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Abstract— A FORTRAN IV computer program is documented implementing a compact fourth-order accurate
finite difference scheme in a spatially factored form, for solving the nonlinear shallow-water equations on a
limited domain. In contrast to the usual fourth-order schemes this compact fourth-order scheme requires the
solution of only either block-tridiagonal or cyclic block-tridiagonal coefficient matrices. Moreover this compact
fourth-order scheme is related to the finite-element method and has a smaller truncation error than the usual
fourth-order schemes. The integral invariants of the shallow-water equations are calculated at each time-step and
were determined to be well conserved during the numerical integration, ensuring that a realistic nonlinear
structure is obtained.

A Schumann-Wallington low-pass filtering procedure was incorporated in the program to overcome the
increased aliasing due to the higher accuracy method. A third-order boundary condition is imposed, preserving
the overall fourth-order convergence rate of the interior approximation.

Key Words: Shallow-water equations, compact differencing, conservation-law form, fourth-order implicit-

finite differences.

INTRODUCTION

This paper describes the computer implementation of
the implicit compact fourth-order method for solving
the nonlinear shallow-water equations in conservation-
law form, and was described in detail by Navon and
Riphagen (1979).

This method requires only three-grid-point finite dif-
ference expressions instead of the five-grid-point ex-
pressions required by the usual fourth-order methods.
Moreover it has a truncation error which is smaller by a
factor of six than that of the standard five-grid-point
fourth-order approximations. The new method also has
features common to both finite-difference and finite-
element methods (see Cullen, 1975; Cullen, 1977,
Cullen and Morton, 1980), and offers a computation-
ally efficient finite-difference alternative to the finite-
element approach, because the linear systems to be soived
are tridiagonal, in contrast to the more complex coeffi-
cient matrices generated by the finite-element method.

Morton (1977) points out that the fourth-order com-
pact method approximates “half-lumping” the mass-
matrix of the finite-element method for regular linear
elements in the single-stage Galerkin approach. In this
program the method is used for solving the nonlinear
shallow-water equations which may serve as a test-study
in atmospheric and oceanic applications.

In the first section of this paper the system of non-
linear shallow-water equations in conservation-law form
is described; as is the test problem used.

In the second section descriptions are given of the
fourth-order compact alternating-direction implicit algo-
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rithm itself, of the implementation of boundary condi-
tions, and of the low-pass filtering technique used to
prevent nonlinear aliasing effects. For further details the
reader is referred to Navon and Riphagen (1979).
Finally, the third and last section contains a detailed
description of the program SHALLA4, its input and output
specifications and the different user options.

THE SHALLOW-WATER EQUATIONS IN
CONSERVATION-LAW FORM

We consider the shallow-water equations, that is the
primitive equations for an incompressible, inviscid fluid
with a free surface confined to a channel corresponding
to a middle-latitude band. The north and south bound-
aries are rigid walls, whereas the flow is assumed to be
periodic in the east-west direction.

The beta plane approximation is made.

The basic nonlinear shallow-water equations in
Eulerian form are

du du du oh,
—tu—t+tv— -+ g—'=0

at “ax vay s gax

a8 a d oh
-X+u—~v+v—v+fu+g——=0 (1)
ar ox ay dy

oh oh h 9 d

e LR A Y

ot ox dy ox ay

for a rectangular domain, 0 =x =L, 0=y <D,

t = 0. Variables are defined as follows:

x,y east—west and north—-south coordinates, re-
spectively;

t time;
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uv  velocity components in the x and y directions, re-
spectively [u = u(x,y,t), v = v(x,y, DI,

h  depth of the fluid;

g  acceleration of gravity, constant;

f  Coriolisforce{= f + B(y — D/2),f, B constant].

