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Abstract—A FORTRAN computer program is presented and documented which implements a new,
two-stage finite-element Numerov—-Galerkin method for integrating the nonlinear shallow-watcer equations
on a f-plane limited-area domain. In this method high accuracy is obtained by combining the Galerkin
product with a high-order compact (hence the name Numerov) difference approximation to derivatives in
the nonlinear advection operator. Conservation of integral invariants is obtained by nonlincar constrained
optimization using the Augmented-Lagrangian method, allowing perfect conservation of the integral
invariants for long-term integrations.

Program options include the use of a weighted selective lumping scheme in the finite-element method,
use of either a Gauss-Scidel or a successive overrelaxation (S.0.R.) iterative micthod for solving the
resulting systems of linear equations, a line-printer plot of the ficlds contours and finally, determination at
cach time-step of the values of three integral invariants of the shallow-water equations. A solver for periodic
pentadiagonal matrices resulting from the application of the high-order difference approximation is
included. Long-term numerical integrations (10 -20 days) have been performed using this program. Small-
scale noise was climinated using a Shuman filter, periodically applied to one component of the velocity field.

The method was determined to exhibit a consistently higher accuracy than the single-stage finite-clement
method and can be use to advantage by meteorologists and oceanographers. Duc to the code being modular
and flexible it can be changed casily to suit the aims of different rescarchers. A vectorized version of the
code, operittive on a CYBER-205 also is available,
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INTRODUCTION

It has become customary in developing new num-
crical methods for numerical weather prediction or
oceanography to study first the simpler nonlincar
shallow-water equations system, which possesses the
sume mixture of slow and fast-moving waves as the
more complex buarocline three-dimensional primitive
cquations of motion. One of the issucs associated with
numerically solving these equations is how to treat the
nonlinear advective terms (Cullen and Morton, 1980).
In this paper a two-stage Galerkin method combined
with a high-accuracy compact (Numerov) approxi-
mation to the first derivative is presented. For more
theoretical background the reader is referred to Cull-
en and Morton (1980) and Navon (19794, 19790,
1983).

The finite-clement method when applied to mete-
orological and occanographic problems gives an
accurate phase propagation and also handles non-
lincaritics well. The Galerkin finite-clement is conser-
vative and therefore avoids aliasing errors associated
with nonlincar terms. It has the advantage over the
finite-difference method of being flexibile in the treat-
ment of irregular domains and to allow a variable
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resolution, thus permitting a focus on regions of in-
terest.

This model can be used to model the upwelling
problem in occanography, to study current patterns in
coastal waters, and in meteorology it can be applied
for studying the dynamics of observed large-scale
waves in the carth’s atmosphere.

In the first section of this paper the finite-clement
Galerkin solution of the shallow-water equations is
reviewed and a brief survey of previous rescarch on
this topic in meteorology and oceanography is given.
The shallow-water equations describe the dynamics
of a shallow rotating layer of homogeneous, incom-
pressible, and inviscid fluid with a free surface. The
shallow-water equations model is capable of describ-
ing important aspects of atmospheric and oceanic
motions. The derivation of the two-stage Numerov-
Galerkin method for the advective terms of the shal-
low-water equations is given in another part of this
paper and the remainder is devoted to a description of
the finite-clement code and specifications for its use.
Typical run outputs arc provided to illustrate cach
stage of the calculations. A listing of the FORTRAN
IV source code of the program FEUDX is included in
the Appendix. (A vectorized version of the program
FEUDX, termed FEUDXI1, is available for interested
users.) The typical outputs illustrating the compact
storage method, the printer-plotted maps of the
height field as well as the constrained minimization
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procedure also are included. The code itself is docu-
mented amply with a wealth of comments—allowing
first-time users of a finite-element code to understand,
and if so wished, to modify, the finite-element pro-
gram.

THE FINITE-ELEMENT GALERKIN SOLUTION OF
SHALLOW-WATER EQUATIONS

Derivation of the basic finite-element algorithm

The barotropic nonlinear shallow-water equations
on a limited-area domain of a rotating earth (using
the f-plane assumption) have the following form:

U+ uu, +vu, + ¢, —fv =0

v, +uv, +vv, + ¢, +fu = 0 (1)
&+ (Pu) + (dv), = 0
0 < x € L, 0 £y < D, t = 0.

Here v and v are the velocity components in the x and
v directions, respectively; f is the Coriolis parameter
by the fi-planc approximation:

f =1+ [f(y - -’23)

where fund B are constants, L and D are the dimen-
sions of the rectangular domain of integration,
¢ = ghis the geopotential, &t is the depth of the fluid
and g the acceleration of gravity.

The beta plane assumption in a model consists of
a model in which the effect of the carth’s spherigity is
modeled by a lincar variation in the Coriolis param-
cter f = 2Q sin 0 about a mean latitude 0,, in an
otherwise planar geometry. This is termed the fi-plance
assumption. Here Q is the angular velocity of the
carth’s rotation and 0 is latitude. f = 2Q sin 0,
Bs = (2Q/ry) cos 0, where ry is the radius of the carth,

Periodic boundary conditions are assumed in the
x-direction, whereas rigid boundary conditions

()

v(x, 0,8 = v(x,D,t) = 0 3)

are imposed in the p direction.

In the finite-clement Galerkin discretization we use
linear piccewise polynomials on triangular elements
where for a given triangular clement each variable is
represented as a lincar sum of interpolating functions,
for example

3

wg = Y u(n¥(x. ) 4

1=}

where u (1) represents the scalar nodal value of the
variable # at the mode of the triangular element,
whercas ¥V is the basis function (interpolation func-
tion) which can be defined by the coordinates of the
modcs. Within cach triangle any point is affected by
only the three basis functions that have nodal points
at the three vertices of the triangle.

In what follows the Galerkin formulation with the
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Einsteinian notation is used. that is a repeated index
implies summation with respect to that index.
The notation used is

Y [ fe v dedy

elements

Sy ¥

.

JI | fe ¥, dxdy (5)

bal

which defines the inner product when a function is
multiplied by a trial function. A convenient procedure
for evaluating integrals for each triangle is given in
Zienkiewicz (1978) and Desai and Abel (1972). It
involves introducing triangular coordinates differing
linearly across each triangle in the same way as the
basis function. The integrals then can be evaluated
analytically using the following formula for area inte-
grals

H LLdxdy = — 22 )

i : (a+bd+c¢c+2)
where a. b, and ¢ are integers, L, (i = 1.2, 3)arc the
basic functions for the triangular lincar clement as
well as the natural coordinate variables.

i

]
L = ﬁ(a,y+h,x+c,) I = 1,23

A—arca of the triangle )]

a, = ,"/ - yk' bl = X - xp ¢ = '\.[,“k - xﬁ.r/

i, j, k cychcally permuted (4, j, & = 1.2, 3). (8)

The derivatives of the shape functions L, arc:

(_7_{2_.[_)’_“"—" i = 1.2.3 9
& Ty TR O

A time extrapolated Crank-Nicolson time-
differencing scheme was applied for integrating in
time the system of ordinary differential equations
resulting from the application of the Galerkin finite-
element method (Navon, 1979a, 1979b).

Upon introducing the time discretization in the
continuity equation, which is the first to be solved at
a given time-step, we obtain:

LR n AI nel "
Mg — &) — 5 Ki(¢/" + ¢)) = 0.(10)

Here n is the time level (¢, = nAr), Ar the time-

step, M is the mass matrix given by

M = ”nV,dA (1
where the element-mass matrix (3 x 3) is
2 1 1
M, = 21 2 (12)
12
I 1 2

obtained by using the intcgration Equation (6). K,
gives also rise to a (3 x 3) element matrix (Navon



Solving shallow-water equations 257

and Muller, 1979) and only after the assembly process
are the global (N x N) matrices obtained.

U’ kukEIdA+J."Pkak(¢;tld4
(13)

In our notation we use already the global matrices
and 4* and v* are given by

5 3 1 5

u* = SRR ;un - -_;u”" + O(Ar)
; | (14

v* = v”‘: = ;‘U" - ;v"" + O(Afz)

and result from the time extrapolated Crank-Nicol-
son method (see Douglas and Dupont, 1970; Wang
and others, [972: etc.). This method is used to quasili-
ncarize the nonlincar advective terms.

After an amount of algebra the v and v-momen-
tum equations arc obtained with the following form:

At
MW =)+ = KN + o)

At
+ 5 (RN + K + APy = 0,
(15)
At
M) =) + = KN+ )
+ ——(I\"" Ky) + APy = 0,
(16)

where the following matrix definitions have been used

K;:”;;AV,\ dA+”vAVA ‘;:'dA(l?)
Ky o= ”df” oV v, dA, (18)

J [rorvivian, (19)

Kt = Uu;'n ’dA + ”v;lfk%?d/a,(zo)

K U(p“'" X1, d4, @n

= j 1[ Sl v vdA 22)

and similar definitions for K75, and K3, respectively.

Brief review of previous finite-element solutions of
shallow-water equations in meteorology and
oceanography

Interest in solving the shallow-water equations
using the finite-clement method had been increasing

during the last few years. The shallow-water equa-
tions have been used for a wide variety of coastal
phenomena such as tide-currents, pollutant disper-
sion, storm-surges, tsunami wave propogation, up-
welling, drift-sand transport. etc. A comprehensive
review of the application of the finite-element method
for solving shallow-water equations describing coas-
tal as well as oceanographic phenomena was provided
by Kawahara (1980). He compared the different
finite-element methods as far as time integration
procedures, selection of interpolating elements, and
finally different applications are concerned.

Brebbia and Partridge (1976a. 1976b) as well as
Connor and Brebbia (1976) described shallow-water
finite-element models applied to modeling tidal effects
and current patterns in coastal waters. Hua and Tho-
masset (1980, 1984) applied a finite-element scheme
for the problem of coastal upwelling induced by winds
in the sea waters using a two-layer shallow-water
equations model and a semi-implicit time-integration
scheme. Their model was built following that of
O’Bricn and Hulbert (1972). For an implementation
of the Hua and Thomasset method for studying efl-
ccts of coastline geometry on upwellings sce Crepon,
Richez, and Chartier (1984). Foreman (1983, 1984)
analyzed the accuracy of finite-clement methods
which solve lincarized shallow-water equations inclu-
ding group-velocity analysis as well as phase-velocity
error analysis. This analysis however is limited by the
lincarity assumption as well as by the assumption of
periodic boundary conditions. In his 1984 paper,
Foreman (1984) analyzes the wave equation finite-
clement method developed by Gray and Lynch (1978)
who transform the continuity equation in the shallow-
water equations model to a second-order partial dif-
ferential equation. He also analyzes the Thacker
(1978) irregular grid finite difference technique—and
draws conclusions as far as accuracy and computa-
tional costs are concerned. Amongst his conclusions is
that Crank-Nicolson is the best time-stepping method
to use. He also recommends use of cquilateral tri-
angles to represent accurately phase group velocity.
Malone and Kuo (1981) used a semi-implicit finite-
clement method for computing low-frequency, low
wave motions driven by tides and wind on continental
shelves. Earlier work on the same topics was carried
out by Fix (1975) and Taylor and Davis (1975; sce
also Praagman, 1979).

In meteorology, the first application of the finite-
element method to the shallow-water equations was
by Wang and others (1972) solving the one-dimen-
sional shalfow-water cquations using a Crank-Nicol-
son time-discretization. Cullen (1973, 1974) solved the
shallow-water equations both on a f-planc and on the
sphere and pointed out some problem arcas, Cullen
and Hall (1979) provided a clear cxposition of the
finite-clement method and the analysis of the spatial
evolutionary error in different finite-clement schemes.
Hinsman (1975) and Hinsman and Archer (1976) used
linear equilaterial triangles defined on an icosahedral
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mesh for solving the shallow-water equations on the
sphere using an extrapolated Crank-Nicolson time
differencing scheme. Kelley and Williams (1976).
Older (1981), and Woodward (1981) used shallow-
water equations finite-element models using differ-
ently shaped triangles (right-angled and equilateral
ones) as well as vorticity-divergence formulations
coupled with a semi-implicit scheme. An article by
Hinsman, Williams, and Woodward (1982) sums up
the results. Williams (1981) examined staggered and
unstaggered finite-element formulations for both pri-
mitive and vorticity-divergence forms of the shallow-
water equations. Williams and Zienkiewicz (1981)
proposed a mixed-order type element on a staggered
grid for linearized 1-D shallow-water equations and
prove that the staggered formulation should be
superior. Navon (1977) reviewed the application of
finitc-clement methods to quasilinear fluid flow,
whereas Navon (1979a, 1979b) as well as Navon and
Muller (1979) solved the shallow-water equations in a
channel on the f-planc using different mass-matrix
formulation concluding that a mixed mass formula-
tion defincd by the average of consistent and lumped
mass matrices gave the best results (see also Navon
and Riphagen, 1979 and Navon and de Villiers, 1983).

Sasaki and Reddy (1980) studied the advection of
a circular vortex using bilinear square elements. They
were the first to propose a constrained variational
method for enstrophy conservation noting that it im-
proved the long-term numerical integration resuits,
Cullen and Hall (1979) extended the finte-clement
mecthod comparisons to 3-D general circulation
simulations.

Staniforth and Mitcheli (1977) proposed a finite-
clement method based on two-dimensional Chipeau
basis function having a nice scparability property and
applied it to the shallow-water equations on the
sphere. The method proved to be efficient for storage
and was extended to limited area 3-D by Staniforth
and Daley (1979) in a nested baroclinic model simu-
lation. Staniforth (1982, 1984) provided a compre-
hensive and lucid review of finite-element method
applications to meteorological simulations covering
the ficld up to and including 1982.

Navon (1982, 1983) introduced the Numerov-
Galerkin finite-element method for the shallow-water
equations with an Augmented-Lagrangian con-
strained-optimization method to enforce integral in-
variants conservation. Similar work was done by
Zienkicewicz and Heinrich (1979) with a finite-clement
penalty method, and by Zienkicwicz and others
(1984).

Boundary condition implementation

T have adopted an approach suggested by Hucbner
(1975). In this approach one modifies the diagonal
terms of the global matrix associated with the nodal
variables by multiplying them by a large number, say
10" (selected with a view toward the significant digits
available on the local computer facility and the size of

1. M. Navon

the field variables) whereas the corresponding term in
the right-hand side vector R in the linear system of
equations

KX = R (23)

where K is the global matrix, is replaced by the speci-
fied boundary nodal variable multiplied by the same
large number time the diagonal term. This procedure
is repeated for all the boundary nodal variables.

If for instance, in the matrix K the boundary con-
dition

X =8 (24)
is to be implemented then its implementation is
[ kll .kll k!l\ -1
kpky oo ool k1000 L k.
Lknikn: .. Ky
[ %1 ] R
X3 R_w_
x = : (25)
X, B.- K, 10"
L Xy L. RN -

THE TWO-STAGE NUMEROV-GALERKIN SCHEME

The two-stage Galerkin method (see Cullen and
Morton, 1980) is applied to the nonlincar advective
terms of form vdv. If we consider the advective opera-
tor

dv

U ~—

Liu,v) = e

(26)
then as shown by Cullen and Morton (1980) we can
consider two methods.

