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Abstract— A FORTRAN IV computer program is documented which implements the nonlinear alternating
direction implicit (ADI) method of Gustafsson (1971) for a limited area finite-difference integration of a shallow-
water equations model on a B-plane. In this method a computationally efficient quasi-Newton method is used
to solve, at each time-step, the resulting nonlinear systems of algebraic equations. Large time-steps can be em-
ployed with this method, which is stable unconditionally for the linearized equations. Owing to its nonlinearity,
the method is useful particularly where accuracy is important. An augmented Lagrangian method is applied to
enforce conservation of the integral invariants of the shallow-water equations. This method approximates the
nonlinearly constrained minimization problem by solving a series of unconstrained minimization problems.

Program options include a line-printer piot of the height-field contour and determination, at each time-step,
of the three integral invariants of the shallow-water equations. According to the number of nonlinear quasi-
Newton (QN) iterations performed at each time-step, different QN methods are presented. Long-term runs have
been performed using this program and, due to the enforcement of conservation of integral-invariants via the
augmented Lagrangian method, no finite-time “blowing™ was experienced.

Key Words: Shallow-water equations, Alternating Direction Implicit (ADI), Quasi-Newton solution of nonlinear

equations, Augmented Lagrangian nonlinear optimization, Conservation of integral invariants.

INTRODUCTION

The shallow-water equations, that is the barotropic primi-
tive equations for an incompressible, inviscid fluid with
a free surface, constitute a quasi-linear system of hyper-
bolic partial differential equations.

When discretized by explicit time difference ap-
proximations, these equations are subjected to the
Courant—Friedrichs-Levy (CFL) stability condition,
which severely restricts the time-step. In oceanographic
and meteorological applications the discretization error
in time is small compared with the discretization error in
space, and the short time-step constraint imposed by the
CFL condition is thus particularly annoying; it can be
avoided by using implicit time differencing schemes.

Gustafsson (1971) proposed an efficient, fully im-
plicit nonlinear alternating-direction scheme for solving
the shallow-water equations, his method being based on
a scheme first proposed by Kreiss and Widlund (1966).

The method necessitates the solution of a number of
nonlinear systems of algebraic equations at each time-
step of the numerical integration. Owing to the use of a
quasi-Newton method, however, considerable com-
putational efficiency is achieved.

In the first section of this paper, a review is given of
the Gustafsson ADI algorithm applied to the shallow-
water equations on a f3-plane; this review is followed
by a description of the quasi-Newton method for solv-
ing nonlinear systems of algebraic equations, along
with the application of the method to Gustafsson’s
ADI algorithm.
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In the next section the augmented Lagrangian method
and its algorithmic implementation are detailed.

The remainder of this paper is devoted to a descrip-
tion of the program GUSTAF, illustrated by a test prob-
lem, and to specifications for its use. A listing of the
FORTRAN 1V source code of the program GUSTAF is
included in the Appendix. Typical outputs for 48-hour
forecasts also are presented in the Appendix, along with
long-term runs (including a dissipation factor) for
20 days of forecasts. Printer-plotted maps of the height
field are included for different QN methods, differing
according to the number of nonlinear iterations per-
formed at each time-step.

REVIEW OF THE
GUSTAFSSON NONLINEAR ADI METHOD

The shallow-water equations

The shallow-water equations can be written in vector
form (Houghton, Kasahara, and Washington, 1966) as
follows:

ow aw ow
— = A(w)— + B(w)— +
Py (w) = (w) P Cly)w

0=sx=<1L, 0=<y=D, t=0, (1)
where L and D are the dimensions of a rectangular
domain of area A = L - D; w is the vector function

w = (u,v,®); 2)
u, v are the velocity components in the x and y direc-
tions, respectively; and
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® = Vgh, 3)

where A is the depth of the fluid and g the acceleration
of gravity. A, B, and C are the matrices

u 0 v 0 O
A=]0 u 0}, B=10 v %
% 0 u 0 %% v
0 f 0
and C=|—-f 0 0], 4
0 00
where f is the “Coriolis term” given by
a d
f=%+8(y - D/2) B=£, 5)

with f and B constants.
Periodic boundary conditions are assumed in the
x direction,

wix,y,t) = wix + L,y,1), (6)
whereas in the y direction the boundary condition is
v(x,0,1) = v(x,D,t) = 0. @)

With these boundary conditions and with the initial
condition

w(x,y,0) = o(x,y), ®)

the total energy
1 L ~D
E= Ej f W +v? + ¢*/4)p*/4,dx dy  (9)
0“0

is independent of time.
Also, the average value of the height of the free
surface is conserved, that is

L D
F=1/fohdxdy (10)
0“0

is independent of time.
A is the surface of the integration domain.

Applications

Although the shallow-water equations are simpler
than the 3-D primitive equations describing the atmo-
sphere — some essential numerical aspects of large-scale
prediction equations are preserved. The problem. of nu-
merically solving this set of equations is similar to that
of solving the hydrostatic primitive equations, because
the same mixture of fast and slow motions cccurs. Con-
sequently, investigators usually use the simpler set of
equations to test new numerical weather-prediction
schemes. The purpose of the method exposed here is

to present an accurate scheme to solve the nonlinear
shallow-water equations along with a new technique to
enforce a posteriori conservation of the integral invari-
ants of the shallow-water equations in the discretized
solution. This ensures the long-term accuracy of the
method (see also the Appendix).

The nonlinear Gustafsson ADI algorithm
Let N, and N, be positive integers and set

Ax = L/N,, Ay = D/N,. (11)

We shall denote by wji(j =0,1,...N,; k =0,
1,...N,; n =0,1,...) an approximation to w(j Ax,
k Ay, n At), where At is the time-step. The basic differ-
ence operators are

wiii)/(2Ax),
Dowi = (Whiw — wi)/Ax,

Wi 1.0/ Ax

DoxW}; = (W}'ﬂ,k -
(12)

D_XW;)( = (ank -

respectively, with similar definitions for Dy,, D+,, and
D_,. We also define the operators Pj; and Q% by

= At/z(A(W;k)DOx + Ci”) ,

(13)
Q5 = At/2(B(wi)D, + C2),
with
Dy, k=12,...,N,— 1
Di={D., k=0; (14)
D_, k=N,
(owing to boundary conditions in the y direction)
0 00 0 fi O
cl=|-f 00 =10 0 0| (19
0 00 0 0 0

Then Gustafsson’s nonlinear ADI difference scheme is
defined by

(1 = P}";(+(1/2))Wj";(+(l/2) = (1 + Q}’;()W;lk,

(1 _— Q;k+l)w_;|k+l . (I + P;;I)W};:(”z).

(16a)
(16b)

These equations do not apply to the v component for
k = 0, k = N,, but we use the conditions
V;0=V;_Ny=0, n=0,1,... (17)
From Equations (16a) and (16b) it is clear that non-
linear systems of algebraic equations have to be solved

at each time-step. For proofs of stability and accuracy
see Gustafsson (1971).

The Quasi-Newton Method
The nonlinear system of algebraic equations is writ-
ten in the form
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gla) = 0, (18)
where a is the vector of unknowns.

In our situation, owing to the fact that not more
than two variables are coupled to each other on the left-
hand sides of Equations (16), one first solves equa-
tion (16a) for

a = (ulvq)lauZ)q)Zv‘--yq)N,)’ (19)
omitting the n and k indices for simplicity of nota-
tion. The Newton method, described, for example, in

Isaacson and Keller (1966), is given by

a™y = g

- J Na")gla"), (20

where the superscript denotes the iteration and J is the

Jacobian
d
)
da

Owing to the structure of the Gustafsson algorithm for
the shallow-water equations, the Jacobian matrix is
either block cyclic tridiagonal or block tridiagonal.

In order to solve J™'g in Equation (20) an LU-
decomposition is applied to J (see, for example,
Isaacson and Keller, 1966, chapter 2.3.3) where L and U
have either the forms

(21

[ 7
R
O E}\O
L=| RN ,
N \\
0 O---0
ﬂp 0[]
N2,
|
U= \\\\\! (22)
\\ O
| R
for cyclic block tridiagonal matrices or
Dh o
Lo] O
- 0 N\ ’
AV
\\\
i =N
S O 0
q\ D\
U= \\ \\ 23)
0 \\ \\
N O
I il

for block tridiagonal matrices.

CAGED 12/2-D

The squares and the triangles in this situation indicate
(2 X 2)-matrices. J 'g then is computed by back-
substitution in two stages. First, z is solved from

Lz =g, (24)

and then J 'g is solved from
U™ 'g) = z.

In the quasi-Newton method, the computationally ex-
pensive LU decomposition (O(n’) operations) is per-
formed only once every M-th time-step, where M is a
fixed integer.

Because the backsubstitution is a fast operation, the
quasi-Newton method is efficient computationally, pro-
vided the number of nonlinear iterations at each time-
step is small,

The quasi-Newton formula is

a(m+1) =

o™ = ] a™) - gla™),  (6)

where

7 =Ja®) + 0(Ar). @7)
The method works when M, the number of time-steps
between successive updatings of the LU decomposition
of the Jacobian matrix J, is a relatively small number; in
our situation, M = 6 or M = 12,

Gustafsson (1971) proves that even one quasi-
Newton (QN) iteration is sufficient at each time-step; this
method will be denoted by QNEX1. The QN method
with two iterations per time-step is denoted by QN2,
whereas the QN method with three iterations, QN3, is
used for comparison and accuracy tests.

Implementation of the QN Method in the
Gustafsson ADI Algorithm

(1) Solving the first intermediary ADI step in the
x-direction [Eq. (16a)] and noting that not more than two
variables are coupled to each other on the left-hand side
of (16a), we first solve (uj 2, @5 "), that is Equa-
tion (19) is solved:

a = (u.,CDI,uz,(Dz. .. .q)Nx)zT.

The detailed equations for (u}" "2, ®5""?) are

At
u;n’:»(l/z) 4+ — 2 un+(l/2)(un+(l/2) ;':1“;(2))/2AX
At q)n+(l/2)
ey (@512 — ©72{12)/(28x)
= up - _V;k(u;.k-i»l - u;.k—l)/(ZAy)

2

(28)

t
- 7}’»’}1,
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q)jr_.k+(l/2) + == A (I)"+(l/2)( n+(l/2) _ u,"ﬂ“iz))/(ZAx)
+ Azt n+(1/2)(q)n+(1/2) q);fl(l;‘z))/(zAx)
n At n n n
= (b,'k - _2'q)jk(vj.k+l - vj.k—l)/(ZAy)
A n
v,l’((q)_] k+y T ¢j,k-l)/(2Ay)- (29)
Using the notation
Ar At
A = A_x s Ay, = E 30)

and the definition of the Jacobian, we obtain J in the
form

D i, i
7= R Q)
~ \\ \\
0 \\\\\\HN’ -1
| Hw, Hy, "~Dn, |
where
Af2u; @m0
H = A J J]
=5l ) @
and
D, =
Ax Ax n+(1/2)
1+ I(uj-#l = Uj1) ‘g(q’jﬂ - @)
)“(cb ®) 1+ =( Uj-1)
vt I . —{Uivy — U;—
4 i+ 1 i—1 8 j+ 1 ' lk
(33)

The LU decomposition of this cyclic block tridiagonal
matrix (at every M-th time-step) is performed next (see
also Navon, 1977) and J 'g is computed by back-
substitution.

