where Se Sp, S3, S, and Si are constant diagonal

sub-matrices, the general scaling procedure may be written as
X =5X°, (5.22)
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7 = Sq, (5.23)
H* = SHS, (5.24)

where H is the Hessian matrix. The constant diagonal elements of sub-matrix S
will be calculated by
max | D;(t;) — D5 ()], (5.25)

i\j
and similarly for Sz, Sz, Sz, and Sz where D;(t;) and D$(t;) are the j-th components
of vectors D and D° at time t;, respectively.

For complicated functions, difficulties may be encountered in choosing suitable
scaling factors. There is no general rule to determine the best scaling factors for
all minimization problems, and good scaling is problem dependent. A basic rule
is that the variables of the scaled problem should be of similar magnitude and of
order of unity because with in optimization routines convergence tolerances and other
criteria are necessarily based on an implicit definition of “small” and “large”, and,
thus variables with widely varying orders of magnitude may cause difficulties for
some minimization algorithms [73]. One simple direct way to determine the scaling
factor is to use the typical values for different fields. For some problems, the relative
magnitudes of the gradient field components of the cost function differ from each
other by several orders of magnitude. In such cases, it is better to scale the gradient

of the cost function [73, 115].

5.4 Numerical results of the variational data assimilation

Although the accuracies of the TLM and the adjoint model as well as the gradient
calculation of the cost function with respect to the control variables have been veri-
fied, it is of primary importance to ensure that the system as a whole was properly

constructed and that the minimization of the cost function can be performed using
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a reasonably high-resolution system. Hence, two sets of experiments were designed
using the LBFGS large-scale unconstrained minimization algorithm of Liu and No-
cedal [117]. Both shifted and randomly perturbed initial conditions are used in the
first set of experiments to investigate the efficiency of the 4-D VDA as well as the
impacts of the length of the assimilation on the convergence rate. In the second set of
experiments, the impacts of distributed observations and that of horizontal diffusion

are investigated.

In all experiments a horizontal truncation of T42 with 12 levels in the vertical
direction is used. For the exact variable transformation from spectral space to physical
grid space, or vice versa, a (128 x 64) Gaussian grid was used, and the dimension of
the vector of control variables is 303104. The length of the time assimilation window
is 6 hours unless indicated otherwise. All the routines are coded in single precision
FORTRAN. The runs were made on the CRAY-YMP supercomputer at Florida State

University, for which the relative machine precision € is approximately 10~

5.4.1 Numerical results with shifted initial conditions

The experiments are devised as follows: the model-generated values starting from
an analysis of the real observational data at 6 UTC 1 June 1988 are used as observa-
tions and the initial guess is taken as an analysis of the real observational data at 0
UTC 1 June 1988. We know exactly what the solution is, and the value of the cost

function at the minimum must be zero.

Here we assume the observations are available at every time step of the assimilation

window and the cost function is defined by Eq. (1.3).

In the first experiment the length of the assimilation window is chosen as one
hour. The purpose of this experiment is to verify that all components of the VDA

work properly before we conduct any VDA for a longer window of assimilation.
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Fig. 5.3 (solid line) displays the variations of the log of the scaled cost func-
tion (Jy/Jo) and scaled gradient norm (||gk||/||go||) with the number of iterations in
the minimization process. It would appear initially that the VDA works numeri-
cally. Indeed, after 65 iterations, the normalized cost function is reduced by 8 orders
of magnitude while the normalized norm of the gradient is reduced by 4 orders of

magnitude.

It is a good idea to consider the difference fields between the retrieved and ref-
erence (observational) fields before and after the minimization process, since these
difference fields measure the ability of the VDA to retrieve the observational fields.
Fig 5.11 shows the difference fields between the retrieved fields of divergence, vorticity,
temperature and natural log of the surface pressure and the reference (observational)
fields at the beginning of the assimilation window after the minimization process.
Comparing with the same difference fields (Fig. 5.6) before the minimization pro-
cess, it is observed that after the minimization the maximum difference values are
reduced by four orders of magnitude in all difference fields of divergence, vorticity,

temperature and natural log of the surface pressure.

If the length of the assimilation is increased to 6 hours, the VDA also works
successfully. The results in Fig 5.3 (dash line) indicate that after 65 iterations, the
normalized cost function is reduced by 2.3 orders of magnitude while the normalized

norm of the gradient is reduced by 1.5 orders of magnitude.

In Fig 5.4, dotted and long dash lines denote the variation of the log of the rms
error between the initial (guess) and exact temperatures with model levels at the
beginning and end of time assimilation window before assimilation. The solid and
dash lines denote the variation of the log of the rms error between the retrieved and
exact temperatures with model levels at the beginning and end of time assimilation
window after carrying out VDA. It is interesting to notice that the above rms error

is reduced by one order of magnitude at the beginning of time assimilation window
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while by 1.5 orders magnitude at the end of time assimilation window. The different
reduction in rms errors indicates that our metric for the cost function is not optimal.
The consequence is that the shape of the cost function can become strongly elliptic
with respect to the metric used and the gradient of the cost function can even become

almost orthogonal to the direction of the minimum.

The above experiments imply that the longer the assimilation period, the slower
the convergence rate. The slower convergence rate of the minimization in the case
of longer assimilation window results from the worsening of the conditioning of the
Hessian matrix due to the longer model integration. Thus the use of a longer as-
similation window will require more computation not only due to a longer model
integration interval but also due to a slower convergence rate. There should exist an
optimal assimilation length such that the minimization can retrieve the best initial
condition from the observations and the dynamics in the model equations. An inves-
tigation in this direction will be very useful for operational implementation of 4-D

VDA in NWP, along with selective time weighting of the observations.

5.4.2 Numerical results with randomly perturbed initial conditions

The experiments are devised as follows: the model-generated values starting from
an initial condition taken as an analysis of the real observational data at 0 UTC 1 June
1988 are used as observations and the initial guess is obtained by adding a random
perturbation of the above initial condition to itself. The random perturbations are
obtained by using a standard library randomizer RANF on CRAY-YMP and the
magnitudes of the perturbations are at most 10% of the original. Again, we know
exactly what the solution is, and the value of the cost function at the minimum
must be zero. All the random perturbations used in this chapter are of an uniform

distribution.

114



As in the previous subsection we first consider a case where the length of the
assimilation is only one hour and the observations are available at every time step. Fig.
5.8 shows that the VDA performs successfully. After 65 iterations, the normalized
cost function is reduced by more than 8 orders of magnitude while the normalized
norm of the gradient is reduced by 3.8 orders of magnitude.

From Figs. 5.9 and 5.10 it is observed that after the minimization the maximum
difference values are reduced by four orders of magnitude in all difference fields of
divergence, vorticity, temperature and natural log of the surface pressure. It is also
observed that the reductions in the maximum difference values are different at the
beginning and end of the assimilation window. That is the 4-D VDA is more capable
to retrieve information in the observations and in the dynamics of the model at the
end of the assimilation window for our test problem. It is clear that the 4-D VDA

works equally well with either shifted or randomly perturbed initial conditions.

5.4.3 Impact of horizontal diffusion

We have mentioned that the FSUGSM is used in its adiabatic version without
any physical parameterizations package. Only horizontal diffusion of vorticity, diver-
gence and temperature terms is retained. The horizontal diffusion terms impact the
minimization process [114, 207]. We describe now the impact of these terms on the
VDA.

A Laplacian-type of horizontal diffusion is included in the prognostic equations for
the vorticity, divergence and temperature fields, respectively. Thus the diffusion is of
the form K'V2Q, where K is the diffusion coefficient and @) is vorticity or divergence
or temperature. This diffusion is included primarily for numerical reasons, to suppress
the growth of the amplitudes of higher wavenumber components during the forecast.
This phenomenon, called spectral blocking, has been discussed by Machenhauer [125].

It is caused by neglecting the interactions between waves within the truncation limit
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with those waves which lie outside the truncation limit. The diffusion is applied in
spectral space, in an implicit manner (i.e. to the prognostic variables at time level ¢ 4
At) to avoid the growth of a computational mode (linear instability). The numerical
values of the diffusion coefficients for vorticity, divergence and temperature fields are

6.0 x 10% and 6.0 x 10 for weak and strong horizontal diffusions, respectively.

The same experiments as described in Section 5.4.4 where observations are avail-
able at every time step were performed again with strong horizontal diffusion terms
and without horizontal diffusion terms. The experimental results obtained without
the horizontal diffusion terms and with the strong horizontal diffusion terms present
are very similar to these experimental results obtained with weak horizontal diffusion
terms. The variations (Fig. 5.3) of the log of the scaled cost function (Ji/Jp) and
scaled gradient norm (||gk||/||go||) with the number of iterations in the minimization
process are almost identical to these (also see Fig. 5.3) obtained when weak hori-
zontal diffusion terms are applied to the model. Table 5.1 indicates that rms errors
of temperature at different model levels when no diffusion, weak or strong horizontal
diffusion terms are applied in the model, respectively. It is observed that the rms
errors obtained when weak horizontal diffusion terms are applied in the model are
uniformly smaller than these obtained with no diffusion or strong horizontal diffusion
terms present in the model. When strong horizontal diffusion terms are applied in
the model, the rms errors are the largest amongst the rms errors obtained in the three
cases. The maximum and minimum errors occur at the top and the bottom levels,

respectively.

All these results indicate that when weak horizontal diffusion terms are included
in the adiabatic version of the FSUGSM the minimization yields a more accurate
solution of the VDA problem, but when the horizontal diffusion terms become large,

the minimization may yield a less accurate solution of the VDA problem (see Fig.5.3).
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5.4.4 Impact of observations distributed in time

Here we will investigate the impact on the VDA of having a set of observations
distributed in time. Indeed, this experiment allows us to evaluate the ability of 4-D
VDA to use information contained in the dynamics.

The experiments carried out below follow the same pattern as those described in
Subsection 5.4.1 except that the number of observations is different. The impacts of
three different sets of observations, those available at every time step, those available
at the beginning and end, and those available at the end of assimilation window are
investigated.

If the observations are available at the beginning and end of the assimilation

period, then the cost function assumes the following form

HO) = S0 < Kulty) = Xo(tp), Kalty) - Xtg) >
+ W < X(to) — X°(to), Xi(to) — X°(to) >1, (5.26)

Fig 5.13 indicates that after 65 iterations, the normalized cost function and the
normalized norm of the gradient are reduced by 3.5 and 1.7 orders of magnitude,
respectively. These reductions are larger than the reductions observed in the case
where the observations are available at every time step (See Fig. 5.3).

As shown in Fig 5.14, the rms errors between the retrieved and exact temperatures
at different levels are reduced by two orders of magnitude at the beginning of time
assimilation window and by slightly more than two orders of magnitude at the end
of time assimilation window. Similar reductions at the beginning and end of time
assimilation window indicate that the cost function defined by Eq. (5.26) leads to
more balanced retrievals than the one defined by Eq. (1.3).

It is noted that in Figs. 5.12 and 5.6, after the minimization the maximum differ-
ence values of all difference fields of divergence, vorticity, temperature, and natural

log of surface pressure are uniformly reduced by two orders of magnitude. The de-

117



creases in the maximum difference values are one order more than these observed in
Fig. 5.5 where the observations are available at every time step.

We also carried out one experiment where the observations are available every two
hours, i.e. the observations are available at times 0, 2, 4 and 6h UTC June 1 1988.
The results (not shown) are very similar to the results when the observations are
available at every time step. This indicates that the impact of having observations
during the middle of the assimilation window is weak.

The above results imply that the more observations we add, the smaller is the
saturation in the retrieval of the reference fields. This phenomenon has also been

observed by Thépaut et al. [207].

5.5 Conclusions

4-D VDA with an adiabatic version of the FSUGSM T-42 is presented here. First,
we demonstrated the numerical feasibility of the 4-D VDA with a realistic spectral
model with horizontal resolution (triangular truncation) T-42 and 12 vertical levels.
Second, we investigated both the impact of horizontal diffusion and that of obser-
vations distributed in time. The experimental results reported here together with
the results of Navon et al. [141], Thépaut et al. [210] and Courtier and Talagrand
[36] indicate the great potential of 4-D VDA for application to operational 3-D NWP
models.

In this chapter, the weighting and scaling matrices were calculated from the ob-
servational fields and the initial guess fields. A reasonable reduction in cost function
was achieved, and the quality of the retrieval (i.e., the retrieved initial conditions

based on both observational and dynamical information) is satisfactory. The results
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where horizontal diffusion terms are retained in the adiabatic FSUGSM yield an im-
provement of the accuracy of the retrieved initial condition since the diffusion terms
suppress the growth of the amplitudes of higher wavenumber components.

Through different initial conditions and different scenarios of sets of observations
distributed in time, we demonstrate the efficiency of the 4-D VDA in extracting the
information contained in the dynamics of the model together with the information
contained in the observations. Conditioning is an important factor for an operational
implementation. The dynamics of the model may lead to different reductions of rms
errors at different times and the loss of the conditioning of the problem, i.e. the shape
of the cost function may become strongly elliptic with respect to the non-optimal
metric used and the gradient can even become almost orthogonal to the direction of
the minimum. The solution to this problem is to obtain an adequate knowledge of
the structure of the Hessian of the cost function. It seems that the SOA application
may be an efficient but very costly way to obtain information about the spectrum of
eigenvalues of the Hessian of the cost function with respect to the control variables.