Following Houghton, Kasahara, and Washington (1966),

one can write (1) in conservation-law form (i.e. di-

vergence form) as

9 ] ] oh ]
— (hu) + —(hu®) + —(huv) + gh— — fvh =0
at( u) ax(“) ay(uv) gh— fv
d ] 9 dh
—(hv) + —(huv) + —(hv®) + gh— + fuh =0 }
at( v) ax( uv) ay(V) gay fu
oh d d
— 4+ —thw) + —hv) =0
o a0t g () )
2
or in matrix form as
oU oP o
——+—+-—Q——fR=O, 3)
ot ox dy
where U, P, Q, and R are the column matrices:
~2
m
- 7+%8h2
m _ .
u={al, p=| =
y h b
Lh "
h ,
G ?
Q=5 +ien’|, R=|n ()
- 0
L n
in which
m = hu n = hy (5)

Periodic boundary conditions are assumed in the
x-direction, whereas in the y-direction the boundary con-
dition is

vix,0,t) = v(x,D,t) =0 6)
and the initial condition

Ulx,y,0) = ¢(x,y). (M

With these initial and boundary conditions the total
energy

L (D
E =-1-jf(u2+v2+gh)hdxdy 8
2 0“0

is independent of time.
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Also independent of time are the average values of
the height of the free surface (which is proportional to the

total mass):
L D
J’ f h dx dy
T 070

h = —gmp— 9
f dx dy
0“0
and the enstrophy
q2
z = ff(—h-)dxdy (10)
where
v ou
=———+f 11
x oy f (1D

For the test problem we decided to use two different
initial conditions employed by Grammultvedt (1969),
both describing a westerly jet flow with north—south
perturbations of different wavelengths and amplitudes
along the zonal axis of the jet. These initial conditions
have been employed by a considerable number of re-
search workers and thus provide a basis for comparison.
The initial height fields are

D) h(x,y) = Ho + H, tanh(g—(D—/Zz-B-——}Q>
+ H, sechz(g(—D%:—yz) sin 2—23 (12)
D) hix,y) = Ho + H, tanh(g—(l—)L;—D;ﬂ)
2 ?(2/_2:_2)
+ H, sech ( 5

. [0.7 sin(g?) + 0.6 sin 6—2’5] . a3

Initial condition I initially has energy only in wave num-
ber 1 in the x-direction, whereas initial condition II ini-
tially contains energy in wavenumbers 1 and 3 in the
x-direction.

The dimensions of the rectangular domain were
L = 4400 km and D = 6000 km, and the following
constants were adopted:

H, = 2000 m; H, = 220 m; H, = 133 m;
g=10ms% f=10"s";
B=1510"m"s} (14)

where
f=7+B(y-D/2). (15)
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The time and space increments used were

Ax = Ay

200 km; At =900s;
500 km; Ar = 1800 s.

il

(16)

THE BASIC ALGORITHM

Time-differencing and linearization

Denoting by a superscript n the time level n At
where At is the time increment, we start by using a trape-
zoidal time-differencing scheme (Beam and Warming,
1976; Briley and McDonald, 1977):

n n+1
- 3] (]
2 at ot

+0(A%). (17)
If the scheme (17) is applied to (3), one obtains
o422
+ (%I;- + %—Q— -fR)"H] + 0(Af%). (18)
As
P! =P(U™") and Q"'=QU"™") (19

are nonlinear functions of U™*', a linearization proce-
dure (see Steger, 1978; Warming and Beam, 1978) in-
volving a local Taylor expansion about U", is employed
to overcome the nonlinearity of the problem:

P™l =Pt 4+ AU - U + O(Atz)}
Qn+l = Qn + Bn(un+l — Un) + O(Atz) ’

where the matrices

oP E10)
A=—, B=—
oU U 21
are Jacobian matrices with elements
oP P, (aQ) 90,
—_— == d (—=] = . 22
(au),,, 0, ™ \Gu), "0, @@

Substituting (20) into (18), a linear system for U"*' is
obtained:

At n n, n+1___A_t_ n+1
{1 +7[ (an) + o (B )]}U > /R

- {1 + -Az—’[ A + @ )]}

_ Q) .
At(ax o)+ SR @3

In Equation (23) and throughout the paper the notation

] d
[3; (A"-) + 5(3" ')]U"” (24)
is used to denote
0 + 3 nyrn+
a(A"U" o+ a—y(B v, (25)

and I is the unit matrix.

