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Abstract - -A FORTRAN IV computer program is documented which implements the nonlinear alternating 
direction implicit (ADI) method of Gustafsson (1971) for a limited area finite-difference integration of a shallow- 
water equations model on a fl-plane. In this method a computationally efficient quasi-Newton method is used 
to solve, at each time-step, the resulting nonlinear systems of algebraic equations. Large time-steps can be em- 
ployed with this method, which is stable unconditionally for the linearized equations. Owing to its nonlinearity, 
the method is useful particularly where accuracy is important. An augmented Lagrangian method is applied to 
enforce conservation of the integral invariants of the shallow-water equations. This method approximates the 
nonlinearly constrained minimization problem by solving a series of unconstrained minimization problems. 

Program options include a line-printer pitt of the height-field contour and determination, at each time-step, 
of the three integral invariants of the shallow-water equations. According to the number of nonlinear quasi- 
Newton (QN) iterations performed at each time-step, different QN methods are presented. Long-term runs have 
been performed using this program and, due to the enforcement of conservation of integral-invariants via the 
augmented Lagrangian method, no finite-time "blowing" was experienced. 

Key Words: Shallow-water equations, Alternating Direction Implicit (ADI), Quasi-Newton solution of nonlinear 
equations, Augmented Lagrangian nonlinear optimization, Conservation of integral invariants. 

INTRODUCTION 

The shallow-water equations, that is the barotropic primi- 
tive equations for an incompressible, inviscid fluid with 
a free surface, constitute a quasi-linear system of hyper- 
bolic partial differential equations. 

When discretized by explicit time difference ap- 
proximations,  these equations are subjected to the 
Courant -Fr iedr ichs-Levy (CFL) stability condition, 
which severely restricts the time-step. In oceanographic 
and meteorological applications the discretization error 
in time is small compared with the discretization error in 
space, and the short time-step constraint imposed by the 
CFL condition is thus particularly annoying; it can be 
avoided by using implicit time differencing schemes. 

Gustafsson (1971) proposed an efficient, fully im- 
plicit nonlinear alternating-direction scheme for solving 
the shallow-water equations, his method being based on 
a scheme first proposed by Kreiss and Widlund (1966). 

The method necessitates the solution of a number of 
nonlinear systems of algebraic equations at each time- 
step of the numerical integration. Owing to the use of a 
quasi-Newton method, however, considerable com- 
putational efficiency is achieved. 

In the first section of this paper, a review is given of 
the Gustafsson ADI algorithm applied to the shallow- 
water equations on a/3-plane;  this review is followed 
by a description of the quasi-Newton method for solv- 
ing nonlinear systems of algebraic equations, along 
with the application of the method to Gustafsson's  
ADI algorithm. 
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32306, U.S.A. 

In the next section the augmented Lagrangian method 
and its algorithmic implementation are detailed. 

The remainder of this paper is devoted to a descrip- 
tion of the program GUSTAF, illustrated by a test prob- 
lem, and to specifications for its use. A listing of the 
FORTRAN IV source code of the program GUSTAF is 
included in the Appendix. Typical outputs for 4g-hour 
forecasts also are presented in the Appendix, along with 
long-term runs (including a dissipation factor) for 
20 days of forecasts. Printer-plotted maps of the height 
field are included for different QN methods, differing 
according to the number of nonlinear iterations per- 
formed at each time-step. 

REVIEW OF THE 
GUSTAFSSON NONLINEAR ADI METHOD 

The shallow-water equations 
The shallow-water equations can be written in vector 

form (Houghton, Kasahara, and Washington, 1966) as 
follows: 

Ow ~xx Ow ~ =  a(w) + ~(w)~+ C(y)w 

O<-x <--L, O<-y <-D, t - > 0 ,  (1) 

where L and D are the dimensions of a rectangular 
domain of area A = L • D; w is the vector function 

w = (u, v, ~) r ;  (2) 

u, v are the velocity components in the x and y direc- 
tions, respectively; and 
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qb : ~ ,  (3) 

where h is the depth of the fluid and g the acceleration 
of gravity. A, B, and C are the matrices 

A =  0 u , B =  v , 

*/2 0 *A 

to present an accurate scheme to solve the nonlinear 
shallow-water equations along with a new technique to 
enforce a posteriori conservation of the integral invari- 
ants of the shallow-water equations in the discretized 
solution. This ensures the long-term accuracy of the 
method (see also the Appendix). 

The nonlinear Gustafsson A D I  algori thm 
Let N~ and N r be positive integers and set 

[::: and C = 0 , 

0 

whe re f  is the "Coriolis term" given by 

(4) 

Ax = L /N , ,  Ay = D/Ny.  (11) 

We shall  denote  by wj~( j  = 0, 1 . . . .  N~; k = 0, 
1 . . . .  Ny; n = 0, 1 . . . .  ) an approximation to w ( j A x ,  
k Ay, n At), where At is the time-step. The basic differ- 
ence operators are 

f = f + f l (y  - 0 / 2 )  /3 = Of ~y '  (5) 

with f and fl constants. 
Periodic boundary conditions are assumed in the 

x direction, 

w(x ,y , t )  = w(x + L , y , t ) ,  (6) 

whereas in the y direction the boundary condition is 

v(x,O,t)  = v ( x , O , t )  = 0 .  (7) 

With these boundary conditions and with the initial 
condition 

w(x, y, O) = ~o(x, y) , (8) 

the total energy 

1 (t fo 
E = ~- | | (u 2 + v 2 + ~b2/4)~b2/4,dx dy 

Jo Jo 
(9) 

is independent of time. 
Also, the average value of the height of the free 

surface is conserved, that is 

= 1 h dx dy (10) 

is independent of time. 
A is the surface of the integration domain. 

Applicat ions 
Although the shallow-water equations are simpler 

than the 3-D primitive equations describing the atmo- 
s p h e r e -  some essential numerical aspects of large-scale 
prediction equations are preserved. The problem of nu- 
merically solving this set of equations is similar to that 
of solving the hydrostatic primitive equations, because 
the same mixture of fast and slow motions occurs. Con- 
sequently, investigators usually use the simpler set of 
equations to test new numerical weather-prediction 
schemes. The purpose of the method exposed here is 

Do,w~, = (wj~,,k - w~ ' - , ,d / (2  Ax),  

n n 
D+:,w:k = (W.i+,.k -- w'j,)/Ax, 

n D_,wj% = (wjk - w; - , . , ) lAx  

(12) 

respectively, with similar definitions for Doy, D+y, and 
D-y. We also define the operators Pj'k and Qj] by 

PT~ = At/2(A(w~k)Do~ + C~')), 

Qj~k = At/2(B(w~k)D, + C~2)), 
(13) 

with 

t 
Dor k = 1,2 . . . . .  i v y -  1; 

Dk = D.y k = O; 

[D_, k = N, 

(owing to boundary conditions in the y direction) 

C~'  = 0 C~ ~ = 0 

0 0 

(14) 

(15) 

Then Gustafsson's nonlinear ADI difference scheme is 
defined by 

( I  - -  D n + ( 1 / 2 ) ~ , , , n + ( l l 2 )  n n - jk  I,wk = (I + Qjk)wjk, (16a) 

(I .+I n+l Dn+l'~'"n4"(I/2) (16b) - Q :  ) w :  = (I + , j k  J,*jk . 

These equations do not apply to the v component for 
k = 0, k = Ny, but we use the conditions 

Vj~o = v~.N r = 0, n = 0, 1 . . . .  (17) 

From Equations (16a) and (16b) it is clear that non- 
linear systems of algebraic equations have to be solved 
at each time-step. For proofs of stability and accuracy 
see Gustafsson (1971). 

The Quasi-Newton Method  
The nonlinear system of algebraic equations is writ- 

ten in the form 
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g(a) = o, (18) 

where a is the vector of unknowns. 
In our situation, owing to the fact that not more 

than two variables are coupled to each other on the left- 
hand sides of Equations (16), one first solves equa- 
tion (16a) for 

O~ ~--- ( U l ,  ( ID1 ,  U 2 ,  ( I~2  . . . . .  Iff~Nx), (19) 

omitting the n and k indices for simplicity of nota- 
tion. The Newton method, described, for example, in 
Isaacson and Keller (1966), is given by 

ot ¢''+t) = o~ tin) - J-'(ot~m))g(oc¢")), (20) 

where the superscript denotes the iteration and J is the 
Jacobian 

J =  O(g,a) = (Og) .  (21) 

Owing to the structure of the Gustafsson algorithm for 
the shallow-water equations, the Jacobian matrix is 
either block cyclic tridiagonal or block tridiagonal. 

In order to solve J - ' g  in Equation (20) an LU- 
decomposition is applied to J (see, for example, 
Isaacson and Keller, 1966, chapter 2.3.3) where L and U 
have either the forms 

L = 

U = 

[ ~ h \  o 
I Z \  

O ' N ? N N  

"xq,,E3 0 ~" 
,D 

\ \ I 

\ \ \ \  I 0 \\~_~q. 
(22) 

for cyclic block tridiagonal matrices or 

D \  
L =  OXX~\X / '  

"~r-l 0 " 

KqN X[S]\\ 

U = 0 \ N \ N N  
\ r q  

% 
for block tridiagonal matrices. 

(23) 

The squares and the triangles in this situation indicate 
(2 × 2)-matrices. J - I g  then is computed by back- 
substitution in two stages. First, z is solved from 

Lz = g ,  

and then j - l g  is solved from 

U(J- 'g )  = z .  

(24) 

In the quasi-Newton method, the computationally ex- 
pensive LU decomposition (O(n 3) operations) is per- 
formed only once every M-th time-step, where M is a 
fixed integer. 

Because the backsubstitution is a fast operation, the 
quasi-Newton method is efficient computationally, pro- 
vided the number of nonlinear iterations at each time- 
step is small. 

The quasi-Newton formula is 

a ~'+1) = a ~ ' ) -  .~-l(a~*))" g(a( ')).  (26) 

where 

= j(a~o)) + 0(At). (27) 

The method works when M, the number of time-steps 
between successive updatings of the LU decomposition 
of the Jacobian matrix J, is a relatively small number; in 
our situation, M = 6 or M = 12. 

Gustafsson (1971) proves that even one quasi- 
Newton (QN) iteration is sufficient at each time-step; this 
method will be denoted by QNEX1. The QN method 
with two iterations per time-step is denoted by QN2, 
whereas the QN method with three iterations, QN3, is 
used for comparison and accuracy tests. 

Implementat ion o f  the Q N  Me thod  in the 
Gustafsson A D I  Algor i thm 

(1) Solving the first intermediary ADI step in the 
x-direction [Eq. (16a)] and noting that not more than two 
variables are coupled to each other on the left-hand side 
of (16a). we first solve (u~k +"m, ,~.+.m~ ~jk j, that is Equa- 
tion (19) is solved: 

a = ( u , ,  0 ~ ,  u2, 0 2  . . . .  ON~)~ T. 

The detailed equations for (u~'k +*~2 ~7k+,/2) • , • a r e  

u,]2.,2. + A t . .+ . , 2 ) . .+ . , 2 )  u,]._+(,,k2))/2Ax 
2 ,jk tu)+l.k - . 

+ 2 - - - - 7  ,-.-~+..k - ~']2(~'k2))/(ZAx) 

At  ,. ,. U~k-l)/(ZAy) = u~ - - ~ v j ~ ( u j , ~ + ,  - , 

Al n 
- 7 f ~ v , ~ ,  (28) 

CAGEO 12/2-D 
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(I)~k +(' '=) "4- - ~  l~k+('/2>(UJ'~('/2), - -  U " + ( " 2 > ' ' 2  A j - l , *  ) / (  X)" 

"}- ~t  ,n+(,12){Chn+{l,2) - -  07~:,{=))/(2Ax ) 
2 ¢lJk ~'tt"j+ ,, k 

A t  n . 
= ~j~ - - - f~ j~(v j .~+,  - v~ ,~_ , ) / (2Ay)  

A t  
- -~Vj"k(@j",k+~ -- qb~',_,)/(2Ay). 

Using the notation 

(29) 

At At 
A. = A'--~ ' Ay = "7"-" (30) 

my 

and, by performing the partial derivatives in the Jacobian 
matrix J, we obtain 

/~x n+(,/2 Dj = 1, Hj = ~ - u :  ~. (36) 

The matrix J now is cyclic scalar tridiagonal. The LU 
decomposition is performed once again at every M-th 
time-step and J - ' g  is solved by backsubstitution. 

(3) To solve w]k +~ we use the second part of the 
Gustafsson algorithm (16b). 

We then first solve the coupled variables 

I . + 1  (vj', + , ~j~ ) (37) 

and the definition of the Jacobian, we obtain J in the 
form 

J = 

DI.~ HI.,, 

- H z  "%D2~H2 .% 

"H3 D3., H3~, 0 
"% .% "% 

"%"% "%"% .%.% 

0 "%"% "%"% HN, - 
HN~ ~I-IN, ~'.D~ 

(31) 

where 

~[2uj ~j ].+<,m 
Hi= 81_ ~j 2ujj, (32) 

and 

Oj 

I + 7 ( u . ,  - uj-,) 

~((I)j+, -- (1)j--l) 1 " ~ - ~ ( U j + , - - U j - - , )  k 

(33) 

The  L U  decomposition of this cyclic block tridiagonal 
matrix (at every M-th time-step) is performed next (see 
also Navon, 1977) and J - ~ g  is computed by back- 
substitution. 