Many issues related to the 4-D VDA are currently under investigation, such as its
formulation [37], the relationship of the 4-D VDA and sequential estimation methods
[170] and the definition of the cost function etc. A report on the state of art of
these research issues may be found in the proceeding of a workshop on variational
assimilation, with special emphasis on three-dimensional aspects (ECMWEF, U.K.,

1993).
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Figure 5.1: Verifications of the correctness of the tangent linear model: (a) variation
of ¢ with log «, (b) variation of log |1 — 1| with log «.

Figure 5.2: Verifications of the correctness of the gradient calculation using Taylor
expansion: (a) variation of ¢ with log«, (b) variation of log|¢ — 1| with log a.
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Figure 5.3: Variations of the log of the scaled cost function (J;/Jy) and scaled gradi-
ent norm (||gkl|/||go||) with the number of iterations. The lengths of the assimilation
window are one (solid line) and six (dash (with weak diffusion), dotted (with strong
diffusion) and long dash (without diffusion) lines) hours and the observations are
available at every time step.
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Figure 5.4: Dotted and long dash lines denote the log of rms errors between the
initial (guess) and exact temperatures at the beginning and end of time assimilation
window before variational data assimilation. Solid and dash lines denote the log
of rms errors between the retrieved and exact temperatures at the beginning and
end of time assimilation window after variational assimilation. The observations are
available at every time step and the initial guess is the analysis of the observational
fields at 0 UTC 1 June 1988.
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CONTOUR FROM —.000002994 TO .000003132 BY .000000612

CONTOUR FROM —.2855 TO .2582 BY .0543 CONTOUR FROM —.001407 TO .001483 BY .000289

Figure 5.5: Divergence (top left), vorticity (top right), temperature (bottom left)
natural log of surface pressure (bottom right) difference fields between the retrieved
and reference fields at level 8. The reference and starting fields are the analysis of the
observational fields of divergence, vorticity, temperature and natural log of surface
pressure at 0 and 6 UTC 1 June 1988, respectively. The observations are available
at every time step.
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CONTOUR FROM —.00003245 TO .00002443 BY .00001138 CONTOUR FROM —.00006366 TO .00006218 BY .00002517

CONTOUR FROM —3.842 TO 4.658 BY 1.7 CONTOUR FROM —-.009367 TO .007984 BY .00347

Figure 5.6: Divergence (top left), vorticity (top right), temperature (bottom left)
natural log of surface pressure (bottom right) difference fields between starting and
reference fields at level 8. The starting and reference fields are the analysis of the
observational fields of divergence, vorticity, temperature and natural log of surface
pressure at 0 and 6 UTC 1 June 1988, 1988, respectively.
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CONTOUR FROM —-.00000224 TO .000001959 BY .000000839 CONTOUR FROM -.000002038 TO .000002359 BY .000000879

CONTOUR FROM —.3028 TO .2845 BY .1174 CONTOUR FROM —.002678 TO .001876 BY .000910

Figure 5.7: Same as Fig. 5.5 except the observations are available at the end of the
assimilation window and the length of the assimilation is 1 hour.
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Table 5.1: Rms errors of temperature at different model levels. Results in the second,
third and fourth columns are the rms errors when no, weak and strong horizontal

diffusions are included in the model, respectively.

Model levels rmMs, rMS9 rMmss

1 0.25333 0.22312 0.23611

2 0.12962 0.11712 0.12267

3 0.85620 x 1071 | 0.86900 x 107! | 0.64824 x 107!
4 0.81224 x 107! | 0.83431 x 107! | 0.65400 x 1071
5 0.81658 x 1071 | 0.88145 x 107! | 0.67527 x 107!
6 0.91402 x 1071 | 0.98518 x 107! | 0.82567 x 101
7 0.12172 0.11732 0.12770

8 0.14343 0.13726 0.14319

9 0.15139 0.14624 0.15058

10 0.15543 0.15202 0.15642

11 0.18852 0.18093 0.19081

12 0.23645 0.22469 0.24192
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Figure 5.8: Same as Fig. 5.3 except the initial fields are randomly perturbed fields.
The length of the assimilation window is 1 hour and the observations are available
at every time step of the assimilation window.
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CONTOUR FROM —.000004769 TO .000005231 BY 107®

CONTOUR FROM —2.102 TO 2.198 BY .43 CONTOUR FROM —.02105 TO .02405 BY .00451

Figure 5.9: Divergence (top left), vorticity (top right), temperature (bottom left)
natural log of surface pressure (bottom right) difference fields between randomly
perturbed and reference fields at level 8. The randomly perturbed fields are the
randomly perturbed fields of the analysis of the observational fields of divergence,
vorticity, temperature and natural log of surface pressure at 0 UTC 1 June 1988.
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CONTOUR FROM —1.356x107° TO 1.427x107° BY 0.278x107°

CONTOUR FROM —.0001325 TO .0001223 BY .0000254 CONTOUR FROM —.0000006259 TO .0000007077 BY .0000001334

Figure 5.10: Same as Fig. 5.5 except the length of the assimilation window is one
hour starting from the randomly perturbed initial conditions.
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CONTOUR FROM —.000001285 TO .000000961 BY .000000224 CONTOUR FROM —.000001285 TO .000000961 BY .000000224

Figure 5.11: Same as Fig. 5.5 except the length of the assimilation window is one
hour.
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Figure 5.12: Same as Fig. 5.5 except the observations are available only at the
beginning and end of assimilation window.
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Figure 5.13: Same as Fig. 5.3 except the observations are available only at the
beginning and end of assimilation window and the length of the assimilation window
is six hours.
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Figure 5.14: Same as Fig. 5.4 except The observations are available only at the
beginning and end of the assimilation window.
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CHAPTER 6

VARIATIONAL NUDGING DATA ASSIMILATION

6.1 Introduction

Among the 4-D data assimilation approaches, variational data assimilation (VDA)
nudging data assimilation (NDA) [195], variational continuous assimilation (VCA)
[52, 235], Kalman-Bucy and extended Kalman-Bucy filtering methods [29, 30, 31, 43,
163, 90, 91, 212] are considered to be five of the most promising techniques capable
of utilizing the ever growing number of asynoptic observations. Briefly, the VDA
method seeks to find an optimal initial condition and /or boundary conditions which
minimizes in the least square sense the differences between the model solution and
observations in a certain assimilation time interval [36, 44, 108, 151, 175, 218, 215].
It uses an optimal control approach based on adjoint model integration to obtain the
gradient of the cost function, with respect to the control variables for the minimization
procedure efficiently [177]. This approach is cheaper than that of using an explicit
finite-difference approximation for the gradient when large-dimensional models are
involved. Nevertheless, the cost of the VDA method for real distributed data is still
prohibitive for operational applications. Additional research is required to improve
the rate of convergence of the minimization part of the algorithm by proper scaling
and weighting as well as developing efficient parallel algorithms for VDA. Other issues
related to VDA concern determining the optimal length of the assimilation window,
the treatment of on-off physical processes such as large-scale precipitation and deep
cumulus convection [9, 231, 237, 216], and the control of high-frequency gravity-wave
oscillations [226, 230], to mention but a few. Moreover, the adjoint VDA method may

also be used to perform parameter estimation and sensitivity analysis.
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The NDA method relaxes the model state towards the observations during the
assimilation period by adding a non-physical diffusion-type term to the model equa-
tions. The nudging terms are defined as the difference between the observation and
model solution multiplied by a nudging coefficient. The size of this coefficient is cho-
sen by numerical experimentation so as to keep the nudging terms small in comparison
with the dominant forcing terms in the governing equations, in order to avoid the re-
bounding effect that slows down the assimilation process, yet large enough to impact
the simulation. NDA has been successfully used on global scale ([98, 122, 124]) and
in a wide variety of research applications on mesoscale models ([47, 88, 172, 217] etc).
The NDA method can be thought of as an iterative simplified approximation to the
Kalman filter (KF) [119, 122]. The NDA method is a flexible assimilation technique
which is computationally much more economical than the VDA method. However,
results from NDA are quite sensitive to the ad hoc specification of the nudging relax-
ation coefficient, and it is not at all clear how to choose a nudging coefficient so as to

obtain an optimal solution (the theory and examples of NDA are provided in section

6.2).

VCA [52, 235] considers the forecast model error by adding to the right hand sides
of the model equations given by Eq. (1.4) a correction term A¢, i.e. a product of a
prespecified time dependent variable A and a spatially dependent variable ¢,
0X .
— = F(X) + \o. (6.1)
ot
The form of A controls the distribution of the correction over the assimilation window.
The objective of the VCA technique is to find the optimal ¢ which minimizes the cost
function. Note that ¢ contains the same number of degrees of freedom as the initial
state. The VCA is similar to the NDA. However, in the VCA, the correction varies in

time only in a prespecified manner. The correction is calculated to optimally fit the
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data throughout the assimilation window, rather than relaxing the solution toward

the values at the observation time.

Variational nudging data assimilation (VNDA, which is called optimal nudging
data assimilation in the work of Zou et al. [229]) combines the aforementioned data
assimilation schemes in the most efficient way. The original idea of optimal nudg-
ing data assimilation was put forward by Le Dimet (personal communication). A
parameter-estimation approach is used in the framework of the VDA algorithm to
simultaneously determine the best initial conditions for numerical weather prediction
(NWP) and optimal coefficients for the NDA scheme. The goal is to find the best
initial conditions and optimal nudging coefficients which best assimilate the given
observations. It is well known that the best nudging coefficients are those related
to a KF in a linear system of equations. Applications of the KF technique to the
assimilation of meteorological (or oceanographical) observations has been studied by
several authors [31, 43, 163, 65, 66, 67, 68, 171], and present operational NDA proce-
dures can be described as degraded forms of the KF. However, the KF is very costly
to implement in practice [31, 56]. In Appendix E, the extended KF [163] and the
relationship amongst the KF, VNDA and NDA approaches are described.

We can obtain optimal nudging coefficients in a much more economical way by
using the VDA method in a parameter estimation mode; this allows the adjusting
of variables other than the initial conditions for either linear or nonlinear systems
and employs an adjoint model for gradient calculation. Parameters in the numerical
weather prediction model can easily be incorporated in the adjoint VDA procedure
and serve as additional control variables. The variational algorithm is formulated here
using the nudging coefficients as the control parameters. The nudging coefficients are

estimated so that the model solution is as close as possible to the observations.

In this chapter, we present the results of an application of the VNDA to the
FSUGSM in its full-physics diabatic operational form. The gradient of the cost func-
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tion with respect to the initial conditions is approximately obtained by integrating
the adjoint model of the adiabatic version of the FSUGSM [219]. This introduces
an error in the gradient calculation but also opens a door for data assimilation of
the most sophisticated forecast models by employing imperfect adjoint models. The
nudging term included in the model equations takes the model error into account.
The nudging term also plays a role in improving the conditioning of the cost function
and thus results in a faster convergence of the minimization process.

The FSUGSM and all its physical processes have been described in Chapter 4
and Appendix F, respectively. In subsections 6.2 and 6.2.3, some simple examples
of the NDA are first presented and then the NDA and VNDA are described for a
general model, respectively. Computational details and numerical results are shown
in section 6.3. A comparison of estimated nudging, optimal nudging and variational
data assimilation is provided in section 6.3.3. Conclusions as well as topics for further

research related to the 4-D VDA with FSUGSM are presented in section 6.4.

6.2 Nudging data assimilation

6.2.1 Some simple examples

In order to get a feeling for the effects of nudging, we consider a few very simple
cases in this subsection.

In NDA there is a preforecast integration period during which model variables are
driven toward the observations by extra forcing terms (nudging terms) in the model
equations. When the actual initial time is reached, the nudging terms are dropped
from the model equations and the forecast proceeds. The principal objective is to
bring the data and the model in harmony and provide a relatively noise-free start
[81]. The schematic representation of the assimilation-forecast cycle of the NDA is

provided in Fig. 6.2.
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The equations for a particular gridpoint variable o may be expressed in the form

88—(2‘ = F 4 N(a, t)e[a® — o], (6.2)

where F' represents the usual terms in the model equations; N(«,t) is a nonnegative
nudging coefficient; and €, a positive weight factor < 1, is a confidence factor with
respect to accuracy of the gridpoint value o®)(¢) which is a best estimate based upon
observations. If o(?(t) is assumed to be the true value, e would be 1.