The alternating direction implicit factorization

As it stands, Equation (23) seems to suggest that a
large number of operations are required to solve the
implicit equations. Clearly, if one could factor the space-
difference operators into separate spatial variables, in-
stead of having to solve a formidable matrix inversion
problem, one would have only to solve block-tridiagonal
systems, using efficient solution algorithms. This sig-
nificant improvement in efficiency for multidimensional
implicit methods is achieved by using the alternating-
direction implicit (ADI) algorithm (see Douglas and
Gunn, 1964). We first note that in (23) the term fR can
be written

i 0 f o]fm
R =fl-m|=|-f 0 o||a|=cu. @6
0 0 0 0||lh

Therefore one can write (23) as
Ar 9

{I + —[—(A" )+ —~B"") - C]}U"”
2 ay

={1 +ﬂ[ (A7) + — (B"-)+C]}U"
2 dy

aP 4

- At(—— + —Q) + 0(A). 2D
ax  dy

The form (27) suggests that we establish a factorizable

term within the braces by adding the following third-

order perturbation terms:

Ae NI (At ' B
e 2 )ay(B )/

A3 N
= A )a—y(B )a:

@

U” + 0(Ar%)

At3 o (2)(Un+1 - Un)
an C C At

b (28)
- ar’ C“’C"’
4 ot

A o'+ un
—_— (A" C(Z)____
4 ax( ) Ar

A e U+ U
4 9y (B )C At

U” + 0(Ar*)

i)

amv
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where
0 00 0 f 0
cV=|-f 0 of, c®=10 0o of, (29)
0 00 0 0 O
chY+Cc?=. 30)

A scale analysis shows that the last three perturbation
terms (I—(IV) are the order 1072, 107* and 107%, re-
spectively, compared with the magnitude of the first per-
turbation term. (Typical magnitudes are A = 2000 m,
u=30ms',v=5msandf=10"*s"")

The factored scheme then can be written as

{I + —A2—t|:-(% A" - C‘”]}
{1 + %t[.:_y (B"+) — C‘”]}U"“
= {1 + —Az—t[% (A7) + C‘”]}

At] 9 ", ) R
{1 +7[a_y(3 )+C“]}U

aP  J0\"
VE
! ax ay (31)

The Jacobian matrices A and B are given by

[2u 0 —u® + gh|
A=|v u —uv R (32)
Ll 0 0 |
(v u  —w
B={0 2v —v + gh}, (33)
LO 1 0 |
huv — h 0
BU = |mv* + gh? | = | + gh?| = 0 + |3gh°|,
hv _ 0
L A
(34)
2 2 rn-lz + ghz 1 2
hu® + gh - 28h
AU=| mv |=] T J1=pP+]o0
hu e 0
| m
(35)

A computationally convenient form of (31), which em-
phasizes the spatial splitting, is

ﬂ _Q. n, (2)]} n
+ ) [ay(B )+ C U", (36a)

At) 9 ny — W T
¥z -]

7=

—_ H i n, (l)]}_n-ﬂ
f{1+ 2[(_’X(A ) + CO AT

- At(a—P + Q) , (36b)
dax dy

{1 + ._A_tl:i (B") — C(Z)]}Unﬂ — ﬁ"“ (36¢)
2 Lay

The introduction of compact fourth-order spatial
differencing
For the approximation of the first spatial derivative,

the fourth-order compact spatial differencing takes the
form

(A p— T
ax/; 1+ Ax*D + xD — x/6] "
+ 0(AxY),

(37

and involves only the grid points i + 1,i,i — 1
(x; = i Ax), where

Dotti = (Uix1 — wi-1)/2 AX]

Diu; = (ui-H - u,-)/Ax (38)
D_xu,' = (u,' - u,'_l)/Ax
Equation (37) is equivalent to
s 45+ (3.
6 ox, i+l ox, i dax i—-1
= D,ui . (39)

Thus (du/ox);,i = 1,...,N,, can be determined from
u; by solving a system of linear equations whose coeffi-
cient matrix is tridiagonal and of the form