(2) Once (u "+"a>, ~"+0'2))i, are known, we deter- 
mine vii *~a) in the same way. Writing the equation for 
v5', +"m in (16a), we obtain 

mE . n+(l12) {. n+(l/2) 
v]~ "a'=) + --~,,j* wj+, .*  - v]-+(~/k=))/(2Ax) 

At .+(u=) At 
+ - - f f ,  u#, = "j~ - "-~'71,('].k+, -- v y . , - , ) / ( 2 A y )  

A t  ¢bj, . 
2 ~ (d.bj.,_, - qbj'k+,)/(ZAy ) (34) 

ot = (v , ,~ , ,v2 ,  dP= . . . .  qbN,) f ixed j  andn  + 1. As the  
boundary conditions are not periodic in the y direction, 
the J matrix now is block tridiagonal, and consequently 
the extra rows and columns in the L and U matrices, 
respectively, do not occur. To obtain the entries for the 
J matrix, we write the equations for vj"k +' and @:"+~, 
respectively: 

At n-I-I n + '  n+l  
v " f " + - ~ V j k  (Vj.,+, -- V j . , - , ) / ( 2 A y )  

mtchn+,[.rhn+l n+ ,  
" 4 - - 4 ~ J k  \'~-t'j,k÷l -- ~j ,k_ , ) / (ZAy)  = vT, +''/2) 

A t  n+(,/2" n+ ,/2 
_ _ _ .  ,t. ~ ) _  v,~2(l~2>)/(2Ax ) 2 ,,)k w j+ i, k 

1" n+(I/2) - .t~,ujk , (38) 

A t e . + ,  v.+~ _ .+~ ~jS+' + ' - ~  jk ( j . ,+, v j . k - O / ( 2 A y )  

A t  n+ ,  1~.~ n+ I n+ ,  + ~-~jk twj, k+, - qbj,~_,)/(2Ay) = d,b~'2"m 

A l  dhn+(,12)[ n+(,/2) n+(l12) - " ~ . ~ j ,  ~uj+,. ,  - u j - L ,  ) / (2Ax)  

At .+(u2)t.~-+(,/~) dP"+('/2)~/{2 Ax~ 2 ujk ~ ' . x " j + , , ,  - -  j - - l , k  ]1~ i .  (39) 

After the differentiation implied by Equation (21) has 
been performed, the J matrix for (v: ,  qbjk)~ ÷' is 

J = 

Dt H~ 
- H 2  D2 H2  0 

`% 
.% .% .% 

.% .% .% 
`% "% .% 

0 .% .% " '% .% H N, - j '%. "% 
--HN, DN, 

(40) 

a is now (vl,  v 2 . . .  VN~)~ T, (35) where 
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O k  = 

I Ay .+~ 
1 + --~(V~+, - -  V~:I) 

n + l  n + l  A y 4 ( ~ ÷ ,  - ~ - , )  

"1 

/~)' n+ 1 [ 

/ 
/~)' n+ 1 1 + ~-(v~+,  - v~-+ll] 

(fixed j ) ,  (41) 

H~ = -~-[_~Z+~ 2vZ+,_[ (fixed j ) ,  

Note that, in the 2 x 2 matrices HN r and Dtcy, v~v,'~ I .  = 0. 
The LU decomposition is performed at every M-th time- 
step, and then J - tg  is solved by backsubstitution. 

(4) Having solved (v:"k+~,~j~ +~) by using the QN 
method, we solve u~"+~. The corresponding equation for 

n + l  u :  is [from Equation (16b)] 

where N~Ax = L, N;. hy = D, and where Ax = Ay = 
h is the grid size, n designates the time-level t. = nAt, 
where At is the time step, and L and D are the respective 
dimensions of the rectangular domain. 

(~/, ~,/~)j'k are the predicted variables at the n-th time- 
step using a finite-difference algorithm (i.e., the non- 
linear ADI method of Gustafsson, 1971) for solving the 
nonlinear shallow-water equations, whereas (u, v, h);'~ 
are the values adjusted by the nonlinear constrained 
optimization method using the augmented Lagrangian 
technique to enforce conservation of the three integral 
invariants of the shallow-water equations. 

Here 6 and / ]  are weights determined by following 
Sasaki's (1976) principle that the relative weights are so 
selected as to make the fractional adjustment of variables 
proportional to the fractional magnitude of the truncation 
errors in the predicted variables. 

In this program we used 

.+~ At .+~ .+~ .+~ At .+~ 
u:k + "~v:k (uj, k+, - uj .k- , ) / (ZAy) - "~fkvjk 

= u,~d.(~tz) _ A t . .+~m,  .+.:2) u.+O/z)wt2Ax.~ 
- ~ l ' l j k  [ U j + l , k  - -  j - - l , k  ) / k  ] 

At ~ ,,+~i/2) jk (¢hn+( l l2 )  n+(I/2} 
- ~j - t .k  ) / ( 2 A x )  2 2 \'n~J+ I" k 

Here, we obtain 

Dk = 1, Hk = ~ - v j ~  J 

6 = 1, [3 = g / H ,  (46) 

(42) 

H being the mean-depth of the shallow fluid, and we 
adopt the same three basic principles as Sasaki (1976). 
The augmented Lagrangian function L is defined by 

L(x, u, r) = f (x )  + ure(x) + 1 }r(x)lZ, (47) 

and the minimization of (47) replaces the problem 

(43) minimize f ( x ) ,  (48) 

that is subject to the equality constraints 

J = 

Ay 
1,. - - v t  

"~ 4~. 

- -  - -  V 2 ~ 1 ~  '*'~-- V 2 0 
4 . .  "- 2 ' -~  

0 ~ .  Ay ~'~- VNy- t 

4 vN, 

( j , n  + 1 fixed 

The quasi-Newton method is used again for solv- 
ing "+ Ujk . 

e(x) = 0, (49) 

where 

x = ( i l .  . . . .  ~ N ~ , ,  ~ .  . . . .  ~u~u.,  h,2 . . . . .  f~N:~)" 

(50) 

and e(x) is a vector composed of three nonlinear com- 
ponents given by: 

E" - E ° 

e(x) = Z" Z ° ,  (51) 

H" H ° 

THE AUGMENTED LAGRANGIAN METHOD 
APPLICATION AND ALGORITHM 

Method  
We define a function f :  

Na Nv 

f = ~ ~ [~(u - t~) 2 + ~(v - ~)2 + ]3(h - ~)2]/~, 
f ~ l  kffil 

(45) 

where 

E" = 
1 N~ Ny 

k-,E [f,(a 2 + : )  + gh2lTk ax ay 

1 0~ 0fi + /~  hx  Ay 
z °  = 7 oy 

y z l  k ~ l  jk 

N~ Ny 
n °= X X 7,,,axAy. 

j - -  I k z  l 
(52) 
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Here, E", Z", and H" are the discrete values of the 
integral invariants of total energy, potential enstrophy 
and mass at time t, = n At, whereas E °, Z °, and H ° are 
the values of the same integral invariants at the initial 
time t = 0. 

In general, if we have m integral invariants, the con- 
straints vector e(x) is given by 

e(x) = ( e , ( x ) . . .  em(x)). (53) 

The vector u is the m-component multiplier vector 

u = ( u , , u 2 . . . u m ) ,  (54) 

whereas r is a penalty parameter. 

where 

/3 = (0.4)* 

3' = 0 .25.  (60) 

Select rl,+j >- 0, following a formula of the form 

7 ,  = (0.8)*. (61) 

Return to Step 1 and perform another cycle of aug- 
mented Lagrangian minimization. 

Formulae to calculate the value of the function (i.e. 
the augmented Lagrangian) and its gradient are user- 
supplied and will be described later in connection with 
subroutine FUNCT. 

The augmented Lagrangian algorithm 
Here we follow the algorithm of Bertsekas (1975, 

1980) for minimizing the augmented Lagrangian 

1 [e(x)[2. ( 55 )  Lr,(x, u,) = f(x) + u,e(x) + 2r---'~ 

The algorithm proceeds as follows: 
First, we either select an initial vector of multipliers 

u based on a priori knowledge (see Sasaki, 1976; 
Sasaki, Barker, and Goerss, 1979), or start with a zero 
vector in the absence of such knowledge. We then select 
penalty parameters r~ > 0 and a sequence {~,} with 
r/o > 0. 

Step 1: Given a multiplier vector u,,  penalty parame- 
ters r~ and a parameter Y,, locate a vector xk satisfying 

]IV, Lr,(X,, u,)ll {w,} Ite(x,)ll, (56) 

by carrying out an inexact unconstrained minimization of 
the augmented Lagrangian function Lr,(X~, uD. 

For the unconstrained minimization we used the con- 
jugate gradient method, which has the virtue of requiring 
relatively few memory storage locations because we 
have a large-scale minimization problem. In our situa- 
tion we used the ZXCGR IMSL routine (see also Navon 
and de Villiers, 1983). 

Step 2: If 

le(x,)l < E,, (57) 

where el belongs to a preselected decreasing sequence 
{e,} tending to zero, then stop. Otherwise proceed to 
Step 3. 

Step 3: Update the multiplier vector u, by using 
the formula 

u,+~ = u, + rile(x,). (58) 

Update the select penalty parameters /,.le(O, rk), fol- 
lowing the formula 

r = t/3r*' 
L r , ,  

if le[x(u,, r,)]l > 3,1e[x(u,-,, r,-,)][ 

if }e[x(uk, r,)]) -< 3,le[x(uk-,, r~-,)]l 
(59) 

PROGRAM GUSTAF 

The Test Problem 
The test problem used here is the same as that in 

Navon and Riphagen (1979), which is the initial height- 
field condition No. 1 of Grammelvedt (1969), that is 

h(x,y) = Ho + H, tanh ( 9 ( ~ ) )  

• 

• s l n l T  ] .  (62) 

The initial velocity fields were derived from the initial 
height field, using the geostrophic relationship 

u \ f / Oy ' v \ f /  Ox" (63) 

The constants used were: 

L = 4 4 0 0 k m  g = 1 0 m s  -2 

D = 6000 km Ho = 2000 m 

.f = 10 -4 s -1 Hi = 220 mm 

/3 = 1.5• l0 n s - lm -1 H2 = 133 m.  (64) 

The time and space increments used for the short runs 
(two days) were 

Ax = Ay = 200 km At = 1800 s 

Ax = Ay = 200km  At = 3 6 0 0 s .  (65) 

wi thM = 6 o r M  = 12. 
For the long-term integrations (20 days) the time and 

space increments were 

Ax = Ay = 500 km, At = 3600 s, 

with M = 12. (66) 

The Dissipation Term 
To avoid nonlinear instabilities in long-term integra- 

tions a dissipation term of the form 
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e At3D+yD-ywT~ (67) 

was added to the right-hand side of equation (16a) and 
the term 

A + 3 n  n ,,,n+(l/2) e . . . . . . . . . .  ~k (68) 

to the right-hand side of equation (16b). 
The coefficient e = 0.015 was used. 

Program Operations 
Input specifications We first shall describe the 

input specifications and only then the various subrou- 
tines of the program GUSTAE The input to the program 
consists of two cards, as follows: 

CARD 1 FORMAT (6F10.4,315,F5.3) contains the 
following ten parameters: 
FL - - the  length dimension (L) of the rectangular hate- • 
gration domain; 
D - - the  width dimension (D) of the rectangular integra- 
tion domain; 
T-- tota l  simulation time (in seconds); 
DX-- the  space increment in the x direction in meters; 
DY-- the  space increment in the y direction in meters; 
DT- - the  time-step in seconds; 
IPR - - a  parameter controlling output operations of the 
program, that is, specifying after how many time-steps 
the forecast field should be displayed; 
M -  the number of time-steps between successive up- 
dates of the LU decomposition of the Jacobian matrix J, 
for the QN method; 
NINT-- the  number of nonlinear QN iterations to be 
performed at each time-step; 
A D J -  the value of e, the diffusion coefficient. 

CARD 2 (called in subroutine (SETUP) specifies 
different parameters relative to the initial field [see 
Eq. (1)], using format 6E10.4, and contains the follow- 
ing five parameters: 
H0 - -  constant for the initial height field; 
H1--constant for the initial height field; 
H2--constant for the initial height field; 
FHAT--  Coriolis parameter; 
BETA--df/dy,  the Rossby parameter. 

Main program and subroutines The main pro- 
gram SHALLOW reads the fast data card and, after 
some preliminary calculations, calls the subroutine 
SETUP to compute the initial height-field and velocity- 
field values at each grid point. 

The output subroutines UVOUT, LOOK, and HOUT 
(called from LOOK) are next called to display the initial 
fields, the initial total energy and the initial mean height. 
Subroutine MAPPA (called from LOOK) displays a 
printer-plotted map of the height-field contours. 

The solution of the nonlinear constrained optimiza- 
tion problem requires scaling of the variables so that the 
scaled variables are of similar magnitude and of order 
unity in the region of interest. Also, the nonlinear equal- 
ity constraints should be of the same order of magnitude 
to avoid one constraint dominating the others. 

This scaling is performed in the main program 
SHALLOW. The variables are scaled as follows: 

s u i j V - I ,  • v i j V - I ,  u q  = v 0 =- 

f~ = Tfj g" = gLV -2 

i = l . . . N ~  

j = I . . .N , .  

h i = hijL-' 
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(69) 

(see also Navon and de Villiers, 1983; Gill, Murray, and 
Wright 1981). 

After the dissipation term has been calculated, the 
central subroutine GUSTAF is called. This subroutine 
performs the bulk of the Gustafsson nonlinear ADI algo- 
rithm and solves the values of U, V, PHI for each suc- 
cessive time-step. 

GUSTAF in turn calls, at each time-step, the sub- 
routines BACKBLK and BACKTRI to perform block or 
scalar backsubstitutions, respectively, whereas the sub- 
routines LUDECOM and LUTRID are called every 
M-th time-step to perform block or scalar matrix LU de- 
compositions, respectively. 

After a predetermined number of time-steps (IPR), 
the subroutine LOOK is called to calculate the integral 
invariants of the shallow-water equations, namely the 
total energy and the mean height, as well as the poten- 
"tial enstrophy. 

Subroutine LOOK in turn calls the output subroutines 
HOUT and MAPPA. When the preset total simulation 
time has been reached, the height and velocity fields are 
written on file for further use, together with the name of 
the program, the number (M) of nonlinear QN iterations 
per time-step, the number of days of simulation, the 
time-step, the space increments DX and DY, and the 
number of grid points (NX and NY) in the x and y 
directions, respectively. 