A direct Galerkin approximation

{ilx)

(ikt). v = CXP

Using two functions u = exp

with & = kh, n o= lh

N
where h is a positive mesh length one can show the

asymptotic truncation error of u(fv/dx) is (by as-
suming Fourier modes)
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an* + 8n°E + T — 28
P B 7*0" 11 g
and if ¢ = n
17
|T.E] ~ % n*. 29

The two-stage Galerkin approximation
In this approach one calculates the Galerkin ap-
proximation to év/¢x which we term Z:

1 2 1 1,
F)z  + 3Z,+ ~Z_, = -z-h "W = V)30
Then we calculate the product
¢
W= ue &1
éx
1 2 l 1
gwu + 3W + = T:,‘:(Ul—lzhl + 0.7
+UZ  +UZ,, + U.Z + U, 4,
1
+ rz'UIZ, (32)

This can be shown to give an algorithm with an
asymptotic truncation crror of

R + 38y + 28" — 4]

T.E.
Tvu'»-uuxc r!l G 720
33
and if ¢ = n
. 3
ITE] ~ =—1n (34)

720

Two-suge N G

that is, an error at least six times smaller than Equa-
tion (29). In our approach we combine the two-stage
Galerkin method with a high-order compuct implicit
difference approximation to the first derivative.

This approximation has a truncation-crror of
0(/") and usces a finite-difference stencil of 2/ + 1 grid
points—at the price of solving a 2/ + | banded matrix
(sce Swartz and Wendroff, 1974; and Navon and
Riphagen, 1979). The compact Numerov 0(4") ap-
proximation to dv/dx is given by

1 Ju Cu du
—| = 16 { — 6
70 [(ax)nz * (ax>n| 3 (() ‘)I
Ju cu
~e(3),+ ().

= 84/[ 5“1 B 3"“1 1 + 32"”] + 5“152]

h = Ax = Apy. (35)

The estimation of dv/Cx necessitates solving a pen-
tadiagonal system of the form:
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~
~ ~ ~
0 I T

—Svy — 32v; + 32v, + Sty

—S'U| - 3214': + 32'1/4 + 5'05

—Suy 4 = 3oy 2+ vy + Suy

-—5'UN‘__3 - 32‘0\ : + za'U-v + S'UNVH

0

(36)

Here we interpolate v, and v " using
3

v, = dv, — 6v, + dv, — v,
(37

Vy = dvy — bvy | + duy

- v
vt N

whereas for the intermediate expression Z we have:

(Fv>
i
o/,

—25v, + 48, — 36w, — lév,
12h

7

i

- Y,

+ 0(h')

Jv
Zy = [ =—
i (Qv),

3v.v‘,~4 - I("U,\"-) + 36‘0.\1‘
B 124

[ 48‘0“/‘_[ + 251";‘1‘(

+ 0(/*). (38)

For the second stage of the finite-clement-
Numerov-Galerkin we solve a tridiagonal system of
the form

4 I

AN
TR
g NN ) 1 [“]
o~
NMoog

l 7 |+v/.,|+vl«|z]+
12 v,,.z, + 07, +u,Z, + 60,7 |
39

In the sccond stage we interpolate the values of Z; and
Zy,,, in a way similar to Equation (38). A penta-
dxagonal and a cyclic pentadiagonal matrix solver
(nccessitated due to periodic boundary conditions)
were developed following Von-Rosenberg (1969) and
generalizing Ahlberg, Niclson, and Walsh (1967), re-
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spectively. A detailed account of the pentadiagonal
solver will be published elsewhere.

COMPUTATIONAL ECONOMY DUE TO THE
NUMEROV-GALERKIN METHOD

The u and v momentum Equations (15) and (16)
undergo changes due to the use of the Numerov-
Galerkin finite-element method. Denoting

“ oz, L

. = Z,
cx v

(40)
the intermediate Numerov approxiamtion represent-
ing the first-stage derivatives ¢, 4 and ¢, v respectively
and similar notation Z,,, Z,, for the y derivatives
corresponding to the intermediate stage of the
Numerov-Galerkin. We get the following modified
matrix y-momentum equation

MU — &) + At [(Z)F + (vZ,)F = vt}
= ALK, (41)

and in a similar manner we obtain the modified v-
momentum equation

MU ~ o) + At {(vZ, 00 + @' 7)), + L)

1 }
= A’Ru (42)

where

! Lo ”
Ry = (KW' + KW Ry o= KV + KD,

(43)

Compared to the single-stage Galerkin finite-
clement method we observe that Equations (41) and
(42) result in a computational economy as the mass-
matrix M is time-independent and is calculated only
once. Thus, the solution process is simplified com-
pared to the single-stage Galerkin where we have to
solve the matrix equations

(M + ﬁ‘3_1 K;) W =) = AlKy + Py + K3)).

(44)

PROGRAM FEUDX

Grid geometry

In our situation a cylindrical channel is used sim-
ulating a latitude belt around the carth (see also Hin-
sman, 1975; Kelley and Williams, 1976; Older, 1981;
and Woodward, 1981). We have north-south walls
and we use triangular right-angled clements to sub-
divide our domains. Cyclic continuity is assumed in
the x dircction to simulate flow around the carth. In
the v direction we have the north-south walls; sce also
discussion about implementation of the boundary-
conditions.
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Initial conditions and test problem

The test problem used is one for the nonlinear
shallow-water equations in a channel on the rotating
earth, that is the initial height field condition No. 1
used by Grammeltvedt (1969), which has been tested
by different researchers (Cullen and Morton, 1980;
Gustafsson, 1971; etc.). This initial condition can be
written as

D2 — ¥
ghlx.y) = ¢ = g{Hu + H tan h <(—;5—L)>
L (D2 — ¥)\sin 2nx
+ H.sech ( D ) T }

45)

The initial velocity ficlds were derived from the
initial ficld via the geostrophic relationship. that is

—g\h
—-¢_,, or u = (7—-)3.

A
fv = ¢, or v (;):—é (46)

The constants used were:

L = 6000km, g = l0msec
D = 4400km, H, = 2000m,
f o= 10 *sec!, H, = =220m,
B = 1S x10""sec 'm ', H, = 133m.
(47)
The time and space increments
h = Ax = Ay = 400km
At = 1800 sec @)

(For stability considerations sce Navon, 1979).
The model was tested mainly on a (15 x 12) regular
grid domain, but the code allows for any resolution.

Computer implementation

Program philosophy und architecture. The program
is modular and is complemented with easily reachable
switches controlling print and plot options and the
display of intermediate results. The program is docu-
mented amply, the function of cach module being
described in a short phrase.

Input specifications. The input to the program
consists of a single data card of format (F5.0,515)
containing the following six parameters:

DT—thc time step in seconds.

NLIMIT—total number of time-steps.

MF—a parameter controlling output operations
of the program, that is specifying that after MF time
steps subroutine QUT is to be called.

NOUTU—a parameter controlling printout of the
u-component of the velocity field. If NOUTU = 0
the u-velocity ficld is printed by subroutine OUT.
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NOUTV--a parameter controlling printout of the
v-component of the velocity field. If NOUTV = 0no
printout is obtained, and if NOUTV # 0 the v-velo-
city is printed by subroutine OUT.

NPRINT—if NPRINT # 0. the global nodal
numbers of each triangular element as well as the
indices of all the nonzero entries of the global matrix
along with the node coordinates are printed out. If
NPRINT = 0, none of the mentioned information is
printed out.

The main program FEUDX

The main program initializes all variables and then
reads the only data card of the program. It then
proceeds to index and label the nodes and the ele-
ments, thus setting up the integration domain. This is
done by subroutine NUMBER. (We have 16 x 12 =
192 nodes and 330 elements, for the test case.)

Subroutine CORRES dctermine the nonzero loca-
tions in the global matrix and stores them in array
LOCAT. The initial fields of height and velocity are
sct up by subroutinc INCOND. The derivatives of the
shape functions are calculated in AREAA. A compact
storage scheme for the banded and sparse global ma-
trices is implemented in subroutine ASSEM. This
method was devised initially by Hinsman (1975) and
used by Kelley and Williams (1976), Navon (1979a,
1979b, 1983). as well as by Older (1981) and Wood-
ward (1981; see also Hinsman, Williams, and Wood-
ward, 1982). The method is based on the fact that the
maximum number of triangles supporting any node is
six. Each row & in the N x N global matrix re-
presents the equations written as point £ and, in the
global matrix, cach row would have at most seven
entries. Thus we have only (N x 7) nonzero entries.
To reduce the (N x N) global matrix into an
(N x 7)condensed matrix, a correlation address ma-
trix, also of size (N x 7), storing pointers for each of
the seven points involved in any row of the global
matrix, has to be saved also (for details, see Hinsman,
1975 or Woodward, 1981).

Four different types of element matrices (3 x 3)
will be required for assembly in the global matrices.

2 12
(1) M=”'m;d,1 =% L2 1
‘ (I

(49)

where A is the arca of the triangular clement.

[[tyas

I

oV,
(b) ” VK%‘jdA

b, by b
R

bl b2 hl
b, = x, — x, (51)
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where x, and x, are the Cartesian coordinates for a
given triangle.

@ [[ v, L v

X

where p, stands for either 4,. v, or ¢,.
Then

¢

” Vep, C—I‘/' Vdd

J j Vip, 5’% Vdd

= ﬁpjb, H VV,dd
2 1
= -Z—lZZp,b,% o2
P2
2 1 1

I
= ekl 2 )
Lo

(3]

(52)

where p, stands for either u,, v, or ¢,.

hl
Ilf V//’/ Ve Z" dA

b, A A 1
- 52(2 E”‘*E”“) =%

ov,
) U Vp, Vi 5 dA
) .

L)

1tk
1=1

2p, + P, +P3)b|
x| (py+2p+ )by (py+2p, +p1)by (p+2py + pi)by

Qpy + pr+ )by (2p, + py + py)by

(py+ P+ 20305, (py+py+ 2000y (p+ Py + 2p))b,
(53)

A switch, denoted NSWITCH is set for sclecting
between the different types of element matrices. After
setting up the time independent global matrices the
program proceeds to the main do-loop which per-
forms the time-integration and which is executed once
for every new time-step.

As the solution of the nonlinear constrained opti-
mization problem of enforcing conservation of the
nonlinear integral invariants requires scaling of the
variables so that the scaled variables should be of
some order of magnitude and order unity in the region
of interest, the scaling is performed in the main pro-
gram as well as in subroutine INCOND.

The scaling also should result in the nonlinear
equality constraints being of the same order of mag-
nitude to avoid one constraint dominating the others.

In the main integration loop the simulation time is
set up and adjusted and then the subroutines ASSEM
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and MAMULT set up and assemble the global ma-
trices which then are added up in a matrix equation,
first for the continuity Equation (10) and in a similar
manner for the u and v-momentum Equations (41)
and (42).

Subroutine SOLVER then is called to solve the
resulting system of lincar equations (of block tridia-
gonal form) either by a Gauss-Seidel or S.O.R.
method, with different parameters for the continuity
and the ¥ and v-momentum equations.

The new field values for the geopotential and velo-
cities, @', «*', "' respectively, are used im-
mediately as obtained in solving the coupled shallow-
water equations system. For the « and v-momentum
equations, the new two-stage Numerov-Galerkin
scheme is implemented. Separate routines are set up
for the x and y-derivatives advection terms, DX and
DY respectively. The role of these subroutines will be
discussed in detail when individual subroutines are
described.

The boundary conditions are implemented by sub-
routine BOUND. Periodically, a Schuman filtering
procedure is implemented for the v-component of
velocity only, by calling subroutine SMOOTH. The
integral invariants are calculated at cach time-step by
calling subroutine LOOK.

If the variations in the integral invariants exceed
the allowable limits 8., d,., or §,, the Augmented-
Lagrangian  nonlincar  constriined  optimization
procedure is activated. The unconstrained optimiza-
tion uses the conjugate-gradient subroutine EO4DBE
of the NAG(1982) scientific library, which determines
an unconstrained minimum of a function of several
variables, using first derivatives, by the conjugate-
gradient method.

One sets up an Augmented-Lagrangian function,
with initial multipliers UH, UZ, and UE correspond-
ing to the constraints of total mass, potential e¢n-
strophy, and total encrgy, respectively; also initial
penaltics PNLTH, PNLTZ, and PNLTE are set up.
Aninitial value for the parameter ETA (scaled) is also
sct up.

An array XC contains the variables before the
construined minimization adjustment. The NAG k-
brary conjugate-gradient unconstrained minimizer
solver EO4DBF is used to minimize the Augmented-
Lagrangian. The unconstrained minimization is con-
sidered to be accomplished once a threshold accuracy
dependent on ETA s attained.

Thereafter, the Lagrange multipliers, penalties and
the paramcter ETA arc updated (see Navon and de
Villiers, 1983) and another cycle of Augmented-
Lagrangian minimization is carried out.

The process is set to stop cither when the nonlincar
cquality constraints are satisfied within a preset accu-
racy or when ETA becomes too small, that is when the
number of Augmented-Lagrangian minimization cy-
cles exceeds a preset limit. Practically 4-5 Augmen-
ted-Lagrangian minimization cycles were determined
to be suflicient.
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Subroutine EO4DBF calls a user-supplied subrout-
ine FUNCT which evaluates the function value and
its gradient vector as well as subroutine MONIT
whose purpose is merely to print out different mini-
mization parameters. After a predetermined number
of steps. subroutine OUT is called, which in turn calls
upon the subroutines LOOK and MAPPA to cal-
culate the integral invariants and to produce a line-
printer plot of height or of velocity fields contours.

Detailed description of the various subroutines

Subroutine INCOND(PSI.U,V H FNODE,
NROW NCOL}. Subroutine INCOND sets up the
initial height field and geopotential field and then
using Equation (45), calculates the initial velocity field
componcnts « and v as well as the Coriolis parameter

/. 1t prints out the initial ficlds and calls upon LOOK

and MAPPA to gencrate initial-time integral in-
variants as well as a lineprinter plot of the geopoten-
tial field.

Parameters of INCOND:

PSI—recal array of dimension NODE (geopoten-
tial).

U.V—real arrays of dimension NODE. Contain
on cxit the # and v wind components.

F—real array of dimension NODE. Contains on
exit the Coriolis parameter.

NODE - integer-total number of nodes (180).

NROW —integer, number of nodes-1 in x dirce-
tion.

NCOL —integer, number of nodes-1 in the y-dirce-
tion.

Subroutine NUMBER (NPRINT). Subroutine
NUMBER labels the elements in a direction sclected
to minimize the maximum bandwidth, numbers the
nodes, and stores the global node numbers of the
three vertices of cach triangle (clement). In addition,
the global coordinates of cuch node are calculated and
the cyclic boundary conditions implemented. IF
NPRINT = 0 no printout occurs. Otherwise the
array NOD which stores the global node numbers of
cach element along with the arrays X and Y which
contiin the coordinates of all the nodes is printed.

Subroutine AREAA This subroutine calculates the
x and y-derivatives of the shape functions and stores
them in the arrays AT and BT of dimension (3,300).
There are 330 clements (15 x 11 x 2). It also cal-
culates the arca of the triangular element.

Subroutine BOUND (LEFT RIGHT.BX.BY,
NBX.NBY NODEJC.JR). This subroutinc imple-
ments the boundiry conditions (as dctailed in the
section on Boundary Condition Implementation),
after the system of lincar equations AX = R has been
obtained.

The parameters of subroutine BOUND are:

LEFT—recal array of dimension (7,NODE). On
entry LEFT contains the nonzero elements of matrix
A. On exit it contains the modified matrix A through
implementation of the boundary conditions.
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RIGHT—real array of dimension (NODE). On
entry contains vector R. On exit R is modified accord-
ing to the boundary conditions.

BX.BY—real arrays of dimensions (2,JC), (2,JR)
respectively containing the boundary values.

NBX.NBY—integer arrays of dimensions (2.JC),
(2.JR) containing the numbers of boundary nodes.