(2) Once (u"*"@, @12y, are known, we deter-

mine v} in the same way. Writing the equation for
v"*“”’ in (16a), we obtain
n+(1/2) At n+(1/2) n+(1/2) n+(172)
Vi Yt — WiHE - virP)/(2Ax)
At At
+ —fiuft 0P = yi — —2—V;1((V_;.,k+l = Vvi-1)/(24y)
At ®
=5 5 @i - ®L)/(28y). (4
o is now (vi,vy...v)8, (35)

and, by performing the partial derivatives in the Jacobian
matrix J, we obtain

A

D;=1,  Hy=Jupt?. (36)

The matrix J now is cyclic scalar tridiagonal. The LU
decomposition is performed once again at every M-th
time-step and J ~'g is solved by backsubstitution.

(3) To solve wi ' we use the second part of the
Gustafsson algorithm (16b).

We then first solve the coupled variables

(vj+l q)n+l) (37)

a =, P,v,®;... . Oy)fixedjandn + 1. As the
boundary conditions are not periodic in the y direction,
the J matrix now is block tridiagonal, and consequently
the extra rows and columns in the L and U matrices,
respectively, do not occur. To obtain the entries for the
J matrix, we write the equations for vj"' and &5,
respectively:

At
n+l + ‘2_V,+](V}n-;-=-l - V;:l l)/(2 Ay)

At
+ _4_(1);.‘:1((1);.‘:11 _ n+] ])/(2 Ay — vn+(l/2)

Aztulm/z)( P = v/ (2 Ax)
~ fal D (38)
g "*‘(v,"til - viil)/(24y)
¥ Az Vi (@5ih — 7L/ 4y) = B
At (Dn+(l/2)( mH2 _ ym DY /(2 Ax)
_ At uit V(DD — eI /(2 Ax) . (39)

After the differentiation implied by Equation (21) has
been performed, the J matrix for (v, ®,);™" is

[ D, H, 7
-H, D, H; 0
N ~ ‘\
AN N ~
J= AN (40)
NOONO N
0 \\ \\ HN‘-—I
~ )
L “’HN‘ DN".

where
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D, =
1+ -—(vii} - vili —Si(fbkﬂ - &5z
A4 (DI - @i 1+ —(v;:,‘ - vt
(fixed j), (41)
H, = %I:f;;:: 2viil,} (fixed j).
Note that, in the 2 X 2 matrices Hy, and Dy, vi, ' = 0.

The LU decomposmon is performed at every M-th time-
step, and then J ~'g is solved by backsubstitution.

(4) Having solved (vi'',®%"") by using the QN
method, we solve uj;"'. The corresponding equation for

uji"! is [from Equation (16b)]

At + + n+
Il}'l:fl + 'EVJ-H(“/"I(-IH - ufkl 1)/(2A)’) ka !

;.k+(1/2) At jn+(l/2)( n+(l/2) — u}'f,(_'f))/(2 AX)
At (Dn+(1/2)
S (@ - @)/ @8y @)
Here, we obtain
D, =1 H, = L (43)
) 4 Jk
that is
_ 1 A, -
~ - W
A N i~ ,
b :Vz \‘1\ ~N_V2 0
J = N >
\\\ \\ \\\
0 SO N NG e
_.IVN_‘, J

(j,n + 1 fixed) .

The quasi-Newton method is used again for solv-

n+1

mg Uik .

THE AUGMENTED LAGRANGIAN METHOD —
APPLICATION AND ALGORITHM

Method
We define a function f:

f=3 Slaw - @ + av — 57 + Bk - Bl

f=1 k=1

(45)
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where N.Ax = L, N,Ay = D, and where Ax = Ay =
h is the grid size, n designates the time-level 1, = nAr,
where At is the time step, and L and D are the respective
dimensions of the rectangular domain.

(&, v, h)j are the predicted variables at the n-th time-
step using a finite-difference algorithm (i.e., the non-
linear ADI method of Gustafsson, 1971) for solving the
nonlinear shallow-water equations, whereas (u,v, h)j
are the values adjusted by the nonlinear constrained
optimization method using the augmented Lagrangian
technique to enforce conservation of the three integral
invariants of the shallow-water equations.

Here & and B are weights determined by following
Sasaki’s (1976) principle that the relative weights are so
selected as to make the fractional adjustment of variables
proportional to the fractional magnitude of the truncation

errors in the predicted variables.
In this program we used

B=g/H, (46)

a=1,
H being the mean-depth of the shallow fluid, and we
adopt the same three basic principles as Sasaki (1976).
The augmented Lagrangian function L is defined by

Lx,u,7) = f() + et + - P, @)
and the minimization of (47) replaces the problem
minimize f(x), (48)
subject to the equality constraints
e(x) = 0, 49)
where
X = (e gy, Tin e ooy Onangs Bize - o )
(50)

and e(x) is a vector composed of three nonlinear com-
ponents given by:

E"—E°
ex) =42" - 2°, 51)
H" - H°
where
ey _
E"= 3 [h(@® + 7%) + gh*15 Ax Ay
=1 k=1
1 & /o ou n
z" =? 2 2 [(5; - — +f)/h] Ax Ay
ym1 k=1
Nx Ny
H" =2 Y hyAxAy. (52)

J=1 k=1
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Here, E", Z", and H" are the discrete values of the
integral invariants of total energy, potential enstrophy
and mass at time ¢, = nAt, whereas E°, Z°, and H°® are
the values of the same integral invariants at the initial
time t = 0.

In general, if we have m integral invariants, the con-
straints vector e(x) is given by

e(x) = (e)(x)...en(x)). (53)

The vector u is the m-component multiplier vector

= (uy,t2.. Un), (54)

whereas r is a penalty parameter.

The augmented Lagrangian algorithm
Here we follow the algorithm of Bertsekas (1975,
1980) for minimizing the augmented Lagrangian

L. (%, 1) = f(x) + uee(x) + 2ir,( le(x)]>.  (55)

The algorithm proceeds as follows:

First, we either select an initial vector of multipliers
u based on a priori knowledge (see Sasaki, 1976;
Sasaki, Barker, and Goerss, 1979), or start with a zero
vector in the absence of such knowledge. We then select
penalty parameters rj > 0 and a sequence {7} with
no > 0.

Step 1: Given a multiplier vector u,, penalty parame-
ters r; and a parameter y;, locate a vector X, satisfying

(Vi L, (i, welll = {m} le(xi)]|, (56)
by carrying out an inexact unconstrained minimization of
the augmented Lagrangian function L, (X, u).

For the unconstrained minimization we used the con-
jugate gradient method, which has the virtue of requiring
relatively few memory storage locations because we
have a large-scale minimization problem. In our sitna-
tion we used the ZXCGR IMSL routine (see also Navon
and de Villiers, 1983).

Step 2: If

|e(xk)| < &, 57N
where &; belongs to a preselected decreasing sequence
{e4} tending to zero, then stop. Otherwise proceed to
Step 3.

Step 3: Update the multiplier vector u; by using

the formula

Upsr = e + rile(x,) . (58)
Update the select penalty parameters ri.,£(0, i), fol-
lowing the formula

, = {Bn, if le[x(ue, )] > yle[x(ur—r, re-1)]|
e, if le[x(ue, i)}l = vlelx(ue—r, -]l
(59)

where
B = (0.4)

y =0.25. (60)

Select 14+1 = 0, following a formula of the form

Me = (0.8)". (61)

Return to Step 1 and perform another cycle of aug-
mented Lagrangian minimization.

Formulae to calculate the value of the function (i.e.
the augmented Lagrangian) and its gradient are user-
supplied and will be described later in connection with
subroutine FUNCT.

PROGRAM GUSTAF

The Test Problem

The test problem used here is the same as that in
Navon and Riphagen (1979), which is the initial height-
field condition No. 1 of Grammelvedt (1969), that is

h(x,y) = Ho + H, tanh (9(2%02»

+ H, sech? (9(9—/2—D——y))

: sin(%) . (62)

The initial velocity fields were derived from the initial
height field, using the geostrophic relationship

_(=g\oh _ (.&)3_'1
u (f)ay’ v 7)o (63)
The constants used were:
L = 4400 km g =10ms™?
D = 6000 km Hy = 2000 m
f=10"s" H, = 220 mm
B =1510"s"m’ H,=133m. (64)

The time and space increments used for the short runs
(two days) were

Ax = Ay = 200 km Ar
Ax = Ay = 200 km Ar

1800 s
3600 s .

(65)

withM = 6or M = 12.
For the long-term integrations (20 days) the time and
space increments were

Ax = Ay = 500 km, At
with M

3600 s,
12. (66)

i

i

The Dissipation Term
To avoid nonlinear instabilities in long-term integra-
tions a dissipation term of the form
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eAPD.,D_ywii (67)
was added to the right-hand side of equation (16a) and
the term

eA*D., D_wi? (68)
to the right-hand side of equation (16b).
The coefficient ¢ = 0.015 was used.

Program Operations

Input specifications We first shall describe the
input specifications and only then the various subrou-
tines of the program GUSTAF. The input to the program
consists of two cards, as follows:

CARD 1 FORMAT (6F10.4,315,F5.3) contains the
following ten parameters:

FL —the length dimension (L) of the rectangular inte- -

gration domain;

D — the width dimension (D) of the rectangular integra-
tion domain;

T —total simulation time (in seconds);

DX —the space increment in the x direction in meters;
DY —-the space increment in the y direction in meters;
DT — the time-step in seconds;

IPR — a parameter controlling output operations of the
program, that is, specifying after how many time-steps
the forecast field should be displayed;

M —the number of time-steps between successive up-
dates of the LU decomposition of the Jacobian matrix J,
for the QN method;

NINT — the number of nonlinear QN iterations to be
performed at each time-step;

ADJ — the value of &, the diffusion coefficient.

CARD 2 (called in subroutine (SETUP) specifies
different parameters relative to the initial field [see
Eq. (1)], using format 6E10.4, and contains the follow-
ing five parameters:

HO—constant for the initial height field;
H1-—constant for the initial height field;
H?2—constant for the initial height field,
FHAT — Coriolis parameter;

BETA —df/dy, the Rossby parameter.

Main program and subroutines The main pro-
gram SHALLOW reads the first data card and, after
some preliminary calculations, calls the subroutine
SETUP to compute the initial height-field and velocity-
field values at each grid point.

The output subroutines UVOUT, LOOK, and HOUT
(called from LOOK) are next called to display the initial
fields, the initial total energy and the initial mean height.
Subroutine MAPPA (called from LOOK) displays a
printer-plotted map of the height-field contours.

The solution of the nonlinear constrained optimiza-
tion problem requires scaling of the variables so that the
scaled variables are of similar magnitude and of order
unity in the region of interest. Also, the nonlinear equal-
ity constraints should be of the same order of magnitude
to avoid one constraint dominating the others.

This scaling is performed in the main program
SHALLOW. The variables are scaled as follows:

uy = u; Vo', vi = vV, hy = hyL™
=14 g =gLV™?

i=1...N,

J=1...N, (69)

(see also Navon and de Villiers, 1983; Gill, Murray, and

Wright 1981).
After the dissipation term has been calculated, the

central subroutine GUSTAF is called. This subroutine
performs the bulk of the Gustafsson nonlinear ADI algo-
rithm and solves the values of U, V, PHI for each suc-
cessive time-step.

GUSTAF in turn calls, at each time-step, the sub-
routines BACKBLK and BACKTRI to perform block or
scalar backsubstitutions, respectively, whereas the sub-
routines LUDECOM and LUTRID are called every
M-th time-step to perform block or scalar matrix LU de-
compositions, respectively.

After a predetermined number of time-steps (IPR),
the subroutine LOOK is called to calculate the integral
invariants of the shallow-water equations, namely the
total energy and the mean height, as well as the poten-

‘tial enstrophy.

Subroutine LOOK in turn calls the output subroutines
HOUT and MAPPA. When the preset total simulation
time has been reached, the height and velocity fields are
written on file for further use, together with the name of
the program, the number (M) of nonlinear QN iterations
per time-step, the number of days of simulation, the
time-step, the space increments DX and DY, and the
number of grid points (NX and NY) in the x and y
directions, respectively.