SUBROUTINE GUSTAF (U, V, PH, I ,H ,F ,  UH, 
VII, PHIAl, AK , B K, C K , DK, EK , A J, B J, C J, P, Q, R, 
X, Y,Z, G,S ,E ,AL,BL,  CL,DL,EL,AM, BM, CM,LX, 
NX, NY, NT, M, NINT ). 

This subroutine performs the bulk of the work when 
the Gustafsson nonlinear ADI algorithm is used to solve 
the shallow-water equations. Essentially, the subroutine 
follows the same procedure as the algorithm outlined in 
the section on Implementation of the QN Method in the 
Gustafsson ADI algorithm. 

Starting with the initial fields, U, V, and PHI, 
GUSTAF fast calls the subroutine LUDECOM every 
M-th time-step to perform cyclic block-tridiagonal LU 
decomposition. P, Q, and R are the subdiagonal, dia- 
gonal, and superdiagonal (2 × 2) block matrices, re- 
spectively, that constitute the Jacobian matrix. In this 
way we obtain u~ +(u2) and qbj'k +<~m, renamed UH and 
PHIH, respectively, following Equations (28)-(33), and 
by calling subroutine BACKBLK to perform the block 
backsubstitution, we obtain J -  ~g for the first one-half of 
the time-step for (u~, +~m, ~ + , m ) .  The procedure is 
repeated NINT times, which is the number of preset 
nonlinear QN iterations for every one-half of a time-step. 
Then v~, +t~m, renamed VH, is obtained, following the 
algorithm outlined in Equations (34)-(36), that is by 
calling the subroutine BACKTRI to perform cyclic tri- 
diagonal matrix backsubstitution. The procedure again is 
repeated NINT t imes--  the number of present nonlinear 
QN iterations for every one-half of a time-step. 
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The rest of the parameters in GUSTAF pertain to 
the specific subroutines which it calls, and will be de- 
tailed there. 

The second part of subroutine GUSTAF, the aug- 
mented Lagrangian method for enforcing a posteriori 
conservation of the shallow-water integram invariants, is 
implemented. 

One first tests whether one needs to carry out an 
adjustment at a given time-step by measuring the devia- 
tion from conservation. Next, one sets up an augmented 
Lagrangian function, with initial multipliers UUH, UZ, 
and UE corresponding to the constraints of total mass, 
potential enstrophy, and total energy, respectively. Then, 
the initial penalties PNLTH, PNLTZ, and PNLTE are set. 
An initial value for the parameter ETA also is set. 

Then a loop is set up which implements the aug- 
mented Lagrangian algorithm. A conjugate-gradient un- 
constrained minimization solver- - in  this instance the 
IMSL Library Subroutine ZXCGR using a method due 
to Powell (1977)--is  used to minimize the augmented 
Lagrangian. The unconstrained minimization is con- 
sidered to be accomplished once a threshold accuracy 
dependent on ETA is reached. 

Thereafter, the Lagrange multipliers, the penalties 
and the parameter ETA are updated, and another cycle of 
augmented Lagrangian minimization is completed. The 
process will stop either when the nonlinear equality 
constraints are satisfied within a required accuracy, or 
when ETA becomes too small, that is, when the number 
of augmented Lagrangian minimization cycles exceeds 
a limit. 

Subroutine ZXCGR calls the subroutine FUNCT, 
which evaluates the function value of the augmented 
Lagrangian, as well as its gradient vector. 

If the user has a NAG scientific library, he may select 
to use subroutines EO4DBF or EO4DBE, double- or 
single-precision subroutines of the NAG library, which 
determine an unconstrained minimum of a function of 
several variables, using first derivatives, by the conju- 
gate gradient algorithm. 

SUBROUTINE LUDECOM (P, Q, R, A, B, C, D, E, 
NY, N, IND). 

This subroutine performs LU decomposition of a 
block tridiagonal matrix with subdiagonal, diagonal, and 
superdiagonal elements in arrays P, Q, and R, re- 
spectively. The elements of the matrix are (2 x 2) matri- 
ces. The matrix is decomposed into matrices L and U, 
where L has subdiagonal elements in array B and diago- 
nal elements in array A, U has superdiagonal elements in 
array C, and all diagonal matrices are identity matrices. 

If the given block tridiagonal matrix is not cyclic, set 
IND = 0. If the given block tridiagonal matrix is cyclic, 
set IND = 1. In this situation L also has nonzero ele- 
ments in blocks 1 to (NM-2) of the last block-row in 
array E, and U also has nonzero elements in blocks 1 to 
(NM-2) of the last block column in array D. 

The order of the given matrix is 2 x N. 
For the algorithm used for the LU decomposition of 

a cyclic block tridiagonal matrix see Navon (1977). 
SUBROUTINE LUTRID (P, Q , R , A , B ,  C,D,E,  

L,N, IND). 
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This subroutine performs the LU decomposition of a 
tridiagonal matrix, with subdiagonal, diagonal, and su- 
perdiagonal elements in arrays P, Q, and R, respectively. 

This matrix is of order N, 
If the matrix is cyclic tridiagonal, 1ND is set to 1, 

otherwise to 0. In the L-matrix the diagonal elements 
are in array A and the subdiagonal elements in array B. 
If IND = 1, the first N-2 elements of the N-th row are 
in array. 

In the U-matrix the diagonal elements are all equal to 
1 (therefore not stored) and the superdiagonal elements 
are in array C. If IND = I, the first N-2 elements of 
column N are in array D. 

SUBROUTINE BACKBLK (A,B, C , D , E , S , X ,  
L,N, IND). 

Following Equations (24)-(25),  this subroutine 
solves J-~g in two stages by backsubstitution, that is, it 
determines X where 

L * Y = S  and U * X  = Y ,  

the matrices L and U being formed by LU decom- 
position of a block or cyclic block tridiagonal matrix. 

Here X stands for the vector J-~g in the nonlinear 
quasi-Newton iterative method. 

SUBROUTINE BACKTRI (A, B, C, D, E, S, X, L, 
N, IND) 

Following Equations (24)-(25),  this subroutine 
solves J-~g in two stages by backsubstitution, that is 
determines X where 

L * Y = S and U * X = Y, 

the matrices L and U being formed by LU decom- 
position of a tridiagonal or cyclic tridiagonal matrix. 

Here X stands for the vector J-~g in the nonlinear 
quasi-Newton iterative method. 

SUBROUTINE SETUP (U, V, PHI, H, F, NX, NY, 
S, C, LX) 

This subroutine sets up the initial h e i s t  field H and 
calculates the variable PHI = ~ = 2Vgh and from it, 
using Equation (46), the components of the initial ve- 
locity fields U and V. The subroutine also calculates the 
Coriolis parameter F. The parameters NX, NY, and LX 
are calculated in the main program SHALLOW to be the 
effective number of space increments in the x and y 
directions, respectively, whereas LX is the maximal 
number of space increments in the x direction. 

S and C are auxiliary parameters for calculating inter- 
mediate trigonometric variables. 

SUBROUTINE LOOK (U, V, PHI, H, NX, NY, LX) 
This subroutine calculates, at each time-step, the po- 

tential enstropy, total energy and mean height, which are 
invariants of the shallow-water equations. It also prints 
out these values, together with the height-field values, by 
calling subroutine HOUT, and calls subroutine MAPPA 
for a lineprinter contour plot of the height field. The CPU 
time for each 12 time-steps also is printed. 

SUBROUTINE MAPPA (FUN, C, NX, NZ, LX) 
This subroutine provides a visual display of the height 

field by lineprinting an isoline contour plot of the height 
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field for every fifty meters. The parameter FUN gives the 
forecast field to be contoured, whereas the parameter C 
is the inverse of the contour interval in meters (for ex- 
ample, if the contour interval is 50 m, C = 0.02). The 
parameter NZ = NY + 1. 

SUBROUTINE HOUT (H, NX, NY, LX) 
This subroutine digitally prints the height-field values 

in a matrix format. 
SUBROUTINE UVOUT (W, NX,NY, LX) 
This subroutine digitally prints the values of the 

velocity-field components in a matrix format. W stands 
for either the U or the V component of the velocity field. 

SUBROUTINE FUNCT (XC, FC, GC) 
This subroutine evaluates the function value of the 

augmented Lagrangian, as well as the gradient vector of 
the augmented Lagrangian. 

Here XC stands for the length of the vector x (i.e. 
3N~Ny), whereas FC is the function value and GC the 
gradient vector value, both of dimension 3N~N r. 

Examples of output Examples of GUSTAF output 
are provided to demonstrate the different options of 
the program. The initial height field, using a space re- 
solution of Ax = Ay = 200 kin, is shown in Figure 1. 
Figures 2 to 4 show the height-field contours after two 
simulation days, using a time-step of 3600 s and the 
methods QNEX1, QN2, and QN3 with M = 6. 
Figures 5 and 6 show the height-field contours, using a 
space resolution of Ax = Ay = 500 km and a time-step 
of 3600 s for the methods QN2 and QN3 with M = 12, 
the dissipation coefficient being e = 0.015, after 20 
simulation days. 
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Figure 1. Initial height field. D X  = D Y  = 2 0 0 0 0 0  M .  
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Figure 2. Height-field contours after 2 days. DX = DY = 200000 M, DT = 3600 sec, QNEXI method 
with M = 6. 
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Figure 3. Height-field contours after 2 days. D X  = D Y  = 200000 M, DT = 3600 sec, QN2 method 
with M = 6, 
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F igure4 .  Height-field contours afier 2 days. DX = D Y  = 2 0 0 0 0 0 M ,  DT = 3 6 0 0 s e e ,  QN3 method 
with M = 6. 

15 

16 

17 

18 

19 
ZZZ222 

2 2 2  2 

." l!lllll!!!!!lll!' 
-!l!!i!ii!!l!!i ." llll!IlllII!  

"111l'1i'1l   ,8 | t i |  | 

".o' lI!I!iilI!1lI!!!!  , 
31 2 

1 2 3 6 5 6 ? 8 9 10 

I 88888888888 9999 000 1111111 
88888888888 9999 000 111111 
8 8 8 S 999 000 11111 11 

' I i h h l ! F  9999 ~o 11111 111 
9999 11111 11 

888888888 9999 11111 11 
8 $ ' 8 1 t t h l l !  9o99999 888 11111 1, 11111 1 

6 II111111199999999 11111111 
9999 1111 s18888811t 9999 

' ~ l l l l l h .  999 tt8111111111 
, 881t l i i i i i i  999999 ]gglg 11111111 

" " " " " '  ""' ""'" ".llb' 8 ~8 9999 1111 2 

8 8 8o 999 00811111111 t | t t t t t t  
811.II18111 999 9999 111 

" !i U l ! i i  °999 ,11 I I I  I S 9999 111 
8 88 8 8 9999 t111 

10 8888888888888 999 1111 
I I I I I 1 1 1 1 1 1 1 1  999999 1111 1111 222~2  

11 8 8 8 8 8 8 8 8 8 8 8 8 8  999 I l l  11111 

9999  11111 
18 1 | 8 | | | | | | I |  9999 • 999 888 11111 1111111 

1 2 3 6 8 6 7 8 9 10 

Figure 5. Height-field contours after 20 days. DX = DY = 500000 M, DT = 3600 sec, QN2 method with 
M = 12, epsilon = 0.015. 
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A P P E N D I X  

The shal low-water  equations f o r  the a tmosphere  
The free surface linearized gravity wave equations for a 
one-layer, homogeneous incompressible fluid with an 
upper surface permitted to be free are 

au 
+ u a U  + l at, = 0 (AI)  

at ax p a x  

dow , vow) + 2 ap = o  A2) 
E 

\ at a x /  -~ az 

au aw 
- -  + - -  = 0 .  ( A 3 )  
ax az 

Here 6 identifies terms that would contribute to the di- 
vergence equation. Its value is either 0 or 1. 

Using the hydrostatic assumption one obtains 

1 ap Oh 
-~ ax = gTx  (A4) 

and Equation (A1) becomes 

au 
+ U ~u + 

ah 
a t  ax g T x  = 0 (AS) 

By integrating the continuity Equation (A3) in the ver- 
tical one obtains 

ah + U Oh + H Ou = O. (A6) 
at ax ax 



164 I.M. NAVON and R. DE VILL1ERS 

The phase velocity for shallow-water waves is 

c = U +_ X/-~gH. (A7)  

which makes all surface pressure surfaces to be parallel 
and only one level need be forecast. Using harmonic 
perturbations one obtains a cubic frequency equation 

The gravity waves described are termed external, be- 
cause their maximum amplitude is at the boundary of 
the fluid. 