NODE-—already defined.

JC.JR—number of boundary nodes in the x and
y-directions respectively.

Subroutine OUT (U V. .PSIJCJR NODE,
NOUTUNOUTV,TIMENTIME.F). Subroutine
OUT is an output routine which, when called upon,
prints out the height field as well as the U and V fields.
OUT calls subroutines MAPPA and LOOK.

Parameters of OUT (not defined previously):

NOUTU.NOUTV—integers specifying printout
options for U and V fields.

TIME—real, the real time,

NTIME—integer, specifics number of time-steps.
Subroutine SOLVER (COMA . RIGHT XSOLV,
NODE.EPSITERMAX). This subroutine is dedi-
cated to the solution of the resulting system of lincar

algebraic equations of the form

AY = R (54)

by iterative methods. Two versions are available. One
using a Gauss-Scidel iterative method whereas the
other uses a successive under-relaxation method with
different relaxation parameters for the systems result-
ing from the continuity and the v and v-momentum
equations  respectively.  An  under-relaxation  was
determined to perform best in the situation.

The parameters are:

COMA —a real array of dimension (7, NODE). On
entry the array COMA contains the nonzero entries
of the matrix A. Unchanged on exit.

RIGHT—rcal array of dimension (NODE). On
entry the array RIGHT will contain the elements of
the right-hand side vector R. Unchanged on exit,

NODE—number of nodes which is also the num-
ber of equations.

XSOLV—real array of dimension NODE. On
entry XSOLYV contains a first guess for the solution
vector. On exit XSOLYV contains the solution vector
obtained by the iterative procedure.

EPS—rclative crror controlling the iterative
process, that is if

I — 20y
we stop successfully the iterations, the procedure has
been completed successfully.

ITERAMAX—maximal number of iterations. If
convergence has not been reached after ITERAMAX
itcrations the procedure is completed unsuccessfully
and it will print *“NO CONVERGENCE".

Subroutine MAMULT (COMAVECTOR,
RIGHT ,NODE). Subroutine MAMULT multiplics a

matrix stored in compact form (i.e., only nonzero

entries) by a vector V. Here COMA contains the real
array of the compact matrix of dimension (7,NODE).

VECTOR—real array of dimension NODE.

RIGHT—real array of dimension NODE. On exit
it will contain the product R. (COMA:V = R).

Subroutine ASSEM (COMA STINODENELE,
NSWITCH PSIUV,CODI,AREA). Subroutine
ASSEM assembles the local 3 x 3 element matrices
for each element of the domain and stores the non-
zero coefficients in compact form in the global matrix
COMA. Here NODE is the integer number of nodes
and NELE the integer number of elements.

NSWITCH—is an integer which determines which
type of local element matrix must be used for the
assembly into a global matnx. [Type (a). (b). (). or (d)
following Eqns. (49)+(53)}.

STl—a real array of dimension (3.3) serving as
working space used for generating the different
(3 x 3) elcment matrices.

PSIUV-—a real array of dimension (NODE). On
entry contains the values of cither U, V, or PSI fields
depending upon the type of global matrix to be
assembled. Unchanged on exit,

CODI-—is a recal array of dimension (3,NELE)
containing on entry the x or y derivative of the shape
functions. Unchanged on exit.

ASSEM also uses the array LOCAT of dimension
(6,NODE) which is a pointer-address matrix contain-
ing all the indices for nonzero ¢lements in the global
matrix. For cach node LOCAT is giving a connectiv-
ity list of the adjacent nodes plus the node itself. In
total, 7 for interior nodes or § for boundary nodes.
For cach triangular element, ASSEM is searching for
a correspondence between the 3 node numbers of the
element and the nodes connectivity list to determine
the position in the global matrix where the contribu-
tion is to be added.

Subroutine CORRES(NPRINT). Subroutine
CORRES locates all the nonzero locations of the
global matrix—by establishing the connectivity list
—and stores these indices in the array LOCAT of
dimension (6,NODE).

The parameter NPRINT when different from zero
will cause the array LOCAT to be printed (sec exam-
ple of such a printout).

Subroutine MAPPA (PSI.C NX NZ.G). This sub-
routine provides a visual display of the height (geo-
potential) field by lineprinting an isoline contour plot
of the height ficld for every 50 m. The parameter PSI
is the forccast field to be contoured, whereas the
parameter C is the inverse of the contour interval
multiplicd in this instancc by the relevant scaling
factors. Here NX is the number of nodes + 1 in the
xdirection and NZ is the number of nodes + | in the
y direction.

Subroutine LOOK (UU. V'V ,PSIPSINX,NY,
TIMENTIME.G.NODE,F). This subroutine cal-
culates, at cach time-step it is called the total energy,
potential enstrophy and mean height (total mass)
which are the integral invariants of the shallow-water



264 I. M. Navon

1ELEMENT NUMBER NUMBER OF NODES
2

1 1 13

2 14 2 13
3 2 14 3
4 1S 3 14
5 3 15 4
6 16 4 15
7 4 16 5
8 17 S 1R
9 S 17 []
19 18 6 17
11 6 18 7
12 19 7 18
13 7 19 8
14 20 8 19
15 8 20 9
16 21 9 20
17 9 21 10
18 22 19 20
19 1 22 1
2 2y 11 22
21 1123 12
22 24 12 23
23 13 25 14
24 26 14 25
25 14 26 15
26 27 15 26
27 15 27 16
28 28 16 27
29 16 28 17
Jo 29 17 28
3 17 29 18
32 30 18 29
33 18 Y0 19
34 3t 19 Je
33 19 31 20
36 32 20
37 20 32
38 33 21 3
39 21 33 22
40 J4 22 33
41 22 34 23
42 35 23 34
43 23 35 24
44 36 24 35
45 25 37 26
46 8 26 37
47 26 38 27
48 39 27 38
49 27 39 28
50 49 28 39
51 28 40 29
52 41 29 40
53 29 41 Jo
54 42 38 4
55 3a 42 N
56 43 31 42
57 31 43 32
58 44 32 43
59 32 44 33
60 45 33 44
61 33 45 M4
62 46 34 45
63 34 46 35
64 47 35 46
65 35 47 36

Figure 1. Typical clement and nodes numbering for triangu-
lar finite clement on rectangular domain.
cquations. It also can calculate CPU-time spent be-
tween a given number of time-steps. Here UU, VYV,
and PSIPSI stand for the velocity ficld components

and the geopotential field respectively.

Subroutine DX (RS ANODENRNC.DISTX).
Subroutine DX implements the two-stage Numerov—
Galerkin algorithm described previously for the ad-
vective terms in the « and v-momentum equations
involving the x-derivative.

In the first stage it calculates the O(4") accurate
generalized-spline approximation to the (du/cx) first
derivative by calling upon subroutine CYCPNT
which solves a periodic pentadiagonal system of lincar

1 NODE  NEIGHBOURING NODES

1 13 2 169 170 [ (]

2 1 13 14 3 170 171

3 2 14 15 4 171 172

4 3 15 16 5 172 173

5 4 16 17 6 173 174

6 S 17 18 7 174 175

7 ] 18 19 8 175 176
8 7 19 20 9 176 177
9 8 20 21 1@ 177 178
190 9 20 22 B 178 179
1 19 22 23 12 179 180
12 1 23 24 180 (] e
13 1 2 14 25 @ [}
14 2 13 3 15 25 26
15 3 14 4 16 26 27
16 4 15 5 17 27 28
17 5 16 6 18 28 29
18 [ 17 7 19 29 390
19 7 18 8 29 Jeo N
20 8 19 9 ‘ n 32
21 9 29 19 22 32 33
22 190 21 1" 23 33 J4
23 1" 22 12 24 34 35
24 12 23 35 36 [ Q
25 13 14 26 37 ) L)
26 14 25 15 27 37 38
27 15 26 16 28 38 39
28 16 27 17 29 39 40
29 17 28 18 Jo 49 41
390 18 29 19 N 41 42
N 19 30 28 32 42 43
32 20 3 21 33 43 44
33 21 32 22 34 44 45
34 22 33 23 35 45 46
35 23 34 24 36 46 47
36 24 35 47 48 -} [
37 25 26 38 49 [ [
38 26 37 27 39 49 50
39 27 38 28 49 50 51
40 28 39 29 41 51 52
41 29 49 Jo 42 52 53
42 30 41 p3) 43 53 54
43 3N 42 32 44 o4 35
44 32 43 33 45 55 56
45 33 44 34 46 56 37
46 34 45 35 47 57 58
47 35 46 36 48 58 59
48 36 47 59 60 (] 0
49 37 J8 50 K1 -] 9
30 38 49 39 51 61 62
51 39 59 49 52 62 63
52 49 51 41 53 63 64
53 41 52 42 54 64 65
54 42 53 43 55 65 66
55 43 54 44 56 66 67
56 44 55 45 57 87 68
57 45 56 46 58 68 69
58 46 57 47 59 69 70
59 47 58 48 14 70 71
6@ 48 59 n 72 [ ]
61 49 59 62 73 o -]
62 5e 61 51 63 73 74
63 51 62 52 64 74 75
64 52 63 53 65 75 76
65 53 64 54 66 76 77
66 54 65 55 67 17 78
87 55 66 56 68 78 79
68 56 67 57 69 79 8e
69 57 68 58 70 89 81
79 58 69 39 7 81 82

Figure 2, Neighboring nodes for each node, that is triangles
supporting given node.
cquations generated by the spline approximation.

In the sccond stage it implements the second part
of the Numerov-Galerkin algorithm for the nonlincar
advective term u(éu/Cx) and solves a cyclic tridiagonal
system [Eqn. (39)] by calling upon subroutine
CYCTRD. The final result is rcturned in the array
R(192).

Subroutine PENTDG (U, F.NX). This subroutine
solves a pentadiagonal system of lincar equations of
the form:

A«U(l — 2) + BsU( — 1) + C+U(D)
+ D+U(I + 1) + E«U(l + 2)
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1
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9

+ 222222222 111 oed 999 8888888888
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222222222 1" 8 999 88888888888888
222222222 1 @ 999 8588838883388888

1"

+ 222222222 m ® 99 ©8888888888888888
222222222 111 © 99 8885388888888888
222222222 m 9@ 99 8888588888888888

12

+ 222222222 1 © 999 88888886888088883
222222222 111t 00 999 8588588888888
222222222 1111 @8 99 88588888888

13

+ 222222222 111t 98 999 88888888888
222222222 111 89 999 888888308888
222222222 1111 00 99 8888888888

14

+ 222222222 1111 00 9999 8888888888
222222222 1" 09 9999 868888888
222222222 LARN 2900 9999 888888888

15

+ 222222222 111 008 999 888368888
222222222 1"y 000 999 88888888
222222222 11111 Q00 999 88888888
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+ 222222222 1in 000 99 88888888

1 2 3 4 S 7 8 9 19 1 12
INITIAL CONSTRAINTS, H, Z & E: 0.200000E-01 ©.695017E+01 0.580040E+00

Figure 3. Initial height ficld using space resolution of

Ax = Ay = 400km, contoured in intervals of 50m,

from 1800 to 2200 m. Scaled values of total mass (H ), potential enstropy (Z), and total energy (E) also are

displayed. Grid of 16

= F(l) 1 €1 < (56)

This is a utility subroutine.

Subroutine CYCPNT (Z2,Z.NX). This routine
solves a periodic pentadiagonal matrix (resulting
from the periodic boundary conditions in one coor-
dinate direction). The method used extends an
algorithm due to Ahlberg, Niclson, and Walsh (1967)
and it uses subroutine PENTDG for solving part of
this algorithm.

Subroutine NCTRD (U,D,NX). This is a special-
ized tridiagonal solver routine which implements the

x 12 points was used.

sccond stage of the Numerov-Galerkin method [Eq.
(39)] for the (du/cy) derivative (i.e., the one which has
no periodic boundary conditions) in subroutine DY.
Subroutine CYCTRD (D,Z.NX}. This subroutine
is a cyclic tridiagonal solver implementing the second
stage of the Numerov-Galerkin method for the (du/
&x) derivative, for which we have periodic boundary
conditions. It is called by subroutine DX and it needs
a tridiagonal solver obtained by calling subroutine
TRIDG. The method of solution is based on the
algorithm of Ahlberg, Nielson, and Walsh (1967).
Subroutine TRIDG (U,D,NX). This subroutine is
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Figure 4. Five-day forecast of height field using numcrical integration with Numerov-Galerkin finite-
clement shallow-water equations solver, depicted by isopleths drawn at 50 m intervals. Domain is covered
by 16 x 12 grid.

the usual tridiagonal solver based on the familiar
Thomas algorithm for tridiagonal matrices. It is
called by subroutine CYCTRD.

Subroutine DY (R.S.ANODENRNC.DISTY).
Subroutine DY implements the two-stage Numerov-
Galerkin algorithm described previously for the ad-
vective terms in the ¥ and v-momentum cquations
involving the y-derivative. In its first stage it calculates
the O(A") accurate generalized-spline approximation
to the (Ju/dy) first derivative by calling upon subrou-
tinc PENTDG which solves the usual pentadiagonal
system of linear equations gencrated by the
generalized-spline approximation.

In the second stage subroutine DY implements the
sccond part of the Numerov-Galerkin algorithm for
the nonlincar advective term u(du/éy) and solves the
Galerkin  product by calling upon subroutine
NCTRD to solve a special tridiagonal system. The
final result is stored in array R(192).

Subroutine FUNCT (N.XC,FC.GC). This is a
uscr-supplicd routine used in conjunction with the
NAG (1982) Scientific Library routinc EO04DBF,
which is a conjugate-gradient function minimization
subroutine based on the Flctcher and Recves (1964)
method. Subroutine FUNCT calculates the function
to be minimized which is the Augmented-Lagrangian
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Figure 5. Ten-day forecast of height field using numerical integration with Numerov-Galerkin finite-
clement shallow-water equations solver, depicted by isopleths drawn at 50 m intervals. Domain is covered

by 16 x

and stores it in array FC of dimension (3*NODE).
The vector x is also of length 3*NODE and is stored
in array XC, whereas the gradient of the Augmented-
Lagrangian with respect to the variables u, v, and A is
stored in array GC also of dimension 3*NODE.
Subroutine MONIT (N.SC.FCGCNCALL,
TEST). This is a uscr-supplicd monitoring routine
uscd in conjunction with the NAG (1982) Scicntific
Library routinc E04DBF, which is a conjugatc-
gradient function minimization subroutine. Sub-
routine MONIT tests the peformance of the con-
jugate-gradient routine, monitors the number of
conjugate-gradient iterations (NCALL), the norm of

12 grid.

the gradient and performs some tests for the Augmen-
ted-Lagrangian constrained minimization.

Subroutine SMOOTH (ZK.TEM NXNY). Sub-
routine SMOOTH implements a low-pass filter de-
signed to filter out short wavelength components. It is
applied periodically only to the v-momentum equa-
tion (every 12h) and follows the method of filtering of
Shuman (1957). The smoothing is applied sequen-
tially in the two coordinate directions x and y.