4 -
1 4

(40)

~

it
| =
o
/o

T4 jovxng

For Equation (37), Climent and Leventhal (1975) intro-
duced the more convenient notation

(%), - [P e

= Q;'Dou; + 0(Ax*) (41)

1
Quu; = a+ 83/6)14:' = -6‘(ui+1 + 4u; + uiy)
(42)

2 =
Ssui = Uivy — 2u; + uiy

Application of compact fourth-order differencing to the
first space derivative in the ADI shallow-water algorithm
(36a)—-(36¢) yields
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U:}“ = {I + %[Q;‘DO,(B:; )+ CE}’ }U:}, (43a)
A =
{1 + {[Q:‘DO,(A; ) -Ccy }U

At —
= {1 + 107 Dala ) + cy }U

- AHQ:'D P} + Q;'D,, QF), (43b)
A
{1 + —2£[Q;‘D,,y(B?,--) -CcP }U?}”
=T, (43¢
i=1,...,Ns,
i=1,...,N,,

where N, A, = L,N, A, = D.

Computational procedure
To evaluate (43a) we write it in the form

vn+1 = [1 + _Az_tc(Z)]Un

+ %QJ’D@(B"U") - (44)

For this one-dimensional problem we first solve a block-
tridiagonal system
Q,W" = Do,(B"U") (45)
to obtain
W™ = 07'Do,(B"U"). (46)

In the block-tridiagonal system the individual blocks are
(3 X 3). We then evaluate

— A At
gt = [1 + —'c‘”]U" +=Wr @)
2 2
and with the definition
a: = At/2, (48)
we obtain
U h'u” + a fh™v" + a; W1
st = [hv + a: w3 (49)
77000 PR P L a; W3

For Equation (43b) we start by evaluating the right-
hand term

~At 990 = —A1Q;' D, Q". (50)
ay
We define
Y =0, D, Q" (82))

and solve the block-tridiagonal system

0,Y =D, Q0" (52)

We can then write the right-hand side of (43b) as
- A =
vl = [1 + %C“’]U"” - Aty
A[ ~1 nyrn+l
+ 7(Q, Do (A"T™! — 2P™). (53)

Muitiplying (43b) from the left by the operator Q., we
then obtain

I:Qx + 'éz't(Dox(An ') - QJ:C(I)]U'H.1 = van+]
- E (l)]—rﬂ-l - é_{
[Qx+ 2Q1C U 2QxY
+ %I[DQ,(A"U"” - 2P"]. (54)

Here, owing to the cyclic boundary conditions in the
x-direction, cyclic block-tridiagonal systems have to be
solved for eachj = 1,...,N,.

Efficient algorithms for solving cyclic tridiagonal
systems were proposed by Temperton (1975), Navon
(1977), and Hindmarsh (1977), among others, and were
generalized to block-cyclic tridiagonal matrices by
Navon (1977).

For a given j, the cyclic block-tridiagonal matrix
resulting from the discretization of Equation (54) has
the form

E, F D,
0
R =D, (55)
\ FNX—I
Dy, 'En,

x

Fy

x

with

1 — 2au 0 —a(-u® + gh) (CEl

D; = —av+—2if 1 — au auy s

| i
(56)

] 0

4 0 (n+1)

2016 4 O
0 0 4|

1 + 2au 0

<

(57

a(—u® + gh)leeg
1+ ou —auyv R

a 0 1 i

where a = 6At/4 Ax.
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Having obtained ﬁ"”, we finally multiply (43c)
from the left by the operator Q, to obtain

At
Qy Un+l + 7D°y(Bnun+l)

A =
- Eny(C‘”U"“) =QU™. (59

A block-tridiagonal matrix with (3 X 3) individual
blocks of dimension N, has to be inverted for each
i =1,...,N, at each time-step.