If the effects of the earth's rotation are added to the 
hydrostatic one-layer equations--the deflection caused 
by the Coriolis force affects low-frequency gravity 
waves. In addition Rossby waves are determined that 
depend on the spatial variation of the Coriolis parameter. 
The equations of motion are 

6(U - c) ~ - (gn  + f 2 / k 2 ) ( U  - c) 

fg  OH 

k ~ dy 
- 0 .  (A9) 

To get the fast solutions set U = 0 and ~ = 1 which 
gives 

c],2 = +-VgH + f : / i z  2. (A10)  

Ou Ou du Oh 
~ +  u - - +  v - - - f v  + = 0  
Ot Ox Oy g-'~x 

Ov Ou Ov Oh 
- - +  u - - +  v - - + f u  + .-:--= 0 (A8) 
Ot Ox Oy g d y  

(¥ oh dh Oh + u ~  + v 
dt dx Oy/ 

Using assumptions of hydrostaticity, constant density, 
and incompressibility as well as the barotropic assump- 
tion that is the density is a functional of pressure alone, 

These are inertial gravity-waves and when f = 0 

c],~ = ±~V~gH (All) 

that is the formula for shallow-water waves. 
The slow meteorological solution to (A9) may be 

obtained by setting 6 = 0 

U + ( f / H ) ~ y  

c~ - k2 + ( f 2 / g H ) .  (A12) 
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A ~ R A Y  E l  AND 

C U HAS E L E M E N T S  OF B L O C K S  1 TO I N N - - 2 |  OF THE L A S T  B L O C K - - C O L U M N  I N  
C A R R A Y  De 
C THE O R D E ~  OF THE G I V E N  M A T R I X  I S  2 * N *  

p l l I ~ A I l l e D ( I |  
~ ( I l a B l l l  F D ~  I z 2  TO N - - ~  

C P|NIm~INIeEIN--SItCIN--2) 
C ~ l I ) z A l I ) e C ( I )  FOR I I 1  TO N- -2  
C R I N - - 1 I I B ( N - - I | I O I N - - S I e A | N - - 1 I e C ( N " I )  
C R I N ) = [ | I )  

O | l l s A | l l  
O ( I I ~ B | I | I C I I - 1 I ~ A ( I )  FOR I z 2  TO N--1 

C Q I N I : S U ~ I E ( l l e D ( I I e e e e + E I N - - S I e O I N - - 2 I ) e B I N I * C I N - - ~ I + A ( N |  
C E I I I I C ( I I + E i I e l ) : 0 ,  FOR I : 1  TO N--2 

C O M ~ O N I R I T E / N I N I N O U T t N T A R E  
D I M F N S I O N  ¢ ( ~ t N Y I I O I A I N Y I I ~ I ~ t N Y ) t A ( ~ t N Y | I B I ~ t N Y i I C | ~ I N Y ) t D | 4 1 N Y | t  

1 E I A ~ N y |  
N M : N - - 1  
O0 SQ I = l l N  
I F ( I . G T * l l  GO TO 20  
DO 1~  L = I * ~  

1~  A I L , t I S O I L * I |  
GO TO 30 

2 0  I M : I - 1  
C R I I I  : P l I )  

O0 2 ~  L = 1 ~ 4  
2 5  R I L i I I : P I L ~ I )  

I F I I e N E ~ N |  GO TO 2 8  
I F ( I N D ~ E O * O |  GO TO 28 

C B I N I  = P | N I - - E I N - - S I e C ( N - - 2 |  
DO 2 7  L = I * ~  

2 ~ B I L t I I : B I L i I I ÷ E I L ~ N U i  
C A I I |  : O i l |  - -  B I I l e C I I - - 1 |  

2 8  ~ l l ~ I i z O l l ~ l l - - B l l ~ I i e C l l t I M l - - R l 3 t I ) e C l 2 t I M |  

A l S t I ) : O l 3 ~ I ) - B l l t I ) e C l 3 l I ~ i - B l S ~ I l e C i 4 1 1 M }  
A I k ,  I I I O I A ~ I I - - B I 2 ~ I I e C I 3 ~ ; ~ I - - ~ I A e I I e C I t l I M I  
I F I I . E O . N |  GO TO 5 0  

C ClI| = A l l ) e e l - - l l e R l I I  
3 0  D E T I = A I l l I | I A I A , I I - - A | Z i I I e A I S I I )  

I F I A B S I D E T ~ I * G T * I e E - - I O O )  GO TO 31 
W R I T E I N O U T l l )  Z t I I P I L I X I t L Z l I ~ I I I O I L I K I e L = $ 1 4 I I ( R I L t K I e L = I ~ 6 ) ~ K = l l  

1 F O R V A ~ I 1 M O ~ I S l I I P 1 2 E Z 1 , 3 | )  
~ G I T E I N D U T I 1 )  I I I I A I L e K I t L : I I A I t I B I L I K I ~ L : I , A ) I I C I L I K I I L : I ~ I i K m l ~  

* Z )  
5TOm 

3 1  O E T ~ : I ~ I D E T I  
T l : q i l e Z |  
T S = P l 2 ~ I )  
T S : ~ ( 3 ~ I |  
T A = R | k ~ I )  
I F I I e L T * N ~ |  GO TO 3 3  
I ~ | Z N D * E Q * O |  GO TD 3 3  
T l : T 1 - - B l l ~ I | e O l l t ~ | - - B l 3 1 ~ ) e O l S t I ~ )  
T S : T S - - G I S ~ I | I D I I ~ Z M I - - f l I A ~ I ) e D I 2 ~ I M )  
T 3 1 T S - - R | l ~ l l l O l 3 1 I N l - - q l S t I l e O ( A e I v |  
I A : T A - - B I S t I ) I D ( ) ( I ~ I - - B I i t I ) I D I i , I ~ |  

3 ~  C l l ~ I t z  I A I B I I | I T 1 - - A I S , I I I T S I e D E T Z  
C I 2 ; I | s - - I A ¢ 2 , I I I T I - - A I I , I ) e T 2 I e O E T I  
C l 3 , I ) =  | A I A t I I O Y 3 - - A I S ~ I ) e T A I e D E T :  
C I ~ I I z - - I A I S I I I I T S - - A I I ~ I I I T A I I D E T 1  
; F ( ~ N D e E O . O }  GO TO SO 
I F I I . G T , I }  GO TO 4 0  
S l z O .  
$ 2 = 0 .  
$ 3 : 0 ,  
~ 4 = 0 ,  
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[ 1 1 }  w RCN) 
DO 35 L I I t A  

3~ ~ | L t l I I R I L * N )  
T l m - - P ¢ l t I )  
T 2 z - P | 2 t I )  
T S : - P l S g I I  
T 4 1 - - D ¢ 4 O : I  
GO TO 45 

E I I I  : - - E ( I - l ) e C i I - - l )  
40 E i l , I ) : - ¢ E ¢ l o I M ) * C l l t I ~ ) ~ F ( S I I M | e C I I I I M I )  

E I 2 I I ) S - - I E I 2 1 I M I I C I l t I N | t F I i l I M | I C ¢ 2 t I ~ I }  
E ( 3 t I ) = - - I E I I t I M l e C ¢ S t I N ) ÷ £ 1 S I I M i I C I A I I M ) )  
[ ( 4 + I ) = - I + I 2 w I M I I C I 3 + I M I ÷ [ I 4 ,  I M I I C I A I I M I !  
I F I I . E O * N m )  GO TO i S  
T l I B | l t I l e O l l p I M ) ~ S l S l I l e D l I l I M )  
T 2 : B I 2 o I I I D I I ~ I M ) + S I I I I I I O I I I I M I  
T 3 z S I I + I ) I D I 3 , 1 M ) + B I S + I l e O | 4 + I ~ )  
T k l B ( 2 , I l e O l S t I ~ ) ~ S l A t I t e 0 ( t t I M }  

O i l !  = - - A I I I I * I - - t l I I B I I I / 0 i I - - Z l l  
4S D ( I + I I s - - I A | 4 1 I ) I T I - A I S e I ) I T 2 I I D E T I  

O | 2 , I ~ w  I A I 2 t I I e T 1 - - A I I + I | e T 2 ) e D E T I  
D I S , I | m - - I A I 4 t I | I T S - - A ( 3 , I ) e T 4 I e D E T I  
O l 4 1 I l m  ( A ( I t I | I T S - - A I I e I I e T 4 | I O E T I  
S 1 8 5 1 ÷ E I l t I I O O I 2 9 I I ~ E I S ~ I ) o 0 1 2 * I )  
S 2 s S I ÷ E ¢ 2 . Z l l D l t o I t ~ E I 4 t Z l e D ( 2 * I )  
S 3 x S ] ~ l l , I l l D l 3 + I I + ~ l S o I | e O I 4 * I )  
S k s S 4 ÷ E I I , I ) I O ( 3 t I I + E ( 4 , I | I O ( 4 * I I  
O0 TO SO 

S0 I F I I N O + E O . O |  GO TO B0 
A I N I  I 0 I N t - - B | N | e C I N - - I ) *  S U M | E I I I I O | I I * I w l s I N - - 2 ) )  

A I 1 9 I | m A I l t I | - S 1  
A ( I t I I z A I 2 : I i - - S 2  
I ( 3 , I ) : A I S + I | - - S 3  
A I 4 I I I z A ( 4 1 I ) - - S ~  

SO CONTINUF 
RETURN 
END 
~URDOUTINE G U S T A F I P H I Q U H ,  V H , P H I H t A K o E F , C K e O K e E K o A J o B J t C J  t 

1 P I 0 e R t X I Y i Z t G t S i E * A L ~ R L t C L t D L * E L i A M * B m t C M t N T t U t N I N T )  
T H I S  SURROUT[NE PERFORMS THE BULK OF THE WORK OF THE GUSTAFSSON | 1 S T 1 )  
0UASI--qEWTON NONLINEAR AOI ALGORITHW TO SOLVE TM~ NONLINEAR SHALLOW 
VATE~ [ O U A T I D N S ,  
IN I T S  SECOND PART I T  I ~ P L E ~ F N T S  THE AUGMENTEO LAGRANOIAN METM00 FOR 
IA POSTERIOR|  I CONSERVATION OF THE SHALLO~ KATER INTEGRAL I N V A R I & N T S *  

C O M ~ N I F L O I X C I S 4 0 1  
C O M M O N I O L D I ~ O | S A O | t H 0 1 Z O ~ E D * A L P H A + B E T A I T G t F | I 2 ) t N X l N Y I L ~ t L Y I ~ N L T M  

I l P N L T Z + P N L T E c U U H * U T , U E  
C ~ M ~ O N I C O N S T I F L , D t T e D X t D T * O T I F X R F Y I P T ~ G G I T I M E ~ I R R I A D J I ~ O J I I N O  
C O M ~ D N I R I T E I N I N I N O U T ~ N T A P E  
DIMENSION U I 1 S t t I | t V i l ~ t l I | e D H I I l S t 1 2 | I U M I I S * I I | I V M I t S ¢ 1 2 | *  

1 P H I H I l S + l I | * M I l S + l I | I A W I A * l S I t I I I S K | t I I S I 1 2 | + C K I k l l + I = 2 1 *  

3 P I 4 , 1 2 ) + O I 4 e I I I + R I 4 ,  l I | , ~ I 1 2 1 I Y I 1 2 | , Z I t I | I G I 1 2 | , S | I , 1 2 1 ,  
* A L I 1 S + 1 2 1 , ~ L I 1 S + 1 2 | + C L I I S + 1 2 | . O L I I S ~ 1 2 | t E L I l ~ + 1 2 | ~ A M ( ~ 2 , l ~ ) .  
S 8 ~ I 1 2 + 1 5 1 e C ~ I 1 2 + l ~ I e E I I e I S I , F F I 1 2 1  

D IMENSION G C I S A O I ~ S I S I ~ 0 t ~  
e H C I 4 ~ 2 I t Z C I 4 e I ) ~ E C I ~ 2 I ~ T C I 4 t I |  

EXTERNAL ~UNCT 
EOUIVALFNCE I U I I I I X C I I I I t I V I I | * X C I l i l | ) I I H I I I t X C ( S i l I I  
NNINMeNY~S 
A L P M A ~ l e  
B E T A I G G I M 0  
TGaGG+GG 

R E L A T I V E  ERROR SOUNDS FOR A C T I V A T I N G  THE AUGMENTED LAGRAN~IAN ALGOQITHM, 
EPSHsHOe~QE--S 
E P S Z s Z O I 1 , E - 3  
E P S ~ E O I S , E - 3  

I N I T I A L  PENALTY pARAMETERS,  
P ~ 0 ~ 0 * 0  I N D I C A T E S  THAT TOTAL ~ASS WILL NOT BE USED AS A CONSTRAINT* 

R H 0 ~ 0 , 0  
RZOwO.S 
R E 0 1 0 . S  
I F A I L z O  
O0 1 0 0  K e l t q Y  

100 F ~ I K ) / F I N I e F T  
ADJz- -ADJ  
ROJ I - -BOJ  
F X I I 0 . ~ i F X  
NTM~NT--~ 
K O l ~  
IOPT~O 

Z C I I ) : 2 .  
E C t l l e l .  
T C | I | = 0 .  
I T l m l  
D0 3 ~ 0  I m l , N T  
I O P T m I O P T * I  
I F I K O , N E . M |  GO TO 1 S 0  
DO 1 1 S  K m l + N T  
DO 110  J ~ l s N X  
J P l m J ÷ l  
J M I = J ' I  
I F I J m l , G T . N X |  J m l m l  
I ~ | J ~ I Q L T . I |  JM$~NX 
U J ~ I U I J R I t K | - - U I J ~ I , K | ) e F X  
P J I I P H I I J R I I K ) - - P H I I J V I I K I | I F X  
Q I I , J I w t * + U J  
0 1 2 . J l e P J  
0 l S + J l a B . S e P J  
Q I t t J I : I . ~ 0 . S I U J  
R I 1 , J | I F X e U I J t K |  
R f ~ s J l I N I l .  J I  
R | 2 . J I ~ F X 2 ~ P H I I J ~ K )  
R | $ I J | m R I 2 + J I  
DO l O S  L ~ I , 4  

SOG P I L , J | m * R I L , J |  
210 CONTINUE 

CALL L U O C O M I P : O , n , A K | I * I , K | * B ~ | I t I * K | t C K | X e l e W I t D K | X e l I K ) t  
1 E K I I , I ~ K | , L X t N X ~ I )  

~ I S  CONTINUE 
C OKTAIN UH~ P H I H *  

~S0 DO ~S2 K I I I N Y  
DO 1 ~ 2  J I 1 , N X  
U H I J I K | I U | J t K |  

1~2 P H I H ( J I K | ~ P H I I J ~ K I  
DO l S S  L m l , N I N T  
DO 18~  K ~ I , N Y  
F K T = F ~ ( K |  
FU~FT 
K R / S K + I  

I F I ~ P l * L E e N Y )  GO TO 1 ~  
K P l Z N Y  
~O TO 1S0 
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1 5 5  I K I W M 1 , G E , 1 )  GO TO 1 6 5  

1 6 0  F U z ~ U + F U  
1 6 5  F P K 0 o S S F U  

DO 1 7 0  J ¢ l t N X  
J P l : J + I  
J ~ l = J - - 1  
~ F I J P 1 , G T e N X )  J P l : I  
I F ( J M I * L T = I I  J M I : N X  
S I I ~ J ) : U  ( J ~ K I - - V I J t K | e I F U e l U  ( J T K P 1 | - - U  ( J t X ~ I I ) - - F K T )  
S ( 2 t J I : P H X  I J I K I I | I . - - F P I I V  ( J o W P l l - V  I J t K M | ) } )  