Examples of output
Examples of the FEUDX output are provided in
order to illustrate the different options of the pro-
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SCALED TIME: 6552.80 CONSTRAINTS, H, Z & E: @.199769€-01 ©.694326E+01 0.586100E+00
SCALED TIME: 63579.90 CONSTRAINTS, H, Z & E: 9.199769€-01 ©.694327E+01 0.586197E+00
SCALED TIME: 6588.99 CONSTRAINTS, M, 2 & E: 9.199769E-01 ©.694343£4+01 @ 586115E+09
SCALED TIME: 6606.09 CONSTRAINTS, M, Z & E: 9.199769E-91 ©.694368E+81 0 .586121E+00
SCALED TIME: 6624.82 CONSTRAINTS, H, Z & E: ©.199769E-01 ©.694395E+01 0.586124E+00
SCALED TIME: ©6642.90 CONSTRAINTS, H, Z & E: 0.199769E-01 0.694420£+01 ©.586125E+00
SCALED TIME: 6660.20 CONSTRAINTS, H, Z & E: 9.199769E-01 O .694442E4+01 0. .586126E+09
SCALED TIME: 6678.20 CONSTRAINTS, M, Z & E: 9.199769E-21 ©.694460E+21 ©.586129E+00
SCALED TIME: 6696.89 CONSTRAINTS, H, Z & E: 9.199769E-81 ©0.694341E4+01 0. 586128E£+00
SCALED TIME: 6714.00 CONSTRAINTS, H, Z & E: 0.199769E-01 ©@.694374E+91 0 .586132E+09
SCALED TIME: 6732.0@ CONSTRAINTS, H, Z & E: 9.199769E-21 9.694386E+4+01 ©.586137€+00
SCALED TIME: 6750.09 CONSTRAINTS, H, Z & E: 9.199769E-81 ©.694367E+0' 0 .586139€+00
SCALED TIME: 6768.00 CONSTRAINTS, H, Z & E: 0.199769E-91 ©.694333E+01 ©.586140€+00
SCALED TIME: 67B86.890 CONSTRAINTS, H, Z & E: 9.199769E-81 ©.694297E401 ©.586140€+00
ETA = 9. 100000E+03
R , H,. Z & E: 0.000000E+00 ©.500000E+00 O.500000E+00
V] L H, Z & E: .9 E+29 0.9 E+00 ©.000000E+00
PENALTIES, H, 2 & E: 9.000UCQ0F422 @ . 100000E+31 Q.100000E+01
SUMSQ AT CALL 1 = 0.0000E<00 , GNORM =  @.5324E+00
ERRORS L, H, 2 & € ~0.231449E-04 -0.720750€-02 ©.100485E-03
NORM = 9.720820€E-02 ETA « NORM = ©.720820E+020 MIN. VALUE = 9.720820€-01
SUMSQ AT CALL I = @.1645E-05 , GNORM = 2.6093E-02
ERRORS . H, T & E: -0,3448875-04 -0.275291E-93 -@ . 466997E-0)
NORM = 9.542054€-03 ETA o NORM = 9.542054E-~01 MIN. VALUE = 0.720820E400
SCALED TIME: 6786.20 CONSTRAINTG, M, Z & E: ©0.199655E-81 ©.694990E+01 0. 585573£+00
ETA = ©.800000E+02
R . H. Z & E: 9.900 E+00 .50 £+00 ©.200000£+00
U M, 2 & E: ©.000000E400 -0 . 550402E~-03 —0.233499E-02
PENALTIES, H, Z & E: ©.000000E4+00 ©.100000E+01 ©.250000€+401
SUMSQ AT CALL | = 0.0000E+02 , GNORM = 9.3030E-01
ERRORS . H, 2 & E: -0.344887E-04 -0.275201E-03 -0.466997E-03
NORM = 0.542054E-03 ETA ¢ NORM = 9.433643E-01 MIN. VALUE = 9.720820€-01
SUMSQ AT CALL J = 0.8307€-08 , GNORM = @.1619€E-01
ERRORS . H, 2 & E . -0,349230E-04 0.171473E-03 ~0.483011E-03
NORM = 0.512545E-03 ETA o NORM = 9.410036E-01 MIN. VALUE = 9.720820E-01
SCALED TIME: 6786.00 CONSTRAINTS, H, Z & E: 9.199651E-901 ©.695035E+081 @.585557£+00
ETA = 0.640000E+402
R ., H,. 2 &E: 9. +09 9.2 €400 ©.800000E-01
V) , H, 2 & E: ©.000000E+00 ©.J06962E-93 -9.837263E-02

PENALTIES, H, Z & E:

©.000000€400 ©.230000E+01

9.625000E+01

SUMSQ AT CALL 1 = . 0000E400 , GNORM = ©,9742€-01

ERRORS M, 2T & E: -0.343230€-04 0.171473£-03 -0.483011€-03

NORM =  0.312345E-03 ETA o NORM =  ©,.328029E-01 MIN. VALUE = ©.720820E-02
SUMSQ AT CALL J =  ©.1441E-07 , GNORM = 9, 4637E-01

ERRORS L M, Z & E : -9 336356E-04 -0, 389548£-03 -0.412873E-03

NORM =  0.3567637€-03 . ETA ¢ NORM = 0.363287E-01 MIN. VALUE « ©.720820E-02
SUMSQ AT CALL 3= 0.1962€-03 , GNORM =  0.4839€-02

ERRORS s H, 2 &k E: -0.252567E~-04 -0.149193E-03 O.177256E-03

NORM =  @.231687€-03 ETA o NORM =  0.148280€-01 MIN. VALUE = @.720820E-02
SCALED TIME: 6786.00 CONSTRAINTS, H, Z & E: ©.199747E-01 ©.695002E+01 9.586217E+00

ETA =  ©0.512000€+02

R . H O ZE&E: o. +00 0.80 ~01 ©.320000€-01

U s H, 2 & E: 0.000000E+00 -0.155797¢-02 -0.283337€-02

PENALTIES, H, Z & E: ©.000000£+00 ©.825000E+01 9.156250E£+02

SUMSQ AT CALL 1 = 0.0000E400 , GNORM =  9.1350€+00

ERRORS . H, 2 & E: -0.252567E-04 ~0.149195E-03 0.177256E-83

NORM =  ©.231687E-03 ETA o NORM =  @.118624E-01 MIN. VALUE = 0.148280E-02
SUMSQ AT CALL 4= 0 .2820£-08 , GNORM =  9.5921E-02

ERRORS L H, Z & E : -0.257444E-04 ©.136466E-03 ©.152461E-03

NORM =  @.204615E-03 ETA o NORM =  @.104763E-0 MIN. VALUE = ©.148280E-02
SCALED TIME: 6786.00 CONSTRAINTS, H, Z & E: @.199743E-01 ©.695031E+01 ©.586192E+00

Figure 6. Typical output from Augmented-Lagrangian nonlinear constrained optimization, after detecting
variation in potential enstrophy (Z). After four iterations, value of Z is restored to value of Z,, initial
enstrophy.

gram. Figure | shows the element numbering and the
nodes numbering. In Figure 2, for each given node
(grid point) the six neighboring nodcs which con-
stitute the triangles supporting a given node are
shown.

The initial height field, using a space resolution of
Ax = Ay = 400km is shown in Figure 3. It is con-
toured in intervals of 50 m from 1800 to 2200 m. The
valucs of the initial integral invariants of total mass
(H), potential enstrophy (Z), and total encrgy (£)
also are printed out. Figures 4 and 5 show the height
field contours after 5 and 10 days of numerical in-
tegration with a time-step of 1800 scc.

Figure 6 shows the typical output from an Aug-
mentcd-Lagrangian nonlinear constrained optimi-
zation which entered into action after detecting a

variation in the potential enstrophy invariant which
exceeded the allowable error 6,. At each Augmented-
Lagrangian minimization cycle the penaltics R and
the modified penaltics “PENALTIES™ along with
“U"—the Lagrange multipliers and the norm of the
gradient of the Augmented-Lagrangian L, VL, are
printed out. ETA, the scaled variable accuracy par-
amecter changes from one Augmented-Lagrangian
minimization itcration to another following the for-
mula.

(ETAY*' = (ETA)-08

four such itcrations were necessary.

Note that after four iterations in the Augmented-
Lagrangian minimization the valuc of Z, the potential
enstrophy has been restored to the initial value Z,
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with negligible changes in the values of H and E, the
total mass and total energy integral invariants, respec-
tively. The modified values of the fields of velocity and
height are used for subsequent integration.
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APPENDIX

.m;u FEUDX  (INPUT,OUTPUT, TAPES, TAPE3=OUTRAUT, TAPET,
COMMON/OLD/XO(549) ,H®, 20 . €6, ALPHA , BEETA, TG, F
1PNLTH, PNLTZ PNLTE, UM, U2, UE . ETA, Dalrer T (160)..boc,wv. Ex. Y,
COMMON/ INVRNT/ MMEAN . ZMEAN . ENERGY
COMMON /ELEMENT/ LOCAT(S, 188) M0D(3,330)
COMMON /DIM/ NODE , NELE , NCOL ,NROW
COMMON /COR/ X(192),Y(192) ,01STX.DISTY
COMMON /AREA/ AT(3,330).87(3,330),AREA
mlmmim.uz.c.rsr.ecn.xl.,o
X(7,192) .CHICHI(7,192) ,0MdY(7, 192) ,AD(7,
. cmowlrg.nz).sn(s.s ( ) (7.192).4007.192).

IMENSION RIGHT(192),RS5(192) ,LEFT(7,192) ,DIF(102)

DIMENSION PSI(wo).u(!so).vuu),usTAa(tae).vsrm(me).mm(tao).
- msv:cg"w(;ae%.»’s;sm(z(nui.u(wo)

" X(2,13),BY(2,15) ,MBx(2.15),M8Y(2,15) ,R1(180),R2{ 180
DIMENSION nsisu).non.(su XC(548) ,GC(540) ).R(180).Ra(100)
E&‘:f?f{%:‘.c?’tﬁ}}?”ef”&”‘”’"””““ .wuswe)

» X 1 Av(t) xc(181 < (P .

EXTERNAL FONCT g0 )+ (Y(1).xC(181)) (PSI(1) . xc(361))
REAL LEFT
DATA BX /3@e0./
DATA D1F/192+8./
g:;: :E{z.;ggégﬂ . 458/)0}511/4. E5/.DISTY/4.€5/

. NNOD /3/, NODE /18@/, NCOL 14/, NROW /11
DATA EPS/1.€-6/, 1TERMAX /3e/ / e /m
DATA MH0/2000./.H1/228./ H2/133./
DATA G/10./.FST/1.E-4/,BETA/1.3E-11/
DATA NIN/S/
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DATA NOUT/3/
DATA WFAC/1.ES/,UFAC/Y . E3S/

2100 FORMAT (1H1, TOHCONSTANTS: ,4X 2HHO G14.4 5X ZHFe G144, 53X 2HXL,
4G14.4,5X SHOISTX,G11.4,/,15X,2HH1 G144, 5X  4HBETA ,G11.4, 53X, 110,
+G15.4, 59X, SHOISTY G11.4,/,15X,2HH2,G14 .4, 5X, 1HG,G15.5,26X, 2H0T,
+«G1e.4)

1000 FORMAT (FS.0,518)

HPLY |g-1.
PLT(1 )=t
EPLY lg-L
TPLT(1)=e.
ITim1

READ IN TIMESTEP, MUMBER OF TIMESTEPS AND PRINTOUT OPTIONS

0oon

READ (NIN,1000) DT, NLIMIT MF NOUTU.NOUTV NPRINT
DT=OTeUFAC/HFAC

NOIM = 30

ND=48

DT2 = DT / 2.

JC = NCOL +1

JR = NROW + 1

SET UP THE GRID, NUMBER THE ELEMENTS ANO THE NODES
CALL NAMBER (NPRINT)

FIND NON-ZERO ENTRIES OF THE GLOBAL MATRICES

CALL CORRES (NPRINT)

SET UP INITIAL FIELDS

000 000 000

DISTX=OISTX/HFAC
DISTY=DISTY/HFAC
CALL INCOND (PSI.U,V,H, F. NODE,NROW, NCOL)
PRINT 299 ,MMEAN, ZMEAN , ENERGY
299 FORMAT("OINITIAL CONSTRAINTS, H, Z \& E: ", 3€14.6)
HO=HMEAN

E@=ENERGY
210= IMEAN

ALPHA=1
BEETA=1 . /(GoHMEAN)
TCmGAG

EX=D1STX
EY=0iSTY
NX=NCOL+1
NY=NROW+ t
EPSHeHAeS -3
EPSZ=20+1 . E-3
EPSE=EBe1 £-3
RHO=0 . &
RI0=0.5
RES=-D.3

N=540

FEST=,
1FAIL=®

CALCULATE THE DERIVATIVES OF THE SHAPE FUNCTIONS

CALL AREAA

00 000

NEL = 3 ¢ NELE
0O 30 K = 1,NEL

38 NOD(K) = 1ABS (NOD(K))
KK = 8

PRINT OUT CONSTANTS USED

WRITE (NOUT,2100) HO,FST,XL.DISTX,H1,BETA,D,DISTY H2,6,DT

SET UP THE INITIAL PSI-, U~, AND V— FIELDS FOR THE DIFFERENT TIM
DO 5 K = 1, NOOE

PSISTAR(K) = PSI(K)

vncwEx = VSTAR x; - V(K
UNEW(K) « USTAR(K) = U(K

OO0 000

%)

ASSEMBLE CLOBAL MA'RICES WHICH ARE TIME- AND PARAMETERINDEPENDE

o000

CALL ASSEM (CHICHI,ST1 ,NODE,NELE,3,DUMMY AT, AREA)
CALL ASSEM (CHIDX ST[ ,NODE NELE,1,0UMMY BT AREA
CALL ASSEM (CHIDY,STI NODE,NELE, 1, DUMMY AT AREA

FIND BOUNDARY NODES

[z X2 X21

00 18 K = 1,4C
nax?.x w(K=1)eJR+1
NBX{(2,K)=KsJR

TIME = ©.