SUBROUTINE GUSTAF (U,V,PH,I1,H,F,UH,
VH,PHIM,AK,BK,CK,DK,EK,AJ,BJ,CJ,P,Q,R,
X,Y,2,G,S,E,AL,BL,CL,DL,EL,AM,BM,CM,LX,
NX,NY,NT,M,NINT).

This subroutine performs the bulk of the work when
the Gustafsson nonlinear ADI algorithm is used to solve
the shallow-water equations. Essentially, the subroutine
follows the same procedure as the algorithm outlined in
the section on Implementation of the QN Method in the
Gustafsson ADI] algorithm.

Starting with the initial fields, U, V, and PHI,
GUSTAF first calls the subroutine LUDECOM every
M-th time-step to perform cyclic block-tridiagonal LU
decomposition. P, Q, and R are the subdiagonal, dia-
gonal, and superdiagonal (2 X 2) block matrices, re-
spectively, that constitute the Jacobian matrix. In this
way we obtain uj" " and &%, renamed UH and
PHIH, respectively, following Equations (28)-(33), and
by calling subroutine BACKBLK to perform the block
backsubstitution, we obtain J ~'g for the first one-half of
the time-step for (uji" "2, ®%""). The procedure is
repeated NINT times, which is the number of preset
nonlinear QN iterations for every one-half of a time-step.
Then v} ""?, renamed VH, is obtained, following the
algorithm outlined in Equations (34)-(36), that is by
calling the subroutine BACKTRI to perform cyclic tri-
diagonal matrix backsubstitution. The procedure again is
repeated NINT times — the number of present nonlinear
QN iterations for every one-half of a time-step.
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The rest of the parameters in GUSTAF pertain to
the specific subroutines which it calls, and will be de-
tailed there.

The second part of subroutine GUSTAF, the aug-
mented Lagrangian method for enforcing a posteriori
conservation of the shallow-water integram invariants, is
implemented.

One first tests whether one needs to carry out an
adjustment at a given time-step by measuring the devia-
tion from conservation. Next, one sets up an augmented
Lagrangian function, with initial multipliers UUH, UZ,
and UE corresponding to the constraints of total mass,
potential enstrophy, and total energy, respectively. Then,
the initial penalties PNLTH, PNLTZ, and PNLTE are set.
An initial value for the parameter ETA also is set.

Then a loop is set up which implements the aug-
mented Lagrangian algorithm. A conjugate-gradient un-
constrained minimization solver—in this instance the
IMSL Library Subroutine ZXCGR using a method due
to Powell (1977)—is used to minimize the augmented
Lagrangian. The unconstrained minimization is con-
sidered to be accomplished once a threshold accuracy
dependent on ETA is reached.

Thereafter, the Lagrange multipliers, the penalties
and the parameter ETA are updated, and another cycle of
augmented Lagrangian minimization is completed. The
process will stop either when the nonlinear equality
constraints are satisfied within a required accuracy, or
when ETA becomes too small, that is, when the number
of augmented Lagrangian minimization cycles exceeds
a limit.

Subroutine ZXCGR calls the subroutine FUNCT,
which evaluates the function value of the augmented
Lagrangian, as well as its gradient vector.

If the user has a NAG scientific library, he may select
to use subroutines EO4DBF or EO4DBE, double- or
single-precision subroutines of the NAG library, which
determine an unconstrained minimum of a function of
several variables, using first derivatives, by the conju-
gate gradient algorithm.

SUBROUTINE LUDECOM (P,Q,R,A,B,C,D,E,
NY,N,IND).

This subroutine performs LU decomposition of a
block tridiagonal matrix with subdiagonal, diagonal, and
superdiagonal elements in arrays P, @, and R, re-
spectively. The elements of the matrix are (2 X 2) matri-
ces. The matrix is decomposed into matrices L and U,
where L has subdiagonal elements in array B and diago-
nal elements in array A, U has superdiagonal elements in
array C, and all diagonal matrices are identity matrices.

If the given block tridiagonal matrix is not cyclic, set
IND = 0. If the given block tridiagonal matrix is cyclic,
set IND = 1. In this situation L also has nonzero ele-
ments in blocks 1 to (NM-2) of the last block-row in
array E, and U also has nonzero elements in blocks 1 to
(NM-2) of the last block column in array D.

The order of the given matrix is 2 X N.

For the algorithm used for the LU decomposition of
a cyclic block tridiagonal matrix see Navon (1977).

SUBROUTINE LUTRID (P,Q,R,A,B,C,D,E,
L,N,IND).

This subroutine performs the LU decomposition of a
tridiagonal matrix, with subdiagonal, diagonal, and su-
perdiagonal elements in arrays P, Q, and R, respectively.

This matrix is of order N.

If the matrix is cyclic tridiagonal, IND is set to 1,
otherwise to 0. In the L-matrix the diagonal elements
are in array A and the subdiagonal elements in array B.
If IND = 1, the first N-2 elements of the N-th row are
in array.

In the U-matrix the diagonal elements are all equal to
1 (therefore not stored) and the superdiagonal elements
are in array C. If IND = 1, the first N-2 elements of
column N are in array D.

SUBROUTINE BACKBLK (A,B,C,D,E,S,X,
L,N,IND).

Following Equations (24)—(25), this subroutine
solves J ~'g in two stages by backsubstitution, that is, it
determines X where

L*Y=§ and U*xX =7,

the matrices L and U being formed by LU decom-
position of a block or cyclic block tridiagonal matrix.

Here X stands for the vector J ~'g in the nonlinear
quasi-Newton iterative method.

SUBROUTINE BACKTRI (4,B,C,D,E,S.X,L,
N,IND)

Following Equations (24)—(25), this subroutine
solves J ~'g in two stages by backsubstitution, that is
determines X where

LxY=§ and U*xX =Y,
the matrices L and U being formed by LU decom-
position of a tridiagonal or cyclic tridiagonal matrix.

Here X stands for the vector J ~'g in the nonlinear
quasi-Newton iterative method.

SUBROUTINE SETUP (U,V,PHI, H,F,NX,NY,
S,C, LX)

This subroutine sets up the initial height field # and
calculates the variable PHI = ® = 2V gh and from it,
using Equation (46), the components of the initial ve-
locity fields U and V. The subroutine also calculates the
Coriolis parameter F. The parameters NX, NY, and LX
are calculated in the main program SHALLOW to be the
effective number of space increments in the x and y
directions, respectively, whereas LX is the maximal
number of space increments in the x direction.

S and C are auxiliary parameters for calculating inter-
mediate trigonometric variables.

SUBROUTINE LOOK (U,V,PHI,H,NX,NY, LX)

This subroutine calculates, at each time-step, the po-
tential enstropy, total energy and mean height, which are
invariants of the shallow-water equations. It also prints
out these values, together with the height-field values, by
calling subroutine HOUT, and calls subroutine MAPPA
for a lineprinter contour plot of the height field. The CPU
time for each 12 time-steps also is printed.

SUBROUTINE MAPPA (FUN,C,NX,NZ, LX)

This subroutine provides a visual display of the height
field by lineprinting an isoline contour plot of the height
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field for every fifty meters. The parameter FUN gives the
forecast field to be contoured, whereas the parameter C
is the inverse of the contour interval in meters (for ex-
ample, if the contour interval is 50 m, C = 0.02). The
parameter NZ = NY + 1.

SUBROUTINE HOUT (H,NX, NY, LX)

This subroutine digitally prints the height-field values
in a matrix format.

SUBROUTINE UVOUT (W, NX,NY,LX)

This subroutine digitally prints the values of the
velocity-field components in a matrix format. W stands
for either the U or the V component of the velocity field.

SUBROUTINE FUNCT (XC, FC,GC)

This subroutine evaluates the function value of the
augmented Lagrangian, as well as the gradient vector of
the augmented Lagrangian.

et b b b b b b

bt bk b bk o b b b b b
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Here XC stands for the length of the vector x (i.e.
3N, N,), whereas FC is the function value and GC the
gradient vector value, both of dimension 3N, N,.

Examples of output Examples of GUSTAF output
are provided to demonstrate the different options of
the program. The initial height field, using a space re-
solution of Ax = Ay = 200 km, is shown in Figure 1.
Figures 2 to 4 show the height-field contours after two
simulation days, using a time-step of 3600 s and the
methods QNEX1, QN2, and QN3 with M = 6.
Figures 5 and 6 show the height-field contours, using a
space resolution of Ax = Ay = 500 km and a time-step
of 3600 s for the methods QN2 and QN3 with M = 12,
the dissipation coefficient being £ = 0.015, after 20
simulation days.
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APPENDIX

The shallow-water equations for the atmosphere
The free surface linearized gravity wave equations for a
one-layer, homogeneous incompressible fluid with an
upper surface permitted to be free are

] 3 19
CLI AL N (Al)
ot dx p ox
8 ad
5<1+U—Y) 12y (A2)
at ox p 9z
du  dw
—_ _ = A
ox 0z (A3

Here 6 identifies terms that would contribute to the di-
vergence equation. Its value is either O or 1.
Using the hydrostatic assumption one obtains

ap oh

1
=L = A4
p ox & ax (A4)
and Equation (A1) becomes
ou du oh
—+U—+g—= A5
ar  Cox %ax (A3)

By integrating the continuity Equation (A3) in the ver-
tical one obtains

dh

o,

A6
at dx dx (46)
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The phase velocity for shallow-water waves is

c=U = VgH. (A7)
The gravity waves described are termed external, be-
cause their maximum amplitude is at the boundary of
the fluid.

If the effects of the earth’s rotation are added to the
hydrostatic one-layer equations—the deflection caused
by the Coriolis force affects low-frequency gravity
waves. In addition Rossby waves are determined that
depend on the spatial variation of the Coriolis parameter.
The equations of motion are

which makes all surface pressure surfaces to be parallel
and only one level need be forecast. Using harmonic
perturbations one obtains a cubic frequency equation

8(U — ¢y — (gH + f* k) (U — ¢

oH
__fﬁ.—.zo.

k* dy (A9

To get the fast solutions set U = 0 and 6 = 1 which
gives

12 = *VgH + f*/u’.

(A10)

These are inertial gravity-waves and when f = 0

C1,2 = ngH

that is the formula for shallow-water waves.