First assume that the physical forcing is zero, and further that N is constant and

¢ = 1. Then (6.2) reduces to

2~ No —a], (6.3)
or
¢
a=ape M+ Ne_Nt/ NeMtaOdt, (6.4)
0

where t = 0 represents the beginning of the preforecast period and «y is the value of
aat t = 0. If al9(t) is assumed to be constant in time toward which « is nudged,
the solution of (6.4) is

a=a? + (g — a@)e N, (6.5)

Thus a approaches the observed value o?) as time passes, though of course never
reaching it in a finite time 7.
As a second case assuming the atmosphere and also the observations are changing

linearly with time [i.e., a9 (t) = al? + at]. Then the solution for this case is

a=a®t) + [ag — oMt — %(1 — eV, (6.6)

In this instance it is seen that the initial error, if such exists, is damped toward zero
with increasing time (second term on right-hand side) but the third term approaches
—a/N. Thus at best a approaches the observationally determined value «(®)(¢) only
to within the constant a/N, which is the ratio of the rate of change of a(*) to nudging

constant. Also for a large IV, the last term will be small.
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The preceding simple cases have been mainly concerned only with a simple vari-
able rather than a complete system of equations and the physical forcing has been
omitted. In order to treat a more complete system analytically, shallow water equa-
tions with nudging terms added are linearized about a state of rest with constant
Coriolis parameter f and no variation in the y-direction [88]. Assuming periodic

disturbances of the form
X'=> X exp(ikp ),

where X' is a column vector of the perturbation quantities v/, v" and &/, k,, = 27/ L,p,,
is the mth wavenumber, L,, is the wavelength and the X, are the corresponding

amplitudes, the equations for the amplitudes take the form

T N. —f ikng\ [fm N, (0
)
pon om |+ f N, O Oom | = | N2 © (6.7)
- iknH 0 N, . N,hO
or
0X
5 TAX =B (6.8)

Assuming the nudging coefficients and “observations” do not vary in time, the matrix
A and vector B are constants, and the solution is given by a constant vector, A=!B,
and a time-varying part:

3
X =A"'B+Y Cje i, (6.9)

j=1
where o; are the eigenvalues of A and the C; are constant vectors that depend on
the initial conditions X (0) and A™'B. The C; can be determined given X (0) and
X© by placing ¢ = 0 in (6.9). In the case where the constant “observations” are in
geostrophic balance, that is, 49 = 0 and 0© = (igk,,/f)h®, then X© = A~1B;
hence

X — X(O) = Cle_‘”t + CQG_UQt + 036_03t, (610)

139



Assuming further that the nudging coefficients are all equal to N, Eq. (6.10) leads to
a stationary mode oy = N, 09 = N +iv and 03 = N —iv, where v? = w? + f2. Here v
is the frequency of inertial gravity waves and w? = k% gH. Thus there is a stationary
mode damped by nudging coefficient and two damped inertial gravity modes with a

resulting approach toward the observational values X ().

6.2.2 The basic theory of nudging data assimilation

An implicit assumption made in VDA is that the model exactly represents the
state of the atmosphere. However, this assumption is clearly not true because any
numerical model only approximately represents the state of the atmosphere.

The nudging data assimilation (NDA) technique introduced by Anthes [4] consists
in achieving a compromise between the model and observations by considering the
state of the atmosphere to be defined by

ox
ot

F(X)+G(X° - X), (6.11)
where G is a diagonal matrix with G,, Gr, Gp, G¢ and Gg as its diagonal sub-
matrix entries representing adjustable nudging coefficients for the surface pressure,
temperature, divergence, vorticity and moisture fields, respectively.

Together with the initial condition

—

X(to) =1, (6.12)

the system (6.11) has an unique solution X (U, G).
Let us consider a perturbation U’ on the initial condition U in Eq. 6.12. The
resulting perturbation on the variable X, X is obtained from Eqs. (6.11) and (6.12)

as
oxX _OF ¢ GX, (6.13)
ot 90X
X(ty) =U". (6.14)
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The main difficulty in the NDA scheme resides in the estimation of the nudging
coefficient G [194]. If GG is too large, the fictitious diffusion term will completely dom-
inate the time tendency and will have an effect similar to replacing the model data
by the observations at each time step. Should a particular observation have a large
error that prevents obtaining a dynamic balance, an exact fit to the observation is
not required since it may lead to a false amplification of observational errors. On the
other hand, if G is too small, the observation will have little effect on the solution.
In general, G decreases with increasing observation error, increasing horizontal and
vertical distance separation, and increasing time separation. In the experiment of
Anthes [4] a nudging coefficient of 1073 was used for all the fields for a hurricane
model and was applied on all the domain of integration. In the experiment of Krish-
namurti et al. [98] the relaxation coefficients for the estimated NDA experiment were
kept invariant both in space and time, and their values were simply determined by

numerical experience. The following values were used:

Ge, Gy = 107471 (6.15)

Gp = 0.5x 107471,

i.e. the vorticity, divergence and the pressure tendency fields are subjected to the
Newtonian relaxation. The implicit dynamic constraints of the model then spread
the updated information to other variable fields (temperature and moisture fields)

resulting eventually in a set of balanced conditions at the end of the nudging period.

We employ a parameter-estimation approach [8] designed to obtain the best initial
conditions and optimal nudging coefficients G* [229]. They are optimal in the sense
that the difference between the model solution and the observations will be small.
The values in (6.16) will be used both as the nudging coefficient for estimated NDA

experiment (usual NDA using ad hoc nudging parameters) and as the initial guess
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in a variational parameter-estimation approach aimed at obtaining the best initial

conditions and optimal nudging coefficients.

6.2.3 Variational nudging data assimilation

By fitting the model solutions to the observational data, the unknown parameters
of the model can be obtained simultaneously by minimizing a cost function that
measures the misfit between the model results and observations, in which the model
parameters are the control variables along with the initial condition vector in our case
[45, 104, 188]. For example, the barotropic gravity-wave speed in a two-dimension
reduced-gravity, linear-transport model for the equatorial Pacific Ocean was used as
a parameter control variable [193]. In the work of Panchang and O’Brien [159] the
friction coefficient for a one-dimension tidal-flow model was the parameter optimally
estimated from observations. In the work of Lardner et al. [104], the bottom drag
coefficient and depth correction for a two-dimensional hydrodynamical model of the
Arabian Gulf were the parameters optimally estimated.

The application of the variational approach to determine model parameters is
conceptually similar to that of determining the initial conditions. In the following we
will present a brief illustration of the method.

For the VNDA, the cost function J can be defined as

A ~

J(U,G) = <W(X, - X)), (X, - X)>+<KG-@G),G-G>, (6.16)

N —

Il
o

(2

where G denotes the estimated nudging coefficients and the K is specified weighting
matrix. Here observations are assumed to be available everywhere on all model grid
points for simplicity. For a more realistic case, a transform operator C' from X to X°
should be included in (6.16) and hence G will no longer be a diagonal matrix with
constant terms in each block. The second term plays a double rule. On one hand it

ensures that the new values of the nudging parameters are not too far away from the
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estimated quantity. On the other hand it enhances the convexity of the cost function
since this term contributes a positive term, K, to the Hessian matrix of .J [193].
The solutions of the VNDA procedure can be defined by the best initial condition

U* and optimal nudging coefficients G* such that
JU*,G") < J(U,G), VG, U. (6.17)

The problem of extracting the dynamical state from observations is now identified as
the mathematical problem of finding initial conditions or external forcing parameters
that minimize the cost function.

Owing to the dynamical coupling of the state variables to the forcing parameters,
the dynamics can be enforced through the use of a Lagrange function constructed by
appending the model equations to the cost function as constraints, thus avoiding the
repeated application of the chain rule when differentiating the cost function. If the

implicit time differencing equations of Eq (6.11) are given by the following equations

X, = Xy + AtF(X,) + AtG(X? — X)), (6.18)

— —

Xip1 = Xi1 + 20t F(X) + 20t G(X2, — Xi11), (6.19)
fort =1, ..., M — 1, then the Lagrange function may be defined by

L = JU)
+ < Py, X — Xy — AtF(Xy) — AtG(X? — X,) >
+ Mf < P, X — Xy — 2AtF (X)) — 2AtG(X2, — Xiy1),  (6.20)
1
where P; is a vector of Lagrange multiplies, which are identical to the adjoint model
variables [206]. The Lagrange multiplies are not specified but computed in determin-
ing the best fit. At the minimum point the gradient of the Lagrange function must
be zero. This leads to the following first-order condition:

oL
0x;,

0, (6.21)
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oL

55 = (6.22)
oL
= 2

The solution of Eqs (6.21-6.23) is called the stationary point of L. Eq (6.23) results

in (the notation here has some problems)

Vel — AtPy(X0 — X))
M-1

— Y 2AtP(XE, — Xi), (6.24)
1
which yields the gradient of the cost function with respect to G

Vel = AtPy(X? — X))
M—1 . B
+ Y 2AtP (XY, — Xip), (6.25)
1
Eq (6.22) recovers discrete form of the original model Eq (6.11), while (6.21) yields

the adjoint equations

Py + 20tG* Py + W (X — X§) =0, (6.26)
. OF , -
Pyy_y + 20tG" Pyr_y — 21t ( = ) P+ W(Xao— X5) =0, (6.27)
M-1
and
* OF \ % 0
Py + 2AtGF P, — 2At(a7) P,— P +W(X;— X°) =0, (6.28)

fori=M—-2, M-3, .., 1.
As we know from previous chapters, the value of the adjoint variable vector at the

initial time is the gradient of the cost function with respect to the initial conditions
VuJ = P(ty). (6.29)

Therefore the gradient of the cost function with respect to both the initial conditions

and the nudging coefficients is
VJ = (VyJ,VgJ). (6.30)
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Having obtained the value of the cost function J by integrating the model (6.11)
forward, and the value of the gradient by integrating the adjoint Eqs (6.26, 6.27,
6.28) backwards in time, any efficient large-scale unconstrained minimization method
may be employed to minimize the cost function with respect to the vector of control
variables and finally obtain the best initial conditions and an optimal parameter

estimation.

It is worth noting that if G is zero the Eqs (6.26, 6.27, 6.28) reduce to the usual
first order adjoint equations and the VNDA reduces to the VDA. In the case in which
the cost function is defined as an integral, the derivation of the gradient of the cost

function with respect to the nudging coefficients is provided in Appendix D.

6.2.4 Identifiability and stability of parameter estimation

If the parameter estimation is going to be successful, an important question must
be addressed; under what conditions can one expect the proposed estimation method
to yield unique and stable results [22, 23, 24, 104, 153, 159, 193]7 Now we discuss

these issues.

Strictly speaking, if the method is going to work, the problem should be well-
posed. The inverse problem is often ill-posed, but there are situations under which
a meaningful solution can be found, although in a limited sense. It will be therefore
important to be able to recognize the circumstances which allow a solution of the
problem to be found. The inverse problem can be defined as follows: let a functional
relationship X = f(G) be given between a parameter vector G which in our case is
the nudging coefficients and X where X represents the state variable of our problem.
The inverse problem will then be to determine the nudging coefficients G on the basis
of X and the inverse relationship G = R()Z' ). This problem is said to be well-posed
if and only if (1) to every X there corresponds a solution G; i.e. a solution exists; (2)

the solution is unique for any given X ; and (3) the solution depends continuously on
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X ; i.e. the solution is stable. If the inverse problem fails to satisfy one or more of
these three requirements, it is said to be ill-posed.

Uniqueness and parameter identifiability [93] can be defined in the following way.
Let X, = f(G1) and X, = f(Gs) be two solutions of the forward problem, and
Gy = R(X,) and G = R(X>) be two solutions of the inverse problem, then

|X) — X =0 & |Gy — Ga|| =0, (6.31)

where || - || represents a norm over the appropriate space. In practical problems X is
only given at discrete points in space and time, and R represents a minimization of a
functional J as given in previous subsection. While uniqueness refers to the inverse
problem, R, identifiability refers to the forward problem, f. If two sets of parameters
lead to the same function X , the parameters are said to be unidentifiable. Uniqueness
on the other hand is concerned with the problem whether different parameters may
be found from a given X , if so the parameters are nonunique.

Stability can be defined in the following way. For every ¢ > 0 there exists a § such
that for G = R(X,) and G5 = R(X,) one has

1X) — X,5|| < 6= |Gy — Gs <. (6.32)

Eq. (6.32) states that small errors in the variables must not lead to large changes in
the computed parameter. Tarantola [203] discusses the concepts of uniqueness and
stability in more detail.

The problems of identifiability and stability can be solved by reducing the number
of parameters to be estimated. In the hydrological literature the most common way
to do this is to approximate the parameters by a known class of functions depending
on a finite number of parameters. If the parameter dimension is not reduced, it may
be difficult or even impossible to determine the spatial structure of the parameter

field. Instability is often characterized by the fact that during the solution process
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the parameter values are bouncing back and forth between high and low values [193].
Lardner et al. [104] pointed out that in most cases it was necessary to include a term
in the cost function that penalizes large variations in the estimated parameters.

The uniqueness of the solution implies that the cost function J is convex. The
requirement for this condition is that the Hessian matrix is positive definite [73].
Writing the cost function as

J=Jy+ Jg, (633)

where Jy represents the first term in Eq. (6.16), while Jg represents the last term or
the term representing prior information about the parameters (nudging coefficients).