1

OO0

DO 9999 NTIME = 1 NLIMIT
TIME = TIME+OT

SET UP MATRIX EQUATION FOR THE CONTINUITY EQUATION

o000

CALL ASSEM (AD,ST1,NOOE,NELE.4,USTAR,BT AREA)
CALL ASSEM (DUMMY,ST1,NODE,NELE. 4 ,VSTAR, AT AREA)
DO 200 Kwt,NODE
00 200 L=1,7
LEFT{L.K)=CHICHI(L ,K)/DT2 - AD{L,K) ~ DUMMY(L K)
DUMMY (L, K)=AD (L, K)+DUMMY (LK)

200 CONTINUE
CALL MAMULT(DUMMY,PST RIGHT ,NODE)

CAGEO 13:13-8
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000 000
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[eX2Xel

oo

000 O0000

[eX2Xs)
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SOLVE
CALL SOLVER (LEFT,RIGHT DIF,NOOE,EPS, ITERMAX)
ADJUST PARAMETERS

00 201 K = t
PSISTAR(K) = PSI(K)OO[F(K)
207 CONTINVE

SET UP MATRIX EQUATION FOR FIRST EQUATION OF MOTION (U-EQUATION)
CALL MAMULT (CHIDX.PSISTAR,RS,NOOE)
CALL DX(R1,USTAR,USTAR NODE .NROW NCOL .DISTX
CALL DY§R2.VSTAR.USTAR.NODE.NRO!,'COL.DISTV
DO 203 K=1,NOOE
203 RIGHT(K)=—RS(K)+DT

SOLVE

CALL SOLVER (cmcm RIGHT,DIF ,NODE, EPS, I TERMAX)
00 202 Kei,
202 DlF(K)-DlF(K) (m(x)uu(x) F(K)sVSTAR(K))+0T

ADJUST PARAMETERS

DO 301 K = | , NODE

UNEW(K) = U(K) + DIF(K)

USTAR(K) = .Se¢(UNEW(K) + U(K))
301 CONTINUE

SET UP MATRIX EQUATION FOR SECOND EQUATION OF MOTION (V-EQUATION
CALL MAMULT (CHIDY,PSISTAR,RS,NOOE)

CALL DY(R1,VSTAR,VSTAR,NODE ,NROW,NCOL,DISTY

CALL OX(R2,USTAR,VSTAR,NODE ,NROW,NCOL ,DISTX

DO 205 K=1,NOOE

RIGHT (K)=—RS (K) +DT

00 205 L=1,7
205 LEFT(L,K)=CHICHI(L,K)

DO 206 KBe=?,JC

K1=NBX(1,KB

K2-n8x(2,x8

ax2|,xe;-§n|2m SR2(K1)+F (K1) eUSTAR(K1)) D1
206 Bx(2.KB)=(R1(K2}+R2(K2)+F(K2)eUSTAR(K2 g-or

IMPLEMENTATION OF BOUNDARY CONDITION

CALL BOUND (LEFT,RIGHT,BX,BY,NBX,NBY NODE,JC.JR)
SOLVE

CALL SOLVER (LEFT.RIGHT,DIF,NODE.EPS, 1 TERMAX)
DO 204 K=1,NODE
DIF(K)=01F(K)~ /m(v)mz(x)or(x)-usrm(x)).o'r
204 VNEW(K)=V(K)+DIF!
IF(MOD(NTIME, 12). Nt @) GO TO 218
CALL SMOOTH(VNEW,WS,12,15)

ADJUST PARAMETERS

210 DO 207 K = 1 , NODE
PSI(K)=PSISTAR(K)
VSTAR(K)=1.5¢VNEW(K)=,SeV(K)
V{K)=VNEW(K)
USTAR(K)=1, 5eUNEW(K)~.5eU(K)
207 U(K)=UNEW(K)
CORRECT INTEGRAL INVARIANTS IF NECESSARY
352 CALL LOOK(U.V,PSI,JC+1,JR, TIME NTIME,G,NODE,F)
PRINT 300, TIME ,HMEAN , ZMEAN, ENERGY
30@ FORMAT("@SCALED TIME: “,F8.2," CONSTRAINTS, H, Z \k E: ",3E14.8)
HOF=ABS (HMEAN—HO
ZDF=ABS ( ZMEAN-20
EDF=ABS (ENERGY-EO®)
IF(HDF.LY.EPSH) GO TO 350
DO 351 Ke=1,NODE
3s1 PSI(K)-PSI(K)oG-(Ho—m:AN)
GO T

3se lF(ZDF u EPSZ.AND.EDF.LT.EPSE) GO TO 302
ETA=100.
EMINN=ETASQRT (ZDF e+ 24EDFe¢2)/10.
RH=RHO
RZ=RZ0
RE=RED
PNLTH=8 .
PNLTZ=0,5/R2
PNLTE=® . S/RE
Urmg .
ug=o.
UZ-o.
305 DO 306 [1=1.N
306 xO(11)=xC(11)
PRINT 307,ETA,RH,RZ RE,UH,UZ ,UE FNLTH PNLTZ PNLTE
ez FORMAT("OETA - E|4 G/" R . H, Z\& E: " 3E14.8/
H, Z \& E: *,3E14.8/ PENALTIES, H, Z \&k E: " ,3E14.6)
CALL E0408F (N, XC, FLOW,GC, XTOL , FEST .UM, WS, FUNCT .MON1T, 5@, TFAIL)
CALL LOOK(U,V.PSI,JC+1,JR, TIME,NTIME,G,NOOE F)
PRINT 300, TIME , HMEAN , ZUEAN, ENERGY
HO I F=t8JEAN—HO
201 F=2MEAN-70
ED1F=ENERGY-EO
IF(ABS(2D1F+4.).GT.20F) RZ=RZ<0.4
UZ=UZ+ZDIF/RZ
PNLTZw®.5/RZ
IF(ABS(EDIFe4.) .GT.EDF) RE=RE+0.4
UE=UE+ED1F/RE
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PNLTE=® . 3/RE

HOF=ABS (HMOIF

IDF=ABS(ZDIF

EDFwABS(EDIF
1F(ZOF.LT.EPSZ/S. .AND .EDF.LT EPSE/S.) GO TO 31¢
ETA=ETAR. 8

IF(ETA.LT.51.1) GO TO 310

EMINN=EMINN/18.

GO YO 3e5

310 IT1=lT141

3%

30

9996

HPLT (1T1)=HMEAN/HO

ZPLT(1T1)=ZMEAN/20

EPLT(1T1)=ENERGY/EQ

TPLT(IT1)=TIME/36.

1F(HOF .LT . EPSH) GO TO @3

DO 353 Ket,NOOE

PS!(K)-PSI(K)«\G-(HO—WEAN)

CALL LOOK(U,V,PS1,JC+1,JR, TIME NTIME, G,NODE,F)
PRINT 300, TIME,HMEAN, ZMEAN . ENERGY

L]

PRINTOUT (IF REQUIRED)

3 IF(NTIME.EQ.96@) GO TO 9992
1F(NTIME.GT.960) GO TO 9994
1 .NE.®) GO TO 9996

~N

MOO (NT [ME , MF

CALL OUT(U,V,PSI,JC,JR,NODE, NOUTU,NOUTV, , TIME.NTIME,F)
IF(MOD(NTIME.ND).NE.@.OR.NTIME.GT .ND«20) GO TO 9999

DO 9998 Ke=1,NODE

9998 H(K)=2. eSQRT(PSI(X))

WRITE(7) (M(K},K=1 NODE
WRITE(7) (V(K).X=1_,NODE
WRITE(7 K) .Ke=1 ,NOOE

9999 CONTINVE
9992 DO 9993 K1 NODE

c

9993 u(x)-z cSORT(PSI(K))

WRITE(7 JK=1,NODE
WRITE(7 K=t ,NODE
WRITE(7 K=1 NODOE

9994 [TmiT1-t

TFAC-(TPLT(lT|)~YPLY(lT))/(6BO ~TPLT(IT))
PLT(ITY

wLT (1T -HPLY +(HPLT(1T1)—HPLT /TFAC
ect(ivfazrir{iTie(zPLT(IT) —ZPLT /TFAC
ePLT{1T1)=EPLT{1T) e (EPLT{ITY -EPLT /rrAc
WRITE(8) IT1, (HPLT 1).1=1,171), (IPLT(l J=1,1T1)
'(EPszl =1 1T1) (TPLT(1), 1=1.1T1)

sTOP

£ND

CCCCCCCCCCCCCCCCCLCCCCCCeeceeeceeceeeeeeceeccececeeecceccceereecececeececece

leXeX2XeXsNeXeXsXe NeXeNeXe oo Xe e ReReReReRe ReReRe e

[2Xs ¥ el

o000

INCOND CALCULATES THE INITIAL U,V,PSI AND H FIELD AND THE

CORIOLIS PARAMETER F AT E£ACH CRIDPOINT

PARAMETERS ;

PS1 - REAL ARRAY OF DIMENSION (NOODE)
CONTAINS ON EXIT GEOPOTENTIAL (=CeH)

u.v — REAL ARRAYS OF DIMENSION (NOOE)
CONTAIN ON EXIT EASTWARD, RESP. WIND
COMPONENT

H = REAL ARRAY OF DIMENSION (NODE),CONTAINS
ON EXIT HEIGHT

¥ —~ REAL ARRAY OF DIMENSION (NODE) CONTAINS ON EXIT
CORIOLIS PARAMETER

NOOE - INTEGER, TOTAL NUMBER OF NODES

NROW = INTEGER, NUMBER OF NODES~1 IN X-DIRECTION

NCOL ~ INTEGER, NUMBER OF NODES~1 IN Y-OIRECTION

CCCCCCCCCCCCCCCLCeeeeeeecceeececceeccceeecceccceeecceerccccecceeceecece

SUBROUTINE INCOND (PSI,U,V,H,F,NODE, NROW,NCOL)
COMMON/ INVRNT/ HMEAN, ZMEAN, ENERGY

COMMON /AREA/ AT(3,330) ,BT(3,330),AREA

COMMON /COR/ X(192),Y(192),DISTX,DISTY

COMMON /CONST/ H@, H1,H2,G,FST BETA,XL.D

DIMENSION PS](NODE),U(NODE),V(NODE) ,H(NODE) , F(NODE)

DATA UFAC/1.E03/,HFAC/1 E85/
Pl = 3.141592633%

PIZXL = 2. « Pl / XL

02 = D/2.

CALCULATE INITIAL MEIGHT FIELD

GNEW=G e HFAC/UFACe 2
DO 58 K=1,NODE
F(K) = FST + BETA « (Y(K) - D2)
GF = G / F(K)
F(K)-F(K)-HFAC/UFAC
Be9 o (D2-Y(k))/D
COM = COSH (B)
COM2=COHeCOH
CO2=COSH(B/2.)
€022=C02+CO2
SI«SIN(PI2XLeX{K))
DHX=H2eCOS(PI2XLeX(K))+P12XL/COH2
OH! = -4.5 o H1 / (CO224D)
DH2 =18.¢ H2 o TANH(B) ¢ SI / (COH2+D)
DHY = DH1 + DH2

CALCULATE U AND V VELOCITY COMPONENTS

[+
c
c
C
[
c
c
C
[
[+
c
c
c
c
c
c
C
c
c
c
c
C

273
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U(K) =(~GF ¢ DHY)AUFAC
V (K) =(GF o DHX)/UFAC
M (K) «(H0 + H1 » TANH (8/2.) + H2 « SI / COH2)/HFAC

CALCULATE GEOPOTENTIAL

000

PSI(K) « H(K) o GNEW
CONT INUE

JR = NROW + 1
JC = NCOL + 1

SET THE V VELOCITY COMPONENT AT THE BOUNDARY IN Y DIRECTION
EQUAL ©.

aAN0o0

DOSEK=1, JC

KK = (K=1) o JR

V(KK+1) = V(KK+JR) = @.
8@ CONTINUE

G=GNEW

PRINT INITIAL FIELDS

[eX2Xs]

PRINT 2002, (H(K),K=1,NODE)

PRINT 2003, (PSI(K) ,K=t NODE)

PRINT 2004, u?(; ,K=1,NODE)

PRINT 2005, (V(K),K=1,NODE)

PRINT 2000

CALL LOOK (U,V,PS1,JC+1,JR.0.0,8.08 .G .NOOE,F)

CALL MAPPA (PS1,2.E03,.JC,JR,G)
2000 FORMAT (1H1)
2002 FORMAT (1M1, “INITIAL HEIGHT FIELD™ /. (12F8. 6;)
2003 FORMAT (10(/), * INITIAL PSI FIELD"/ (1zre 8)
2004 FORMAT (1H1," INITIAL U FIELD"/,(12G10.3))
2005 FORMAT (19(/)." INITIAL V FIELD"/,(12G10.3))

RETURN

END

gCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

c
c NUMBER LABELS THE ELEMENTS,NUMBERS THE NODES AND STORES THE [
[ GLOBAL NODENUMBERS OF THE THREE VERTICES OF EACH TRIANGLE. [+
.(:; IN ADOITION THE GLOBAL COORDINATES OF EACH NOOE ARE CALCULATED C
—c
C c
c PARAMETERS : c
[ [
[ NPRINT -~ =8 : NO PRINTOUT c
c \f @ : THE ARRAY NOD WHICH STORES THE GLOBAL
c NODENUMBERS OF EACH ELEMENT AND THE TwO c
[+ ARRAYS X AND Y WHICH CONTAIN THE c
c COORDINATES OF ALL THE NODES ARE PRINTED €
c c
ceeeeceeceeccececceececececeeecececeeeecccecececeeccececcceccccececccceece

SUBROUT INE NUMBER (NPRINT)

COMMON /DIM/ NODE , NELE , NCOL ,NROW
COMMON /ELEMENT/ LOCAT(S,180),NOD(3,330)
COMMON /COR/ X(192),Y(192).01STX,DISTY
JC = NCOL + 2

JR = NROW + 1

NNOD = 3

Ke

LABEL ELEMENTS AND NUMBER NODES

o000

00 20 J = 1, NCOL
JJ = (J=1) o IR
DO 20 XX = 1 , NROW
xxx-xxou

1.K) = KKK
!KOI)-KKKOJR#‘
noo - KH; - KKK + 1
'0005.) K+1) = KKK + JR
K-K+
20 CONT INUE

IMPLEMENT CYCLIC BOUNDARY CONDITIONS

o000

DO 2% KK = 1,NROW
JJ = NCOL o (NROW + 1)
NOO(1,K) = KK + JJ
NOO (1.K+1) = -(KKol)
NOD J.Kg Kﬂ; - KK+ JJ + 1
NOD(2.K) = NOD(3.K+1 - KK
KemK+2
25 CONTINUE

CALCULATE COORDINATES OF NODES

o0on

Ke1
DO 30 4 = 1,4C
XX = 4 o DISTX
DO 30 KK = 1,JR
Y(K) = (KK=1) o DISTY
X (K) = XX
KoK+t
3@ CONTINUE
IF (NPRINT .£Q. @) RETURN

PRINTOUT (IF REQUIRED)

on0

PRINT 2002
DO 40 L=1,NELE
48 PRINT 2001, L,éNoo(K.L).x-t.moo)

PRINT 2003 , (X(K)e1.0E-3,Y(K)e1.0E-3, K=1,NOOE)
2003 FORMAT (1M1,"COORDINATES (KM)",/,(12G10.2))
2002 FORMAT (1M1,14HELEMENT NUMBER, 8X, 1SHNUMBER OF NOOES)
2001 FORMAT ((5X,14,13X,314))

RETURN

END



Solving shallow-water equations

c [+
c AREAA CALCULATES THE DERIVATIVES OF THE SHAPEFUNCTIONS (X- AND C
C Y-DIRECTON) AND STORES THEM IN THE ARRAYS AT AND BT g
C
CCl

SUBROUT INE AREAA

COMMON /AREA/ AT(3,338),8T(3,330) . AREA
COMMON /rOR/ X(192).Y(192) ,01STX,DISTY
COMMON /ELEMENT/ LOCAT(S,180) ,NOD(3.330)
COMMON /DIM/ NODE , NELE , NCOL .NROW
DATA HFAC/1.€5/

DO 500 K=t ,NELE

N1 = NOO(1.K

N2 =« NOD(2.K

N3 = NOD(3,K

IF (N1.GT.0.AND.N2.GT.8.AND.N3.GT.9) GOTO 10
N1 = [ABS(N1)

N2 = 1ABS (N2)

N3 = [ABS(N3)