(Al1)

The slow meteorological solution to (A9) may be

du du du oh
—+u—+tv——-fr+g—=90
at ox ay ax
av ou v oh
—tu—+tv—+fu+g—=0 A8
Ve Ve TR e (A%)
dh (ah oh ah)
—=-\—tu—+v—].
dr at ox ay

Using assumptions of hydrostaticity, constant density,
and incompressibility as well as the barotropic assump-
tion that is the density is a functional of pressure alone,

obtained by setting § = 0

U+ (S
= _—————Z
k* + (f*/gH)

C3

PROGRAM LISTING

(A12)

c PROGRAM GUSTAV(INPUT,OUTPUT, TAPEI=INPUT,TAPEISOUTPUT ,TAPELL)
C THIS IS THE MAIN CONTROL PROGRAM WHICH IMPLEMENTS THE QUASI=NEWYON
€ NON=LINEAR GUSTAFSSON ALTERNATING IMPLICIT METHOD FOR SOLVING THE
C SHALLOV VATER EQUATIONS,
c
€ THE PROGRAM ALSO IMPLEMENTS A SCALING OF YTHE VARIABLES 1IN ORDER TO
C ALLOV FOR THE CONSTRAINED MINIMIZATION USING THE AUGMENTED LAGRANGIAN
C TECHNIQUE,
COMMON/FLD/XC{540)
COMMONZ/DLD /X0 (560} ¢HO 4204 EO ALPHAGBETA, TGeF (1214 NKyNY,LX,LY,PNLTH
1,PNLT2,PNLTE, UUH, U2, VUE
COMMON/CONST/FL Dy TyDXy DY DT 3 FXoFY,FT,G,TIME,IPRyADJ,80JyIND
COMMON/RITE /NING,NOUT,NTAPE
DIMENSION UI13,412),VI15512)4PHTI(15,1214HI15,12)(UHI15,412),
1 VHI15,22),PHIHI15,22) AK(4,15,12) 4BK(A,1%,12),CKIi4,15,12),
2 DK14¢15,1214EKI{4415,12) gAJI4,22,15),0J14,12,1%01,CJ014,12,15),
3 Play15),018,15),RI4,1%)yX{15)4Y115)2(158),66G(15),5(2,15),
A ALC15,32),BLI15,321,CL11%5,12),D0L115,12)4ELI15,1201,AM{12,15),
5 BMI12,19),CMI12,15),4E(2,15)
EQUIVALENCE (UI1)¢XCt1))y IVELIoXCI18201,IHILI,XCI361))
Gx10.
DATA UFAC/1.€E03/,HFAC/1.E05/
NIN=1
NOUT=S
NTAPE=1]

1 FORMAT(8F10.4,4315,F5,3)

2 FORMAT(42H0 THE LU DECOMPOSITION IS DONE ONLY EVERY ,12,13H~TH TIm
1€ STEP/53HO0 THE NUMBER OF TTERATIDNS IN EACH HALF TIME SYTEP IS ,I2
2/12H0 EPSILON = 4F7.5)

7 FORMAT(73H0 CHANGE DIMENSJIONS OF ARRAYS U,Vysesass¥ TO ACCOMMODA
1TE THIS DATA SET,/5X,81MAND THE VALUES ASSIGNED TO LX AND LY, v
2HICH INDICATE CERTAIN ARRAY DIMENSIONS.)

8 FORMAT(20H1 INITIAL U=FIELD)

9 FORMAT (20MH1 INITIAL V=FIELD)

10 FORWAT (ALHOINTTIAL VALUE OF CONSTRAINTS, H, 2 & E: ,3E14,6)
111 FORMAT(5X,218)
C FLy Dy, T ARE THE MAXIMUM VALUES OF X, Y, TIME RESPECYIVELY,
c OcLEsXoLELFL OsLE.YSLE D O LETIMESLE,.T
¢ DX, DY, DT ARE THE INCREVENYS IN X, Y, TIME RESPECTIVELY,
C IPR INDICATES THE PRINYOUY FREQUENCY, PRINTOUT AFTER EACH DTeIPR,
c IF IPR IS BLANK OR Z2ERD IPR WILL BE GIVEN THE VALUE 1.
READINING1) FL,DyT,DX,OY, DT, IPRyM,NINT ,ADJ
Lx=15
LY=12
NXZFLZDX
NYZ1¢IFIXID/DY)
WRITE(NOUT,111) NX,NY
IFINXaGT LX) GO TO &5
IFINY,LE,LY) GO YO %0
4% WRITE (NOUT,T)
GO TO 2%0
S0 NT=T/DY
CALL SETU® TO
c READ CONSTANTS OF HMEIGHT FUNCTION AND OF F,
c SET UP VECTOR F (K)ISFHAT+BETASIYIN)=D/2}) FOR K=1,,0esNY,
[ COMBUTE INITIAL VALUES OF HEIGHT AND OF OMEGA (I.Ee H AND U,V,PHT)
c FOR EACH POINT OF THE GRID,
c PRINY DUT INITIAL CONSTANTS,
c t v Usw (G/F)® {ON/DY)
c w=( vV ) WHERE Ve (G/F)®{DH/DX)
c {PHI) PHI=228S0RT(G*H)
c VIX, Yo TIME] = WIX4FL,Y,TIME)
c VIXGOsTIME) = VIX,D,TINE) = 0,
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DW/DY = A(W}®(DW/DX) ¢+ BI(W)®(DW/DY) +C{VW}rw,
v 0 PHI/Z2) t v [] [] ) t o F o}
WHERE A = ) U ] | Y B = (0 v PHIZ21, € = (|=F ] 0 )
{PHIZ2 © v ¥ { 0 PHIZ2 v ] t o 0 0 )

CALL SETUPI(UVoPHIaHF o NXyNY AKBK,LX,LY)}
WRITE(NOUT,2) M,NINT,ADJ
PRINT OUT INITIAL VALUES OF Uy, vy Hy ENERGY, MEAN HEIGHT, ELAPSED
YIME, AND HEIGHT CONTOURS,
WRITE (NOUT,8)
CALL UVOUTIUGNX,,NY,LX]}
WRITE INOUT,9)
CALL UVOUT{V,NX NY, LX)
TIMEEO,
SCALE VARIABLES
D0 %% J=1,NY
FLJI=SFIJIOHFAC/UFAC
DO 5% Is1,NX
U (IeJI=ULY4Jd)/UFAC
VIIZJI=VilyJ)/UFAC
PHILI,J}EPHI(I,J)/UFAC
55 H{I,JI=2H(Y,J)/HFAC
GEGOHFAC/UFACS
DX2DX/HFAC
DY=DY/HFAC
ODTsDTSUFAC/HFAC
ADJ=ADJSHFAC/UFAC*s)
FXzDT/l&4.9DX)
FYZ0T/{4e%DY)
FT20,%50DT
CALL LOOK{U,V,4,PHI
CALL MHOUT (HyNX,NY
CALL MAPPA(H,2.,E0
WRITE{NOUT,10) HO
IFIIPR,EQ,0) IPR=]
EPSDTYEADJ*DTeDTSDY
ADJZEPSDT/7({DXSDX)
BDJREPSOT/{DYSDY)
SOLVE FOR VALUES OF U, Vv, PHI FOR EACH SUCCESSIVE TIME STEP,
CALL OGUSTAF (PHI gUH VH PHIH AK By CKyDN,EKy AJgB Iy CJIyPyQyR,
1 XgV¥9Z29yGGySeEgALyBL,CLyDL JEL,AM BM,CM,NT,M, NINT)
2%0 STOP
END
SUBROUTINE LUDCOMIP,Q,RpAyB,C,yD3E4NY N, IND)
THIS SUBROUTINE PERFORMS A LU (LOVER-UPPER) DECOMPOSITION FOR EITHER
A BLOCK=TRIDIAGONAL OR A CYCLIC BLOCK=TRIDIAGONAL MATRIX,

KeNY gL XyFeLY,HO0,20,E0)

NY, LX)
[}

GIVEN A BLOCK (292) TRIDIAGONAL MATRIX WITH SUB=DIAGONAL, DIAGONAL,
AND SUPER-DIAGONAL ELEMENTS IN ARRAYS P, O, R, RESPECTIVELY,
TO DECOMPOSE INTO MATRICES Ly AND U, WHERE
L HAS SUB=DIAGONAL ELEMENTS IN ARRAY B,
AND DIAGONAL ELEMENTS IN ARRAY A, AND
U HWAS SUPER=DIAGONAL ELEMENTS IN ARRAY C,
AND ALL DIAGONAL MATRICES ARE IDENTITY MATRICES,
IF THE GIVEN MATRIX IS NOY CYCLIC, SET IND=0.
IF THE GIVEN MATRIX IS CYCLIC, SEY IND=x1, 1IN THIS CASE
L HAS ELEMENTS OF BLOCKS 1 TO (NM=2) OF THE LAST BLOCK=ROW IN
ARRAY E, AND
7] :QEASLS"ENTS DF BLOCKS 1 TO (NM=2) OF THE LAST BLOCK=CODLUMN IN
.
THE DRDER OF THE GIVEN MATRIX IS 2N,

{IN=2)eC {N=2)
I} FOR Isl1 YO N=2
J*DIN=2)¢A(N=1) sC(N=1)

[N

1 FOR I=2 YO N-=1
ee*EIN=2) 8D (N=2 ) )+B (N)SC IN=1)¢A(N)

FOR I=1 TO N=2
OQUT NTAPE

2QEANY) gRILGNY) ALL NY) g BIMNY ) JClAgNY) yDlAygNY],

DO 15 L=1,4
1% AflLsl)=0{L 1)
G0 YO 30
20 Im=I=1
RII) = PLI)
DD 2% LE®E1,4
25 BIL,TI1=PIL,T)

IF(1.NE.N) GO TO 28
FI{IND.,EOC.,0) GO YO 28
BIN 2 PINI=E IN=2)9C{N=2)
DO 27 LEl,s

27 BlLyI)=BILTIVI2ELLyNM)

A(I} = Q(Y}) = BlI)eC(I=1}

28 Al1,11=0(2,I1=B(l,4I)eCi{l,IM)=At3,1)0C(2,1IM}
A(243112002,1)=B(241)1¢C{leIM)=Bla,yI)eC(2,1IM)
Al3,1)20(3,11=B{3,I)0CI3,IM)=B{3,1)0C(4,IM}
Al 113006 ,T1=Bl24110CI3,IM)=RI4,T)0C{4,IM
IFI{TI.EQ.N) GO TO 50

ClI) = AlT)es(=1)1"R{I)

30 DETI=A{L,T)oA{h, I}=A02,T1%A(3,1)
IF{ABSIDETI)GTe1,E=100) GO YO 3%
WRITEINOUT 1) I {IPILyX) o L=1,34), {OILyK} L1 94) 3 (RILIK)gL=1,44)4K=1,

“N)
1 FORMATI1IHO,I5711P12E11,.,3))
WRITEINOUT, 1) Te ClAIL M) oL=1,4) 3 lBIL K L=1,4),1CILyX) L=1,4),K=1,
1)
STOP

31 DETYI=1,/DETT

T12R1{1,I})

T2=RPl2,1)

TIZR(3,1)

TazRla,1)

TFII.LTeN¥) GO TO 32
IFLIND.EQ.,0) GO TO 233
T1=T1=B{1,7}1*°D(1,1IM}=8¢(
T22T2=8(2,T1*D(1,IM)=81
T3sT3~B(1,T19D(3,IM)=51(
ThzTA«B12,I)90(3,IM)=01{

33 Cl1,I1= (Al&,I1*T1l=a (3,
Cl2,I12=1At2,1)0T71~A1{1,

Cl3,I0z (A(bd,I)®TA=AL],
ClasTtz=(A12,1)0T3=a11,
JF(IND.EQ,0) GO TO 60
IF(I.GT.1}) GO TO 40
$1=0.

S2=0,

$3=20.