The Hessian is represented by

PRI Ry g

962~ aGz oG (654
The first term gives
Pay U 0X; 0X, N ¢
= — Xi—= X)) = > :
e §<W8G’8G>+<W( ) Teke (6.35)

which can be positive or negative. So the first term in the minimization criterion does
not guarantee that the cost function is convex. The last term in Eq. (6.34) gives

2
% _K (6.36)
which is clearly a positive term. Adding prior information about the parameters
therefore increases the chance that the cost function will be convex. Of course there
is no guarantee that the term in Eq. (6.36) will make the Hessian positive definite.
Carrera and Neuman [23] discuss the effect of prior information in a few simple

examples of estimation of aquifer parameters. Their examples clearly show that the

addition of prior information leads to unique solutions.
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6.3 Numerical results of the variational data assimilation
The algorithmic procedure of the VNDA assumes the following form:

1. Set the iteration number k& = 0 and initialize the state variable X and the
nudging coefficient vector G as Uy and Gy, respectively, where G is given by

(6.16).
2. Test (Uy, Gy) for convergence. If the following convergence criterion is satisfied
IGkll < ellUk|l, (6.37)
where € is a predetermined small number, then stop. Otherwise continue.

3. Integrate the model (6.11) forward in time and calculate the value of the cost

function defined by

HU.G) = LW < Kulty) — X(ty), Kalty) — Xo(ty) >
+ W< Xilto) — X°(to), Xi(to) — X°(to) >}, (6.38)

if the observations are available only at the beginning and end of the assimila-
tion window , or defined by Eq (6.16) if the observations are available at every

time step.

4. Integrate the adjoint Eqs (6.26, 6.27, 6.28) backwards in time and calculate
the gradient of the cost function with respect to the control variables U and G

using (6.30).

5. Apply the limited-memory quasi-Newton (LBFGS) large-scale unconstrained
minimization algorithm of Liu and Nocedal [117] to obtain a set of new values

for U and G: U1 and Gj11. Set k =k + 1 and go to step 2.
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In our experiments, no prior information was presumed (K = 0).

For the nudging terms added to the model, an implicit time-differencing scheme
was used in order to ensure computational stability for any value assumed by the
nudging coefficients. The time integrations are carried out in two steps. The tendency
without the nudging term, X*(¢t + At), is first calculated. The Newtonian term is

then expressed in finite difference form using the relation

X(t+ At) — X*(t + At)

. —»O . —
N = GIXO(t+ At) — X (t+ Ab)], (6.39)
or
. X*(t 4+ At) + 2AtGXO(t + At
L+ Ap = 2 )HQAW ( ). (6.40)

It is first necessary to obtain the correct gradient of the cost function with respect
to the nudging coefficients in the parameter-estimation procedure before carrying out
the minimization of the cost function. Since otherwise all our calculations will be
erroneous. The Taylor formula applied in the direction G’ = V¢ J(G) yields

J(G +aG) — J(G)

V) = = G v

= 1.+ 0(a||G"]). (6.41)

For small a but not too close to the machine accuracy, the value of 1(«) should
be close to one if the gradient V4J is correctly calculated. Fig. 6.1 indicates that
for o between 107! and 1072 an unit value of ¢(«a/) is obtained and therefore the

correctness of the gradient calculation has been verified.

6.3.1 Variational nudging data assimilation with the adiabatic version of

the FSU global spectral model

Before conducting the VNDA with the FSUGSM in its full-physics operational
form, it is important to ensure that the VNDA performs successfully with the adia-

batic version of the FSUGSM since the adjoint model is derived from the adiabatic
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version of the FSUGSM. As stated previously, the gradient calculation is exact except

for computational errors.

The experiments are devised as follows: the model-generated values starting from
an analysis of the real observational data at 6 UTC 1 June 1988 are used as obser-
vations and the initial guess for initial conditions is taken as an analysis of the real
observational data at 0 UTC 1 June 1988. The initial guess for nudging coefficients
is given by (6.16).

The experiments carried out here involved nudging the surface pressure, diver-
gence and vorticity. Figs. 6.6 (dash line) and 6.4 display the variations of the log
of the scaled cost function (Jy/Jy) and scaled gradient norm (||gkl|/||gol|) with the
number of iterations in the minimization process when the observations are available
at every time step and only at the beginning and end of the assimilation window,
respectively. After either 24 or 18 iterations, the normalized cost function and the
normalized norm of the gradient are reduced by more than 2.5 and 2 orders of mag-
nitude, respectively, irrespective which set of observations is used. At this stage the
prescribed convergence criterion given by (6.37) with e = 107° is satisfied. In the case
where the observations are available at every time step of the assimilation window,
by continuing the minimization process, the scaled cost function and scaled gradient
norm decreased another 2 and 1 orders of magnitude after 65 iterations, respectively.
Both the cost function and the gradient norm continue to decrease even after 65
iterations. We note that due to the nudging effect, it appears that when more obser-
vations are added, the convergence rate becomes faster. The opposite is true for the
VDA experiments carried out in Chapter 5. Comparing Figs. 6.6 and 6.4 with Figs.
5.3 and 5.13, it is observed that the VNDA is indeed much faster than the VDA for
our test problem. In both of VNDA experiments the minimization requires less than
25 iteration to satisfy the prescribed convergent criterion while the minimizations

requires more than 65 iterations to converge in both of the VDA experiments. This
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is due to the fact that the conditioning of the Hessian is improved when a nudging
term is added to the forecast model. These figures indicate that VNDA yields higher
quality solutions requiring much less iterations. If we notice that the only additional
cost for VNDA is three more control variables (nudging coefficients) and the calcula-
tion of the gradient of the cost function with respect to these variables, the VNDA is
really cost effective in obtaining a speed up of the convergence of the minimization

process.

It is a good idea to consider the difference fields between the retrieved fields
and the observation fields before and after the minimization process, since these
difference fields measure the ability of the VNDA to retrieve the observational fields.
Figs. 6.8 and 6.5 show the difference fields between the retrieved fields of divergence,
vorticity, temperature and natural log of the surface pressure and the corresponding
reference (observational) fields at the beginning of the assimilation window after the
minimization process for the two experiments. Comparing with the same difference
fields (Fig. 5.6) before the minimization process, it is observed that after minimization
the maximum difference values are reduced by one order of magnitude in all difference
fields of divergence, vorticity, temperature and natural log of the surface pressure in

both cases.

Figs. 6.3 and 6.7 display the evolution of the nudging coefficients, Gi,,, G and
Gp, in the VNDA procedure. During the first 15 iterations, all the nudging coefficients
experience a dramatic increase for both cases. After 15 iterations the increases level-

off. The optimal values of the nudging coefficients are provided in Table 6.1.

It is observed that the optimal nudging coefficients are two orders of magnitude
bigger than the initial guesses given by (6.16), which were suggested by Krishnamurti
et al. [98]. By noticing that the horizontal truncation of our experiment (T42) is

smaller than theirs (T106), the values obtained appear to be very reasonable since it
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is general experience that the nudging coefficients increase with decreasing horizontal

resolution.

We note here that the optimal nudging coefficients do not tend to infinity as the
minimization proceeds. This is due to the fact that when the minimization process
proceeds, both the initial state U and the nudging coefficients GG are updated and the
optimal solution of the minimization problem is obtained due to the combined effect

of the model dynamics and the nudging term.

We also carried out an experiment starting from the randomly perturbed initial
conditions described in section 5.4.2 with the observations available at every time
step. The results are similar to the results described above and are displayed in Figs.

6.9, 6.10 and 6.11.

All previous experiments were carried out starting from an analysis of the obser-
vational fields of divergence, vorticity, temperature and natural log of surface pressure
at 0 UTC 1 June 1988. These analysis fields are not initialized. One may assume the
existence of spurious gravity waves (high frequency “noise”) in them. The nonlinear
normal mode initialization (NNMI) permits an explicit filtering of the unwanted high
frequency oscillations (implied by the initial data) consistent with the framework of
the particular dynamical prediction model being used. Therefore, in order to inves-
tigate the impact of gravity oscillations on the VNDA, we apply the NNMI to the
above analysis fields and perform the same experiments starting from the resulting
fields of the NNMI. The results are similar to the results described above. Fig. 6.6
(solid lines) shows the results of VNDA when the observations are available at every
time step of the assimilation window. It is clear that there are no sizable differences
whether the VNDA starts from either the analysis of the observational fields or from
the fields initialized by the NNMI, which means there are almost no spurious gravity

waves in the analysis of the observational fields.
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6.3.2 Variational nudging data assimilation with the FSU global spectral

model in its full-physics operational form

In this subsection, we will apply the VNDA to the FSUGSM in its full-physics
operational form while using the same adjoint model of the adiabatic version of the
FSUGSM to calculate the gradient of the cost function. An implicit assumption
made here is that the gradient of the cost function thus calculated is a reasonable
approximation to the exact gradient such that the VNDA could proceed successfully.

The same experiments as described in subsection 6.3.1 are performed when ob-
servations are available at every time step and only at the beginning and end of the
assimilation window, respectively. In Fig. 6.12 the cost function and the gradient
norm are shown as functions of the number of iterations for all the experiments. The
values of the cost function and gradient norm are normalized by their initial values,
respectively. After 9 iterations the cost function and gradient norm are reduced by
more than 1.8 and 1.7 orders of magnitude, respectively, in the case where obser-
vations are available at every time step of the assimilation window. Based on the
behaviour of the gradient norm and the cost function, the minimization is satisfac-
tory, i.e. the cost function and gradient norm do not decrease significantly after 8
iterations.

In all aforementioned assimilation experiments we have also calculated the cost
functions corresponding to each variable (divergence, vorticity, temperature and pres-
sure). It is noticed that the decreases of the different components of the cost function
are uniform and similar to the decrease in the total cost function.

The nudging coefficients as a function of the number of iterations from the present
experiment are shown in Fig. 6.13. The optimal nudging coefficients obtained in this
case are Gy, = 0.9553 x 1073, G¢ = 0.6081 x 1072 and Gp = 0.3159 x 1072, They
are very similar to the corresponding optimal nudging coefficients obtained in the

previous subsection. The behavior of the nudging coefficients as a function of the
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number of iterations is also very similar in all the experiments performed in this
thesis.

It is important to note that, even though an approximate gradient is used in the
minimization, the VNDA works successfully. This may lead to a possible operational
implementation of the 4-D VDA for sophisticated operational models while using a
simplified adjoint model to calculate the gradient. If full adjoint models of the most
complex models in their full-physics operational form were used, the convergence rate
would be improved and the minimum would be different from that obtained using
simplified adjoint models. But it is reasonable to assume that they will not be far
from each other. All these results indicate that the assumption mentioned at the
beginning of this subsection seems to be very reasonable. Courtier et al. [37] and
Zupanski [235] also employed simplified adjoint models to obtain the gradient of the
cost function with respect to control variables while integrating the nonlinear model
in its full-physics operational form. Their results agree with ours.

The moisture field is not part of the control variables vector in the present ex-
periment. Only divergence, vorticity, temperature and natural log of surface pressure
fields are updated explicitly during each iteration of the minimization process. The
moisture field is implicitly updated through the forecast model integrations, i.e. the
impact of the improved fields of divergence, vorticity, temperature and natural log of
surface pressure progressively propagates to the moisture field through the forward

model integrations.
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6.3.3 Comparisons of estimated nudging, optimal nudging and variational

data assimilation
In this section we compare the NDA and VNDA techniques when observations are
available at every time step of the assimilation window. The FSUGSM is used in its
full-physics operational form. The basic experiments that follow consist of four types

of assimilation:
1. A control assimilation without nudging,

2. An assimilation with estimated nudging coefficients as suggested by Krishna-

murti et al. [98],

3. An assimilation with optimal nudging coefficients obtained in subsection 6.3.2

by an optimal parameter-estimation procedure using the adjoint technique,

4. VNDA minimizing a cost function measuring the distance between the model
solution and observations. An overview of the aforementioned assimilations are

displayed in Fig. 6.2.

With the estimated and optimal nudging coefficients we may carry out two parallel
NDAs. For the sake of comparison, and with a view to obtain a better insight into the
ability of the VNDA procedure, we also carried out a similar VNDA experiment. The
ensuing 12 hour integrations from the retrieval are used for carrying out a comparison
with the corresponding results of NDA schemes.

We do not intend to compare the NDA with the VNDA approaches directly since
the two models have their own arbitrariness in the definition of the cost function, the
choice of the minimization algorithm, the determination of the stopping criteria, the
length of assimilation window and the choice of nudging coefficients. However, the
ability to reconstruct as accurately and economically as possible the state of the flow

is of paramount importance.
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Rms errors are computed for the aforementioned assimilation experiments. Dis-
tributions of the rms differences for temperature fields between true solution and the
forecast at the end of the forecast period are displayed in Figs. 6.14, respectively.
As expected [229], the NDA with estimated nudging coefficients yields the poorest
results while the VNDA yields the best results.