For given i and j the (3 X 3) blocks have the follow-
ing entries

1—av —au - 8y auy
D, = 2
Yo 1 -2av —a(-v*+gh)l|,
0 - 1 i
(60)
4 -244 0
E;=10 4 0{, (61)
0 0 41y
1+ av au — Aff —auv
F=1 0 1+ 2av a(—v:+ gh)
0 a 1
ij
(62)

The inverse of a (3 X 3) matrix was calculated explicitly
to increase the efficiency of the program.

Implementation of the boundary conditions

In this work we implemented the Adam (1977) O(k?)
boundary conditions and use a convergence result due to
Gustafsson (1975) according to which, provided the
scheme is stable with regard to boundary conditions, it is
possible to use at the boundaries approximations one
order lower in accuracy and yet retain the order of con-
vergence of the more accurate interior approximation.

In the y direction we first used the Adam (1977)
boundary conditions. For instance, for

0 —
a—y(B"U")U = Q,' Do (B"U"); = Wi*', (63)
we wrote
QyW;;'“ = Doy(BnU")ij (64)
and, atj = 1,

—_— — 1
Wit + 2Wit = ——(=5(B"U™):.1 + 4(B"U™);.»
2Ay
+ (B"U"):.5) + 0k,

— — 1
WL + Wi = ——((B"U"™)ir — 4(B"U");.»
2 Ay

+ 5(B"U")..5) + O(R’), (65)

and the analog at j = N,, i.e.

T+l Trn+1
o+ AW

l n
- E(S(B U )i.N,.
= 4B"U"iny-1 — (B"U")in-2) + O(RY),
o — 1
Wity + Wiy = EX;(—5(13"U"),-,N,_2
+ 4(B"U" i1 + (B"U™):w,) + O(R%).  (66)

For (43c), however, both the value of the derivative and
that of the unknown U™*' are required at the y bound-
aries. Here, we used an inward—backward extrapolation
formula for the unknown Uj*!, due to Gustafsson,
Kreiss, and Sundstrom (1972) which has been shown to
be stable by Elvius and Sundstrom (1973)

Uy =2U)-1 — U=, (67)

where b denotes the boundary grid point.

Prevention of nonlinear aliasing effects

Owing to the larger aliasing error introduced by the
fourth-order accurate scheme a Shuman (1957) filter is
applied successively in the x and y directions. It consists
of the periodic successive application of the following
two-point operators:

U, = 3.8798U; — 1.77097(U;+, + Ui-1)
+ 0.331065(U;+2 + Ui-a),

T, = 0.375U; + 0.25(Tis: + Uian)

+0.0625(Ts2 + Ui-2) . (68)
This filter completely eliminates waves with wave-
lengths less than 3Ax, which are the waves contributing
to the aliasing effect. A detailed account of the filtering
effect is given in Navon and Riphagen (1979).

Comparative results

The compact fourth-order method, used by Navon
and Riphagen (1979) has been tested extensively and
used by many researchers, among them Cohn and others
(1985), Chang and Shirer (1985), Bates (1984), and
Takano and Wurtele (1982). It also has been included in
a book by Haltiner and Williams (1980). The advantage
of the method is the increased accuracy compared to the
classical 5-grid-point fourth-order method (the leading
truncation error term is AX*/180 instead of Ax*/30 for
the usual fourth-order methods).

Another advantage is that fewer fictitious boundary
points are needed (only 3) than with usual fourth-order
methods which require 5 points.

For explicit time-differencing the compact scheme is
more expensive as it requires the solution of a tridiagonal
system but for implicit time schemes which require sys-
tem solution anyway-—the added computation is of
little consequence.

When applied to the advection equation the compact
fourth-order scheme is equivalent exactly to the finite-
element method with piecewise linear basis function
which is known to be considerably more accurate than
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the S-point fourth-order scheme (see also Navon 1979b;
Navon, 1983).

As far as conservation of integral invariants is con-
cerned Takano and Wurtele (1982) presented a fourth-
order energy and potential enstrophy difference scheme
which preserved better potential enstrophy and total en-
ergy at the cost of lengthy calculations.

A comparison carried out by Navon and Riphagen
(1979) on a realistic initial condition — showed the re-
sults of the compact fourth-order method to match results
of a finite-element integration and to give better results
than similar integrations using conventional 5-point
fourth-order finite-difference methods.