S430,
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c Et1) = RI(IN)
DO 35 L=1,.4

3% E(Ly1)=RIL, N}

Tiz=P ({1

40
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GO YO 80
50 IFIIND.EQ.0) GD TO 60
c AUN) = GINI=B(NISCIN=1)~ SUMIE(TI®DII)} I21,(N=2))
1,1)2A01,1)=S81
2,1)1=2A02,11=52
3,1)3A(3,1)=83
A T)zAl4, )=S0
60 CONTINUE
RETURN
ENO
SURROUTINE GUSTAF(PHI UM, VH PHTIH, AKyBK 4 CKo DK ERXqAJgBI,CJsy
1 PyOgRy XY q2ZeGySeEoALoBLyCLODLoEL AMy RN CM NT M, NINT)
THIS SURROUTINE PERFORMS THE BULK OF THE WORK OF THE GUSTAFSSON (1971)
QUAST-NEWTON NONLINFAR ADI ALGORITHM TO SOLVE THE NONLINEAR SHALLOW
WATER EOUATINNS,
IN ITS SECOND PART IT IMOLEMENTS THF AUGMENTED LAGRANGIAN METHOD FOR
'A POSTERIORI®' CONSERVATION DF THE SHALLOw WATER INTEGRAL INVARIANTS,
COMMAN/FLDO/XC(540)
COMMONZOLD/XO(S40) 4HO0s20y EO ALPHAMETAQTGoF (12)eNXoNY yLX LY PNLTH
14 PNLTZ,PNLTE,UUH,UZ ,VE
COMMON/CONST/FL 4Dy Yo DXyDY DT, FX,FY FT,GGeTIME,IPR,ADJ,8DJ, IND
COMMDN/RITE/NIN,NOUT,NTAPE
DIMENSION UI18,120,V(1%5,12),PHT(15,121,UN(15,12),VHI18,12),
1 PHIMI15,12) oH(15412) pANIAe1D412),8K{0,15,12)9CK(bs1%,32),

anona

2 DN{a,1%312) JEXI8,18,12)4A014:12518)48J1(0412415),CJ14,12,15),
3 Plae12)4018¢12)eR14,22)yX¥0212),Y022),2012),G0(22)4S12412),

4 ALI15412)oBL{15412)¢CLIL5¢12),4DL(15)22),ELT1%,12),3AM(12,15%),
S BM{12,15),CM{12418),E(2,15),FF(12)

DIMENSION GC(540) ,¥S(3240),

SHCLAN2) 42C(4082) ,ECI4P2),TCLA02)

EXTERNAL FUNCT
EQUIVALENCE (U211 ,XCHlL11),iVIL)oXCE181)) 4 (H{L),XCLIEL))
NNENX eNY 93
ALPHAEL,
BEYAIGG/HO
TGEGG+ GG

[+ RELATIVE ERROR BOUNDS FOR ACTIVATING THE AUGMENTED LAGRANGIAN ALGORITHM,
EPSHEIHO®S ,E~3
EPSZ220¢1,E~3
EPSESEO®S,E~3

C INTTIAL PENALTY PARAMETERS,

c RHOx0,0 INDICATES YHAY TYOTAL MASS VWILL NOY BE USED AS A CONSTRAINT,.
RHO=0,0
RZ030.9%
RE0=0,5
IFAIL=0
00 100 K=l ,NY

100 FFIK) =F (X)eFT

ADJ==ADY
ADJx=B30J
FX2u0.,%¢FX

IF(XO.NE.M) GD TO 150
DO 118 Kxl,NY
DO 110 J=i,NX
JPizJe1
MLz el
IF(JP1.GT,NX) yPix1
IFtIML LT, 1) JIME=NX
UJE(UIJIPL,KIaU(JML,K))OFX
PUBIPHIIJPL M) =PHTI(JNL,K) ) OFX
Qi1,Jd)21.4U0d
012,J)13PY
vJiz0.80PY
2 1=1.40.8009
W JIEFXOULJ,K)
ORI P
WJIEFX28PHI{ JyK)
WJIERE2,4J)
105 L=t 4
sJdiE=R (L)
TINUE
CALL LUDCOMIP, 0 ReAK{141 oK) ¢BKI141,K)oCKILya1eX)gDRILel XD,
1 ER{L41,K)oaLXsNX,1)
115 CONTINUE
C ORTAIN UH, PHIH,
130 DD 152 K=14NY
00 182 Jmi,NX
UH I, K RUED 4 K)
182 PHIM(J KIZPHILJ K]
DO 1988 L=1,NINT
00 185 Kz1,NY
FKTeFF(K)
FusFy
KP1sK+1
KMizN=—1
IFIKPL.LEJNY) GO TO 15%
KP1x=NY
GO0 TO 160

108
110
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IF{w¥™M1,GE.1) GO TO 165
KMy=y

FUsFU+sF U

FPxQ,%5®FU

DO 170 J=14NX

JP1lzJ 1

Jviz =1

IFLUP1,GT.NX) JP1=1
IF(JML,LT.1) JUM1l=NX

S014J12U {(JyK)a=VIJKIOIFURIU (JyKPI1)=U (JSgNML))=FKT)

SU2,J1ZPHT (J K1 O ({1,=FPe(V (J XP1)=V {J,KM1)})

“FUSY (J K} ®{PHT (JyKP1)=PHI (J,KM1]]

SU1,J)ZUHIJ KIS 1 4FXP(UHIIPL ,KI=UHIJIML, K} ) 4FX24PHIMI I, K}
[PHIHIJPL K I=PHIH(JM1,K) 1 =S{1,J)

SU2,J1=PHIN{J KIS (1, ¢FX28 (UH{JPL1 KI=UHIJIML ,K)}I4FX® UHi{JyK)®
{PHIHIJPL K )-PHIHIJML, K] ) =S12,J}

IF (ADJ,FQ.0.) GO TO 17

IFIK.EQ.1.0R.K.EQ.NY]) GO T0O170
SU1,J12S(1,J)+ADJO US4 XKP 1) m2.0U LI, K)2ULJyKML)])

SU2,J12S2, JISADJISIPHI{I,KP1) =2 #BHT(J KISPHI(J XKML} )

CONTINUE

CALL BAKALKIAKIL, 1K) oRKI1,1,K)gCKRITy2¢K)0K{1414KI4EKT1,1,4K],
SeELLX NX 1}

DO 180 J=1,NX

UHIJy WIZUHTI K =E(14J)

PHIH(JgKISPHIH{J K)=E(2,J)

CONTINUE

CONTINUE

CONTINUE

AIN VH,

IF KD «NEWM} GN TO 215
D0 210 K=24NYM

00 20% J=1,NX

Yiay=1.
ZUJI=FXOUH I K
X{Jdy==210J)

CALL LUTRIDIX Y gZ4AL 114K} ¢BLITyMI o CLITyXDoDLIToKIZELIL K, LXgNX 11}

CONTINUE

D0 220 K=1,NY

DO 220 J=1,NX

VHIJ, KY=VIJ,yK)

DO 265 L=1,NINT

DO 2%0 K=2,NYM
FETEFF (KX}

FU=FY

KPlzKel

KM1gK=1

FP20,58FU

DO 23% J=1,NX

JP1z= g+l

JMLE el
IFLJUP1.GT.NX) JP1=1
TFLUMLI,LT,1) JM1=NX

Z1JI2V (I M) {1,=FUS(V (JyKPLI=V (JyKM1}))=PHI (JyK)OFPse

[PHI (JyKPL1)=PHI (JyKMI1)}
ZUJI=VHII G K) SUR{J X IO (FXS(VHIJIPL,K)=VHIJIML  K)I#FKT)=2(J)
IFLADJLECL04) GO YO 238
ZUJIZ2UIISADISIVIIKPLI=2,.0VIJeKIeVIJKM1)]}
CONTINUE

CALL BAKTRITALUL14K) 4BLUL,K) qCLIL1,K)oDLI14K)ELIL1,K),2,6G4LXygNXq1)

D0 245 J=1,NX

VHUJ ) SVHIJ,yK)=GlJ)
CONTINUE

CONTINUE

DD 26% Jz14NX
VH(Jys11%0.

VHIJ,NY}Z0,

AIN Vv, PHI FOR NEXY STEP,
IF (XD .NE,™) GO TO 288
DO 145 JEi,NX

DO 140 K=14NY

FUzFY

KP1xx+1

KMizKey

IFIKP1.,LE.NY) GO TO 120
K¥P1=NY

60 Tn 12%

IFIKM1,GE+1) GO TO 130
KM1z1

FU=FUsFU

FPx0,B38FU
VEKE{VH(JyXP1)aVH(JyKML1}))®FU
PX2{PHIHIJyKPL)=PHIH{J,KM1) ]} *FU
Qll,K)=21,4VK

Qi2,K)=PK

3,K1=20.50PK

2K 1E1440,50VK
K)=FUSVH (J,K)
1=R(1,4K)
1RFPOPHIH{J,K)
12RI24K)

5 Lz1,4

Is=RI(L,K)

EQ.1) GO TN 136
NENY} GO TO 1490

¢ XwXXX

-

R R Y- Py
"

ADYyoUOOHHNTODDDUOD
xXxxx XX
-
I
o
.
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YRR

T NUE

CALL LUDCOMIP, QR AJI1,41,d)oBJUIL,1,4J1eCU01,14J)4X,Y4NYNY,0)

CONTINVE

00 270 K=m1,NY

00 270 J=14NX
\AEELERL A I EY 3
PHILJ KISPHIHIJ, K)
DO 300 L=1,NINT

DO 290 J=1,4NX
JP13Je1

JMLig =1
IF(JP1.GToNX)} JPisi
IF(UMI.LTell JMLl=2NX
DO 280 K=l ,NY
FRYzFF K}

FUu=FY

KPilaKel

KM1ZK=1
IF(KPL1,LE.NY)} GO TO 272
KP1z=NY

GO 7O 274

IF(xM1 ,GE.1) GO TO 275
KMi=q

FUSFUSFU
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27% FP=20,8¢FU
SU14KI=VHIJ KY=UNHtJI k) *L
SI2yX)13PHIHIJyK)® (1 ,=FX29
1 {PHIH(JP1,K)=PHIHIJIM1,K)
SULyR IV I KIS 1 1, 4FUS(VIJgKPLI=VIJyKMLII}I=5(11,K)

VHIJPLyKI=VHIJM1,K))®FUSFKT)
(UH{JPL g KI=UHIJUML ,K)))=FXOUH (J,K)®
)

1 +FPePHIIJZKI®(PHILJ XPLI)=PHItJ,KM1))
SU2,K)SPHITJGKI® (1, 4FPO(VIJKPLI=VIJsKMLII}4FUSV I, K)®
1 (PHI(JgKPLI=PHIIJ,XN1}1=S(2,K)
IFIBDJ,EQ.0.) GO TO 280
S(1,X)ESI1,M)1*B0IS (VH{JIP14KI=2,0VHIJ,K)sVH{IN1,X]}
SU24K13ST2,K)4RDJ® {PHIHIJP1,K)=2,0PHIHIJ K} ¢PHINIJIML, K}
280 CONTINUE
S{1,1)=0.
S(1,NY) =0,
CALL BAKBLK{ASILe2¢d) o8J01433J14CJ1252,J),PsQeSsE4NYsNY,0}
DO 28% K=1,NY
VIJeKIaVIJ KI=E LK)
28% PHI(J N)SPHI{JoKImEl24K)
ViJel)=0o
ViJyNY) =0,

290 CONTINUE
300 CONTINUE
DBTAIN U FOR NEXY STEP
IF{KD,NE.M) GO TO 315
D0 310 Js1,NX
DO 30% X=1,NY
Yix)=1.
ZiK)IzFYOV (J,X)
305 X(K)==2Z (K)
CALL LUTRID{XyYsZ4AMUIL4J) gBME14J) yCMl14J) 4P sQyNYNY,01}
310 CONTINUE
315 DO 316 K=14NY
DO 316 J=m1,NX
3186 UlJyX)=UHIJI,\K)
DO 345 L31,NINT
D0 335 JE1NX
JpizJel
FLEFEINZ S
IF{JPL1.GT NX)JPL1x1
IF{JM1,LT.1) JMi=NX
DO 32% Kz1,NY
FUsFY
FKY2FF{K}
KPi1sKel
KM]EK=1
IF (kP11 ,LE.NY) GO TO 3108
KP1=ENY
60 TD 320
318 IF(XKM1.,GE.1) GO TO 322
KM1z1
320 FusFU+FU
322 FP20.5%*FU
ZIMIZBUHTJI K} 0Ll q=FXO{UHIJPL K)=UHIJIML X)) )=FX20PHIH{J K)®
1 (PHIH{JP1 ,X)=PHINIJML, X))
21ix) BULI X ) OV II KO {FUS {U(JKPL)=U(JyKML) }=FKT)=2(K)
IFIBDJ,EOC,0,) GO TO 325
ZIKITZ(K)+BDIC{UH(JPL (N ) =2 sUHIJyX)PSsUHIIML, K]}