1F (N1.LE.NROW+1) N1 = 'COLHiogmﬂé + N1

IF (N2.LE.NROW+1) N2 = (NCOL+1)e{(NROWH1) + N2
IF (N3.LE.NROW4+1) N3 = {NCOL+1)e(NROWH1) + N3
100 CONTINUE
c
[ CALCULATE DERIVATIVES OF SHAPE FUNCTIONS
[
AT(1.K) =({X(N3) - X(N2))/HFAC
8r{1.k) =(¥(N2) - Y(N3 /HFAC
AT(2,K) =(X(N1) = X(N3))/HFAC
BT(2.K) =(Y(N3) - Y(N1))/HFAC
AT(3.K) =(X(N2) —~ X(N1))/HFAC
BT(3,K) =(Y(N1) = Y(N2))/HFAC
500 CONTINUE
C
C CALCULATE AREA OF ONE ELEMENT
c
AREA = DISTX e DISTY » .S
RETURN
ENO
EuuuuLLuLLbLLLLLLLLLLLLLLLLLucCCCCccCCCccccccCCCCCCCCCCCCCCCCCCCCCCCCCCC
[
C BOUND IMPLEMENTS THE BOUNDARY CONDITIONS AFTER THME SYSTEM [
[ OF EQUATIONS AX=R HAS BEEN OBTAINED C
C c
C c
c O
[+ [
c PARAMETERS : c
c c
[+ LEFT ~ REAL ARRAX OF DIMENSION (7, NODE), ON ENIRY [+
[ LEFT CONTAINS MATRIX A , ON EXIT MODIFIED Cc
c MATRIX A. c
[ RIGHT ~ REAL ARRAY OF DIMENSION (NODE), ONM ENTRY CONTAINS C
[ VECTOR R , ON EXIT R IS MODIFIED ACCORDING C
Cc BOUNDARY CONDITION. C
¢ ax,8Y ~ REAL ARRAYS OF DIMENSION (2,JC) RESP(2,JR), c
Cc CONTAIN BOUNDARY VALUES C
c NBX ,NBY ~ INTEGER ARRAYS OF DIMENSION (2,4C). RESP (2.9R), c
C CONTAIN NMUMBERS OF BOUNDARY NODES [
c NODE - INTEGER, TOTAL NUMBER OF NODES [o}
c Jc - NUMBER OF BOUNDARY NOOES I[N X-DIRECTION c
[of JR ~ NUMBER OF BOUNDARY NODES IN Y-OIRECTION C
c C
Cceeeeececeeeecceeceeeceeccceececeeccceeccccecceeccececeecececeeccececceece
SUBROUTINE BOUND (LEFT,RIGHT BX,BY, NBX ,NBY NODOE,JC,JR)
REAL LEFY
DIMENSION LEFT(7,NODE) ,RIGHT(NODE) ,BX(2,JC) NBX(2,JC).BY(2,JR),
+ NBY(2,JR)
00 10 K = 1 ,JC
KK = NBX(1,K
LL = NBX(2.K
LEFT(7 ,KK) = LEFT(7 ,KK) ¢ V. E 15
LEFT(7,LL) = LEFT(7.LL) » 1 E 15
RIGHT(KK) = Bx?'xg.“”i . ;
RIGHTﬁLL o BX(2,K)sLEFT(7.
18 CONTINUE
RETURN
END
cceeccceceeecccceecccceeecceeceeeeceeccceccececcceceecccecccececceeceeccece
[o} [
[ QUT PRINTS THE HEIGHT~ U~ AND V - FIELDS. Cc
c OUT CALLS THE SUBROUTINES HAPPA AND LOOK [+
c c
¢ o
c [+
c PARAMETERS : C
[ [
[ U,v.PS1 ~ REAL ARRAYS OF DIMENSION (NODE), FIELD VARIABLES Cc
c TO BE PRINTED c
[ JC.JR — INTEGERS, NUMBER OF NODES IN X- RESP. IN Y DIRECTIONC
[+ NOOE - INTEGER, TOTAL NUMBER OF NOOES C
[ NOUTU ,NOUTV- [NTEGER , PRINT OPTIONS c
[ TIME - REAL, REAL TIME [+
Cc NTIME - INTEGER, TIMESTEP [
[+ [
C Cccccee

CCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCClocCeClc
SUBROUT INE OUT(U,V,PS! JC,JR,NOOE ,NOUTU ,NOUTV, TIME ,NTINE, r)
COMMON /CONST/ HO M1,H2,6, FST,BETA,XL.D
OIMENSION Psx(NooE).u(NOOE).v(NOOE).F(nooc)

PRINT 2000

CALL MAPPA (PS1,2.E03,JC,JR,G)

PRINT 2000

PRINT 2108, (PS1(K)/G.K=1 ,NODE),(PSI(K)/G.K=1 JR)
2000 FORMAT (1H1)

275



76

{. M. NavoN

xr (NOUTU .NE. 8) PRINT 2185, (U(K),K=1 NODE),

(U(K). K= JR)

IF (NOUTY .NE. @) PRINT 2108, (V(X),Ke1,NODE),

+ V(K) ,K=1,JR)
2108 FORMAT (1M1,* U - VALUES®, /
2106 FORMAT
2108 FORMAT

HEIGHT VALUES*
RETURN

. (1x,12C12.4))
ws;;.u,- V - VALUES",/,(1X,12G10.4))

/. (12F10.5)

[+

SOLVER SOLVES A SYSTEM OF LINEAR EQUATION AX=R BY THE =
GAUSS SEIDEL METHOD C
E

C

PARAMETERS : c
COMA — REAL ARRAY OF DIMENSION (7,NODE) c
ON ENTRY COMA CONTAINS THE NON-ZERO ENTRIES [+

OF MATRIX A. UNCHANGED ON EXIT c

C

RIGHT ~ REAL ARRAY OF DIMENSION (NODE) c
ON ENTRY RIGHT CONTAINS THE ELEMENTS OF THE C

RIGHT HANDSIDE VECTOR R. UNCHANGED ON EXIT. c

c

NODE — NUMBER OF NODES (= NUMBER OF EQUATIONS) C
C

XSOLV - REAL ARRAY OF DIMENSION (NOOE) C
ON ENTRY XSOLV CONTAINS A FIRST GUESS FOR THE c

SOLUTION VECTOR. ON EXIT XSOLYV CONTAINS THE c

SOLUTION VECTOR c

C

EPS — RELATIVE ERROR c
c

1 TERMAX - MAXIMAL NUMBER OF [TERATIONS c
C
CCCCELCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeeee

OO0

SUBROUT INE SOLVER(COMA ,RIGHT ,XSOLV ,NODE ,EPS, I TERMAX)
COMMON /ELEMENT/ LOCAT(6,180), NOD(J 3le)
DIMENSION COMA(7,NOOE),RIGHT(NOOE), XSOLV(N(XJE)

DO 98 L = 1 , ITERMAX

XMAX = ©.

DIFMAX = @,

DO 100 K = 1 , NOOE

SUM = 8.

00 50 KR= 1 , &

NLOC = LOCAT (KR.K)

IF (NLOC .EQ. ®) GOTO 39

VAL = COMA(KR,K)

SUM = SUM + VAL s XSOLY{NLOC)

30 CONTINUE

XX « (RIGHT(K) = SUM) / COMA(7.K)
XMAX = AMAXT(XMAX,ABS{XX))

DIFF » XX = XSOLV(K)

DIFMAX = AMAX? (ABS(DIFF),DIFMAX)
XSOLV(K) = XX

100 CONTINUE

IF (DIFMAX/XMAX _LT. EPS) RETURN

90 CONTINUE

THE PROGRAM STOPS IF CONVERGENCE
PRINT 2001

2081 FORMAT (1X,"NO CONVERGENCE")

STOP
END

1S NOT REACHED AFTER ITERMAX T]

[o{o{oXo¢of o o o o of o of o7 o o o o o oo o o o o o o o o o o w{ o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o " o o}

0000 DOOOANOHOADNOODODNOOONON

c

SOLVER SOLVES A SYSTEM OF LINEAR fQUATION AX=R B8Y THE C
GAUSS SEIDEL METHOO c
¢

c

PARAMETERS : [
COMA ~ REAL ARRAY OF DIMENSION (7.NOOE) C
ON ENTRY COMA CONTAINS THE NON-ZERO ENTRIES c

OF MATRIX A, UNCHANGED ON EXIT [

C

RIGHT ~ REAL ARRAY OF DIMENSION (NODE) C
ON ENTRY RICHT CONTAINS THE ELEMENTS OF THE c

RIGHT MANDSIDE VECTOR R. UNCHANGED ON EXIT. c

[

NODE - NUMBER OF NODES (= NUMBER OF EQUATIONS) c
c

XSoLv - REAL ARRAY OF DIMENSION (NODE) [+
ON ENTRY XSOLV CONTAINS A FIRST GUESS FOR THE c

SOLUTION VECTOR. ON EXIT XSOLV CONTAINS THE [

SOLUTION VECTOR g

£PS - RELATIVE ERROR c
Cc

I TERMAX — MAXIMAL NUMBER OF ITERATIONS g
£CCCLCCCCCCCCCCCCCCCCCCOCCCCCCCCCCCCCCCCCCCCeecececeeeeccccececececeeccee

SUBROUT INE SOLVER({COMA,RIGHT ,XSOLY,NODE ,EPS, [ TERMAX, SNARK,

oNFIELD)
COMMON /ELEMENT/ LOCAT(6,180),N0O0
DIMENSTON COMA(7,NODE), RIGHT(WE

(3.330)
). XSOLV(NODE)

CCCCCCCCCCCCCCCCCCCCCLCLCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCCLLLCCClill
00 9

@ L =1, [TERMAX
XMAX = @.
DIFMAX = @.

DO 100 K = 1 , NODE
SUM = 9.

00 SO KR= 1 , 6



974
977

975
978

976
979
191
197
797

90

[eXeXe]

200

Solving shallow-water equations

NLOC = LOCAT (KR, K)

If (NLOC .EQ. ®) GOTO Se

VAL = COMA(KR,K)

SUM = SUM + VALeXSOLV{NLOC)
CONTINUE

TELL 1=R IGHT (K ) ¢ SNARK~SUMe SNARK
TELLZ-CMU.K;-XSOLV(K)
TELLI=COMA (7, K ) e SNARK « XSOLV (K )
XX=(TELL1+TELL2-TELL3)/(COMA(7 .K))
DIFF = XX - XSOLV(K)
XMAX=AMAX | ( XMAX , ABS (XX ) }

DIFMAX = AMAXY (ABS(DIFF) DIFMAX)
XSOLV(K) = XX

CONT INUE

IF (DIFWMAX/XMAX .GE. EPS) GOTO 90
[F(NFIELD-@) 974,975,976

PRINT 977

FORMAT (22X, "H-F1ELD SOLUTION:™)
GOTo 101

PRINT 978

FORMAT (2X, “U-FIELD SOLUTION:")
GOTO 101

PRINT 979

FORMAT (2X, "V-FIELD SOLUTION:")
PRINT 107, L

FORMAT (2X, "NUMBER OF ITERATIONS FOR SOR-METHOD=",14)
PRINT 797, SNARK

FORMAT (2X, "USING RELAXATION FACTOR=",F8.3)
RETURN

CONTINVE

THE PROGRAM STOPS IF CONVERGENCE 1S NOT REACHED AFTER ITERMAX TI

PRINT 200!

FORMAT (1X,"NO CONVERGENCE")
sToP

END

gCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
c

c
C
C
C
C
c
c
c
C
Cc
C
c
C
C
[
c
c
c
C

8e

1e0

MAMULT MULTIPLIES A MATRIX STORED IN COMPACT FORM BY A c
VECTOR (M)V = R [

[

-

c

PARAMETERS : c

c

CoMA ~ REAL ARRAY OF DIMENSION (7 ,NODE) c

ON ENTRY CONTAINS MATRIX M. UNCHANGED ON EXIT [

C

VECTOR - REAL ARRAY OF DIMENSION (NOOE) 4

ON ENTRY CONTAINS VECTOR V, UNCHANGED ON EXIT c

c

RIGHT ~ REAL ARRAY OF DIMENSION (NOOE) (4

ON EXIT CONTAINS PRODUCT R [

C

NODE =~ NUMBER OF NODES c

Cc
CCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCreeeccceeece

SUBROUT INE MAMULY (COMA,VECTOR RIGHT ,NODE)
DIMENS ION COMA (7 ,NODE ) , VECTOR(NODE ) ,RIGHT (NODE)
COMMON /ELEMENT/ LOCAT(6,188) ,NOD(3,330)

D0 10 K=1,NODE

RIGHT(K)=0.

DO 100 K=t ,NODE

DO 80 KR=1,8

NLOC = LOCAT(KR,K)

IF {NLOC .EQ. ® ) COTO 8@

RIGHT(K) = RIGHT(K) + COMA(KR,K) o VECTOR(NLOC)

CONT [NUE
RICHT(K) = RICHT(K) + COMA(7,K) s VECTOR (K)
CONT INUE
RETURN
END
CCcceececeeeceeceeccecccececcceccccecceecceceecccccccceeccecccccccccecceet
c
ASSEM GENERATES THE LOCAL 3Xx3 MATRICES FOR EACH ELEMENT ANO c
STORES THE COEFFICIENTS IN COMPACY FORM IN THE GLOBAL MATRIX c
COMA . [
c
—C
[
PARAMETERS : c
c
COMA ~ REAL ARRAY OF DIMENSION (7,NOOE) c
ON EXIT CONTAINS THE GLOBAL MATRIX c
[
ST ~ REAL ARRAY OF DIMENSION (3.3) c
WORKING SPACE USED FOR THE ELEMENTMATRICES [o}
c
NOOE ~ INTEGER [+
NUMBER OF NOOES C
[~
NELE - INTEGER C
NUMBER OF ELEMENTS [
[
NSWITCH - [NTEGER c
DETERMINES WHICH TYPE OF LOCAL ELEMENT MATRIX [
MUST BE USED [
PSIUV ~ REAL ARRAY OF DIMENSION {NODE) [
ON ENTRY CONTAINS U.V OR PS| DEPENDENT WHAT TYPE [
OF MATRIX MUST BE CALCULATED.UNCHANGED ON [
ExIT. [
Co01 - REAL ARRAY OF DIMENSION (3.NELE) c
ON ENTRY, CONTAINS DERIVATIVE OF SHMAPEFUNCTION c
(EITHER X- OR Y-DIRECTON). UNCHANGED ON EXIT [+
AREA - REAL C
AREA OF ONE ELEMENT [+
C
C

"nnnnnnnnnnnnnnnnnnnnnnononnonnnnnﬁ
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CCCCCCCCCCCCCCCCCCCCCCCCCCOCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCt
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SUBROUTINE ASSEM (COMA,STI,NODE,NELE.NSWITCH,PSIUV,CODI ,AREA)
COMMLK /F LEMENT/ LOCAT(6,180) .NOO(3. 338)
ommsxgo COMA (7,NODE) ,STI(3.3),CODI (3. NELE) .B(3).A(3) .PS1UV(NOOE)
NNOD =
NN = 7eNODE
DO 18 K = 1,NN

10 COMA(K) = @.

DECIOE WHICH ELEMENT MATRIX MUST BE CALCULATED
GOTO (100,200.500.60@), NSWITCH

o0 00

GENERATE ELEMENT MATRIX
100 DO 160 NE = 1,NELE

DO 110 K 1, NNOD

STI(K.1) = CODI(1.NE)/ 6.

sTi{k.2 cooniz.us)/ 6.

STI{K,3) = CODI{3.,NE)/ 6
110 CONTINUE

[2Xe]

ASSEMBLE GLOBAL MATRIX AND STORE IT IN COMPACT FORM
DO 160 K = 1.NNOD

IROW = NOO(X,NE)

DO 168 J = 1. NNOD

1COL = NOD(J.NE)

Le7?

IF (ICOL .EQ. IROW) GOTO 1S@

00 148 L = 1,6

IF (LOCAT(L.IROW} .EQ. ICOL) GOTO 150
140 CONTINUE
150 COMA{L,IROW) = COMA(L,IROW) + STI(K,J)
16@ CONTINUE

RETURN

a0

GENERATE ELEMENT MATRIX
200 DO 26@ NE = 1 ,NELE

A =@,

DO 210 K « t,NNOD

Bsx = COOI(K,NE)

K) = PSIUV{NOO(X,NE)}

210 AA « AA + A(K)

DO 220 K = 1,NNOD

DO 220 L = t,NNOD
220 ST1 (K,L) = (AA + A(K)) » B(L) / 24.