6.4 Conclusions

In this chapter we took advantage of the VDA’s ability to perform an optimal
parameter estimation to obtain both optimal nudging coefficients and the best initial
conditions simultaneously. That is the nudging coefficients are part of the control
variables vector. Both the initial conditions and the nudging coefficients are updated
after each iteration of the minimization process. Since at every iteration the model
integration is carried out with current estimated nudging coefficients used in the
nudging term, the conditioning of the Hessian is improved. Thus variational nudg-
ing assimilation results in faster convergence rate compared with the 4-D VDA. The
resulting optimal nudging coefficients can be applied in NDA, thus the term optimal
NDA. The optimal NDA is practically implementable and performs very well in as
far as the convergence and quality of the resulting assimilation state are concerned.
This procedure is much more economical than the VDA approach due to tremendous
computational cost of the VDA. Therefore the optimal NDA is also a good candidate
as a future data assimilation scheme where the observations in a certain period of time
can be effectively incorporated into the model so as to obtain the best initial condi-
tions. The relationship amongst the KF, VNDA and NDA approaches is described in
Appendix E, can also be found in reference [229].

In subsection 6.3.2, we carried out VNDA experiments using the FSUGSM in its

full-physics operational form and using a simplified adjoint model of the adiabatic
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version of the FSUGSM to calculate the gradient approximately. The results thus
obtained are realistic and both the cost function and the gradient norm in all experi-
ments show sufficient decreases. Although the moisture field is not explicitly updated,
the resulting moisture field from VNDA is satisfactory. The main conclusion of this
chapter is that the VNDA could be performed successfully using most sophisticated
models while using a simplified adjoint model to calculate the gradient.

It might be desirable for nudging coefficients G varying both in time as well as
over the horizontal domain and on the different vertical levels. Zou et al. [229]
demonstrated the ability of the VNDA to obtain optimal nudging coefficients varying
in space in the framework of a parameter-estimation approach. In their experiment,
the spatial variability of the optimal nudging coefficients is very small. Therefore,
using constant optimal nudging coefficients for each variable is satisfactory for perfect
observations’ assimilation. When the nudging coefficients have too many degrees of
freedom, physical constraints should be added to the choice of the nudging coefficients.

We will pay special attention to this topics in the future.
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Table 6.1: Optimal nudging coefficients obtained by variational nudging data assim-
ilation when the observations are available at every time step (case 1), and when
the observations are available only at beginning and end (case 2) of the assimilation
window, respectively.

Cases Ge¢ Gp Gnp
1 0.5869 x 1072 | 0.3915 x 1072 | 0.1730 x 1072
2 0.5437 x 1072 | 0.3921 x 1072 | 0.2467 x 1072

Figure 6.1: Verification of the correctness of the gradient calculation using Taylor
expansion: (a) variation of ¢ with log«, (b) variation of log|¢ — 1| with log .
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Figure 6.2: Schematic representation of the assimilation-forecast cycle.
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Figure 6.3: Variation of the nudging coefficients, G1,, (dash line), G (solid line) and
Gp (long dash line), with the number of iterations. Both the initial conditions and
the nudging coefficients G, ,,, G¢ and G p serve as control variables. The observations
are available only at the beginning and end of the assimilation window.
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Figure 6.4: Variation of the log of the scaled cost function (Ji/Jy) and the scaled
gradient norm (||gk||/|lgo||) with the number of iterations using LBFGS algorithm.
The observations are available only at the beginning and the end of the assimilation
window.
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Figure 6.5: Divergence (top left), vorticity (top right), temperature (bottom left) and
natural log of surface pressure (bottom right) difference fields between the retrieved
fields and the reference fields at level 8. The starting fields are the analysis fields
of divergence, vorticity, temperature and natural log of surface pressure at 0 UTC 1
June 1988. Both the initial conditions and the nudging coefficients G, ,, G¢ and Gp
serve as control variables. The observations are available only at the beginning and
end of the assimilation window.
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Figure 6.6: Same as Fig. 6.4 except that the observations are available at every time
step of the assimilation window. Solid and dash lines indicate the results obtained
starting from the analysis of the observational fields and the resulting fields after
applying the NNMI to it, respectively.
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Figure 6.7: Same as Fig. 6.3 except that the observations are available at every time

step of the assimilation window.
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Figure 6.8: Same as Fig. 6.5 except that the observations are available at every time
step of the assimilation window.
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Figure 6.9: Same as Fig. 6.4 except that the initial guess is the randomly per-
turbed initial conditions, and the observations are available at every time step of the
assimilation window.
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Figure 6.10: Same as Fig. 6.3 except that the initial guess is the randomly per-
turbed initial conditions, and the observations are available at every time step of the
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Figure 6.11: Same as Fig. 6.5 except that the initial guess is the randomly per-
turbed initial conditions, and the observations are available at every time step of the
assimilation window.
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Figure 6.12: Same as Fig. 6.4 except that the Florida State University global spectral
model in its full-physics form is used, and the observations are available at every time
step of the assimilation window.
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Figure 6.13: Same as Fig. 6.3 except that the Florida State University global spectral
model in its full-physics form is used, and the observations are available at every time
step of the assimilation window.
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Figure 6.14: Solid, long dash and dash lines denote the rms errors between the
forecast and exact temperatures at the end of the forecast period using the VNDA,
ONDA and NDA methods, respectively.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

In this thesis, we have systematically studied 4-D VDA applied to numerical
weather prediction problems, i.e. solving the problems related to finding the best ini-
tial conditions such that the sum of weighted squares of the difference between model
solution and the observations is minimized over a period of time. The 4-D VDA
uses iterative large-scale unconstrained minimization algorithms in the framework of
optimal control theory of PDEs to iteratively find aforementioned best initial condi-
tions to a forecast model. Each iteration of the minimization algorithm requires the
calculation of the gradient of the cost function with respect to the control variables.
Theoretically, this gradient could be calculated by finite-difference approximation or
automatic differentiation. But these approaches are too costly. Here the gradient of
the cost function with respect to the control variables is found by integrating a first
order adjoint model backwards in time from the final time to the initial time of the
assimilation window while introducing the weighted differences between the model
solution and the observations into the adjoint model whenever the observations are
available. This gradient is then used to find a descent direction along which the cost
function could be reduced. A step size will be calculated such that a maximum re-
duction in the cost function in the descent direction is obtained. From the step size
and the descent direction, the approximate initial conditions to the forecast model are
updated and the process of determining the gradient, descent direction, step size and
the updated initial conditions is repeated until the minimization algorithm converges,

i.e. satisfies a prescribed convergence criterion. The updated initial conditions at the

172



end of iterative minimization procedure are the best initial conditions minimizing the

cost functional, while satisfying the forecast model equations as a strong constraint.

In Chapters 2 and 3, the thesis focuses on the analysis of the minimization pro-
cess and the improvement of large-scale unconstrained minimization algorithms. Since
these issues are strongly related to the structure of the Hessian of the cost function, a
SOA theory is developed and applied to a shallow water equations model. The SOA
model is similar to the FOA model in form (see Fig. 2.1). Given a perturbation vector
U’ on the initial condition vector U, the Hessian (H) vector product HU' is obtained
by integrating the SOA model backwards in time from the final time to the initial time
of the assimilation window while introducing the first order adjoint variables and the
weighted tangent linear variables into the SOA model at each time step. Comparing
with the finite-difference scheme (3.19), the above adjoint Hessian/vector calculation
strategy yields a more accurate Hessian/vector product since it does not require the
user to select a finite-difference parameter h as the finite-difference scheme does. The
numerical cost of using the SOA approach is roughly the same as that of using the
finite-difference approach, i.e. both approaches require four model integrations and
the numerical cost of each model integration is approximately the same as any other
model integrations. There are many applications of the SOA approach in calculating
the Hessian/vector product. In this thesis, we applied the SOA approach to (a) the
calculation of eigenvalues of the Hessian; (b) the calculation of the sensitivity of the
cost function with respect to observational errors; (¢) the implementation of the large-
scale truncated Newton method [134] using a two dimensional limited-area shallow
water equations model. The results presented here demonstrate that (a) the power
method can be efficiently implemented to obtain estimates of the eigenvalues and the
condition numbers of the Hessian matrix with the matrix/vector product calculated
using SOA approach. The variation of the extremal eigenvalues with the number of

the iterations indicates that most changes of the largest eigenvalue occur during the

173



first few iterations of the minimization procedure, which might explain why most of
large-scale features are reconstructed earlier than the small scale features in the VDA
retrieval solution during the minimization process [149]. The fact that the smallest
eigenvalues of the Hessians of the cost function remain positive during the minimiza-
tion process indicates the uniqueness of the optimal solution; (b) the sensitivity of
the cost function with respect to observational errors depends on the time when the
errors occur, the specific field containing the errors, and the spatial location where
the errors occur. The cost function is more sensitive to the observational errors occur-
ring at the beginning of the assimilation window, to errors in the geopotential field,
and to errors at these grid point locations where intensive events occur; (c) although
the ATN algorithm and TN algorithm of Nash [134] differ from each other only in
the use of a more accurate Hessian/vector product for carrying out the large-scale
unconstrained optimization required in VDA the ATN algorithm yields results which
are twice as fast as these obtained by the TN algorithm both in terms of number of
iterations (i.e. convergence rate) as well as in terms of CPU time. Further the ATN
algorithm turns out to be faster than the LBFGS method in terms of CPU time for

the problem tested.

In Chapter 4 we described the FSUGSM in both physical and spectral spaces, its
semi-implicit time differencing algorithm and its vertical discretization. In Chapter
5, the TLM and FOA models of the FSUGSM were first developed and then were
verified for their correctness. The FOA model was then used to obtain the gradient
of the cost function with respect to the control variables. The correctness of the
calculation of this gradient was verified by using a Taylor expansion. Finally, we
conducted a series of experiments to demonstrate the numerical feasibility of 4-D
variational data assimilation with the FSUGSM. The 4- VDA in this chapter starts
from two types of initial conditions: an analysis of the real observational data and a

randomly perturbed initial condition of the above analysis. It is demonstrated that
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the VDA performs successfully with different scenarios of observations distributed in
time irrespective which type of initial conditions is used. The impact of observations
being available at the beginning of the assimilation window is dramatic in so far as
the decrease of the cost function is concerned since information on the entire field is in
effect available. When observations are available both at the beginning and the end of
the assimilation window, adding more observations in the middle of the assimilation
window has only a weak impact on the convergence rate of the minimization process.
It is also demonstrated that the presence of horizontal diffusion in the model yields

a more accurate solution to the variational data-assimilation problem.

In Chapter 6, the model forecast error is considered by adding a non-physical
diffusion-type term (i.e. the nudging term) to the model equations. The magnitude
of this nudging term is also optimally estimated in the process of the minimization
of a cost functional. We took advantage of the VDA’s ability to perform optimal
parameter estimation to obtain both optimal nudging coefficients and the best initial
conditions simultaneously, i.e. the nudging coefficients are part of the control variables
vector. Both the initial conditions and the nudging coefficients are updated after each
iteration of the minimization process. Since at every minimization iteration a model
integration has to be carried out with current estimated nudging coefficients used
in the nudging term, the conditioning of the the Hessian matrix is improved. Thus
variational nudging assimilation results in a faster convergence rate compared with
4-D VDA. The resulting optimal nudging coefficients are applied in the NDA, thus
the term optimal NDA. The optimal NDA is practically implementable and performs
very well in as far as the convergence and quality of the resulting assimilation state
are concerned. This procedure is much more economical than the VDA owing to the
tremendous computational cost of the VDA. Therefore the optimal NDA constitutes
a good candidate for future data assimilation schemes where observations in a certain

time window can be effectively incorporated into the model so as to obtain the best
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initial conditions, i.e. physical initialization. Zou et al. [229] proved this method to

be related to the KF method.

In subsection 6.3.2, we carried out VNDA experiments using the FSUGSM in its
full-physics operational form and using a simplified adjoint model of the adiabatic
version of the FSUGSM to calculate the gradient approximately. The results thus
obtained are realistic and both the cost function and gradient norm in all experiments
show a sufficient decrease. When the physical processes are included in forecast
models, the numerical cost of model integration increases dramatically. Calculation
of the gradient of function using a simplified model reduces the computational cost
of the 4-D VDA at the cost of an error in the gradient. The main conclusion of this
chapter is that the VNDA could be performed successfully using most sophisticated

models while using a simplified adjoint model to calculate the gradient.