As far as storage is concerned — one stores either a
block-tridiagonal or a tridiagonal matrix. Due to their
simple form [the blocks are (3 X 3)] their solution never
requires more than 10% of the total integration time —a
cost that is offset by the advantage of increased accu-
racy — and by the implicit alternating direction implicit-
splitting which allows a larger time-step. The method has
been used by Cohn and others (1985) for the 2-D global
barotropic primitive equations and has been proven by
Chang and Shirer (1985) to provide the most accurate
representation of the wave number distribution for the
vorticity advection where the Arakawa (1966) Jacobian
is used.

COMPUTER IMPLEMENTATION

Main program

The main program SHALLA4 reads the first data card
and after some preliminary calculation calls the sub-
routines SETUP, LOOK, HOUT, and UVOUT which
display the initial height and velocity fields. The pro-
gram then loops each time-step on the main subroutine
ADIC4 which is concerned with the bulk of the ADI
compact fourth-order algorithm and in turn calls sub-
routines BLKTRI and CYCTRI. These subroutines solve
the block-tridiagonal or cyclic block-tridiagonal systems
of linear equations resulting from the compact fourth-
order ADI-discretization of the shallow-water equations.

After a predetermined number of time-steps sub-
routine LOOK is called, which calculates the three inte-
gral invariants of total mass, total energy and potential
enstrophy. LOOK in turn calls subroutines HOUT and
MAPPA. These subroutines perform the printing and
the line-printer plotting of the height field, respectively.
Subroutines SETUP, LOOK, MAPPA, HOUT, and
UVOUT have been described in Navon (1979a).

Subroutine BLKTRI

In this subroutine, which is a specific block-tri-
diagonal solver optimized for the situation when the indi-
vidual blocks are 3 X 3, a direct solution method is
employed, based on clock — Gaussian elimination with-
out pivoting.

Subroutine CYCTRI

This is a cyclic block-tridiagonal solver, written in
such a way as also to take full advantage of the fact that
the blocks in the coefficient matrices are 3 X 3. The

algorithm used (see Navon; 1977) is a generalization to
block-cyclic tridiagonal systems of the algorithm given
by Ahlberg, Nilson, and Walsh (1967).

Subroutine ADIC4

This subroutine performs the bulk of the work in-
volved in applying the compact fourth-order ADI
algorithm, which has been described, including the
implementation of the Adam O(k*) boundary conditions.

The subroutine exploits the (3 X 3) block matrices
structure and in this sense is optimal computationally.

At the end of this routine, subroutine SMOOTH is
called to filter out short-wave noise from the u, v, and A
fields and thus prevent nonlinear aliasing.

User options

The user can determine the frequency of application
of the smoother subroutine SMOOTH.

The printout enables the user, at a desired number of
time-steps, to inspect the numerical and graphical dis-
play of the height field, the integral invariants of mass,
total energy and potential enstrophy, and the CPU time
used during the constant number of time-steps.

Input specification

The input to the program consists of two data cards,
as follows.

CARD 1: FORMAT(6E10.4,I5) which contains the
following seven parameters:

FL —the length dimension (L) of the rectangular

domain;

D —the width dimension (D) of the rectangular
domain;

T —total simulation time (in seconds);

DX — the space increment in the x-direction, in meters;
DY —the space increment in the y-direction, in meters;
DT —the time-step in seconds;

IPR — a parameter controlling output operations, of the
program, that is specifying after hour many time-
steps the forecast fields and integral invariants of
the shallow-water equations should be displayed.

CARD 2: (called in subroutine SETUP) specifies
different parameters relative to the initial height field

[Eqn (12)] using format 5E10.4, and contains the follow-

ing five parameters.

HO  — constant for the initial height field;

H1  — constant for the initial height field;

H2  — constant for the initial height field;

FHAT — Coriolis parameter;

BETA — df/dy—the Rossby parameter.