¢ ASSEMBLE GLOBAL MATRIX AND STORE IT [N COMPACT FORM
DO 260 K = 1,NNOD

IROW = NOD(K,NE)

DO 260 J = 1,NNOD

1COL = NOD(J,NE)

La?

IF (ICOL .EQ. IROW) GOTO 259

00 248 L = 1,8

{F (LOCAT(L,IROW) .£Q. ICOL) GOTO 258
240 CONTINUE
250 COMA(L, IROW) = COMA(L,IROW) + STI(K,J)
260 CONTINUE

RETURN

c GENERATE ELEMENT MATRIX
500 CO = AREA / 12.
DO S10 K = 1,9
510 STI(K) = CO o 1.
STI (1.1) = sn(z 2) @ STI(3,3) = CO « 2.0

c ASSEMBLE GLOBAL MATRIX AND STORE IT IN COMPACT FORM
DO 368 NE = 1 NELE
DO 560 K = 1,NNOD
IROW = NOD(X,NE)
DO 560 J = 1,NNOD
ICOL = NOO(J.NE)
L=7
1F (ICOL .EQ. IROW) GOTO Sse
DO 540 L = 1,8
IF (LOCAT(L,IROW) .EQ. ICOL) GOTO 550

540 CONTINUE
556 COMA(L,IROW) = COMA(L.IROW) + STI(K,J)
568 CONTINUE
RETURN
[+
[+ GENERATE ELEMENT MATRIX
800 DO 660 NE = 1, NELE
AA = 9.
DO 618 K = 1 ,NNOD
A(K) = PSIUV(NOD(K,NE))
610 AA = A(K) + AA
DO 620 K = 1,NNOD
S = A(K) + AA
DO 620 L « 1,NNOO
620 STI(L.K) = COOI(L,NE)eS/ 24,
4

c ASSEMBLE GLOBAL MATRIX ANO STORE IT IN COMPACT FORM
DO 66@ K = 1,NNOO
IROW = NOD(X ,NE)
DO 662 J = 1 ,NNCD
ICOL7- NOO(J,NE)
L=

IF (ICOL .EQ. IROW) GOTO 630

DO 648 L = 1,8

IF (LOCAT(L,IROW) .€Q. ICOL) GOTO 650
640 CONTINUE
650 COMA(L,IROW) = COMA(L,IROW) + STI(K,J)
660 CONTINUE

RETURN

END



Solving shallow-water equations

CORRES FINDS ALL THE NON-ZERO LOCATIONS OF THE GLOBAL MATRIX
AND STORES THMEM IN THE ARRAY LOCAT

OO OHONQ

PARAMETERS :

NPRINT -~ = 8 : NO PRINTOUT
N\ @ : THE ARRAY LOCAT IS PRINTED WHICH CONTAINS
ALL INDICES OF THE NOM-ZERO ENTRIES OF THE
GLOBAL WATRIX

AOOOOOONOO

o000
Le]

CCCCCCCCC

[2X 2]

Je
40

5@
2001
2002

,eN -

w

1%
18

20

2%

3
e

45
Se

CCCCCOCCCCCoCe
SUBROUT INE CORRES (NPRINT)
COMMON /ELEMENT/ LOCAT(6,180),.NOD(3,330)
COMMON /DIM/ NODE , NELE , NCOL ,NROW
DATA LOCAT /1080+9/
NNOD = 3
DO 49 NE = 1 , NELE
DO 40 K = 1 , NNOD
IROW = [ABS (NOD(K.NE))
DO 40 J = 1 , NNOD
1COL = 1ABS (NOD(J,NE))
IF (IROW .€Q. ICOL) GOTO 4@
O3B Le1, 6
1F éLOCAT (L, IROW) .EQ. ICOL ) GOTO 4@
1F (LOCAT(L,IROW) .NE.®) GOTO 3@
LOCAT(L, IROW) = ICOL
GOTO 4@
CONTINUE
CONT INUE

PRINT OUT (IF m:oumzo;
IF (NPRINT .EQ. @) RETURN

PRINT 2002
DO 56 Ke1,NODE
PRINT 2001, K, (LOCAT(J,K),J=1,8)
FORMAT é(u.u.sx.ele))
FORMAT (1H1,2X,4HNOOE, 3X, I SHNEIGHBOURING NODES)
RETURN
ENO
SUBROUTINE MAPPA (PS!,C.NX.NZ,G)
DIMENSION FUN(38,30),ANS(4.118). IANS(118), nuu(u) PSI(1)
DATA NUM/1THT, TH2, TH3, 1H4, 1M, 1HE, 1H7, 1H8, 1H9 . 1He/
FORMAT (/ /4%, 2J|5//)
FORMAT(1H ,13)
FORMAT (1M .7x,neu;
FORMAT { 144, 7, 116AY
KK = @
DO 85 K = t,NX
DO 3 L= 1,N2
KK = KX + 1
FUN(K,L) = PSI({KK)/C

3

mur 1, (J,J=1,N2)

JB=1

I=1+1

PRINT 2,1

IP1=[+1

1F(1P1.GT.NX) [PI=1

DO 15 Jm=i ,NZ
XD!F=(FUN(IP1,J)~FUN(1,J))/FK
JXw1+Ne (J-JB)
ANS(1,JX)=FUN(T,J)

DO 15 L=2,LEND

ANS(L, JX)=ANS(L-1,JX)+XDIF
DO 20 J=i,NY

JX=14Ne (J~JB)

DO 28 L=1,LEND

YOIF=(ANS(L, JX+N)-ANS(L,JX))/FN
MimJX+1

M3 XHN-1

DO 20 Mmid1,M3
ANS(L M)=ANS(L,M~1)+YDIF
MEND=M3

DO 50 Lwi,LEND

DO 40 M=t ,MEND
IF(ANS(L.M).CE.®.) GO TO 30
AANS=—ANS (L, M)

KANS=C e AANS

KKANS=2e (KANS/2)

LF (XANS . EQ KKANS) GO TO 38
KANS=KANS /2

KANS=MOD (KANS , 10)
LF(KANS.EQ.0) KANS=19Q

TANS (M) =NUM(KANS )

GO T0 40

KANS=CeANS (L, M)

KKANS=2e (KANS/2)

LF (KANS . EQ . KKANS) GO TO 28
IANS(M}=1H

CONT INUE

1F(L.GT.1) GO TO 45

PRINT 4, (1ANS(M) M=1 MEND)
GO 10 %@

PRINT 3, (IANS(M) M=1 MENO)
CONTINYI

lr(l-Nx) 10,55,65

279



280 I. M. Navon

55 LENOm1
Imiet
PRINT 2,1
DO 60 Jm=1 ,NZ
JXmteNe (J-JB)

ce ANS(1,JX)=FUN(1.4)

Go TO 18

65 PRINT 1,(J.J=1,N2)
RETURN
END
SUBROUTINE LOOK (WU, VWV, PSIPSI NX,NY,TIME,NTIME G, NODE,F)
COMMON /COR/ X(192).Y(192).DISTX, DISTY
COMMON/ INVRNT/ HMEAN, ZMEAN, ENERGY
DIMENS JON w(nooe;.w(uoosg,?swsx(uoo:).r(noos)
DIMENSION U(30,3@),v(30,30),PHI(38, 30) H(3e, 30)
DATA IND/8/,NSTEP/8/, TIMEA/9./

PR = NTIME

0X = DISTX

OY = DISTY

KK = @

NXM = NX -1

NYM = NY - 1

DO 4 K = 1 ,NXM

DO 4 L = 1 NY

KK = KK + 1

PHI(K,L) = PSIPSI(KK)

v K.L; - W KK;
V(K. L) = YV(KK
CONT INUE
TIMEBaSECOND(CPU)
DPT IME=TIMES-TIMEA
IF(IND.GT.®) GO T0 5
Glev-v./g‘_oGg
AREA=NXMe (NY-1
ECNST=DX+DY/(G+G)
E2w@ . 5+DXe0Y
SUMENG=® .
HMEAN=Q .
FAC=9.5
D0 40 Kl NY
1F(K.CQO.NY) FAC=0.S
HEL=®
ENEREL=0.
DO 10 Jwi NXM
PHSQ = PHI(J.K)
ENERELwPH3Qe (PHSQ#U(J ,K) sU(J  K)+V(J . K)oV{J K) }+ENEREL
1@ CONTINUE
DO 15 Jwi NXM
H(J.K) = PHI(J.X) / G
15 HEL=HEL+H(J K)
IF(FAC.EQ.1) GO TO 35
HEL=HEL+FAC
35S HMEANSHMEAN+HEL
SUMENG=SUMENG+ENEREL
40 FAC=1.0
HMEAN=HMEAN/AREA
ENERGY=SUMENG « ECNST
IMEAN=9Q
DO 60 K=2,NYM
DO 60 Jwi,NXM
JP1=J+1
IMI=y=1
lF%J,EO.I) JM1aNXM
IF(J.EQ.NXM) JP1=1
vx-Ev JP1 K -véJuu.K;g/gz.-ox;
UYs(U(J.K+1)-U(J,K~1))/(2.+DY
A=VX=UY+F (K
60 ZMEAN=ZMEAN+ASA/MH(J,K)
ZMEAN=ZMEAN«E2
IF(NTIME.LT.@) GO TO 45
NSTEP=IPR
T IMEA=SECOND (CPU)
IF(IND.NE.®) GO TO 45
EN2=ENERGY+ENERGY
IND=1
GO TO Se
45 IF (ENERGY.GT.EN2) STOP 1
50 RETURN
END
SUBROUT INE DX{(R,<,A,NODE,NR ,NC,DISTX
OIMENSION R(192),5(192),A(192),T(15).U(15).%(15).%w(15),2(15)
NX=NC+1
NY=NR+1
NX1aNC
NX2=NX-2
COFw—B84.20[S5TX
NO=-NY
DO 1 Jmi NY
NO=NO+1
NaNO
DO 2 l=t NX
NeN+NY
1&[;-A N;
X(1)=S(N
[ FIRST STAGE
UE!;-§-5.-Yés;—!z.-TEZ;*JZ.-TéNX)OS.-T(NX|))/COF
U(2)=(~5.0T(4)=32.eT(3)+32.T(1)45.T(NX))/COF
D0 3 [=3,NX2
Ugl)-(—s -T(l+2;—324-T 141)432. eT(f=1)+5. eT(1~ ;;/COF
3

>

w»

»

w

U(NX1)m{-5.eT(1)=32.eT(NX)4+32. ¢ T(NX2)+5.¢T(NX=3))/COF
U(NX)=(=5.eT(2)~32,oT(1)+32. ¢ T(NX1)}+5 o T(NX2))/COF
CALL CYCPNT(U,2 ,NX)

c SECONDSTAGE
u§|)-(x(Nx)-z(Nx)ox(Nx)oz(l)¢x(1)-z(Nx)¢x(|)-z(z)ox(z)oz(1)+x(2)-
02(2))/12.4x(1)02(1)/2.

00 4 [=2, NX1
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Solving shallow-water equations

M=t

[Pmi+t

U(I)=(x(1M)eZ (1M oxélu)-l(l)ox(l)-l(lM)-ox(x)-Z(lP)»x(lP)-z(l)ol(lP
*)eZ(1P))/12.4x(1)eZ(1)/2.
u(ux)-(x(ux‘;-z(um)»x(mu)-z(nx)¢x(nx)-2(nx1)ox(ux)-z(nox(!)-Z(
oNX)4+X(1)02(1))/12.+X(NX)eZ(NX)/2.

CALL CYCTRD(U,.W, NX)

Ne=ND

DO S l=1,NX
Na=N+NY
R(N)=%(1)
CONT INUE
N=NYX e NY
DO 6 Jei,NY
Nembi4 1
R(N)=R(J)
RETURN
END
SUBROUTINE PENTDG(U,F,NX)
DIMENSION U(NX).F(NX)
REAL DEL(15).LAM(15).CAM(15) MU
SUBROUTINE PENTDG SOLVES THE EQUATIONS
AeU(1-2)+BeU(1~1)4Co(1)+De(1+1)+Ee(1+2)=F (1)
FOR 1.LE.1.LE.NX
WITH A=8 FOR [=1 AND =2
Be® FOR [m1
D=0 FOR [=NX
E=0 FOR [=(NX-1) AND I=NX

A=1./70.
B<16./70.
C=36./70.
D=8

E=A

NX1wNX-1

NX2=NX-2

NX3wNX-3
T=1

DEL(1)=0/C
LaM(1)eE/C

GaM(1)=F (1)/C
1=2

MU=C-BeDEL(1)
DEL? § (O-BelAM(1)) /W

LAM( 2)=E /M)
(7(2)~8°GAV('))/NU
3. LE.1.LE. (NX-2)
D0 1 l=3.NX2
a:rA-a-A-ocL(l-z
—aEu.DEL(l ~1)-AeLAM(1~2)
DELE 2-(D-BETA-LAM(I 1))/

~(F(1)~BETAGAM(1-1)~AeGAM(1-2) )/ s
CONT INUE
T=NX~1
BETA=B-A«DEL (NX3)
MU=C-BETA®DEL(NX2)~AeLAM{NX3)
DEL?NXI -éb-SETA-LAM(NXZ))/MU
GAM(NX1 )= (F(NX1)-BETAsGAM{NX2)-A+GAM(NX3)) /MU
TeNX
BETA=B-A«DEL{NX2)
MU=C—BETASDEL(NX1)-AeLAM(NX2)
GAM(NX )= (F (NX)-BETASGAM(NX1)~A+GAM(NX2)) /MU
BACK SOLUTION
2NX)~GAN(NX
U(NX1)=CAM(NX1)-DEL (NX1)eU{NX}
DO 2 J=t NX2
l=NX1-y
U(1)=GAM( 1)-DEL(1)oU( 1+1)-LAM(1)eU(1+2)
CONTINUE
RETURN
END
SUBROUTINE CYCPNT(D,Z,NX)
DIMENSION D(15),Z(15), TMP(15),v(15),w(15,2) ,FN(15)
A=1./70.

Be16./70.
C=368./70.
NX 1=NX~1
NX2wNX-2
NX3=NX-~3
NX4=NX-4
CALCULATE weE( INVERSE)FN
FIRST COLuWN
DO 1 =2 NXx4
FN l;-o.
FN(1)=A
FN(NX3)=A
FN(NX2)=B
CALL PENTDG(TWP,FN,NX2)
00 2 =1 ,NX2
w(l,1)=TMP(1)
SECOND COLUMN
w(l,2)=TWP(NX1=])
CALCULATE VeE(INVERSE)D
CALL PENTDG(V,D,NX2)
CW1tmAew( 1, 1)+AeW({NX3, 1 »eowznxz,'l
GW12=AeW(1,2)+AeW(NXI, 2)+BeW(NX2, 2
GW21=BeW( 1, 1)4A0W 2,1gu-w NX2,1
CWZ2=BeW(1,2)+AsW(2,2)+AeW(NX2,2
GVimAev 1;u-v NX3)+BeV(NX2)
GV2=BeV(1)+AeV(2)+AeV(NX2)
OMGY1=D(NX1)—GV1
DMG'/2=D(NX }-GV2
C11=C-Gwi11
C12=8-Gw12

281
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C21=8-Gw21
C22=C-Gw22
CDET=C11eC22—C12+C21
C111=C22/CDET
CHZ—%-C!Z;/CDET
Cl2t=(-C21)/CDET
C122=C11/CDET
Z(NX1)wC111eDMGY1+C112DMGYV2
Z(NX)=C1210DMGV14C12240MGV2
00 5 I=1 NX2
wz-w(],1;-2(Nx1)w(l.2)-Z(Nx)
Z(1)=v(1)-wZ
RETURN
END
SUBROUTINE NCTRD(U,D,NX)
DIMENSION U(NX),D(NX),BET(15).GAM(15)
Am1./6.
B=2./3.
C=A
AC=1./36.
NX 1 =NX~1
NX2=NX~-2
NX 3=NX~-3
C I=1
BET
|§ ; =0(1)

BET(2
Au§2;-0(2)

J
BET(3
GAM(3 -D(J)-A-GAM(2)
DO 1 l=4 ,NX2
BETE l;-B—AC/EIET( 1-1)
GAM(1)=(D(1)-AeGAM(I-1))/BET(I)
CONT INUE
c T=NX-1
BETéNXI;-I .