The VNDA converges faster than the VDA. It is also easy to implement. But
the numerical cost is still prohibitive for operational implementation of the method.
Preconditioning is an alternative to speed up the minimization process, but it is not
easy to implement in practice. Due to the large dimension and high nonlinearity
of the VDA problems, it is only possible to improve the conditioning to a limited
extent. Therefore it is important to study new ways to formulate the problem and
new algorithms to perform the minimization. Courtier et al. [37] has proposed to
update the perturbations on the basic state instead of updating the state variable
itself (incremental approach). It should be pointed out that the evolution of the per-
turbations is approximately described by the TLM. Thus the formulation is not exact.
But it might be scientifically acceptable. To develop new algorithms, one should con-
sider how to implement Newton’s algorithm in the VDA. Newton’s algorithm has a
quadratic convergence rate. Thus it might be the only algorithm which could lead
to operational implementation of the 4-D VDA before a generation of significantly

faster high performance parallel computers being developed.
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Developing high performance parallel computing algorithms is another alternative
[21, 150]. For instance, in the adjoint truncated Newton algorithm, there are four
model equations involved, namely, nonlinear model integration, TLM integration,
FOA model integration and SOA model integration. Once the basic model integration
is carried out, the TLM integration and FOA model integration can be carried out
in a parallel manner. This strategy will improve the efficiency of the ATN algorithm.
It is also possible to partition the computational domain into subdomains (domain
decomposition) and carry out the VDA in each subdomain in parallel [21, 150], both

for the forward nonlinear model as well as for the linear adjoint model.
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APPENDIX A

A SIMPLE EXAMPLE WITH EXACT SOLUTIONS

In this appendix we will illustrate the whole process of using adjoint model tech-
niques in the 4-dimensional data assimilation by presenting a very simple linear exam-
ple. Because the example has exact solutions for the model equation, TLM, FOA and
SOA models, the theory introduced in the Chapters 1 and 2 will be clearly illustrated.

Let us consider the following 1-dimensional model equation

0X
=X, (A.1)

X(0) = U, (A.2)

where the time ¢ runs from 0 to 1. Using a direct integration the solution of the model
can be obtained as

X =Ue™". (A.3)

Let us further suppose that the observations are model generated with the initial
condition

X(0) =1, (A4)

then from Eq. (A.3), the observation may be written as

X0 =¢t (A.5)
Let us define the cost function as

1 /1
J(U) == / < (X = X°), (X — X°) > dt, (A.6)

2 Jo

then
12

sy =Y . V21— et (A7)



The first order adjoint model of Eqgs. (A.1) and (A.2) may be written as

oP

—or =P+ (X=X, (A.8)
. €. ap |

—r =P+ (U-De, (A.9)

P(1) =0, (A.10)

where P is the adjoint variable. The gradient of the cost function with respect to the
initial conditions is given by

Vi = P(0). (A.11)

Eq. (A.9) has an analytic solution of the following form

t
P(t)=Pe — ¢ / e (U —1)e~"dr, (A.12)
0

U -1

— Pet
e + 5

(e =€), (A.13)
where P is a constant to be determined by the final condition (A.10). Therefore
P=[U-1)/2](1 —e7?), and Eq. (A.10) yields

Pt) = (U; Y1 et 4

U -1
2

(e7t — e, (A.14)

and

P(0) = (U; Y (1—e2). (A.15)

Eq. (A.15) is exactly the gradient of the cost function (A.7) with respect to the initial

condition U.

Let us now consider a perturbation, U’, on the initial condition for X, U. The
resulting perturbations for the variables X and P, X and f’, are obtained from Eqs.
(A.1), (A.2) and (A.9) as

0X X
o= ~X, (A.16)
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X(0) =1, (A.17)
— - _P+X, (A.18)
P(1) =0, (A.19)

Eqgs. (A.18)-(A.19) and (A.16)-(A.17) are the SOA equations and the TLM for
the model Egs. (A.1) and (A.2), respectively. They have the following exact solutions

X =Ue", (A.20)

and
! /
P(t) = %(1 —e Het + %(e‘t —éh, (A.21)

respectively. P(0) = U'(1—e~2)/2 is exactly the product of the second order derivative
of the cost function with respect to the initial condition X(0) = U and the small
perturbation U’.

It should be pointed out that only when the original model equations are linear,
the TLM and SOA model yield an exact evolution of the perturbation due to the
perturbation U’ on the initial condition U and an exact Hessian/vector product,
respectively, but the FOA model always yields an exact gradient of the cost function
with respect to the control variables.

Since the model is linear with respect to the state variable X, the cost function
J is a quadratic function of the initial condition U. If the model is not linear with
respect to the state variable, then the cost function is generally not quadratic in the
initial condition. Say for instance in the above example, let F(X) = —X?  while the
other conditions remain the same, then the model solution is

X(t) = ﬁ (A.22)

and the cost function may then be written as

1, U 1,
) = 5/0((tU+1)_(t+1)>dt
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1 2U (U+1) (1+30)
I L (w7 L e Tr v (A4.23)

which is absolutely not a quadratic function in the initial condition U.
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APPENDIX B

A NONLINEAR MODEL WITH EXACT SOLUTIONS.

This appendix will illustrate the adjoint process by using a quadratic model. It is
emphasized that when the model equations are nonlinear, the corresponding TLM is a
second order accurate approximation to the true evolution of the perturbations due to
the perturbation on the initial condition of the model equations, the FOA model yields
an exact gradient of the cost function with respect to the control variables, and the
SOA model yields a second order accurate approximation to the exact Hessian/vector
product.

Let us now consider the following 1-dimensional nonlinear model equation

0X )
o= X7 (B.1)
X(0) =1, (B.2)

where time ¢ changes from 0 to 1. The exact solution of the model is

x() = -2 (B.3)

(tU +1)
If the observations are model generated with the initial condition

X(0) =1, (B.4)

then from Eq. (B.3), the observations may be written as

1
X)) = B.5
0= (B5)
Let us define the cost function as
1 /1
J(U) = 5/ < (X = X°), (X — X°) > dt, (B.6)
0
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i.e.

1/ U 1,
— - - dt
J(U) 2/0 ((tU—l-l) (t—l—l))
1 2U (U+1) (1+43U)
= -1 1 — . B.
U 2T 1) (B-7)
The first order adjoint model of Egs. (B.1) and (B.2) may be written as
P
_%_t ~(C2X) P+ (X — X, (B.8)
i e.
oP 2U U 1
_Z P — B.9
ot Ut+1 +(ﬂﬁ+n (t+1) (B9)
P(1) =0, (B.10)

where P is the adjoint variable. The gradient of the cost function with respect to the
initial conditions is given by

VyJ = P(0). (B.11)

Egs. (B.9-B.10) have an analytic solution of the following form

2 1 u .
P(t) :(w+ULﬂ@+D_@U+UNW+U2
dt 1

) 1 1
= WYy T T (B12)

dt + |

+ |

where ¢ is a constant to be determined by the final condition (B.10). Therefore

1 1 2 1
C__1—Uf_a—Uﬂm%u4)_ﬂU+nw (B.13)
and Eq. (B.12) yields
1 1 1 1 2 1
Hm_1—U+§_1—Uf_u—mﬂMU+ﬁ_xU+wT (B.14)

Eq. (B.14) is exactly the gradient of the cost function (B.7) with respect to the

initial condition U.
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Let us now consider a perturbation, U’, on the initial condition for X, U. The
resulting perturbations for the variables X and P, X and f’, are obtained from Eqs.
(B.1), (B.2) and (B.9-B.10) as

X(0)=U", (B.16)

_oP (=2X)*P + X, (B.17)
ot

P(1) =0, (B.18)

Egs. (B.15-B.16) and (B.17)-(B.18) are the TLM and SOA model of the model
Egs. (B.1) and (B.2), respectively. Substituting X = U/(tU + 1) into Eq. (B.15) one
obtains the following exact solution of the TLM (B.15)

. U’
X = m, (B.19)
which is a quadratic approximation to
U+U U
+ (B.20)

HU+U)+1  tU)+1
the exact evolution of the perturbation due to the perturbation U’ on the initial
condition U. Table B.1 summarizes the errors between the true evolution given by
Eq. (B.20) and the approximation given by Eq. (B.19) at U = 0.9 and ¢ = 0.5 due
to different perturbations on the initial condition U. Table B.1 clearly indicates that

v+ v U
t(U+U)+1 tU)+1  (tU +1)2

+O(|U'|1%. (B.21)

Substituting X = U/(tU + 1) and the TLM solution (B.19) into SOA Eq. (B.17),

one obtains R
oP —2U - U’
—_ = P+ .
ot (tU+1) = (tU+1)?

(B.22)
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Table B.1: Errors between the true evolution given by Eq. (B.20) and the approx-
imation given by Eq. (B. 19) at U = 0.9 and t = 0.5 due to different perturbations
on the initial condition U. X2 and X 1 denote the model solutions starting from the
initial conditions U + U’ and U, respectively.

Egs. (B.22) and (B.18) have an analytical solution of the following form

where ¢ = —1/3(U +1)3

1Xo — X; — X| U’
1.2195493765050 x 1071 | 1.
1.5854141894547 x 10=3 | 0.1
1.6344476184732 x 10~° | 0.01
1.6395183253561 x 10~7 | 0.001
1.6400272229676 x 10~ | 0.0001
1.6399903435054 x 10~ | 0.00001
1.6206145007512 x 10~'3 | 0.000001
1.2021521456654 x 10~ | 0.0000001

U/

1

Therefore the exact solution of the SOA model is

~

P(t) =

which yields

U %@U+1P

:(%HJPV_GU+QQQU+U2
= UMLHFM—@£%F+4
_U'(tU +1)? 1 T

dt + |

U(tU +1)2, 1 1
U %@U+D3_NU+DJ
PO) = 351 - 5k

(B.23)

is a constant determined by the final condition (B.18).

(B.24)

(B.25)



According to the SOA theory, Eq. (B.25) should be an approximation to the exact
Hessian/vector product, [0%J/0U?|U,

rJ 1 o
o’ = Ya—op ~ a=up
N T R ! +— 1 3 (B.26)
G-opw+y Ta-oeparo) faropt B
" 82J / » 112
O = P0) + O(IU?), (B.27)

Table B.2 displays the errors defined by [82.J/0U%U’ — P(0) for the present ex-
ample. This Table indicates that the Hessian/vector product calculated by the SOA

integration is second order accurate.

Table B.2: The absolute errors between the exact and approximate (obtained by
second order adjoint integration) Hessian/vector product.

57U = PO) v

5.866191613327 x 10~ | 0.99

1.2915525817253 x 1073 | 0.1

1.1592929336223 x 10~ | 0.01

1.1350261520048 x 107 | 0.001

5.0755928533783 x 1078 | 0.0001
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APPENDIX C

TN: NASH’S TRUNCATED NEWTON METHOD.

The Truncated Newton algorithm of Nash [130, 134] is one of the most efficient
large-scale unconstrained minimization algorithms. Schlick and Fogelson [185, 186]
modified the truncated Newton algorithm and developed a FORTRAN package to
solve problems for which some separability and sparsity structure of the Hessian is
available. Here we give a general description of the truncated Newton algorithm of

Nash [130, 134]. The algorithmic form of Nash’s T-N method is:
1. Supply )Zo, an initial approximation to the minimizer X and set k=0.

2. Test X}, for convergence. Terminate if the following criteria are satisfied:
1G]l < 1077 - [|goll, (C.1)

where ||gk|| is the Euclidean norm of the gradient of the cost function Jj, with

respect to the control variables, then stop. Otherwise continue.

3. Solve the Newton equations system

where G}, is an approximation to the Hessian matrix, using a modified-Lanczos
algorithm with preconditioning [134] (also see the additional remarks at the
end of this appendix). If the Hessian matrix is positive definite, the modified-
Lanczos method is equivalent to the linear conjugate-gradient algorithm of
Hestenes and Stiefel [84]. The modified-Lanczos method can be described

briefly as follows:
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(a)

Start the Lanczos process with some vector v, which is chosen as a mul-

tiple of —g and has o770, = 1. Set

For ¢ =1,2,..., calculate the matrix-vector product Gv;, which is approx-
imated by a finite-differencing scheme along the gradient § (we omit the
subscripts k for clarity):

G, = 7+ hi) 9 (X) (C.4)

where h is some small positive value such as the cubic root of machine
precision. Note that this formula requires only one additional evaluation

of the gradient in each inner iteration.

Using the Lanczos recurrence relations
/8j+127j+1 = ng - O./]I_}'j - ﬁjﬁj—la ] = 17 27 s q = 1 (C5)

After ¢-th step this expression may be written as

GV, =V, T+ Bp10j016g (C.6)
where
(€3] ﬁz
B2 g [
53 Qs
T, = (C.7)
&}
By g
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is a tridiagonal matrix approximating G and «; = v7G¥;. The value
B+1(< 0) is chosen so that ||Tj41], = 1, € is the g-th column of the ¢ x ¢

identity matrix.