328 CALL BAKTRI(AM (L1,J) sBM{1,J)4CMIL19J)Pe0y2yGyNYNY,0)

DO 330 KE1,NY
330 UIJyKIZUEJIyK)=G (K]
335 CONTINUE
345 CONTINUE
TIMEZTIME+DY
IGRF=0
408 CALL LOOK{UZVyPHI qH NX NY LX,F LY HT,2T,ET)
HDFSABS (HT=HO)
20F=ABS2T-201})
EOF=ABSIET~-EQ)
SECPESECOND {CP)
WRITE (NOUT,4015%) SECP

401% FORNATISH TIME,FB,3,7TH CP SEC)

TEST WHETHER YO ADJUSY THE H=FIELD,
SO AS TO CORRECY THE TOTAL MASS,
IF(HDF.LT.EPSH) GO TO 402
DO 406 KEZ1,NY
DO A0E J=1,NX
HU{JyKIZHIJ oK)} $HO=HT
406 PHI{J K122, SORT(GOSH{J,K))
GO TO ao0®
TEST WHETHER TO ADJUST ALL THE FIELDS,
SO AS TO (AT LEAST PARTIALLY) CORRECT POTENTIAL ENSTROPHY &t TOTAL ENERGY
- INTEGRAL INVARIANTS CONSERVAYION,
402 IF(2DF LT . EPS2,AND.EDF LY EPSE) GO YO 4113
WRITE (INOUY,400) TIME,HT,2ZT,ETHOF,2Z0DF,EDF
400 FORMAT(16HOSCALED TIME = ,F12,2,25H; CONSTRAINTS, H, Z & E: ,3E14
*,6/234 ERRORS e My 2 & E 3 ,3E34.8)
IGRF=1
SEY UP AN AUGMENTED LAGRANGIAN WITH MULTIPLIERS UUNW, UZ, AND UF, AND
PENALTIES PNLTH, PNLTZ, AND PNLTE,
ETAZ100,
ACCZETACSQORTY (ZDF #924EDF®e2)
ACMINEACC/10,
RHZQHO
Q7320
REEZRF O

PNLTH=0,

PNLTZ220,5/R2Z

PNLTE=0.5/RF
THE FOLLOWING SECTION (UP TO °GD YO 403°%) FDRMS A LOOP, IN VWHICH
THE 1IMSL LIRRARY SUBROUTINE ZXCGR IS CALLED TO MINIMIZE THE AUGMENTED
LAGRAGIAN TO AN ACCURACY DEPENDENY ON ETA, THEREAFTER THE MULTYIPLIERS,
PENALTIES, AND ETA ARE UPDATED, UNTIL THE CONSTRAINTS ARE SATISFIED TO
WITHIN THE REQUIRED ACCURACY, OR UNTIL ETA BECOMES YDO SMALL.,

ZXCGR CALLS FUNCT TD EVALUATE THE FUNCTION VALUE AND GRADIENT VECTOR.

ALYERNATIVELY THFE NAG LIABRARY SURROUTINE EOADBF, WHICH ALSO USES THE
CONJUGATE GRADIENY METHOD TO MINIMIZE THE FUNCTION,; AND ALSO REQUIRES
FIRST ORDER DERIVATIVES, COULD AE USED,

IN THAT CASE THE DIMENSION OF THE VECTOR CONTAINING WORKING SPACE, vS,
MAY BE REDUCED TO 540, AN ARRAY XTOL OF LENGYH 540 SHOULD 8E DEFINED,
AND MONIT SHOULD BE INCLUDED IN THE ‘EXTERNAL' STATEMENT.

THE CALLING SEQUENCE wOULD BE?

CALL EOADRF INNXCHyFEST,GCy XTOL,¥S, FUNCT MONJIT,100,IFAIL)

SUBROUYINE MONIT{NN XC,FEST,GC,NCALL) SHOULD PE INCLUDED.

17S PURPOSE IS MERELY YO PRINT THE PARAMETERS, IF SO DESIRED.
403 DO 404 JIx1,NN
404 XOIIIN=EXCHTII)

WRITEINOUT 4405) ETARHRZ4RECUUH UZJUE4PNLTH,PNLTZ,PNLTE
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405

399

407

612
4105
411

4123
3%0

358

408

401
386
360

TO
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]
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1
3
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c FH
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FOPMATITHOETA = F1l4,6/22K R s Hy Z & EX 43E1446/
*22H U s Hy 2 & E:! 43E14,6/722H PENALTIES, H, 2 t 43E14.6)
FOZPNLTZOZDF*22+PNLTESEDF 002

CALL ZXCGRIFUNCT NN, ACC,100,F0,3XCyGCaFEST,¥S,IFAIL)
WRITEINOUT,399) IFAIL

FORMAT(AH IFAIL =,1%)

DD 407 KE1,NY

DO 407 J=1,NX

PHIIJ,K)Z2,9SARTIGGOH(J,K))

CALL LNDOKIUGVoPHI JH o NX NY JLX FyLY HT 4ZT,,ET)
HOIFEHT=HO

?01F=2T=20

EDIFZET-EO

WRTTE INOUT, 400) TIME HT 2V ET,HDIF,201F 4£DIF
IF(ABS{4,%2DIF).GT.2DF) RZ=R280,.4
UZ=U2+2DIF/RZ

PNLYZ=Z0.5/R2Z

IF(ABSI4.®EDIF) 4GT.EDF) REZRF®0.4
UEZUE+EDIF/RE

PNLTEZ0,5/QF

HDF=AAS(HOIF)

ZOFSABS{ZDIF)

EDF3ARS{EDIF)

IF(ZDF LT EPSZ/10¢sANDeEDFJLT,EPSE/Z10.) GO TO 411
ETAZETA®0,8

TF(ETALLT,40.) GO TO 412
ACCIAMAXI{ACMIN,ETASSQRT{ZDFee2+EDFOe2)}
ACMINSACC/10,

GO0 TO 403

WRITE (NOUT,41085)

FORMATI 26K % ITERATIONS INSUFFICIENT)
CONTINUE

IF{I0PT,GE.IPR) GO TO 350

IF(I.LY.NT) GO TO 35%%

WRITE(NOUT,413) TIME

FORMATILIBHOSCALED TIME = ,F12.0)

CALL HOUTIH NXyNY,LX)

10PT=20

CALL MAPPA(H42,E03,NXyNY, LX)

IFIIGRFL.EQ,0}) GO TO 3%6

IT1=1T141

HCUITA)=HT/HO

Zct1T1)=27/20

ECIIT313€ET/ED

TCLIT1I=TIME/36 .

IF({HOF.LT,EPSH) GO TO 401

DO 409 K=1,NY

DO 409 Jm1,NX

HiJyKIZH I K} +HO=HT
PHI(JyX)=2,%SORT(GG*H (JyK))

CALL LOOK{UyV4PHIqHoNXGNY qLXoF LY, HT 42T ,ET}
HOIF=HTY=HO

ZD1F=2T=20

EOIFzET=EO

WRITE(NOUT 400) TIMEGZHT 4ZT,ET HDIF Z0IFEODIF
CONTINUE

IF(XD.EQ.M) kD=0

KOEXD+1

WRITE(NTAPE) IT1,(TCUI) T2l TIT1)y{HCIT} T®14IT71),(2CHY) I21,IT1},
S(ECII)Imi,IT1)

RETURN

END

SUBROUYTINE SETUP (UgVePHIgHF¢NXyNY¢SyColLXyLY}

SEY UP THE INITIAL VALUES OF THE HEIGHT AND VELOCITY FIELDS.

XeYITHOCHIS®TANHI{P ) 4H29SINI(OQI O {SECH (R} )002,

WHERE P = 9,%(D/2-Y)1/(2,%0D},

AND Q = TUPI®X/FL , AND R = 20P,

ItJeK)=2,9SORTIGOH (UK}

UlJyX )= (G/FIX))®{PARTIAL DERIVATIVE DH/DY AT J,K)

ViJeX)= (G/FIXK))® (PARTIAL DERIVATIVE OH/DX AT JX}
COMMON/CONST/FL oDgT g DX DY ¢DT o FXoFY FT,GoTINE,IPRADJ,BDJ,IND
COMMON/RITE/NINGZNOUT ¢ NTAPE
OIMENS ION UILX gLY) g VIL X g LYD gPHTIILXGLY )y FILY Iy SILX)yCUILXDgHILX,,LY)
DATA TUPI/6,283185307179%6/

FORMAT(SEL10.4)

FORMAYT({25H)1 SHALLOW WATER EQUATIONS/)

FORMAT{17HO CONSTANTS!? HOZ ,F5 ,042H M 30X ,SHFHAT= 4E9.,2,86H/SEC .
1 10X, 2HL B FB,0,2HMZ 12X, 3HDXE,FB,042H M/1AX,3HHLIZ,FB5,0,2H M,10X%,
2 BHBETAZ G F9,296H/SEC/Me1O0Xa2HD=F9,042H My12X,3HDYE,F8,0,2H M/
3 14X INH2T oFS5e092H Myh0X 2HTE JF8,0,4H SEC,10X, IHDT=,F8,0,4H SEC/)
o H1, M2 ARE CONSTANYS IN THE HEIGHT FUNCTION
AT, BETA ARE CONSTANTYS 1IN F = FHAT ¢ BREYAS(Y=D/2}

READININ,1) HO4HL ¢H2 yFHAT ,BETA
WRITEINOUT,3)

WRITE (NOUT, 4] HO,FHAT ,FL,DX,H1,B8ETA,D,DYH2,T,DT

YE®S,/0

YFz0.5¢YE

D23D/72.

XF=YUP I/FL
FNXI=TUPI/FLOATI(NX])

FJz0.

DO 10 Jxl,NX

FJ=FJe1,

TEMPZFJISFNXI
StJI=SIN(TEMP)

ClJI=COS(TEMP}

SINX)130.

CinNY)Y=l,

NYMENY=1
FNYMI=Z9,/FLOAT(NYM)

FKM=0,

Y0,

DO 20 K=zl,NY
TEMP=D2~Y
FIK}ZFHAT=BETASTENP
GH= G/FIK}

YAzh oB3=FKMOFNYM]

YBEO,DEYA
TNHTANMIYB)

S5H231 «=TNH®TNH
C1x=HOPHLISTNH
Caz=YFOeSH2OH]