GAM{NX1)=D(NX1)
J=NX

»

CAM(NX )=D Nx;
U(NX ) =GAM(NX
U(NX1)=GAM{NX1)
DO 2 I=2.NX3
JaNX=1
U(J ) =GAM(J}-CoU(J+1)/BET(J)
CONTINUE
052 -cmézg
1)=CAm(t
RETURN
END
SUBROUT INE cvcrnoso 2.Nx)
DIMENSION D(15),Z{15) . w(15),v(15),FN(15)
A=1./8.
B=2./3.
NX1ebX~1
NX2aNX-2
[ CALCULATE W=E{ INVERSE)FN
N(1)mA
FN(NX1)wA
00 1 1=2 NX2
FN(1)=0,
CALL TRIDG(W, FN_NX1)
c CALCULATE V-E(INVERSE)D
CALL TRIDG(V,D,Nx1t)
GN-A-éﬂsl +W(NX1
GVeAe (V(1)+Vv(NX1
DMGV=0 (NX) -GV
Z(NX)=DMGV/ (B-GW)
DO 2 le1,NX1
Z(1)=V(1)-Z(NX)ew(l)
RETURN

END
SUBROUTINE TRIDG(U.D,NX)
DIMENSION U(15),D(15). acr(:s) GAM(15)

~

-

~

THE EQUATIONS ARE
AeU(1=-1)4BeU(1)4Cou(1+1)=D(1)
WITH A=@ FOR l=1

AND C=@ FOR lwNX

A=1./6.

B=2./3.

C=A
/36

ACm1,
a£r£|

1)=0(1)/8

t l=2,NX

esrg ~B-AC/BET(1-1)
GAM (o(l)-A-cAu(l -1))/BET(1)
CONTINU
u(ux)-cm(ux)
NX1wNX~1

aoanaon

-

U(J)=GAM(J)~CoU(J+1)/BET(J)
CONTINUE

RETURN

END

SUBROUTINE OY(R,S.A,NODE,NR,NC.DISTY)

DIMENSION R(192),5(192),A(192).T{12),u(12),x(12).%(12),2(12)
NXaNC+1

NY=NR+1

NY 1eNY-1

NY2eNY-2

NY3=NY-3

NY4=NY-4

~
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COF =84 . «DISTY
COF2«12.+01STY
NO=——NY

DO 1 I=1,NX
NO=NB+NY

Ne=NO

00 2 J=t NY
NN+ 1
T2J;-A(N
X(J)=S(N
FIRST STAGE

uu;-o.

u(zs-(—gzk;;(s)‘sz.-T(t))/cor

DO 3 J=3,

U(d)=(~5. e T(J42)~32. 0T (J41)+32. oT(J=1)+5.+7(J-2))/COF

U(NY1)=(=32. e T(NY)+32. e T(NY2) ) /COF

U(NY)=8. ) ,

CALL PENTDG({Z.U,NY

2(1)m(=25. oT(1)+48.T(2)-36.0T(3)+16.T(4)=3 ¢T(5))/COF2

z(z}-%-:.-1(1)—10.-r(z)§1a..r(:)~s,-f(;)¢r§5))/cor2

Z(NY1)m(-T(NY4)46 .« T(NY3)-18. ¢ T(NY2)+18. e T(NY1)+3. e T(NY))/COF2

Z(NY)=(3.T(NY4)-16. e T(NY3)+36. s T(NY2)~48. ¢T(NY1)425.¢T(NY))/COF2
SECOND STAGE

TOmd. oT(1)=6.0T(2)44.4T(3)-T(4)

TNYP1a4 o T(NT)—6. e T(NY1)+4. oT(NY2)-T(NY3)

XOmd, oX(1)=6. ¢X(2)+4.eX(3)-X(4)

XNYP a4 ¢ X(NY)=B.oX(NY1)44. eX(NY2)-X(NY3)

20=(-25.0T0+48. o T(1)-36.T(2)+16.¢T(3)-3.47(4))/COF2

ZNYPl-(J.of(NYS)—lﬁ.OT(NY2)436‘OT(NY|)-CG.OVENV)+25.OYNYPI)/COFZ

U] 1;-(xo-zo+xo-z(v)+x(1)-za+x(v)-z(z)+x(2)-z 1)+x(2)e2(2))/12.+

x§1 02(1)/2.

DO 4 J=2 NY1

SN

JP=J4t

& UL =(X(IMY o Z(IM)+X(IM) 0 Z( ) +X(9) 0 Z(IM) +X(J) Z(IP)+X(IP) e T(J)+X(
-JP)-ZEJP))/nz.»x(J)-z(J)/z.

U(NY )= (X(NY1) e Z(NY1)+X(NY1)eZ(NY)}+X(NY) e Z(NY1)4X(NY) «INYP1+XNYP 1

-Z§NY 6!NYP|'ZNYP!;/12.¢X(NY)-Z(NY)/2‘

CALL NCTRD(W U, NY

N=NO

~

o

W{NY)=d

DO & J=1 NY
N4 1
R(N)=w(J)
CONTINUE
N=NXeNY

DO 8 J=t NY

w§|)-o.

-

NN+ 1
R(N)=R(J)
RETURN
END
SUBROUT INE FUNCT(N,XC,FC,GC)
COMMON/OLD/ XO(540) M8, 70, E@ ALPHA BEETA TG F(180) ,NX NY,DX,DY,
1PNLTH, PNLTZ PNLTE ,UH,UZ ,UE ETA, EMINN
COMMON/ INVRNT /HMEAN , ZMEAN, ENERGY
DIMENSION XC(540),GC(340),02(540) ,0H(180)
M12eN/3
M21eM1241
M22-M124M12
M3 1=M22+1
CALCULATE FUNCTION VALUE FC
SUMSO=8 .

D0 1 1l=1 ,M22
SUMSQ=SUMSQ+ALPHA® (XC(11)-XO(11))ee2
00 2 1l=M31,N
2 SUMSQ=SUMSQHBEETAe (XC(11)-XO(11))ee2
CALCULATE E,Z AND H
Gm@.57C
CALL LOOK(XC(1),XC(181).XC(361) NX+1 ,NY, 0. =1 .G MI12,F)
HO | F=HMEAN-HO
ED1F=ENERGY-EQ
IDIF=IMEAN-20

FCoSUMSQ+PNLTEEDIFee2+PNLTZeZDIFse24U2«ZDIF+UESEDIF
¢ +PNLTHeHD [ Fe e 2+UHeHO I F

CALCULATE 0Z/DU AND D2/DV AND D2/DH
TOX=DXe2 .
TDY=DYe2,
DY2=0DY/2.
OX2=0%/2.
Ci=Ge (-DXsDY)/2.
C2=G+Dx2
C3=GeDY2
NYM1=NY-1
AREA=1 . /(NXs(NY-1))
AREA2~AREA/2.
[u=2
DO 3 l=t NX
DO 3 J=t NY
[Um U+
[vm UM 2
T [ U222
DZ(1U)=d .
DZ(Iv)=0.
DZ(1IH)=0
DH{ [U)=AREA2
IF(J.EQ.1.0R.J.EQ.NY) GO TO ¢
DH{ [U) =AREA
[HMS= [ H=-NY
1VMS= I V-NY
I VNS= [ VMS-NY
TUMP= [U-NY+1
1= [ U=NY=1
IF(1.NE.X) GO TO S
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c CYCLIC X BOUNDS
1HMSe [ HMS+M12
IS [ VMS+M12
IVNS= [ VNS+M12
[UMP= [ UMP+M12
TUMe [ UNBAM1 2
1F(1.€0.2) IVNSelVNS+M12
[HPS= [ HeNY
IVPSe= | V4+NY
IVQS= 1 VPS+NY
TUPP= [U+NY+ 1
TUPM= [U+NY =1
IF(1.NE.NX) GO TO &
IHPS= [ HPS-M12
IVPSe [VPS—M12
IVQS=VQS-M12
IUPP-[UPP—M12
UPM= [UPM-M12
[ lF(l EQ. (NX-1 IVQS=VQS-M12
0Z(1Iv)=( ((XC lV)-XC(lVNS))/TDX—(XCiIM)-XC(IM))/‘I’DY#F(J))
1/xC(1HMS ) )= (( xc(lvos)-xc(xv))/vox- XC( 1UPP)=XC(1UPM))/TDY+
2F(J))/XC(1HPS)))
0Z(1H)=( (XC(IVPS)-XC(IVMS))/TDX-(XC(lu+1)-lC(IU—I))/TDY¢F(J))--Z
o/(XC(1H)ee2))eC1
4 OZUL=0.
OZUR=®.
IF(J.GE.NYM1) GO TO 7
IVPP= [ VANY+1
[VMP= | V-NY4+1
IF(1.EQ.1) IVMP=IVMP4M12
F(1.€Q.NX) [VPP=|VPP-M12
DZUL=C2e { (XC{IVPP)-XC(I1VMP}}/TDX-(XC{T1U+2)-XC(1U})/TDY+
1F(J+1))/XC(IH+1)
1IF(J.LE.2) GO TO 8
7 IVPM=]VANY=1
1VMM= [ V-NY-1
1F(1.EQ.1) IVIMM=]VIMMI2
IF(1.€Q.NX) IVPW=]VPM-—M12
DZUR=C2e¢ ( (XC{1vPM)}-XC(1vWM})/TDOX-(XC(IU)-XC(1U-2})/TDY+
1F(J-1 ;)/xc(lu—1)
8 DZ(1U)=DZUL-DZUR
3 CONTINUE
C CALCULATE DF/OU
TALPHA=2 . ¢ALPHA
THETA=2 . ¢BEETA
C2=DXeDY
C3=C2+EDIF/C
Ci=2. ¢C3
C4~UE+DXsDY/C
C3=C4/2.
DO 18 [U=1,M12
IH= [U+M22
19 GC(1U)TALPHAS (XC(1U)}~XO(1U) )+PNLTE«C1eXC(IU)eXC(IH)+2.¢2ZD1Fs
102 lU%OPNLTZOC«XC(IU)-KC(IN +UZ+02(1U)
Cc CALCULATE OF /OV
DO 11 [VeM21,M22
TH= V412
11 GC(IV)=TALPHA® (XC(1V)=XO(1V))+PNLTEeC1eXC(I1V)eXC(IH)+2. ¢ZDIF e
10Z(IV)ePNLTZ4C4eXC(1V)oXC(1H)+UZ+0Z(1V)

w

C CALCULATE OF /DH
DO 12 [U=1 M12
IvelUaM12
[H= U422

UVH=XC(U) 00 24XC(1V)0024TGeXC(TH)
12 GC(IH)=TBETA«(XC(IH)-XO(1H) )4PNLTHe2 . ¢HOIF «DH{ 1U)+UHDH( IU)
042 e2DIFeDZ(IH) «PNLTZ+UZ+DZ( IH)+PNLTECUVHeCI+CSeUVH
RETURN
END
SUBROUT INE SMOOTH{ZK, TEM,NX,NY)
DIMENSION C(3,2).2K(12, 15) TEM(1S)
OATA ((C(I.J).1=1,3),J=1,2)/3.8798,~1.77097,0.331065,0.375,0.25,
1 0.0625/
NX1aNX-1
NY1=NY-1
DO 300 KKe1,2
C1=C(1,KK
62-632.10(
C3=C(3,KK
c SMOOTH IN Y~DIRECTION
DO 381 I=1, NX
DO 3805 J=2 NYi
lFﬁJ £€Q.2) GO 10 25

1F(J.€Q.NY1) GO TO 35
GO T0 4@
28 rwo-zx(x J42)42. 02K (1 ,3=1)=2K(1,9)
GO T0 S
35 Two=2. -ZK(I J41)=IK(1,9)42K(1,9-2)
GO T0 %@
40 rwo-zx(l J+2)42K(1,4-2)
50 CONT[NU
YEM(J)-Ct-ZK(l J)4C20 (ZK(T,d=1)4ZK(1.J41))+THOC3
3805 CONTINU

DO soos Jm2,NY1
3008 ZK(1,9)=TEM(4)
381 CONTINUE
c SMOOTH IN X-DIRECTION
00 383 Jai NY
DO 302 l=2.NX1
IF(1.£0.2) GO TO 17@
IF(1.£Q.NX1) GO TO 185
GO TO 208
170 TWOm=2 . oZK(1-1,4)~2K(1,0)+2K(142,4)
GO T0 230
185 TWO=2K(1-2.J)42. ¢2K{ . +1,4)~2ZK(1,4)
GO TO 230
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200 TWO=ZK(1-2,4)+2x(142.4)
230 TEM(1)=CleZK{1,d)+C2e(2K(1=1,J)4ZK(1+1,J))+C3eTWO
302 CONTINUE
DO 3025 =2, NX1
30295 ZK(1,J)=TEM(I)
383 CONTINUE
300 CONTINUE
RETURN

END

SUBROUTINE MONIT(N,XC,FC,GC,NCALL,TEST)

LOGICAL TEST

COMMON,/OLD/ XO(54@) .H9,Z8,E0,ALPHA BETA, TG, F(188) ,NX,NY DX, DY,
1PNLTH, PNLTZ PNLTE . UH,UZ UE, ETA EMINN

COMMON,/ [NVRNT /HMEAN , ZMEAN , ENERGY

DIMENSION XC(54@),GC(54@)

SUMSQ=0

NXNY=NX oNY

GNORMeg .

DO 1 TU=1 NXNY

1V [UNXNY

TH= [ VANXNY

SUMSQuSUMSQ4ALPHA® ( (XC{1U)=XO{1U)) ¢224(XC{IV)=XQ(IV))se2)+BETAe
1(XC(TH)-XO(1H))ee2
GNORM=GNORMAGC (1U) 09 24GC (IV) 0« 24GC(1H) o2
1 CONTINUE

GNORM=SORT (GNORM)

TH=NXNY+NXNY

C=TG/2.

CALL LOOK(XC(1).,XC(181) ,XC(361) NX+1 ,NY @ .1 G NXNY F)

HO | F=MMEAN-HO

EDIF=ENERGY~EQ

2D 1 FwIMEAN-Z9

ENORM=SQRT(ZD1F e« 24EDIFee2)

EENRM=E TA® ENORM

TESTe(GNORM . LE . AMAX 1 ( EENRM, EMINN) )

PRINT 2 NCALL,SUMSQ,GNORM HDIF ,Z01F EDIF,ENORM, EENRM, EMINN
2 FORMAT(“QSUMSQ AT CALL “,I5," = “ E12.4." , GNORM = " £12 4/
*" ERRORS L H, Z\&E: ", 3E14.6/" NORM « ™ £14.6,10X,

o ETA o NORM = " E14.6,10X,." MIN. VALUE = ~ £14.6)

IF (TEST) EMINNwAMAX!(EENRM, EMINN)

RETURN

END