1 - - F U I V  ( J t K | e I P H Z  i J I K P l I - - P H Z  I J I K M l l l  
S ( l t J ) : U H i J I K I e ( l t + F X e ( U H | J ~ t l K | - - U H | J ~ l t K | I ) e F X 2 e P H Z H | J t K | e  

1 ( P ~ I H ( J P I ~ K ) - - P H t H ( J M 1 w K | I - - S i l * J |  
S ( 2 , J | = P H ; H ( J t K | O I I . e F X 2 e I U H ( J P ~ I K | - - U H ( J M I ~ K | | | + F X e  U H i J t K J t  

1 | ¢ H I H I J P l t K | - - P H I H | J M I I K I I - - S | 2 ~ J |  
I r ( A O J * F Q * 0 * )  GO TO 1 7 0  
I F | K * E Q . I * O ~ * K * E Q * N Y |  GO T O 1 ? 0  
S ( l t J | z ~ ( l t J | + A O J e I U | J . K P I I - - 2 . e U ( J w K ) # U ( J ~ K M I I ]  
S ( 2 1 J t = S ( 2 w J i e A O J e I P H I ( J T K P I | - - 2 . I P H I ( J I K | ~ P H I | J I K M I ) )  

1 7 0  C O N T T ~ U E  
C A L L  8 A K R L K ( a K ( l t l t K i t R K ( l t l t K ) ¢ C K I l t l t K ) t D K | I . l o K | e ~ K ( I ~ l t K ) I  

I 5 t E T L X t N X w l )  
1 7 ~  DO 1 8 0  J = l l N X  

U H ( J t W I Z U H I J t K ) - - E ( l t J )  
1 B 0  P H Z H | J t K | : P H T H ( J o K ) - - E | 2 w J |  
18~ C O N T I N U E  
1 9 5  C O N T I N U E  
~ 0 0  C O N T ~ N U ~  

C O R T A ~ N  V H *  
~ F I K ~ * N E e M |  G~ TO 2 1 ~  
O0 2 ¢ 0  K = 2 t N Y ~  
O0 2 0 ~  J : I ~ N X  
Y ( J | : I .  
Z ( J t = F X e U H | J ~ K I  

2 0  K X ( J t : * Z i J )  
C A L L  L U T R I D ( X ~ Y ~ Z ~ A L I I ~ K | e B L ( t ~ K ) ~ C L I I ~ K ) t D L i t ~ K I t E L | l e K I . L X ~ N X ~ I |  

2 ~ 0  C O N T I N U E  
2 1 5  O0 Z 2 0  K = I I N T  

DO 2 2 0  J = I I N X  
2 2 0  V H I J ~ K | m V I J I ~ )  

DO 2 6 5  L : 1 t N ~ N T  
OO 2 ~ 0  K = 2 ~ N Y M  
F K T I F F I K |  
F U = F Y  
K P I = K e ~  

2 3 0  F P : 0 . S e F U  
00 2 3 ~  J = l e N X  
J P l = J + I  

; F | J P l * G T * N X |  J P l = l  
I F ( J M I * L ~ i |  J M I : N X  
Z I J I = V  I J . K I i I I e - - F U I I V  I J t K P t I - V  ( J t K M I I I I - - P H ~  ( J I K } t F P #  

1 I P H I  ( J ~ K P l i - - P H I  | J I K M I | |  
Z ( J I = V H | J ~ K I ~ U H ( J ~ K | $ I P X e i V H ( J ~ I ~ K I - - V H i J M I ~ K | | + F K T ) - - ~ | J )  

I ~ ( A O J * E O e 0 . t  GO TO 2 ~ 5  
Z ( J ) = Z I J I e ~ O J e ( V I J . K P t | - 2 . e V | J w K I ~ V ( J . K N t I |  

2 3 5  C O N T I N U E  
C A L L  ~ a K T R I ( A L ( I ~ K ) ~ B L ( 1 . K | . C L I I ~ K I ~ D L ( I ~ K ) ~ E L ( 1 . K I ~ Z ~ G ~ L X ~ N X ~ i )  

2 ~  V H | J ~ K I ~ V H I J ~ K ) - G ( J )  
2 ~ 0  C O N T ~ N I J [  
2 6 0  C O N T I N U E  

DO 2 ~  J : I ~ N X  
V H I J ~ I | = 0 .  

2 6 q  V H I J ~ N Y | I 0 *  
C O R T A I N  V t  PH~ FOR NEXT S T E P *  

Z ~ | ~ O * N E * ~ |  GO TO 2KS 
DO 1 ~  J I ~ t N X  
O0 140 K = l t N Y  
F U = ~ y  
K P I = K ÷ ~  
K M I = ~ - - I  
] F I K P i * L E e N Y |  GO TO 1 2 0  
K P I : N Y  
GO T0 1 2 ~  

1 2 0  I F I K M I * G E , 1 )  GO TO 1 3 0  
K M I = I  

1 2 ~  F U : F U e F U  
1 3 0  F P = 0 , ~ e F U  

V K = ( V H ( J ~ K P I I - - V H I J . K ~ I I I e F U  
P K : ( P H ~ H I J t K P 1 ) - - P H ~ H ( J ~ K M I I I e F U  
Q ( ; w K | S l * + V K  
0 1 2 t K ) = P K  
O | 3 ~ K | = 0 e ~ m P K  
O | 4 , K I = I * e O * S ~ V K  
~ ( ~ * K ) = F U ~ V H ( J * K )  
R I 4 t K I = R | I ~ K )  
P ( 2 ~ K | e F P t P H ] H ( J ~ K I  
R { 3 t K | : R ( 2 t K |  
O0 1 3 ~  L = 1 , 4  

1 3 ~  P ( L e K | ~ R ( L I K |  
Z F I ~ . E 0 . 1 |  GO TO 1 3 S  
Z F I K * N E * N Y }  GO TO 1 4 0  

1 3 S  G | I . K I m l .  
O ( 3 t K l s 0 .  
R t l I K | I 0 *  
P ( I I K ) = 0 °  

~ ( 3 + K | z O *  
1 4 0  C O N T I N U E  

C A L L  L U O C 0 ~ I P . O I R ~ A J I I + I + J I ~ B J I t ~ I + J I ~ C J I t + t * J I ~ X * T * N Y ~ N Y * O |  
1 4 ~  C O N T Z N U E  
2 6 8  OO 2 ? 0  K s l e N Y  

OO 2 7 0  J I ~ e N X  
V I J ~ K I = V H I J t K |  

O0 3 0 0  L l l t N ~ N T  
DO 2 9 0  J = l e N X  
J P Z : J ~ l  
J M I = J - - 1  
~ F ( J P I * G T * N X )  J P l = l  
I F I J M I * L T * I |  J M l s N X  
O0 2 8 0  K I ~ t N Y  
F K T = F F I K |  
F U = F Y  
K P I I K e l  
K M I = K - - 1  
~ F i K P l e L E t N T |  GO TO 2 ? 2  
K P I = N Y  
GO TO Z ? k  

2 ? 2  ~ F I K M I * G E * I )  GO TO 2 ? 5  
K M t : I  

2 7 ~  F U : F U ~ F U  
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2 ? 5  F P S 0 o S e F U  
S | I e K ) : V H I J e K ) - - U H ( J I K l e ( | V H I J P t t K I - - V H { J M l o K ) I e F U + F K T )  
S I 2 e K ) : p H I H I J t K I e I 1 . - - F X 2 e | U H | J P I w K I - - U H i J M l t K | I ) - - F X * U H | J t K ) e  

; | P H I H I J P 1 9 K | - - P H ; H ( J M l t K | )  
S | I t K ) I V I J t K | e I 1 , 4 F U e ( V ( J I K P I I - - V i J t K H I I | I - - S i l I K )  

1 + F P e P H I I J e K I I | P H Z ( J w K P I I - - P H I I J t K N 1 ) |  
S ( 2 e K I : P H I I J o K I e I l t + F P e ( V I J t K P 1 ) - - V I J e K H I I | i + F U m V ( J e K ) e  

1 | P H X ( J t K P I I - - P H I ( J e K M I | I - - S | 2 t  K |  
I F ( B O J e E O * 0 * |  GO TO 2 S 0  

S ( l o K | z $ ( 1 e K ) + B O J I  ( V H i J P 1 , K | - - 2 e e V H ( J e K ) 4 V H ( J ~ l e K | |  
S | 2 . K I : S | 2 e K ) + R O J e | P H I H ( J P l e K ) - - 2 . e P H I H ( J t K ) ~ P H I H I J M 1 e K | |  

2 8 0  C O N T I N U E  
S | 1 * 1 | : 0 .  
S | I I M Y ) I 0 *  
C A L L  B A K B L K | A J ( l e l t J )  e e J ( l t l e J I * C J i l e l , J | e P * O *  S e E e N Y e N Y e O |  
DO 2 e 5  K = I w N Y  
V i J e K | : V | J , K | - - E | I t K |  

2 8 ~  P H I I J ~ | : P H I I J t K | w E | 2 t  K |  
V l J ~ l ) : O *  
V | J t N Y | : 0 *  

2 9 0  C O N T I N U E  
SO0 C O N T I N U E  

O B T A I N  U FOR NEXT STEP 
~ F | K D * N E * M |  GO TO 3 1 ~  
0 0  3 1 0  J m t t N X  
DO 30S K m l e N Y  
V | K ) : I *  
Z ( K | = F T I V  ( J t K )  

SOS X I K I ' - - Z I K I  
C A L L  L U T R Z D I X e Y t Z * A M ( l e J I t B M I I * J I w C M I l t J I o P t Q e N Y e N Y ,  0 l  

3 1 0  C O N T I N U E  
3 1 G  0 0  3 1 6  K = l e N T  

0 0  S l S  J I I I N X  
3 1 6  U I J e K I : U H I J e K I  

DO 3 4 S  L = l e N T N T  
DO ~ 3 ~  J m l t N X  
J P I : J ~ I  
J M I = J - - 1  
Z F | J P I * G T * N X } J P I : I  
I F | J M I * L T * l l  J M I : N X  
OO 3 2 ~  K = l e N Y  
F U w F Y  
F K T s F ~ | H |  
K P l w K ~ I  
K M l S K - - 1  
I F ( K R I * L E o N Y |  GO TO 3 1 8  
K P l S N Y  
GO TO 3 2 0  

3 1 8  Z F I K M I * G E . I |  GO TO 3 2 2  
K M I = I  

3 2 0  F U I F U ~ U  
3 2 2  F P t O e ~ e F U  

Z | K | I U H | J t K ) e I l e - - F X e ( U H | J P l t K ) - - U H | J M l o K I | ) - - F ~ 2 e P H I N | J ~ K ) e  
1 ( R H I H ( J P l t K | - - P H I H | J N I w K ) |  

Z ¢ K )  w U I J t K | + V ( J t K | e I F U e | U ( J t K P I | - - U ( J t K R I | | - - F K T ) - - Z ( K |  
I F I R D J . E O * O . )  GO TO 3 2 5  

Z ( K I z Z f K I + B D J e I U H ( J P 1 , K ) - - 2 . e U H I J I K ) ~ U H | J M I , K I |  
3 2 ~  C A L L  E A K T R Z | A M I I , J I j B M | l t J I t C M ( I t J ) , P , O I Z I G I N Y t N Y t 0 |  

DO 3 3 0  K s l t N T  
3 3 0  U I J t K I = U I J ~ K ) - - G | K |  
3 3 S  C O N T I N U E  
] A S  C O N T I N U E  

T ~ M E s T T M E ~ O T  
I G R F - O  

AOB C A L L  L O D P | U ~ V ~ P H I ~ H t N X ~ N Y s L ~ e F t L Y , H T ~ Z T ~ E T )  
H D F I A S S ( H T - - H 0 |  
Z D ~ A B S | Z T - - Z 0 |  
E O F ~ A R S | E T - - E O |  
S E C R s S E C O N O I C P |  
V R I T E | N O U T t 4 O l S )  SECP 

A 0 1 G  F D R M A T I S H  T Z M E g P O . 3 * ? H  CP S E C |  
TEST  V H E T H E R  TO A D J U S T  THE N - - F ~ E L D t  
SO AS TO CORRECT THE T O T A L  M A S S *  

~ F | H O F * L T * E P S H |  GO TO k 0 2  
DO AO$ K I I t N Y  
DO A 0 E  J ~ l t N X  
H | J I K I Z N | J e K ) ~ H 0 - - H T  

• OS P H I | J t K I I 2 , e S O R T | G G e H I J , K | )  
GO TO 4 0 8  

TEST  V H E T H E R  TO A D J U S T  A L L  THE F I E L D S *  
SD AS TO | ~ T  L E A S T  P A R T I A L L Y |  C O R R E C T  P O T E N T I A L  E N S T R O P H Y  ~ T O T A L  E N E R G Y  
-- I N T E G R A L  I N V A R I A N T S  C O N S E R V A T I O N .  