TNH=TANH{YA}

SH221 o =TNH® TNH
C2sEH2eSH2
C3=C2oXF
C5%2.2C29YE*TNH
DO 15 Js1.NY
TEMP =S {J}

HIJyHIECI14C20TEMP
PHI(J JKIZ2,9SQRTIGOH{J 1K)
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VIiJyX1=2GHeCI*CLI)
UlJeX)Z=GHO [CL+CBOTEMP)
15 CONTINUE
Y=YeDY
20 FKMzFKM+1,
24 DD 25 JE1,NX
ViJdell=0,
2% VIJgNY)=20,
RE TURN
END
SUBROUTINF MAPPAIFUNGC,NX NZ, LX)
THIS SUBRROUTINE PROVIDES A VISUAL DISPLAY OF THE FIELD RY PRINTING AN
ISOLINE CONTOUR OF THME FIELD, USING DIGIYS FROM 0 TO 8.
THE PARAMETE® FUN GIVES THE FIELD TO BE CONTOURED, VWHILE C IS A
PARAMETER GIVING THE INVERSE OF THE CONTOUR CONSTANT,
DIMENSTION FUNILX,NZ),ANS{4,3161,IANS{2116),NUM(10)}
COMVMON/RITE/NIN,NOQUY ,NTYAPE
DATA NUM{1) 71HL1/NUMI21/71H2/,NUMII)/1HI/ JNUMLA)I/LIHA/ JNUMISB) 71 HS/
CLNUMIE) Z/IZHE /g NUMLET]I /IHT/ 4y NUM I8 /71H87 ,NUM(S) /1 HI/ NUNMIL10)/1HO/,BL/
*1H /7
FORMAT(//5X,42315//)
FORMAT {1H 4,13
FORMATIIH ,7X,116A1)
FORMATILIHS, 7TX,116A1)
Mx3
N=S%
F XK
FNxN
Iz0
NYZNZ=-1
LEND=K
WRITE (NOUT, 1) (J,Jd=1,NZ)
Ja =zl
10 IxTe1
YRITEI(NOUT 2} I
IP121+1
IF(IP21,GY,NX) IP1=1
DO 15 Js1l,NZ
XOIFS{FUNIIPL  JI=FUNII,J1)/FXK
JXS1eNS{ J=gB)
ANS(1,JX)=FUNIT,J)
00 1% L=2,LEND
1% ANS{L ¢JX)SANSIL=1,JX)eXDIF
18 DO 20 Js1,NY
JEXRLeNS (J=yB )
DO 20 L=i,LEND
JXPN= JXON
YOIF= {ANS (L gJXPNI=ANS{LsJX))/FN
MisyXxel
M3IZJX #N=]
DD 20 MzMi, M3
20 ANS(L,M)EANS (L ,M=1])+YDIF
MEND=M)
00 %0 L=1,LEND
DO 40 Mm1,MEND
IFLANS(L,M) +.GEL0.) GO YO 30
AANSZ=ANS (L ¢4M}
KANSESCOAANS
KKANS®2® (KANS/2)
IFIKANS,EQ,KKANS) GO TO 3%
28 KANSIXANS/2
KANSEMODINANS,10}
IFIKANS.EQ.0) KANSE=1OD
TANS(MIZNUMIKANS)
GO YO 40
30 KANS3ICOANS(L M)
KKANS 228 [KANS/2}
IFIKANS.EQ.KKANS) GO TN 25
35 TANS(M)=ZBLNK
40 CONTINUE
IF{L.GT«1) GO YO L]
WRITEF{(NOUT, 4} (IANS{M),Mm]1,MEND)
GO TO
4% MRITE{NOUTY,3) (IANS{M)  Mz]1,MEND)
50 CONTINVE
IF(I=NX} 10,%5%,69%
5% LEND=1
I=T7+1
WRITE{NOUT,2) I
DO 60 J=1,N2Z
JYzleNe(J=UB)

PN

ANS(1,JX)=2FUNTL1,J)
G0 7O 18
6% WRITE (NOUT,1)1 (JeJE1,N21}
RETURN
FND

SUBROUTINE UVOUTIW,NX,NY,LX}
THIS SURROUTINE PRINTS OUT THE VALUES OF THME VELNCITY FIELD COMPONENTS
IN MATRIX FORW,
W STANDS FOR EITHER U OR V COMPONENTS OF THE VELOCITY FIELD.
DIMENSION WwiLX,NY)
COMMON/RITE/NIN,NOUT,NTAPE
OATA INDZ/OZ/
FORMAT( 3HO +2218/)
FORMAY (1X 4,12 422F642)
JE=0

Jex JE+1
JESMINOINX o JE+22)
WRITE (NOUY,1) JeyJ=JB G JE}
KK ENY
D0 10 XE1,NY
KM KK
WRITE(NOUY 2) KM (W I(J,KK)} 4J2JI8,JE)
KK KM
IF{JELLT.NX}F GO TO S
RETURN

END

SUBROUTINE HOUT{H NX NY, LX)
THIS SUARODUTINE PRINTS OUT THE HMEIGHY FIELD VALUES IN MATRIX FORMAT,
DIMENSTON MHILX,NY!}
COMMON/RITE/NINGJNOUT(NTAPE
DATA IND/O/
FORMAT(15HO0 HEIGHT VALUES/)
FORMAT (3X,15187)
FORMATIIX,T2415F08,5)
JE=0
JBzJE+1
JESMINOINY (JE+15%5)
WRITE (NOUT,6)
WRITE(NOUT, 7} JeJmJIB L JE}
NKK=NY
00 10 K=1,NY
KM=
WRITEINOUT 81 KMy {HIJGKK) o J2JIB,JE)

N

g
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10 KK=ZKM

IF(JELLT.NX} GO TO 8
RETURN
FND
SUBRODUTINE LODK(UGVoPHTIGH NXyNY gLX oF JLY 4HMEANZZNEAN ,ENERGY )

THIS SUBROUTINE CALCULATES THE TOTAL ENERGY, TOTAL MASS AND POTENTYAL
ENSTROPHY, WHICH ARE INTEGRAL INVARIANTS OF THE SHALLOW VATER EQUATIONS,
IT ALSO PRINTS THE VALUES OF THE HEIGHY FIELD BY CALLING SUBRDUTINE HOUT,

COMMON/CONST/FL Dy ToDXyDY4OT,FX,FY FT, GeTIME,IPRyADJ,BDJ,IND
OIMENSION FLY)
DIMENSION UILXgLY) gVILXgLY I 4PHITLXGLY) gHILX,LY)
COMMON/RITE/NINGNOUT NTAPE
DATA JUNDZ20/NSTEP/O/
IF{JND.GY,0) GO TO S
G&INVEL./714,9G)
AREAZNX® {NY=1)
ECNST=DXSDY/ (G+G)
5 SUMENG=0.
HMEANZO .
FACS0,.%
DD 40 K3Ii NY
IFIKLEQeNY) FACZO0,5
HELs30.
ENEREL =0,
DO 10 JEi,NX
PHSQIPHI{JyK)IOPHIIJ K}V 4,
ENEREL=ZPHSQ® (PHSQeU LI KISUIJKI VIS, KIOVIJ K))+ENEREL

10 CONTINUE
IF{JND.GY,0) GO TO 20
DO 1% JEi1,NX

15 HELSHEL*HIJ,,K)

60 TO

20 00 25 J=1,NX
HIEJyK)ZPHI (I KIOPHIIJ ,K)OGHINY

2% HELSHEL+H{J,K)

30 IF(FACEQ,1.,)G0 TO 38
HEL=HEL®*FAC

3% HMEANSHMEANSHEL
SUMENGSSUMENG*ENEREL

40 FACE1,0
MMEANBHMEAN/ AREA
ENERGYR SUMENGOECNST
NY1sNY=1
E2=0XeDY*0,5
ZMEANZO o
DO 60 K=2,NY1
ENSzO0.

DO 58 J®1,NX

JPimJg+1

JMixJ=1

IF{JaEQel) JIMimNX

IF (J.EQsNX} JPL=}
VIX(VIJPLyK)=V{JIMLl, k) )71
UYSIUlJdy KL =U(JdyK=2)) 71
ABYVX=UYSF (X))

56 ENSTENSPASA/HIJ %)

60 ZMEANTZMEANGENS
ZMEANRZMEANSE2
NSTEP=IPR
IF{JNDeNE.O) GD TO 43
JND=1
GO TO S0

4% CONTINUE

50 RETURN
END
SUBROUTINE LUTRID{IP sQoyRoeA¢ByCoDyEZLyNIND)

SIMILAR TO SUBROUTINE LUDCOM (Q.Ve) WHICH IS THE 22 BLOCX CASE.

HERE THEF L~U DECOMPDSITION OF A TRIDIAGONAL MATRIX IS PERFORMED,

ARRAY P CONTAINS SUB=DIAGONAL LELMENTS,
ARRAY Q CONTAINS DIAGONAL ELEMENTS,
ARRAY R CONTAINS SUPER=-DIAGONAL ELEMENTS,
N IS THE ORDER OF THE MATRIX.
IF THE MATRIX IS CYCLYIC SET INOD=1, OTHERWISE SEY IND=O0.
ON RETURN YO THE CALLING PROGRAM
IN THE L=MATRIX THE DIAGONAL ELEMENTS ARE IN ARRAY A,
THE SUB=DIAGONAL ELEMENTS ARE IN ARRAY 8,
AND IF IND=1 YHE FIRST N=2 ELEMENTYS OF ROW N ARE IN AQRAY

IN THE U=MATRIX THE DIAGONAL ELEMENTS ARE ALL EQUAL TO 1. (NOT STORED),

THE SUPER~DIAGONAML ELEMENTS ARE IN ARRAY C,

AND IF IND=1 THE FIRST N=2 ELEMENTS OF COLUMN N ARE IN ARRAY D,

DIMENSION PUL I QUIL)oRELIZACLY) yBEL) CtL),DIL},E(L)
NMaN=1

DO 60 Ixi,N

IFII.GTe1) GO TO 20

Ati1r=0(1)
60 10 3¢

20 BiI)3R(I)
IF(I.LTeN] GO TO 20
IF{IND.EQ.C) GO TO 280
BIN)=BINY+E (NM)

28 ImaI=~1
AlI)sSQUI)=B {I}esClIM]}
IF(1I~NM} 30,929,455

29 IF(IND+EQ.N) GO TO 30
ClIIztRr{I)=n{T)eDiIM)) /AL
GO TO 40

30 C(I}=R(I}/ANT)
IF(INDL,EQ.G} GO YO &0
IF(I.GTa1) GO TO 40
S1=z0,
E(11=R(N)
TisP (1)
GO YO &%

40 Ef(I)2=E(INISC(IM)}
IF{I,FQ,NM) GO YO 60
Tiz=BR (I)eD{IM)

45 DIIV=Ti/7ALT}
S1=S1+E(I)00D{ )

GO 10 60

5% JIF{IND.EO.O0}) GO YO so0
A(NIZAIN)=S]

60 CONTINUE
RETURN

END
SUBROUTINE BAKBLK (A BeCeD4EegSaX oL oNyIND)
TO FIND X WHERE LeYxS AND USX=Y
IN ORDER TO SOLVE FOR J({INVEFRSEI®G IN THE QUASI-~NEWTON METHOD.
L AND U WERE FORMED BY L=U DECOMPOSITION OF A BLOCK (292)
TRIDIAGONAL MATRIX OF ORDER 26N, IND=1 INDICATES THAT THE
ORIGINAL MATYRIX IS CYCLIC.