(d) Calculate the Cholesky factorization factors of T, L, and D, where
T, =L,D,L]. (C.8)

e etermine the (¢ + 1) -th approximation for the 1terate of the searc
Determine th 1) -th imation for the k'™ iterate of th h

direction by the expression

Ty

Ay = d, — E Li,. (C.9)
q

The value of 4, is computed from the recurrence relations

—

iy =, iy =T, — i1, (C.10)

where [, is subdiagonal element (¢ — 1) of the lower bidiagonal matrix
L,, D, is the ¢ diagonal element and 7, is the residual of the Newton

equations, 7, = GJ; +9.
(f) If the prescribed truncation criteria

Gy + 7yd, 0.5

1-— ——— < — (C.11)
Gdgi1 + Tgr1dga

is satisfied, stop the inner iteration; otherwise continue the inner loop

from step b).
4. Set k =k + 1 and update
Xps1 = Xi + andy, (C.12)
where «y, is the step-size obtained by conducting a line search
J(Xi + andy) = min J(X; + ady), (C.13)
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using Davidon’s cubic interpolation method for the line search of the step size

and which satisfies the following Wolfe conditions:
f (X + andy) < f(X3) + B'arg] di. (C.14)

and . o
Go( X+ apdy)Td
Lo LY (.15)
Ji dy,
k

where ' = 0.0001, 6 = 0.9. Go to step 2.

Additional Remarks: In the TN method the Newton equation (C.2) is solved
by performing a limited number of iterations of the linear conjugate-gradient method.
The iterations are terminated (“truncated”) before the system is solved exactly. If
a single linear iteration is used, d; will be the steepest-descent direction —gy; if the
sequence is not truncated, d; will be the Newton direction. Thus, the algorithm
computes a vector that interpolates between the steepest-descent direction and the
Newton direction.

The TN method will be successful only when a good direction can be produced
in a rather small number of linear conjugate-gradient iterations, and hence the use
of a good preconditioning is essential. Because the number of iterations required to
solve the Newton’s equation is equal to the number of distinct eigenvalues in exact
arithmetic, the idea of preconditioning transforms the Newton equations to a related
system possessing a more favorable eigenvalue structure. Ideally, the condition num-
ber will be low, and the eigenvalues will cluster near 1. Theoretically, this facilitates
the convergence of the C-G method. Newton’s equations (C.2) are equivalent to the
following equation

(M™:GM™5)M:X = —-M~%g. (C.16)

Let R denote the matrix M_%GM_%; then R has the same eigenvalues as M_%G,
since M—2RM 2 = M!G.
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The preconditioning matrix M may be chosen in several ways. One source is from
the limited memory quasi-Newton method, where the matrix Hj; is an approxima-
tion to the inverse of the Hessian and satisfies the “quasi-Newton condition” for k

pairs of vectors {p, ¢k }:

P =Hend, j=12...k (C.17)

—

where p; = X411 — X;, ¢ = §j+1 — ;. Since Gp; = ¢qj,
5 =M1 Gy, j=1,2,... .k (C.18)

and the matrix Hj1G has k unit eigenvalues with eigenvectors {p;}. Therefore, this
QN H,,; may be used as the preconditioning matrix M~!. In this case, the vector
—Hj.1g; will be the first nontrivial member of the sequence {d;} and this search
direction may be used to obtain a better reduction in the function than —gj. Thus
the search direction will interpolate between the Newton direction and a quasi-Newton
direction.

Since the matrix H is never stored explicitly, Nash [134] uses an approximation

to the diagonal of the Hessian matrix.
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APPENDIX D

THE CONTINUOUS FORM OF THE ADJOINT EQUATIONS

For the parameter estimation of nudging coefficients, the cost function J can be

defined as an integral

1 rt T, R R
J=3 T<WX X)X - X°>+ <KG-G),G -G > dt. (D.1)
t

0

The dynamical model Eq. (6.11) viewed as strong constraints can be enforced by
introducing a set of undetermined Lagrange multipliers. This leads to the following

Lagrange function

. ¢ X . L
LX,G.Py=J+ [ <P —aa—t FPX)+GX°—X)>dt, (D2
to

where P is a vector of Lagrange multiplies to be determined.

The constrained optimization problem is then replaced by a series of unconstrained
minimization problems with respect to the variables U and G. By doing so, the
problem of minimizing the cost function, subject to the model equations, becomes a
problem of finding the stationary points of the Lagrange function. This in turn is
equivalent to the determination of U and G subject to the condition that the gradient

of the Lagrange function vanishes. This leads to the following first-order condition:

oL
oL
oL
i D.
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The solution of Egs. (D.3-D.5) is called the stationary point of L. Eq. (D.5) results
in

t N .
Vel + [T < (X0 = X),P>dt =0, (D.6)

to

which yields the gradient of the cost function with respect to G

t N -
Ve = —/ "o (X0 X),P>dt. (D.7)

to
Eq. (D.4) recovers the original model Eq. (6.11), while (D.3) yields the adjoint

equations

aJ 0 [t 0X

X X hy <P PO -GRT-X)=de=0 (D)

Substituting (D.1) into (D.8) and using integration by parts one obtains

tf N =0 — tf aP
[IWE =R = PR ) - Pl X () - [ < %505
t
/f<a—]i—G,P>dt:0. (D.9)
to 0X
If we notice that
{P(tf))z( ty) — P(to)X(to)} =0, (D.10)
Eq. (D.9) becomes
t . —
/ ’ 8P )P —G'P+W(X ~ X°)}dt =0, (D.11)
to

for any length of assimilation window ¢; — ¢;. Thus the integrand should be zero,

which results in the first order adjoint equation, given by the following equations

_%_1; _ (2)};) P—G'P+W(X - X9, (D.12)
P(t;) =0, (D.13)

where P is the adjoint variable in the first order adjoint model and is identical to the

vector of Lagrange multipliers.
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APPENDIX E
KALMAN FILTERING, VARIATIONAL DATA ASSIMILATION AND

VARIATIONAL NUDGING DATA ASSIMILATION

In this section we give a brief description of the Kalman filtering [68] and the
connection among the KF, nudging, VNDA and VDA.

Starting from the forecast model Eqgs. (1.4) and (1.5) which are advanced in
discrete time step At, X, = )Z'(tn), t, = nAt, i.e.

_'7]: = Mn—l)z:z-h (El)

where the superscript f denotes the forecast and the superscript a stands for analysis,
and M is the discretized form of the system matrix, describing the model dynamics.
A linear unbiased data assimilation scheme for the analysed model state can be

written as

Xo = X!+ G, (X2~ H,X]_,), (E.2)

where H represents the fact that only certain variables or combinations are observed
as a set of points smaller than the total number of model grid points. The weight
matrix G, is often called the gain matrix, and the KF approach uses an optimal G,
to carry out such a linear unbiased data assimilation. The optimality is defined in
the context of the following assumptions.
First assume the true evolution of the atmosphere, )Zfl, is governed by

X:ﬁz = Mn—lX’ﬁz—l + b:z—l’ (E3)

where b, is a Gaussian white-noise sequence, i.e.

Eb, =0, EY, (b)) = Qubu, (EA4)
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with E being the expectation operator and ¢,; being the Kronecker delta function.
The second assumption used in optimizing the weight matrix G,, concerns the error
model for the observations

X0 = H, X! + 12, (E.5)
where 0?2, the observational noise, satisfies
Eb? =0, Eb (b)) = Rpomn- (E.6)

The third assumption is that system noise and observational noise are uncorrelated

to each other:

BB (1) = 0. (E.7)

Using Eqs. (E.1)-(E.7), one can derive the time evolution of the error covariance

matrix
Wi o= B(X - XD (X - XD
= (I -G, H)WI(I~-G,H,) +G,R,G, (E.8)
where
Wi =EB(X] - X{)"(X] - X}) = MW My + Qi (E.9)

Hence, by advancing W/ and W¢ along with )?,{ and )Z',‘j, one can know how well the
true state )Z’fl is estimated by )Z'fj for any weight matrix GG,,. This in turn permits one

to determine the optimal G,, by minimizing
JKF(Gn) = t’l“(W;Ll), (ElO)

where tr denotes the trace of the matrix.
The optimal weight matrix GG,, at the n-th time step is obtained by using Eq.
(E.8) for the matrix W and setting the derivative of Jxr(G,,) with respect to each

element of G,, equal to zero. The minimum is obtained at
G =WIH(H,W/H" + R,)". (E.11)
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The above linear unbiased data assimilation scheme given by Eqgs. (E.1) and (E.2)
with optimal gain matrix G}, is called the KF [90].

There are two problems which arise in the KF. The first is the computational
complexity of advancing in time the error covariance matrices. While Eqgs. (E.1) and
(E.2) represent O(N) computations per time step, Eqgs. (E.8) and (E.9) represent,
at face value, O(N?) computations where N is the dimension of the control variable.
Second, the noise covariance matrices (), and R, are assumed to be known in the
subsequent derivation of the optimal (,,. This is not so in practice, and finding the
actual magnitude of system and observational errors is an important function of the
data assimilation process.

The nudging scheme is carried out in the following procedure
Xo = My Xy + Go(X5 — Hy X7), (E.12)

The optimal nudging coefficients G, are obtained by minimizing a cost function mea-

suring the distance between the analysis and the observations.
1y L

JU) = §1§<W(CXZ—XZ),(CX“—X0) >, (E.13)

From Egs. (E.1) and (E.10) we see that the core of the KF is the optimal merging

of observation and forecast information in the sense that the expected mean-square

estimation error is minimized at every time step. The VNDA, on the other hand, is

the optimal merging of observations and analysis in the sense that the total differences

between them in a certain window of assimilation is minimized (see Egs. (1.3) and

(E.12)). The main differences between the KF and the VNDA are:

1. observation errors at different times are assumed to be uncorrelated;

2. the weight matrix G,, at each time step is determined sequentially in the KF,

while the nudging coefficients at each time step in the window of assimilation
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are obtained simultaneously. However, the two problems of the KF described
above disappear in the VNDA. The computational cost is reduced by using an
adjoint model integration in the parameter-estimation mode of VDA. Moreover,

the VDNA does not require any knowledge of the noise covariance matrices.

Therefore, the estimate NDA, the VNDA and the KF differ from each other mainly
in the choice of the weight matrix G,,. The VDA, on the other hand, takes both the
model forecasts and the observations as perfect, i.e. b = 0 and n% = 0 when n # 0.

It attempts to obtain an optimal initial condition which minimizes the cost function
1y L. o
J(U) = 5 Y <W(CX] - X9),(CX] - X?9) >, (E.14)
n=0

The theoretical framework of estimation and control theory provides the founda-
tion of data assimilation techniques. The estimated NDA and the KF are closer to
the estimation theory, the VDA to the optimal control aspect, while the VNDA is a
combination of both [119].

In the nonlinear case, an extended Kalman filter (EKF) [163, 66] can be used.

The EKF differs from the KF in that is uses a nonlinear model to make a forecast
X’/j = Nn—l)zr]:—b (E15)

where N represents the discretized form of the nonlinear system matrix; and the
forecast error covariances are integrated with the tangent linear model, i.e. Eq. (E.9)

is replaced by

—

Wi = E(X] - X)"(X] = X}) = AW A+ Qier. (E.16)

where A is the Jacobian matrix N/ 9X. The EKF brings new features concerning the
time evolution of the forecast error covariances since the nonlinear model is linearized
around a time and space dependent flow configuration to yield the tangent linear

model.
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For the sake of completeness, the entire extended KF algorithm is included here.

It reads as follows:
X = A X,
Wl = B(X] - X{)"(X] — X}) = Ana Wi, A + Qi
Gr=WIiHHW/H +R,)".
Wi = (I = G, H,) W/,

Xo =X+ G (X°—H, X! ).

where Eq. (E.20) is obtained from Eq. (E.8) under the assumption G, = G.
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APPENDIX F

PHYSICAL PROCESSES

The FSUGSM contains parameterizations of a variety of physical effects; these
attempt to simulate diabatic heating, water vapor sources and frictional forces. Di-
abatic heating, due to long wave and short wave radiation, deep cumulus and dry
convection, large scale condensation and sensible heat flux from the (land and sea)
surface are all incorporated into this model. The model contains water vapor sources,
due to deep cumulus convection, large scale condensation and (land and sea) surface
flux. Frictional forces are included through calculations of the surface stress and a
vertical diffusion of momentum and water vapor are also included in the FSUGSM,

although not entirely for physical reasons.

F.0.1 Radiative processes

Forcing due to long wave and short wave radiation has been found to be important
for tropical NWP [126]. The method used for the calculation of the radiative processes
in the FSUGSM is essentially the same as that of Chang [25]. It was originally
implemented in a limited area, multi-level grid point primitive equation model at
FSU. The highlights of this scheme are a specification of the diurnal change (in the
incoming short wave radiation) and a parameterizations of the effects of clouds (on
both the long wave and short wave radiation).

Diurnal change in the incoming solar radiation S, (the solar constant: here we

use a value of 1393 Wm™2) is effected by computing the zenith angle (Z) of the sun
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as a function of local time of day (as well as its latitudinal and seasonal dependent).
The total insolation, S, cos Z, is assumed to consist of two components, one which
is scattered by the earth’s atmosphere and another which is absorbed by it. The
scattered and absorbed amounts are assigned to be 65.1% and 34.9% of the total,
respectively. For the absorbed part of the short wave radiation (i.e., that part which
is capable of being absorbed) an absorptivity function, dependent on water vapor
content, temperature, pressure and zenith angle, is defined. This function determined
the amount of depletion the solar radiation undergoes before reaching a given reference
level. Both direct and reflected solar radiation are considered in the model’s radiation
package. The albedo of the earth’s surface for summer season was tabulated from the
works of Posey and Clapp [166] and Kondratyev [94] and interpolated to the Gaussian
grid.