6 0 2  I F ( Z O F . L T . ~ m S Z * A N O . E O F . L T * E P S E |  GO TO 4 1 1  
V R I T E I N O U T , 4 0 0 )  T I M E , H T , Z T I E T t H O F t Z D F I E D F  

• 0 0  F O R M A T ( I S M O S C 4 L E D  T I M E  • , F 1 2 * 2 , 2 S H |  C O N S T R A I N T S ,  H* Z £ E~ t S E 1 6  
e o S 1 2 3 H  ERRORS • H~ Z ¢ E : ~ 3 E ~ . 6 )  

I G R F : I  
SET UP AN AUGMENTED L A G R A N G = A N  V I T H  M U L T I P L : E R S  UUH~ U Z e  ANO U F 9  AND 
P E N A L T I E S  P N L T H e  P N L T Z ~  AND P N L T E *  

E T A S l O 0 .  
A C C ~ E T A e S O R T ( Z D F e e 2 ~ E O F o e 2 |  
A C M I N I A C C I 1 0 ,  
R H ~ H 0  
R ~ = ~ Z 0  
R E z R F 0  
U U H = 0 *  
U Z : 0 ,  
U E = 0 .  
R N L T H : 0 ,  
P N L T 2 = 0 , ~ / R ~  
P N L T E • 0 * ~ I R F  

THE F O L L O V I N G  S E C T I O N  i U P  TO eGO TO t 0 3 e |  F O R V S  A L O O P *  I N  V H I C H  
THE I M S L  L Z R R A P Y  S U B R O U T I N E  ZXCGR I S  C A L L E D  TO M I N I M I Z E  THE A U G M E N T E O  
L a G R A G I ~ N  TO AN A C C U R A C Y  D E P ~ N D ~ N T  ON ~ T A ~  T H E R E A F T E R  THE M U L T I P L I E R S *  
: E N A L T I E S  e ANO ETA ARE U P D A T E O s  U N T I L  THE C O N S T R A I N T S  ARE S A T i S F I e D  TO 
V Z T H I N  THE R E O U I R E D  A C C U R A C Y ,  O~ U N T I L  ETA  RECOMES TOO ~ M a L L ,  

7 X C G R  C A L L S  F U N C T  TO E V A L U A T E  THE F U N C T I O N  V A L U E  ANO G R A D I E N T  V E C T O R *  

A L T E R N A T I V E L Y  THK NAG L I B R A R Y  S U R R O U T I N E  E O A D S ¢ ~  ~ H I C H  ALSO U S E S  THE 
C ~ N J U G A T E  G P A O I E N T  METHOD TO M I N I M I Z E  T H ~  F U N C T I O N *  AND ALSO R E Q U I R E S  
F Z R S T  ORDER D E R I V A T I V E S ~  C O U L D  RE U S E D ,  
I N  THAT CASE THE D I M E N S I O N  OF T H E  V E C T O R  C O N T A I N I N G  ~ O R K I N G  S P A C E |  V S t  
MAy BE R E D U C E D  TO ~AOw AN A R R A y  XTOL  OF L E N G T H  S 4 0  SHOULD eE D E F | N E O ,  
AND M O N I T  S H O U L D  BE I N C L U D E D  I N  THE e E X T E R N A L *  S T A T E M E N T *  
THE C A L L I N G  S E Q U E N C E  NOULO B E t  
C a L L  E O A D R F | N N e X C I F E S T , G C , ~ T O L t V S v F U N C T , M O N I T , I O O t I F A I L )  
S U B R O U T I N E  N O N I T | N N , X C ~ F E S T I G C , N C A L L |  S H O U L D  PE Z N C L U O E O *  
I T S  P U q R O S E  I S  M E R E L Y  TO ~ R I N T  THE P A R A M E T E R S ~  ZF  SO O E S I R E O *  

~ 0 ~  0 0  ~OA I I ~ l e N N  
4 0 4  X O I I I I = X C I I I )  

~ T E I N D U T , A 0 ~ }  E T A ~ R H , Q Z e R E e U U H t U Z * U E * ~ N L T H e ~ N L T Z t P N L T E  
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A 0 ~  F O R ~ A T f ? H O E T A  = * E 1 4 , S / 2 2 H  R t H t  Z ~ E :  • 3 E l k , E /  
$ 2 2 H  U ~ H t  Z ~ E :  ) S E l k I E I 2 2 H  P E N A L T T E S t  He Z E:  ) 3 E 1 4 , 5 )  

F O = P N L T Z e Z O F e t 2 e P N L T E e E O F e e 2  
CALL Z ~ C G R | F U N C T w N N e A C C l l O O e F O t X C t G C e F E S T t W S w I F A I L |  
W R I T E | N O U T , 3 9 9 )  Z F A ] L  

3 9 q  F O R M & T I e H  1 F A I L  = , [ S I  
O0 4 0 ~  N g ~ e N Y  
DO A 0 ?  J = l t N X  

6 0 7  P H I I J I K I = 2 * $ S Q R T I G G e H | J o K | |  
CALL  L O O K ( U ~ V t P H I ~ H t N X t N Y I L X s F t L Y ~ H T t Z T , ~ T )  
H D I ¢ = W ~ - - H O  
? D I F = Z T - - Z 0  
E D I F = E T - - E 0  
W g T T E I N O U T e 4 0 0 )  T I M E t H T t Z T e E T , H D I F t ~ D I F t ~ O I F  
Z F I A S S I 4 . e Z O I V ) . G T , Z D F )  R Z = R Z e 0 * 4  
U T = U ~ + ~ O X F / R Z  
P N L T Z = O * ~ / R Z  
I F I A B S | A e e E D ; F ) e G T e E 0 ~ )  R ~ = R F I 0 e 4  
U E = U E e E D T F I R E  
R N L T E = 0 * ~ I R E  

4 1 0  H D F = A f l S | H O I F |  
Z O F = a O S I Z O | F )  
E O F = A P S | E D ~ F I  
Z F ( Z D F = L T e E P S Z / I O o e A N D e E D F e L T e E P S E / t O o |  GO TO 4 1 1  
E T A : E T A e 0 * ~  
T F ( E T A e L T * & 0 * |  GO TO 412  
A C C : A M A X I I A C M Z N e E T A e S Q R T I Z D F e e 2 + E O F e O 2 ) |  
A C M I N : A C C I 1 0  . 
GO TO 4 0 3  

412 WRITE I N O U ? ~ 4 1 0 ~ )  
& 1 0 ~  F O R M A T I 2 6 H  ~ I T E R A T T O N 5  I N S U F F I C I E N T I  

&11 C O N T ~ N U ~  
; ~ I T O P T * G E * I P R I  GO TO 3 5 0  
; F I I e L T . N T )  GO TO S ~  
V m Z T E I N O U T e 4 2 3 )  TZME 

4 1 3  F O R V A T I i ~ H O S C A L E O  T~ME : , F 1 2 . 0 )  
3 5 0  C A L L  H O U T | H ~ N X ~ N Y ~ L X |  

I O P T = O  
C A L L  M A P P & ( H e 2 e E O S t N X t N Y t L X )  

3 ~ S  ] F ( Z G R F e E O * 0 )  0 0  TO 3S6 

H C | ~ T I | = H T / H 0  
Z C I I T t I = Z T I Z O  
E C I I T I I a [ T I E O  
T C I T T I I ~ T I M E / S A *  
I F ( H O F * L T * E P S H )  GO TO 4 0 1  
O0 A 0 9  K = ~ N Y  
O0 4 0 9  J = I ~ N X  
H ( J I K I I H | J I K | + H 0 - - H T  

4 0 9  P H ~ ( J e K I = 2 * e S Q R T I G G ~ N ( J t K | )  
C A L L  L O O K I U t V e P H Z I H e N X ~ N Y e L X e F e L Y t H T t Z T t E T |  
H O I F : H T I H O  
Z D I F I Z T - Z 0  
E O I F = E T - - E 0  
W R I T E I N O U T t 4 0 0 )  T I ~ E ~ H T t Z T e E T t H D I F ~ Z 0 t F e E O t F  

4 0 l  C O N T I N U E  
3 ~ S  ~ F I ~ O * E O * ~ I  KO=0 
S&0 N O ' N O e l  

W R I T F I N T A P E I  I T I t I T C I Z I t I = l e Z T I I ~ I H C I ; I t I = I ~ Z T I I t ( Z C I ; I ~ I = I ~ Z T I I *  
* ( E C I Z I t Z ~ l t Z T t l  

R E T U R N  
END 
S U B R O U T I N E  ~ E T U P I U t V t P H ~ e H e F t N X I N Y e S ~ C ~ L X ~ L Y I  

C TO SET UP THE ; N I T I A L  V A L U E S  Or THE H E I G H T  AN0 V E L O C I T Y  F ; E L O S *  
C 
C H I X e Y I = H 0 e H l e T A N H | P ) e H 2 ~ S Z N I Q I e | S E C H I R ) I e e Z 9  
C W H E R E  P = $ , ~ | O I 2 - Y l l ( 2 e e O l ,  
C A N D  q : T U P I e X / F L  , AND R = 2 e P i  
C P H Z I J e N t ~ 2 e e S O R T | G ~ H I J e K ) |  

U I J e ~ | ~ - - I G / F I K | I e ( R A R T I A L  D E R I V A T I V E  DH~OY AT J e K |  
V I J t W ) =  I G F F I K | | e I P A R T Z A L  D E R Z V A T I V [  O H / O X  AT J e K I  

C O M N O N / C O N S T / F L e D e T I D X e O Y e D T ~ F X I ~ Y t F T t G e T I ~ E I I P R I A D J ~ B O J I I N O  
C O M M O N ~ R Z T E / N I N t N O U T e N T A P E  
D I M E N S I O N  U ( L X I L Y I I V I L X I L Y I I P H I I L X t L Y I I F I L Y | I S ( L X I I C I L X I I H ( L X I L Y )  
D a T a  T U P I / $ * 2 8 3 1 8 S 3 0 7 1 7 9 6 /  

1 F O R ~ A T ( S E 1 0 * 4 |  
3 ~ O R M A T ( 2 S H 1  SHALLOW WATER [ O U A T I O N S / )  

F D N M A T | I ? H 0  C O N S T A N T S |  H O I t F S ~ O I 2 H  M e ] 0 X e S H r H A T z t E 9 . 2  • S H / S E C  
1 1 0 X t 2 N L a ~ F g e 0 1 2 H ~ = e 1 2 X e S H D X ~ • ~ S e 0 ~ 2 H  N / I ~ X t 3 H H I = t F ~ e 0 ~ 2 H  N ~ 1 0 X *  
2 5 H S E T A : t E S e 2 ~ A H / S E C ~ N e l O X e 2 H D : ~ F S * 0 • 2 H  ~ • 1 2 X t S H O Y = t F A ~ O t 2 H  M/  
3 1 4 X e 3 H H 2 : t F ~ e 0 • 2 H  ~ e A O X e 2 H T = I F S e 0 I ~ H  S E C I 1 0 X I 3 H O T : e F S * 0 t 4 H  S E C / )  

C HOe H l e  H2 ARE C O N S T A N T S  ~N THE H E I G H T  F U N C T ] O N  
C ~ H A T  t BETA ARE C O N S T A N T S  I N  F • FHAT • ~ E T A ~ I Y - - D / 2 )  

R E A O I N T N ~ I |  H 0 9 H l e H 2 I F H A T • B E T A  
W R Z T E I N O U T ~ S )  
V R Z T E ( N O U T ~ & I  H O ~ F H A T e F L • O X • H l e B E T A I D t O Y * H 2 ~ T * O T  
Y E • 9 . I O  
Y F • 0 . S I Y E  
0 2 = D I 2 ,  
X F = T U : I / F L  
F N X I : T U P Z / F L O A T I N X |  

A F J : 0 *  
DO 10 J • I ~ N X  
F J : F J e l *  
T E M ~ = F J e F N X I  
S I J I ~ S I N I T ~ P |  

10  C ( J | : C O S I T E M P I  
S I N X I : 0 *  
C I N ~ I = I *  
N y M a N Y - - 1  
~ N y M ~ : S . / F L O A T I N Y M )  
FKV=Oe 
Y • 0 .  
O0 20 K = I e N V  
T E M P : O 2 ~ Y  
F I K I • F H A T - - B E T A e T E N P  
GH= G / F I K |  
y & = 4 e ~ - - F K M e F N Y N I  
Y B I 0 e S I Y A  
T N H z T A N H I Y B |  
5 H 2 : l e - - T N ~ e T N H  
C I ~ H 0 e H l e T N H  
C A : - - Y F e S H 2 e H 1  
T N H = T A N H I Y A I  
S H 2 • t ° - - T N H e T N H  
C 2 = H Z e S H 2  
C S • c 2 e x F  
C S • 2 , e C 2 e Y ~ e T N H  
O0 15  J = I e N X  
T E M R : S I J |  
H ( J ~ K I • C 2 ~ C 2 e T E M R  
P H I I J ~ K I • 2 . e S Q R T ( G e H I J ~ K | I  

CAGEO 12/2-E 
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1 ~  V | J o K | = G ~ I C S e C l J )  
U | J , X | s - - G H e I C A e C ~ e T E B P )  

1 5  C O N T I N U E  
Y = Y ¢ O Y  

2 0  F K M = F K M + I *  
2 4  O0 2S J = 2 t N X  

V l J t l l = 0 .  
2S V I J I N V } = 0 ,  

RE TURN 
ENO 
S U S R O U T I N F  N A ~ P A I ~ U N * C I N X t N Z s L I I  

C T H I S  S U B R O U T I N E  P R O V I D E S  A V I S U A L  D I S P L A Y  OF THE F I E L D  RY P R I N T I N G  AN 
C I S O L I N E  CONTOUR OF THE F I E L D I  U S I N G  D I G I T S  FROM 0 TO So 

THE P A R A M E T E ~  F U N  G I V E S  THE F I E L D  TO BE C O N T O U R E O *  W H I L E  C I S  A 
P A R A H E T E R  G I V I N G  THE I N V E R S E  OF THE CONTOUR C O N S T A N T *  

D I M E N S I O N  F U N ( L X t N Z | l A M S I A l I I E | 9 I A N S I I 1 E | e N U M ( I O )  
C O M U G N I R I T E I N I N I N O U Y v N T A P E  
DATA N U M I I I / 1 H I l e N U M I I | I 1 H 2 1 1 N U M I S ) I 1 H S I ) N U M I A | I I H A I t N U M i ~ ) I 1 H S /  

e t N U ~ I 6 I / 1 H 6 / , N U M I ? I I I H ? I t N U M ( O I I I H e l o N U N I S I I 1 H S I I N U N I I O I I I H O I I B L I  
* I H  I 

1 F O R M A T I I I S X e 2 3 I S / / |  
2 F O R M A T I 1 H  t I S I  
S F O R M A T I 2 H  I ? X l l l S A I |  
4 F O R N A T I I H } I ? X * 1 1 5 A l }  

X z 3  

F K = K  
F N = N  
I s 0  
N Y I N Z ~ I  
L E N O = K  
V R I T E ( N O U T t l l  I J o J I l t N Z l  
J S s l  