Examples of output

Examples of the SHALL4 output are provided so as
to demonstrate the different options of the program. The
initial height field using a resolution of Ax = Ay
200 km is shown in Figure 1, whereas Figure 2 shows
the height-field contours after two days of simulation
using a time-step of Az = 600 s, also the different inte-
gral invariants of the shallow-water equations. Figure 3
shows the height-field contours after two days of integra-



136

19
20
21
22
23
24
25
26
27
28
29

30

30 22

222222222222222222
22222222222222222
222222222222222222
222202222222222222
222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222022222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2z222222222222222222
2Z722222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
2222222222222222222
222222222222222222
22222222222222222
222222222222222222
222222222222220222
Q22222222222222222
222222222202222222
222222222222220222
Q22222222222220222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
22?2222222222222222
222222222222222222
222222222222222222
222222222220222222
222222222222222222
222222222222222222
222222222222222222
22222222222222222
22222222222222222
2222222222222222
22222222222222222
Q2222222222220222
22222222222222222
q222222222%222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222
2222222222022222¢2
22222222222222222
22222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222220222222
222222222222222222
222222222222202222
22222222222222222
222222222222222222
22222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
22222222222222222
222222222222222222

1. M. NavoN and H

. A. RIPHAGEN

13 14 15 16 17 18 19

1111111111 00000 999999 3888838388888888
1111111111 Q0000 99999 88888888888883888
1111111111 00000 99999 338888888858888188
AARRRARARERE] 00000 99999 3888388888880888
LARRRRRARERRD] 0000 99999 8888888888888
AARRARARARARA Q0000 99999 888038888888388
ARARRRERERREAR] 0000 99999 38888838388 8888
1111111191111 0000 99999 888383888888888
ARRREARAREARRA R 0000 9999 888588888988888
ARARERRRRRRRARA} 000 9999 543888888385838
1111111111111 0000 99999 8833888888884888
ARERRRARERERE A 0000 99999 8838880888588888
111111111111 000 9999 5888888858888882
ARRARRERARE 000 9999 8838988880080888
11111111 000 9999 838885880803888
1111111 100 9999 888898838888888
ARRERER] 0000 9999 8886330888388888
111111 000 9999 833858833838888
ARRARAI 000 9999 883893888888888
111111 000 99%99 833888883308888
111111 000 9999 888888888888888
111111 000 9999 8808838888383288
111111 Qo0 9999 83888888808808288
ARARAR R 0000 9999 5588888580830888
1111111 000 9999 2888538588388888
11111111 000 9999 2888%88882388888
1111111111 000 99990 8888288888 08888
1111111111111 000 9999 8388888838888838
1111111111111 0000 99999 8688385888888882
AARARARARARAAR S 0000 99999 82838588330888888
AARRRRERARARAAN 000 9999 828888588388888
LAARRARERERARA ] 0000 9999 32388885008888818
RARRRERARRARASI 0000 99999 888383288880888
AARRAREARRRRRR! 00g¢0 99999 883588888880838
ARAREAARERRRAL 00000 99999 388383888883888
ARRRRARRRERAR! 0000 99999 8883388458830818
JARRAARAREAR! 00000 99999 8388883888888838
ARREAARREE] ogoon 99939 32388588388883548
RRRRRRERAR] 00000 99999 8588838888888838
1111111111 70000 999999 5888833883880888
AIRERRARRE 00000 999999 8888888388082838888
111111111 000000 999999 §38388808888358888
LARRRARA} 000000 9999999 4888888883588858888
JARRRARA! 00000 9999999 83888880888828088
1111111 000000 9999999 3853358a83238888858
ARAARRARI 00000 9999999 958898883888888888
1111111 00000 99999999 8308834558888 888888
111111 00000 99999999 88883838088888080848
LRASRAN 0000 9999999 88558588528 53880218
MmN 0000 9999999 885858834358888003838
ARRARDA] 0000 999999 0828888838009888828
111111 0000 999999 8338888838883838888
1111111 000 999999 38858380888828388828
RRARRRR} 0000 99999 8383588888a88888080
1111111 0000 99999 883585820838830888888
1111114 000 9999 3888888888855888808888
111111 000 9999 88738388858233858888858888
111111 0000 9999 33820858058 388308028888888
1111111 0000 9999 85088383885883335888380588828
1111111 0000 9999 833883383488386388088888288808%