The presence (or lack) of single or multiple layers of clouds is empirically deter-
mined for the radiative computations. Three basic cloud types are permitted: low
(centered at 850 mb), middle (centered at 700 mb) and high (centered at 500 mb).
Clouds are specified from the relative humidity distribution, with minimum threshold
values of 66%, 35% and 26%, respectively, for the presence of the above 3 cloud types.
The fractional coverage of each of the types is then deduced from linear empirical func-
tions of the relative humidity. The presence of clouds increases the absorptivity and
causes partial reflection of the short wave radiation (the cloud albedos are empirically

specified).

The scattered part of the total insolation is assumed to be unimportant in the
atmospheric heating. However, in the heat balance of the earth’s surface, to be
discussed below, the scattered component is included in the total short wave radiation
reaching the ground. Thus, the scattered short wave radiation does play a role in

determining the ground temperature.
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To compute the net long wave radiation (emitted by the earth’s surface and the
atmosphere) which reaches some reference level, the emissivity method is utilized.
The emissivity of a given atmospheric layer is a function of optical depth (which in
turn is taken to be a function of water vapor content, temperature and pressure). The
long wave radiation emitted from the earth’s surface is determined from the computed
(or, in the case of oceanic points, specified) surface (ground or water) temperature.
The net infrared radiation reaching some reference level is obtained from the emission
of the atmospheric layers above and below that level, plus the terrestrial radiation
(modified by the emissivity between the reference level and the surface).

Clouds are treated as black bodies for long wave radiation calculations. Thus,
clouds modulate the long wave radiation in the model’s atmosphere by producing
enhanced long wave irradiance above and below the cloud layers. If a model level
lies within a cloud, then the long wave irradiance at that level is set to zero. Future
details on long wave (as well as short wave) radiation scheme are found in Chang [25].

The diabatic heating due to short wave and long wave radiation is determined
from the convergence of the flux of radiant energy. Hence, the total (long wave plus

short wave) radiative heating is given by

8T o —g an 8FL
[E]Md N Cpps( do * oo )

where Fg and Fj are the net short wave and long wave irradiances, respectively.

(F.1)

Equation (F.1) is applied at the g-levels of the FSUGSM; thus, the net irradiances
are computed at the o-levels. Finite differences in the vertical then yield the diabatic

heating at the o-levels.

F.0.2 Cumulus convection and large scale condensation

The diabatic heating caused by deep cumulus convection is recognized as a major

energy source in the tropics. Deep convection also acts as a prominent sink of the
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moisture in the large scale water vapor budget. Therefore, it is essential to include the
effects of cumulus convection in a global prediction model, even if only in a parametric
sense. An implicit treatment of the life cycles of the individual cumulus clouds and
their interaction with the large scale fields is not practical for models such as the
FSUGSM due to limitations of horizontal resolution. There are a number of existing
schemes for the parameterization of cumulus convection in large scale prognostic
models. The schemes which are most widely used are those of Arakawa and Schubert
[6] and Kuo [101]. At FSU, a slightly modified version of Kuo’s [101] parameterization
method has been used in grid point, tropical prediction models with a fair degree of
success ([92, 96]). The tractability of Kuo’s method also makes it appealing for use
in NWP. This method has therefore been adapted for the FSUGSM.

In the current model, the basic variables which are required for cumulus parame-
terizations are temperature, specific humidity and vertical motion (&, from which we
can evaluate the vertical p-velocity, w). These variables are available on the Gaussian
grid points (at the g-levels) at every time step. The large scale moisture supply, I,

available for convective heating (or, equivalently, rainfall) is defined by

1 Pcb a
I =— —d F.2
/pt Wb (F.2)

where p; is the cloud top pressure (i.e., the pressure at which the moist adiabat,
originating from p., intersects the model sounding) and p,, is the pressure of the cloud
base. The cloud base is defined by the first model level (proceeding upward from the
bottom) where the relative humidity equals or exceeds 70%. At any time step (for
each Gaussian grid point), parameterized cumulus convection will be invoked if all of
the following conditions are met: (a) the moisture supply, 1, is positive; (b) the cloud
base relative humidity criterion is satisfied; and (c¢) the atmosphere is conditionally

unstable. Conditional instability exits if

00 + gL(Td) 87’5

-2 > F.
op T C, 8p_0’ (F-3)
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where 6 is the potential temperature (although the same notation is used for latitude
and potential temperature, there is no confusion if read consistently) and rg is the
saturation specific humidity.

Following Kuo [102], Kanamitsu [92] and Krishnamurti et al. [96] if the above

condition are satisfied, the convective heating rate is given by

or. Te—T T 00
E‘conv - aT{ Ar + gwa—p}, (F4)

and the convective moistening rate is

or rg—r

a‘conv = ar{T}- (F.5)

In (F.4) and (F.5), T's and rg correspond to the saturation values of 7" and r (water-
vapor mixing ratio), respectively, on the moist adiabat, which passes through p,, and
AT is the cloud time scale (here, following earlier studies using Kuo’s parameterization
scheme with a grid-point model, A7 is set to 1800 seconds). The coefficients ar and

a, are determined by means of the following relations:

(1—b)I
AT = "0, [payTsT | T 0017 (F.6)
L(Ta)g f;i Rhvvals ?wa_p}dp

bl
Ry

where the parameter b specifies the partitioning of the total moisture supply (I) into

a, =

(F.7)

heating and moisture. The determination of b has been a subject of great interest
to those scientists working with Kuo’s method of convective parameterization. Kuo
[102] presented observational evidence which suggests that b should be quite close to
zero. Kanamitsu [92] proposed an ad hoc specification of b for use in a prognostic
model. Anthes [5] gave a formula for b which is based on the large scale relative
humidity distribution (in the vertical). However, none of the above formulations were

entirely satisfactory from a physical point of view.
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Krishnamurti et al. [97] utilized Kuo’s method with the GATE phase III data
(Sept. 1 through 18, 1974 over the eastern tropical Atlantic) to compute convective
rainfall rates. In that study, the available moisture supply (I) was defined as in (F.2)
and Kuo’s [102] scheme was employed in a semi-prognostic manner (i.e., a series
of single time step predictions). It was found that a very close agreement between
observed and computed rainfall rates could be obtained by setting b to be a constant
value of zero. In view of this and the inadequate physical justification for other types
of closure, it was decided to set b to zero for present study. It should be noted that this
implies that the convective moisture is zero in this case (by virtue of (F.5) and (F.7)).
In other words, all of the large scale moisture supply defined by [ is condensed out as
rainfall. However, horizontal advection and diffusion of moisture (discussed below)

can still contribute to moistening when the convective parameterization is invoked.

Large scale condensation heating (and rainfall) is simulated in the present model
by the removal of supersaturation whenever it is observed in the prediction. This
phenomenon typically occurs in regions of large scale ascent of air having absolutely
stable (with respect to moist adiabatic) lapse rates, although other processes (such as
radiative cooling) can also cause supersaturation. The numerical procedure for calcu-
lation of the supersaturation heating in the FSUGSM is the same as that described
by Daley et al. [40]. At each time step, the model soundings of temperature and
moisture are adjusted (if supersaturation is found) before any of the other physical
forcing effects are evaluated. Any excess oversaturation is assumed to be condensed

out as rain.

F.0.3 Boundary layer processes

A fairly simply treatment of the planetary boundary layer is used for the FSUGSM.
Over the oceanic Gaussian grid points, the surface fluxes of sensible heat and water va-

por and the surface stresses are calculated from bulk aerodynamics principles. Hence,
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the sensible heat flux is given by
Fren = 1.6 x 1073C, po (T, — T,) | Vi, (F.8)
while the water vapor flux is specified by
Froap = 1.4 X 1073, (rsT, — 74)|Val, (F.9)
and the surface stress is determined by
From = |7] = 1.1 x 1073 p, |V, |2, (F.10)

where T, is monthly climatological sea surface temperature (in this study, for June)
taken from the work of Alexander and Mobley [1] while p,, Ty, V, and r, are the
surface (anemometer level) air density, temperature, wind and specific humidity, re-
spectively. These quantities are obtained by extrapolation from the lowest model
level, assuming a well mixed surface layer (in terms of potential temperature, wind
and relative humidity). The numerical values of the surface exchange coefficients in-
dicated in (F.8) through (F.10) are those suggested by Businger and Seguin [18] from
GATE data.

Over land, the surface fluxes of sensible and latent heat are computed in con-
junction with a determination of heat balance of the earth’s surface. Daytime and
nighttime are treated as separate cases in this formulation. If the net radiation (i.e.,
short wave plus long wave radiation) at the surface is negative (i.e. upward), then
nighttime conditions are presumed. In this case, an empirically determined fraction
of net radiation is used to lower the ground temperature. The remaining radiative
deficit is assumed to be a downward flux of sensible heat which cools the surface
air. The flux of latent heat is set to zero over land areas at night. The calculation
of nighttime surface stress essentially follows the stable surface layer formulation of

Businger et al. [17], which makes use of similarity theory.
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For the daytime situation, the sensible and latent heat fluxes and the ground
temperature are determined via the iterative solution of an explicit heat balance

equation for the earth’s surface, with the storage term neglected:
0= Rpet — 08T, — Foer — L(Ty) Frap, (F.11)

where R, is the net surface radiance (excluding the upward long wave irradiance)
and op is the Stefan-Boltzmann constant. The fluxes of sensible and latent heat, Fi.,
and L(Ty)F,qp, are given by relations similar to (F.8) and (F.9). However, rather
than using the saturation specific humidity rg at the ground temperature T, in the
calculation of F,,,, a ground wetness (saturation ratio) is used to modify rg. This

ground wetness, gy, is an empirical function of aig, the surface albedo,
gw = 0.85[1 — ¢~200(0:25—as)*] (F.12)

For a low albedo (less than 10%) the ground wetness approaches 0.85. For
albedo values greater than 25%, gy is set to zero. This formulation has been ex-
tensively tested and was found to avoid excessively high water vapor fluxes over
tropical land areas. Eq. (F.11) is solved iteratively for the ground temperature 7, by
Newton-Raphson technique. The daytime surface stress calculation essentially follows
Businger et al. [17].

Above the surface level (over both land and ocean), the fluxes of heat, moisture
and momentum are specified by the mixing length theory, as in Smagorinsky et al.

[191]. That is, the fluxes of sensible heat, water vapor and momentum are respectively

given by
Foen = Igv gi (F.13)
Foap = |8—‘Z/|%, (F.14)
Frnom = |8—V||8V| (F.15)
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where (2, is the mixing length, which is a linear function of height. Above 3 km (from
the surface topography), ¢2, vanishes and the fluxes are therefore zero. However, in
the moisture prediction an additional flux, over that implied by (F.14), is used. This
added flux is defined by an explicit vertical diffusion of water vapor. It is expressed

by

or O%r
E|diff = KT(O->w7 (F.16)
where the diffusion coefficient K,.(o) is given by
K, (o) = (50 —1.25) x 1077571, (F.17)

Above the ¢ = 0.25 level, K, (o) is set to zero. Thus, the diffusion of moisture is
stronger near the surface level. As noted earlier, in the discussion of the convec-
tive parameterization, all of the large (model) scale vertical advection of moisture is
consumed for the convective rainfall. Here the inclusion of the vertical diffusion of

moisture in vertical column, prevents excessive drying due to the cumulus convection.

F.0.4 Dry convective adjustment

Whenever the lapse rate of potential temperature is found to be dry unstable
(superadiabatic) over a model grid point, a dry convective adjustment is carried out.
This situation typically occurs at the lower levels, over land areas possessing relatively
high ground temperatures (i.e., deserts). The adjustment procedure removes heat to
the top of the layer, while conserving dry static energy (gz+ C,T"). The end result of
dry convective adjustment is a dry adiabatic lapse rate in the layer. In practice, this
is done iteratively, checking the model’s atmospheric column from top to bottom for
the occurrence of superadiabatic layers. This is because the adjustment of a given

layer may produce dry instability in the layer below.
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F.0.5 Surface topography

Since the FSUGSM is a o-coordinate model in the vertical direction, it allows
for the realistic inclusion of the surface topography (since the earth’s surface is a
coordinate surface). The effects of orography in the prognostic equations appear
mainly through the horizontal variations of ¢ (i.e., In ps, which is strongly dependent
upon topography). ®g (the earth’s topography) is spectrally truncated as the other

variables in the model.

F.0.6 Computational requirements

The implementation of the transform technique in the FSUGSM requires that
(in the computer code) memory storage be allocated to both grid-point and spectral
coefficient representations of the dependent variables. All the spectral coefficients
reside in the core simultaneously; however, only one latitude of the grid-point values
(for all model levels) is stored at any instant. Contributions from each latitude to
the spectral transforms are accumulated successively in the computer program, thus
negating the need to store the entire grid in memory. Physical effects computations

make use of column models, and therefore only require storage for the vertical levels.
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