1 0  I l i a 1  
V R I T E I N O U T I 2 I  I 
I P I ~ I + I  
I F I I P I . G T . N W l  I P l l l  
DO I S  J I l t N Z  
X D I F I I F U N I I P I t J I - - F U N I I , J I I I F K  
J X = I ÷ N e | J - - J B )  
A N S ( l t J X | I F U N ( I I J )  
O0 I ~  L R 2 1 L E N O  

1 5  A N S I L t J X | I A N S I L - - I * J X I ~ X O Z F  
1 8  O0  2 0  J s I t N Y  

J X l l t N e | J - J B }  
O 0  2 0  L I ~ I L ~ N O  
J X P N I J X ~ N  
Y O Z P I I A N S ( L t J X P N | - - A N S ( L t J ~ ) | I F N  
N l s J X e l  
N 3 : J X # N - - 1  
DO 2 0  N l N l ~ M 3  

2 0  A N S I L I M | I A N S I L I N - - 1 1 ~ Y O I F  
M ~ N O I M 3  
O0 SO L l l e L E N D  
DO ~0  N l l t N [ N O  
I F | A N S I L t ~ | * G E . 0 ~ )  GO TO 3 0  
A A N S : - - A N S I L t M I  
K A N S I C I A A N S  
K K A N S I I * ( K A N S I I |  
I F I K A N S e ~ O e K K A N S |  GO TO 3 ~  

2 ~  K A N S I N A N S I 2  
K A N S I M O O ( K A N S I I O |  
I F I K A N S * [ O * 0 |  K A N S l l 0  
I A N S I M I z N U M I K A N S I  
GO TO 4 0  

3 0  K A N S = C * A N S I L s M )  
K K A N S ~ 2 O I K A N S I I |  
I P I K A N ~ e E O I K K A N $ )  GO T~  2S 

3S I A N S I M I : B L N K  
4 0  C O N T I N U E  

I F ( L . G T * I )  GO TO ~S 
~ R I T F I N O U T , A )  ( I ~ N S | M ) I N I I I M E N O )  
GO TO ~ 0  

A~ V ~ I T E I N O U T t ~ i  i I A N S | H I t M = I e M E N D |  
SO C O N T I N U E  

I F I I - - N X l  1 0 , 5 ~ , $ ~  
5S L E N O = I  

I : I ÷ l  
~ R I T E I N O U T ~ I I  I 
O0 6 0  J = I , N Z  
J X = I ~ M * I J - J B )  

6 0  I N S I I ~ J X I = F U N I I * J |  
GO TO l e  

6S V P I T E ( N O U T e l l  ( J , J z I ~ N Z I  
R E T U R N  
FND 
S U S ~ O U T I N E  U V O U T I t i N X t N Y I L X I  

T H I S  ~ U R ~ O U T I N E  P R I N T S  OUT THE V A L U E S  OF THE V E L O C I T Y  F I E L D  COMPONENTS 
I N  M A Y P I ~  F O R ~ .  

C V STANDS FOR E I T H E R  U OR V C O M P O N E N T S  OF THE V E L O C I T Y  F I E L D ~  
D I M E N S I O N  V I L X I N Y I  
C O M M O N I R I T E / N I N t N O U T e N T A P E  
DAT~  I N D I 0 1  

1 F O R ~ A T i 3 H 0  * 2 2 1 S 1 |  
2 F O R ~ A T I I X t I I , 2 2 F S * 2 |  

J E : 0  
5 J B l J E ÷ l  

J E : M I W 0 I N X  t J E e 2 2 |  
~ R I T E I N O U T I I |  | J ~ J = J S t J E |  
R K I ~ Y  
DO 1 0  K I I I N T  

V R I Y E ( N O U T I Z i  K M t I t I J i K K I I J I J ~ I J E I  
1 0  K K I K M  

I F | J E , L T e N X |  GO TO S 
R E T U R N  

END 
S U B R O U T I N E  ~ O U T I H e N ~ I N Y , L ~ )  

C T H I S  S U e P O U T I N E  P R I N T S  OUT THE H E I G H T  F I E L D  V A L U E S  I N  M J T R Z I  F O R M & T .  
D I M E N S I O N  H ( L X I N Y |  
C O M M O N / R I T E I N I N ~ N O U T e N T A P E  
OAT& I N D I O I  
F O R M A T ( 1 S H 0  H E I G H T  V A L U ~ S I |  

? F O ~ I A T I S X t l ~ I S l l  
e F O R ~ A T I I X ~ I Z I I S F i e S |  

J E : 0  
J B = J E ~ I  
J E : M I N O | N ~  , J E t l S |  
V R I T E ( N O U T I 6 )  
I ~ I T E I N O U T I ? |  ( J , J ~ J B , J E I  
KKINT  
O0 1 0  K I I ~ N Y  

V R I T E I N O U T t e I K M s I H I J e K K I , J I J B e J E I  
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10  KK=KM 
I r | J E , L T . N X |  GO TO 

RETUmN 
FND 

S U S R O U T I N F  L O D K I U t V t P H I t H I N X ~ N Y I L X o F t L Y t H M ~ A N I Z H E A N , E N E R G Y |  
C T H I S  S U S R O U T I N E  C A L C U L A T E S  T H E  T O T A L  E N E R G y ,  T O T A L  MASS AND P O T E N T I A L  
C E N S T R O P H Y t  V H ; C H  ARE ; N T E G R A L  I N V A R Z A N T S  OF THE S H A L L O W  VATER E Q U A T I O N S ,  
C I T  ALSO = R Z N T S  THE V A L U E S  OF THE H E ; G H T  F Z E L O  SY C A L L Z N G  S U R R O U T Z N E  H O U T .  

C O M M O N I C D N S T / F L , D I T * O X e D Y I D T , F X I F Y ~ F T t  G , T Z N E I Z P R o A ~ J , S D J t Z N D  
0 Z M E H S I O N  F I L Y |  
O I M F N S Z O N  U ( L X t L Y | , V I L X e L Y | , P H I ( L X ~ L Y ) t H I L X t L Y )  
C O M H O N I R Z T [ / N ; N g N O U T t N T A P F  
DATA J N O I O I t N S T E P I O I  
/ F ( J N D * G T * 0 |  GO TO S 
G A ~ N V : I , I I & . e G )  
A R E A = N X e | N Y - - 1 )  
E C N S T I O X t O Y / | G ~ G |  

S | U N E N G = 0 ,  
H N E A N I 0 .  
F A C I 0 * 5  
OO AO K s ~ I N Y  
Z F | K * E Q * N Y |  F A C z 0 * S  
H E L l O s  
E N E R E L I 0 *  
O0  1 0  J s ~ , N X  
P H S O s P H Z | J t K ) e P H Z ( J t K | t A *  
E N E R E L = P N S G e ( P N S Q + U I J e K I * U ( J I K I + V | J t K ) I V ( J , K ) | + E N E R E L  

1 0  C O N T ; N U E  
; F ( J N D . G T , 0 |  GO TO 2 0  
0 0  1S J I ; I N X  

1 ~  H E L l q E L ÷ H ( J t K I  
GO TO SO 

2 0  D0  2S J I I , N ~  
H I J I K | t P H Z ( J t K ) e P H X ( J t K | * G A Z N V  

2 5  H E L s H E L # N ( J t K |  
3 0  Z F | F A C * E G * ; * | G O  TO 3S 

H E L s H E L * F A C  
3~ N N E A N I H M E A N ~ H E L  

S U M E N G I S U N E N G # E N E R E L  
4 0  F A C I I * 0  

N M E A N m H M ( A N I A R E A  
E N E R G Y m S U M E N G e E C N S T  
N Y / I N Y - - 1  
E 2 R D X e D Y * 0 * S  
Z M E A N t 0 *  
DO S0 K t 2 t N Y 1  
E N S : 0 *  
DO 5 5  J t l t N X  
J P l s J ÷ t  
J M l s J - 1  
Z F i J . E Q * I )  J N l s N X  
Z F | J * E Q * N X |  J P l l ~  
V X s ( V | J P I I K | - - V ( J M I t W | | I I 2 e O O X l  
U Y I ( U I J t K ~ I | - - U ( J t K - - I | | I ( Z e e O Y |  
A m V X - U Y + F | K |  

S$ E N S I E N S A A * A I H ( J e N |  
SO Z M E A N I Z H E A N ~ E N S  

Z M E A N B Z N E A N e E 2  
N S T E P ~ X P R  
Z F I J N O e N E * O |  OO TO 4 5  
J N D I I  
GO TO S0 

A~ C O N T I N U E  
S0  R E T U R N  

END 
S U B R O U T I N E  L U T R Z O i P ~ Q t R t A ~ B I E o D ~ E t L m N * X N O |  

C S Z M Z L A R  TO S U B R O U T I N E  LUOCON | O . V * |  VHZCH ZS THE 2 e 2  BLOCK C A S E *  
C H F R [  THE L - U  O E C O M P O S ; T Z O N  OF A T R ~ O ; A G O N A L  M A T R Z X  ~S P E R F O R M E D *  

A R R A Y  P C O N T A Z N S  S U S - - O Z A G O N A L  L E L M E N T S *  
ARRAy  O C O N T A Z N S  D Z A G O N A L  E L E M E N T S *  

C ARRAY R C ~ N T A ~ N S  S U P E R ~ O ; A ~ D N A L  E L E M E N T S *  
C N ZS THE ORDER OF THE M A T R ; X .  
C I F  THE M A T R I X  I S  C Y C L I C  SET ~ N O s l *  O T H E R W I S E  SET I N D : 0 ,  
C ON R E T U R N  Y0 THE C A L L Z N G  PROGRAM 
C ~ N  THE L - - ~ A T R Z X  THE O Z A G O N A L  E L E M E N T S  ARE ~N ARRAY A t 
C THE S U ~ - - O ~ A G O N A L  E L E M E N T S  ARE ZN ARRAY S t 
C ~ND ZF Z N D s l  THE F Z R S T  N--2  E L E M E N T S  OF ~DV N ARE | N  ARRAY E .  
C ZN THE U - - M A T R I X  THE D Z A O O N A L  E L E M E N T S  ARE A L L  E Q U A L  TO 1 .  I N O T  S T O R E D ) ,  

THE S U P E N - - D ~ A G O N A L  E L E M E N T S  ARE ~N ARRAY C9 
AND ~F ; N O : I  THE F Z R S T  N- -2  E L E M E N T S  OF COLUMN N ARE ~N A R R A y  De 

D I M E N S I O N  P I L I , O I L I e R I L I t A I L I ~ I L I ~ C I L I I O ( L I t E I L )  
N M s N - - 1  
DO S0 ~ l l ~ N  
Z F I Z * G T * ; I  GO TO 2 0  
A f l l s O | l l  
GO TO S0 

2 0  B I Z I s P ( Z l  
| F I Z e L T . N |  GO TO 28 
I F I I N O * E Q * 0 )  GO TO 28  
O | N | s B I N | ~ E I N N )  

2~ I M : I - - 1  
A ( I )  s o l  I I  --8 I I  I *C  I Z M I  
~ I I - - ~ M I  3 0 t 2 g s S S  

2 9  Z P | ; N D e E Q e 0 |  GO TO 3 0  
C I ; I s | R I X I - - B I Z I e D I ; M I I I A I ; )  
GO TO 4 0  

3 0  C I I I I R I I I I A I I |  
I F I ~ N D . E O , O I  GO TD $ 0  
Z F I ~ * G Y ~ l l  0 0  TO A0 
$ 1 = 0 .  
E I I I : R ( N I  
T I s P I I I  
GO TO AS 

t O  E I Z I ~ - E I ¢ ~ I O C I ~ M |  
~ F I ~ , E O * N M I  GO TO ~0  
T I : - - R I ~ I I O I i M I  

AS D I ; I I T l l A I Z l  
S l s S I ~ E I Z I * O I ~ )  
GO TO $0  

S~ ~ F I ~ N D * ~ O * 0 |  GO TO SO 
A | N I = A I N ) - - S 1  

8 0  C O N T Z N U ~  
R E Y U R N  
END 
S U B R O U T I N E  B A K B L K I A e R ~ C t D e E e S ~ X e L e N t ~ N D |  

C TO F ~ N D  X VHERE L e Y ~ S  AND U e X ~ Y  
C ZN ORDER T~ SOLVE FOR J | ; N V E R S E I e G  I N  THE O U A S [ - - N ~ V T O N  M E T H O D .  
C L A N D  U VERB F ~ R N E D  ~Y L - - U  D E C O M P O S i t i O N  OF A BLOCW ( 2 e 2 )  
C T R ~ D ; A G O N A L  M A T R ; X  0 r ORDER 2 O N *  I N 0 = 1  Z N O ; C A T E S  THAT  THE 
C O R Z G ; N A L  M A T ~ Z X  ZS C Y G L Z C *  

| N  THE L - - M A T R i X  THE D Z A O O N A L  E L E M E N T S  A ~ E  ~N A R R A y  A t 
C THE S U B - - O Z A G O N A L  E L E M E N T S  ARE I N  A R R A Y  Be 
C A N D  T F  Z N D I ~  THE F ~ R S T  N- -2  E L E M E N T S  OF ROV N ARE ZN ARRAY [ ,  
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C I N  THE U - - ~ A T ~ I X  THE D I A G O N A L  E L E M E N T S  ARE A L L  EQUAL  TO 1 .  | N O T  S T O P E D I !  
C THE S U P E R - - O I A G O N A L  E L E M E N T S  ARE I N  A R R A y  C ,  
C AND I F  I N D = I  THE F I R S T  M--2 E L E M E N T S  OF COLUMN N APE XN ARRAY D ,  

D I M E N S I O N  A I A t L I t B I A t L | t C I A , L ) , D I 4 t L | t E I A ~ L ) w S I 2 o L | t X ( I t L }  
NMSN- -1  
I F | ~ N O * E O * 0 |  GO TO 1 0  
N M I z N - - 2  
E 1 R O ,  
E 2 = 0 *  

t 0  OO 3 0  I = l o N  
T E M D I I , I ( A ( l t I | e & ( 4 t I | - - A I 2 e I I e A | 3 , I | |  
I F I Z * G T . 1 1  GO TO 1~ 
T l m S I I . I |  
T 2 : 5 ( 2 * 1 |  
GO TO 2 0  