IN THE L=MATRIX THE OIAGONAL ELEMENTS ARPE IN ARRAY &,
THE SUR=DIAGONAL ELEMENTS ARE IN ARRAY A,
AND IF IND=E) THE FIRSY N=2 ELEMENTS OF ROV N ARE IN ARRAY

E.
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< IN THE U=MATRIX THE DIAGONAL ELEMENTS ARE ALL EQUAL TO 1. INOT STAOREDI},

C THE SUPER-DIAGONAL ELEMENTYS ARE IN ARRAY C,

c AND IF IND=1 THE FIRST N=2 ELEMENTS OF COLUMN N ARE IN ARRAY D,
DIMENSION A{G,L) 4yPl& L) ClesL)oDI&,L)sEla,L)ySt2,L0yX(2,L)
NMEN=1
IF{IND,EQ,0) GO TO 10
NM2zN=2
El=0,

E2=0.
10 DO 30 I=1,N
TEMPEL, /AL, Il eaib,I)1=A12,T)0A13,1I))
IF{1.6Y.1)1 GO TO 15
T1=S(1,1)
T2=25t12,1)
GO TO 20
1% IMsI=3
TLI=2S{1lsT1=R{2eI)0XN{1,IM)=B({3,T)eX{2,1IM)
T22S(2yI)=B(2,110X{1,IM}=Bla,T)IeX{2,1IM)
IF{1.LT.N} GO TN 20
IF{INDJLE.O) GO TO 20
Ti=T1w€1
Y23T2~E2
20 X{1,I)% (A(&4I)0T1=A{3,I)OT2)TEMP
XI24I1x={A{241)8T1=A{1,])@®T2)OTEMP
TIFII.GE.NM} GO TO 30
IF{IND.LE,O0)} GO YO 30
2% EllEIOEll.I)'K(l.!)‘ElS.l"llZ'Il
E23E24E(2,I1*X U1, IV¢E(4,1090X(2,11
30 CONTINVE
IF (INDJ.LE.O) GD TO 40
Ti=zX{1,N)
Y2zX{ 24N} .
DO 35 I=i,NM2
X(14I12X(1,I)=D1141)10T1=D(3,7)°T2
3% X12,I)=2X42,1)=D{2,T1*T1~D{a,T)*T2
40 XeEN
DO 4% I=24N
KP=xK
KeK=1
X{1gKIEX(1 KD =ClLygK)OX(1 ,KP)=CUI3,K)OX{2,KP)
48 X (2,K)12X12,K)=Cl2,K)OX{1,KP)=ClayK}OX{2,KP)
RE TURN
END
SUBROUTINE BAKTRI(AGB,CyDyEySeXgLyNyIND)

c TO FIND x WHERE Ley=S AND UeXxzy WHERE

c L AND U VWERE FORMED BRY L=V DECOMPOSITION OF A TRIDIAGONAL MATRIX

[ OF QORDER N, IND=1 INDICATES THE ORIGINAL MATRIX IS CYCLIC,

4 HERE X STANDS FOR THE VECTOR JIINVERSE)}®G IN THE QUASINEWTON MET HOD.

[ A AND B CONTAIN DIAGONAL AND SUB=DIAGONAL ELEMENTS OF MATRIYX L,

[+ IF IND=1 THE ELEMENTS I=x=1 TN I=ZN=2 OF THE N=TH ROW OF MATRIX L

[+ ARE IN ARRAY E

[+ C COAINTAINS THE SUPER=DIAGONAL ELEMENTS OF MATRIX U,

c THE DIAGONAL ELEMENTS OF MATYRIX U ARE ALL EQUAL TO 1.

4 IF IND=3 THE ELEMENTS I=21 TO IZN=2 OF THE NaTH COLUMN OF MATRIX L

< ARE IN ARRAY D,

DIMENSION A(L) yBLIL) 4 ClLISDIL)ELL) 4SEL) 4 X(L)
T1END=N
IF{INDsGT+0) IENDEIEND=1

¢ {1) FIND Y,wWHERE Ley=S, (Y IS STORED IN ARRAY Xx)

[ BlIVOX(T=1)eA{T)oX(TI)=2S{I])
¥(11=2S5t1)/7A112)

D0 10 I=24,TENO
IMzI=-1

10 X(I)=(StI)=B{TI)eX({IM}}/ALT)
IF(IND.LE.O) GO TO 30

[+ IF IND=1, SUMIE(TIIOX(T) 121 TO N=2)4BIN)OXIN=1)*AIN)OX(N}=S(IN}

EX= 0,
NMZ N2
DO 15 131 ,NM
1% EXZEX4E{TIOX (1)
(NI {SIN)=BIN)OX{N=1)=EX)/A{N)}
XN=X (N}

[ (2) FIND X,WHERE Usx=y,

c

c X{K)I+CIK}ex{KeL)+D(K)OX (NIZY (K} FoRrR KETN-2 TN 1, IF IND=1,
00 25 TIx1,NM

2% X{ItzXt(1)«D(I)®XN
30 K=zN
DO 35 I=2,N
KP=K
MxK=-1
AS XUIXK)s X{K)=C (K)o X {KP)
QETURN
END
SUBROUTINE FUNCT(NJXC4FC,GC)
[ THIS SUBROUTINE CALCULATES THE VALUE OF THE AUGMENTED LAGRANGIAN, FC
[~ AND ITS DERIVATIVE IN RESPECTY OF EACH WX J)y UII,J)l, AND VIT,J),
(o4 GCtIJK), VHERE IJK TAKES VALUES BETWEEN 1 AND 3¢NXSNY,
c THIS ROUTYINE IS USED FOR IMPLEMENTING THE AUGMENTED LAGRANGIAN TECHNIQUE
4 OF NONLINEARLY CONSTRAINED MINIMIZATION TO ENFORCE *A POSTYERIORI®
[+ CONSERVATION OF THE INTEGRAL INVARIANTS OF THE SHALLOW WATER EQUATIONS,
COMMON/OLD/XOIB40) 4HO)ZO0yEO ALPHALBETA TG, F12)4NX  NY LX LY PNLTH
13PNLTZ4PNLTE UK, UZLVE

COMMDONZCONST/FL D¢ T oeDXSaDYSoDToFXysFY4FT G, TIME,IPR,ADJ,B80J, IND
DIMENSION XC(840),6C{5340) 4DZ21540),

1PHIS{1%,12),DH(280)

M3122N/3

M21=M12e1

M22zM12eM12

M3I1=M22+1

c CALCULATYE FUNCYION VALUE FC

SUMSQz0.,
D0 1 TIxiy,m22

1 SUMSQESUMSQeALPHASIXCITITI)=XDI(IT)) a2
D0 2 IT=M31,N

2 SUMSQzSUMSQ4BETA® (XC{II})=XO(II)) *e2

[ CALCULATE EoZZ AND K
ITHE™2 2
DO 21 JE1,NY
00 21 I=1,NX
IHEIH+1

21 PHIS{I4J)=2,*SORTIGOXCIIHY]}
CALL LOOK(IXCHL1) ¢XCU181) PHIS o XCII61) yNXGNYJLX F LY, HT,ZT4,ET)
HDIFz2HTY=HO
EDIF=ET=EOQ
ZDIF=2T=20
[

FCxSUMSQ4PNLTHOHDIF OS2 4PNLTZOZOIF 2 +PNLTESEDIFe®2
C+UHOHDIF+UZeZDIFQUERED IF
< CALCULATE D2/DU AND D2/0DV AND DZ2/DM
TOXS=pXxSe2,
TOYSxDYSe2,
DYS2=DYS/2,
oxXs2=pxs/72,
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Cz{=-DXSeDYS} 72,
NYMI=NY=1
AREARL1,/FLOATINXOINY=11)])
AREA2=AREA/2,
1U=x0
00 3 Jm1yNY
00 3 I=1,4NX
IU=IU+1
TVaIU+M12
IH2TUIM22
DZ IV} =0,
DZIIVI=O.
DZ{IH)=0,
DHIIU) =ARFA2
IFIJeE0,2.0R.J.EQ.NY) GO YO &
DMITIU) ZAREA
IHMS = THe]
IVMS= Vel
IVNSSIVMSe~)
JUMP = TU=14+NX
ITUMNE JU=]aNX
IUSP=TUSNX
IUSM=TU=NX
IFI{TNEL1) GO TO %
CYCLIC X BOUNDS

ITHMST IHMS+NX
IVMSEIVMSeNY
IVNS=IVNSeNX
TUMPZIUMP+NX
TUMMZTUMMSN X

5 TF{T4EQe2) IVNSxzIVNSenNX
IHPS=IHeY
IVeSaIvel
IVQeS=2IVPSe1l
TUPP=IU+14NX
TUPMz IUSI=NX
IF{I.NE,NX}) GO YO 6
IHPS=TIHPS~=NX
IVPSZIVPS=NX
IVOS3 IVQES=NX
IUPPEIUPP=NX
IUPMSTUPM=NX

6 IF{1.EQ,(NX=1)) IVOS=IVAS=NX
DZAIVIZ((LIXCUIV)I=XCIIVNS])/TDOXS={XC{IUMP)=XC{IUMM))/TOYSSF(J))
1/XCHIHMS) 1=l ((XCHIVAS)=XCI{IVI)I/TDXS=(XCIIVUPPI=XCIIUPM))/TDYSe
2FL{JI) /XCLIHPS)) ) #DYS2
OZUIH)I2Co2( {{XC{IVPS)=XC{IVMS})/TOXS=I{XCIIUSP)-XCIIUSH))/TDYS
1FIJI1®ee2)/7{XCiTIH) ®e2)

4 DZULsSO,
DZyr=o0,

IF(JGEJNYNL)} GO TO 7
IVPPEIV4L+NX
IVMP S JVel1eNX
IF{I.EQal) IVMPxZIVMPeNX
IF{I,EQ«NX) IVPPaIVPP=NX
IUSOSTUSNXANX
IHSP=IHeNX
DZUL=DXS2# L (XC{IVPP)=XCIIVMP) ) /TDOXS=IXCIIUSQ)I~=XCIIUII/TDYS+
1F1J+11)/7XC(IHKSP)
IF{JsLE.2) GO TO @
7 IVPMzIVel=NX
IVM¥zIveleNX
IFITeEQel) IVMMEZIVMMONX
IFIToEQ NX] IVPM=IVPM=NX
JUSNz I U=NX=wNX
IMSMx TH=NX
D2ZURZDXS28( {XC{IVPM)=XC{TIVMM) ) /TDXS=(XC {TU)=XCITUSN)I)}/TDYS+
1FLJ=1)} /XCULIHSM)
8 02(IV)=DZUL-DZUR
3 CONTINUE
CALCULAYE DF/DU
TALPHAZZ ,®ALPHA
TBETA=2,¢8ETA
C2zNXSepYS
C3SC28EDIF
€Cl1=2,9%C3
C4zUEPD XS®DYS
CsxCarz2,
DD 10 TU=1,mM12
IH=STIU+M22
10 GC{IUISTALPHAS(XC(IUI=XO0{IUI142,9ZDIFSDZIIU}*PNLTZ+UZeDZ(TL)
CHPNLTESCIOXCIIU)OXCIIHI*CAHOXC(IUIOXCITINH)
CALCULATE DF/DV
00 11 IVEM21,M22
IMsIVem12
11 GCUIVIZTALPHASIXCIIVI=XO{IV)IIe2,
TePNLTE®C1*XC{IVI®XC(IHI4CAOXCHITIY
CALCULATE DF/DH
00 12 IU=1,M12
IVaIU ML 2
ITHEIU+M22
UVHIXCUIU) 902+ XClIV]®®24+TGEXCI(IN)
12 GCUIHISTYRETAS IXCIIHI=XOULIH)) ¢PNLTHO2 ,¢HDIF*DOH({IUI+UH*DH IIU)
142 .%2D0IFSDZ (IH)SPNLTZ+UZ*DZ{IH)SPNLTESUVHOECISCBOUVH
RETURN
END
SURRPQUTINE WMONITIN,¥YC,FC,GC,NCALL)
COMMONZOLD/XOUB40) yHO 420 ,E0 JALPHASBETA, TG FI12) NXyNY LX LY PNLTH
S yPNLTZ,PNLTF UH,,UZ,UE
COMMON/RITE/NINGNOUT (NTAPE
DIMENSION XC{5%40) ,G6CI(540)
SUMSOz 0,
NXNYZINXSNY
GNORM=D,
D0 1 JU=1 NXNY
IVEIUSNXNY
IH=ZTV+NXNY
SUMSQISUMSQOCALPHA® { {XCLIUI=XO(IUI)®e24IXCLIVI-YXOULIV)I®*®2)4BETAS
IUXCH{THI=XO (IH)}ee2
GNORMIGNORMAGC(TIU} #424GCIIV)IS92+4GCLIH)I®2
1 CONTINUE
GNORMz=SORT(GNORM}
WRITE (NOUT,2) NCALL ,SUMSO,GNORM
2 FORMAT(1SHOSUMSO AT CALL 415,3H = ,E12.,4,10LH , GNORM = ,E12,4)
RETURN
END
11.4%.64,UCLP, S0, 042, 2.T72KLNS,

SZDIFeDZIIVI®PNLTZ+U2D2(1IV)
1e¢XCHI{IH)}