1 5  IMs I - -1  
T l : S l l t I l - - ~ l I , I ) e W l l o I M | - - e l 3 ,  I l e X l 2 t I M )  
T I = S | 2 e I ) - - B | 2 e I | e X ( l t I M | - - B ( A O I | e X I 2 t I M )  
I F ( I . L T ° N |  GO TO 2 0  
I F I T N O . L E . O )  GO TO 2 0  
T I : T I " E 1  
T I = T 2 ~ E 2  

2 0  X | l g I | s  ( A ( A t I | e T 1 - - A ( S e I | t T I ) e T E N P  
X I 2 q l ) = - - | A | 2 , I ) e T I - - A ( I t I ) e T I ) e T E M P  
I F I I e G E . N M )  GO TO 3 0  
I F I I N O * L E . 0 |  GO TO 3 0  

2 5  E I = E I + E I I , I I e X I I , I ) ~ E I S I I I e X | Z w I |  
E 2 : E 2 t E l 2 t Z l e X l l t I l ÷ E l A l I l i ~ ( 2 , Z l  

3 0  C O N T I N U E  
I F ( I N D . L E . 0 )  GO TO 4 0  
T I = X I 1 , N )  
T 2 1 X I 2 w W I  
0 0  3S I l l t q ~ 2  
X l l t I l = X l l j I l - - O l l , I l e T l - - O l 3 t I l e T 2  

3~ x i 2 g I l : X l 2 , I | - - D i 2 , I | e T l ~ O I A o I ) e T 2  
4 0  K ~ N  

DO 4 5  I : 2 9 N  
KP=K 
K s K - - 1  
X I l t K } : K I l t K I - - C ( l t K | e X | l t K P ) - - C ( S I K ) e X ( I t K P |  

t ~  X I 2 t K | : X I 2 1 K I - - C I 2 I K | B X ( I t K P I - - C I A t K I I X | 2 1 K P )  
RETURN 
[ N O  
~ U B R O U T I N E  B A K T R I | A t B t C t O e E o S t X t L t N w ~ N O  | 

C TO F I N D  X WHERE L I Y : S  AND U e X l Y  VHERE 
C L A N D  U WERE F O R ~ E O  f l y  L - -U  0 E C O N P O S I T I O N  OF A T ~ I O I A G O N A L  M A T R I X  
C OF OROER N .  I N D - 1  I N D I C A T E S  THE O R I G I N A L  M A T R I X  I S  C Y C L I C ,  
C HFRE X ~ T A N D S  FOP THE V E C T O R  J I I N V E R S E I I G  IN  THE Q U A S I - - N E W T O N  M E T H O D .  
C A A N D  ~ C O N T A I N  D I A G O N A L  AND S U B - - D I A G O N A L  E L E M E N T S  OF M A T R I ~  L *  
C I F  I N O : I  THE E L E M E N T S  I : :  TO I I N - - 2  OF THE N ~ T H  ROW OF V A T R I X  L 
C ARE I N  ARRAY E 
C C C ~ N T A I N S  THE S U P E R - - D I A G O N A L  E L E M E N T S  OF M A T R I X  U*  
C THE D I A G O N A L  E L E M E N T S  OF MATRIX U ARE A L L  E Q U A L  TO 1 .  
C I F  I N O z 2  THE E L E M E N T S  I l l  TO I I N - - 2  OF THE N- -TH COLUMN OF M A T R I X  L 
C A~E TN ARRAY 0 .  

D I M E N S I O N  A I L I o A I L I t C ( L I * O I L I , E I L I ~ S I L I t K | L |  
I E N O : N  
I F | I N D . G T ,  O) I E N D = I E N O - - 1  

C ( 1 l  F I N D  Y I K H E ~ E  L e T ¼ S .  ( Y  I S  STORED IN ARRAY X )  
C R I I I e W I I - - I I ~ A I I I e K I I I z S | I I  

X I I I ~ S I I I / A I I I  
D0 10  I = 2 ~ I E N O  
I M I I - - I  

10  X I I I ~ I S I I I - B I I I e X | I U I I I A I I I  
I F I I M D * L E , O I  GO TO 3 0  

C I F  I N D : I ~  S U M I E I I I I K I I | * I s I  TO N - - 2 I t B I N ) e X I N - - I I t A I N I e X I N | : S I N I  
E X : 0 .  
N ~ = N - - 2  
DO 1 5  I : I , N M  

1~  F X : E X + E I I I O X I I I  
X I N I = I S I N I - - B I N I I X I N - - 1 I - - E X l I A I N )  
I N : K I N |  

C ( 2 )  F I N ~  X I V H E R E  U e X = Y *  
C 
C X | K I + C ( K | e X I K ~ I ) ~ O ( K | ~ X ( N i ~ Y | K )  FOR K = N - - 2  TO I t  I F  I N O I 1 .  

DO 25 I = ~ N M  
2 5  X I I I : W I I | - D I I I e X N  
3 0  K ~ N  

OO ] ~  I = 2 , N  
K~:W 
WzK- -1  

3 5  X I K I : X I K I - - C ( K I e X | K P |  
Q E T U g N  
END 
S U B = O U T I N E  F U N C T I N t X C e F C I G C )  

C T H I S  S U B R O U T I N E  C A L C U L A T E S  THE V A L U E  OF THE A U G M E N T E D  L A G ~ A N G I A N ~  FC 
C AND I T S  D E R I V A T I V E  I N  R E S P E C T  OF EACH H l I t J l t  U | I t J ) ,  AND V | I t J l ~  

G C I I J K I t  VHERE I J K  T A K E S  V A L U E S  B E T V E E N  1 ANO 3 e N X e N y ,  
T H I S  R O U T I N E  I S  USED FOR I M P L E M E N T I N G  THE AUGMENTED L A G R A N G I A N  T E C H N I Q U E  

C OF N O N L I N E A R L Y  C O N S T R A I N E O  N I N I N I Z A T I O N  TO E N F O R C E  *A R Q S T E R I O R I *  
C C O N S E R V A T I O N  OF THE ~ N T E G R A L  I N V A R I A N T S  OF THE S H A L L O W  WATER E Q U A T I O N S *  

C O M M O N I O L O / X O I ~ 4 0 | ~ H O ~ Z O I E O t A L P H A t ~ E T A I T G I K I 1 2 1 ~ N X I N Y I L X t L Y I P N L T H  
I t P N L T Z t P N L T E t U H I U Z t U E  

C O M ~ O N I C O N S T I F L I D t T ~ D ~ S t D Y S t O T t F X ~ F Y t F T ~ G t T I M E ~ I P R t A O J t E O J ~ I N D  
D I M E N S I O N  X C ( S A O I t G C I S & O | I O Z I ~ A O )  t 

l P H I S | l S ~ 1 2 | ~ D H | 1 8 0 i  
M 1 2 ~ N I 3  

~ 2 2 = ~ 1 2 t M 1 2  
M 3 I l M 2 2 ÷ I  

C C ~ L C U L A T E  F U N C T I O N  V A L U E  FC 
~ U M S G = O *  
DO 1 I I = l t M 2 2  

I S U M S Q ~ S U M S Q ÷ A L P H A e | X C I I I | - - X ~ | I I | ) e e 2  
DO 2 I I : M 3 1 9 N  

2 S U M S Q = S U H S Q ~ B E T A e I X C I I I | - - X O I I I I I e e 2  
C C ~ L C U L A T E  E l i  AND H 

I H ~ 2 2  
DO 2 1  J I ~ t M Y  
DO 2 1  I = I ~ N X  
I H a I H ÷ l  

2 1  ~ H T S I I t J I = 2 e ~ S Q R T I G e X C ( I H I I  
C A L L  L O O K I K C | ~ I ~ X C I 1 8 1 ) t P H I S ~ X C | S E 1 | ~ N X t N Y t L X I F I L Y I H T t Z T t E T )  
M D I F = H T - - H O  
E D I F a E T - - E O  
Z D I F = Z T - - Z 0  

C 
F C = S U M S Q + P N L T H e H D I F e e 2 ~ P N L T Z e Z O I F ~ 2 ~ P N L T [ ~ E O I F e e 2  

e ~ U H e H O I F + U E ~ Z O I F ~ U E ~ E D I F  
C C A L C U L A T E  O Z I O U  AND O Z t O V  AND D Z I O H  

T D X S ~ 0 K S e I .  
T O Y S ~ O Y S ~ I .  
O T S I I O T $ 1 2 e  
O X S I ~ O X S I 2 ,  



GUSTAF 173 

C z ( - - O X S e D Y S ) / 2 .  
N Y M I : N Y ~ I  
A g E A B l l / F L O A T I N X e | N Y - - 1 ) |  
A R E J 2 : A R E J / 2 o  
I U : 0  
DO 3 J I l t N Y  
O0 3 I : l t N X  
I U : Z U + I  
Z V = I U + W 1 2  
I H : I U # ~ 2 2  
D Z | I U ) : 0 .  
D Z l Z V l = O o  
D Z ( Z H | ~ 0 e  
D H I I U | = A R F A 2  
I F | J . E Q e l e O R . J * E Q . N Y )  GO TO 
D H I Z U | s A R E A  
IHWS=IN--2 
IVNSs IV - - I  
IVNSsIVWS--% 
IUW~=IU--%tNW 
I U N U : I U - - 1 - - N X  
I U S P = Z U + N X  
I U S N : I U - - N X  
I F i I e N E e l )  GO TO 

C Y C L I C  X 8 0 U N O S  
I H N S : I H M S + N X  
; V M S I I V ~ S + N X  
IVN$: IVNStNW 
IUWP:IUWP+NX 
IU""zIUWW~NW 
I F ( I . E Q , 2 )  IVNS=IVNStNW 
I H D S z I H t l  
IVDSmIV÷% 
I V O S : I M P $ , %  
I U P R = I U + I ~ N X  
I U R ~ = I U ~ I - N X  
I F i I e N E . N ~ |  GO TO 6 
I H P S = I H P S I N X  
IVPSwIVPS--NX 
IVQS=IVQS--NX 
IUPRJIUPR--NX 
I U R ~ : I U P ~ - N X  

S I F i I e ~ Q e I N X - - 1 ) )  I V Q S I I V Q S - N X  
O Z | I V I I I ( I | X C I I V | - - W C I I V N S I I / T O X $ - - | X C I I U i P I - - X C I I U q M I I I T ~ Y S } F I J I )  

l l X C ( I H W S | | - - ¢ I I X C I I V Q S | - - X C I I V | I I T O X $ - - I X C I I U R P I - X C I I U P M | | I T D Y S *  
2 F I J | | / X C I I H P S ) I ) e O Y $ 2  

O Z I I H I I C l i | I X C | I V P S ) - - X C I I V u S | I / T O X S - I ~ C I I U S P I - X C I I U S W I ) I T D Y S +  
1 F I J l l e e 2 | / l x c ( I H l l t 2 |  

A O Z U L s 0 o  
O Z U R : 0 .  
I F | J e G E e N Y N ~ I  GO TO ? 
I V P P I I V ~ I ÷ N X  
I V U P s I V ~ I ~ N X  
I F I I e E O a l |  I V M R z I V U P ~ N ~  
I F I I e E O e N X |  I V R R s I V P P ' N X  
I U S Q I I U ~ N X ~ N X  
I H S R = I H ~ N X  
D Z U L I O X $ 2 1 | ( X C I I V P P | - X C I I V W P | | I T D W S - I X C I I U S Q I ~ C I I U I I I T D Y S ÷  

1 F I J ÷ I | I / X C I I H S P I  
I F I J o L E . 2 |  GO TO e 

? I V R M : I V ~ I - - N X  
I V W W : I V - 1 - N X  
I F I I , E Q , 1 )  IVUM=IVUW~NW 
I ~ I I . E Q e N X |  I V P W : I V P ~ - - N X  
IUSN=IU--NX--NX 
IHSWIIM--NX 
O Z U R = O W S 2 e ( | W C I I V P W I - - X C I I V ~ | | / T D X S - - | W C I I U I - - X C | I U S N l l / T O y s *  

1 F I J ' I i I / X C I I H S W |  
8 O Z I I U ) : D Z U L - - D Z U R  

C ~ N T I N U E  
C A L C U L A T E  O F # D U  

T & L P H A 1 2 e l A L ~ H A  
T ~ [ T A = 2 . e S [ T A  
C 2 = O X S e O Y S  
C $ = C 2 * E D I F  
C ~ = 2 . t C 3  
C 4 : U E ~ O X S I O Y S  

DO 1 0  I U = l e ~ 1 2  
I N : I U ~ M 2 2  

1 0  G C | I U ) : T A L R H A e ( X C ( I U | - - X O I I U | | # 2 e e Z O Z F e D Z I I U ) e P N L T Z + U Z e D Z ( I U )  
e e R N L T ~ t C l e X C I I U | e X C I I H | e C t * X C ( I U | e X C ( I M |  

C A L C U L A T E  D F I O V  
O0 21  I V ~ Z l t ~ 2 2  
I H l I V + ~ 1 2  

~1 G C I I V ) : T A L P H A $ ( X C I I V I - - X O I I V | | + 2 . e Z O I F ~ O Z I I V ) e R N L T Z + U Z t D Z ( I V )  
~ P N L T E O C l e X C I I V I ~ W C ( I H | ÷ C A e ~ C I I V I e X C | I H |  

C A L C U L A T E  D F I O H  
O0 %2 I U = l t U I 2  
I V : I U + ~ 1 2  
I H ~ I U g ~ 2 2  
U V M = X C I I U I e e 2 e X C I I V I e O 2 ÷ T G e X C | I H )  

12  G C I I H | ~ T B E T A e ( X C ( I H I - - X O I I H I I ÷ P N L T H I 2 o I H D I F e O H ( I U i + U H I b H I I U |  
~ 9 2 . I Z O I F ~ D Z I I H | ~ P N L T Z ~ U Z e O Z I I H | ~ P N L T E I U V H I C $ ~ C ~ I U v H  

RETURN 
END 
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