IRAREAR 0000 999
ARRARRAI ooo 999
1111111 000 9999
ARARERA] 200 9999
1111111 000 9999
ARRRRRA] 000 9999
1mun 000 9999
ERRRARAI 000 9999
ARARARA 000 999
MmN 0000 999
ARRARAEI 0000 9999
1111111 0000 9999

111114 0000 9999

88082858888855888838588303888883
3885884833588822850858883080888888
E53883858588028088883888888888880
$388883834558882803088830883848538
9858535888 828309848888835830888388
8308583583833 8a03088380R0028881888
388880582888588850885888884888388489
888838808385380883388883088088838
888352882885808508%8885398808888)
880893888588859888388888%38988088
885838383888508888388083898388
3832833288388 3885588888889
833858833488338855888838848

RARAARA 000 0999 838884338855833a8888888
1M1 000 9999 8888883588285588388888
1111111 0000 99999 $838838398%8488855888
1111111 0000 99999 888888283038088885888
1111111 000 999999 88888888888 988888288
ERRRRRR) 0000 999999 5843089882 %3880848888
111111 0000 999999 B3988888858388888888
11111111 Q000 9999999 8%45884088383888818
111141 0000 9999999 8388833988883838888
1111111 00000 99999999 2885388845858888888
11111111 00000 99999999 838588288358083380888
11111111 00000 9999999 9383%3888880080888288
1111111 000000 9999999 8388558388888 8588888
11111111 00000 9999999 388823538882888288
111111 090000 9999999 883888a858838888588
ARRRRRRRA] 000000 999999 B888888888888880888
111111111 00000 999999 888888888888 80888
ERRARARRAR 00000 999999 53898358848 5828288

8 9 10 11 12

Figure 1.

13 14 15 16 17 18 19

Initial height field.

20

20

21

21

22

22

23

23



14

15

16

1?7

18

20

21

22

23

24

25

26

27

28

29

30

31

30 22

22222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222202222
222222222222222222
222222222222222222
2222222222222222222
2222222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
222222222222222222
22222222222222222
22222222222222222
22222222222222222
2222222022222222
2222222222222222
2222222222222222
222222222222222
222222222222222
22222222222222:2
2222222222222
22222222222222
2222222222222
2222222222222
222222222222
222222222222

2222222222

222222222

22222
2

22
222

22222

222222

222222

222222

2222222

2222222

2222222

2222222

22222222

22222222

22222222
222222222
222222222
222222222
222222222
222222222
2222222222
22222222222
222222222222
222222222222
222222222222
2222222222222
2222222222222
22222222222222
2222222222222
2222222222222
2222222222222
222222222222222
222222222222222
2222222222222
22222222222222222
22222222222222222
22222222222222222
22222222222222222

1 2 3 4

Figure 2.

CAGEQ 12/2-C

]

SHALL4

] ? 8 9 10 11 12 13

111111 0000 8999
ARRRRRARI 0000 9999
11111111 0000 9999
111111111 00000 9999
11111119 0000 9999
ARRRARREE] 0000 9999
111111119 0000 9999
ARRARRARAR] 0000 999
1111111111 n0000 90
11111111111 0000 9
1111111111 00000 °
1111111111 00000
1111111141 Qo000
ARRARRARARE] 00000
11111111111 000000
JARARARARARAI 00000
111111191111 000000
EARARRRRARER] 000000
AERRREARAERRA] 000000
ARARRARRARER R} 000000
ARRARRARRRARAR 00000
1111111111111 000000
ARRRRARRARARRAR] 000000
ARRRRARAARRARALR} 000000
AARRARRRRRARRAR 000000
ARRARRARARRRARAR] Q00000
ARRRRARARARRARERL 000000
1111111111111 00000
ERRRARRRARRRARARER] 00000
ARRRRARARRARARERARA] 000940
LARARRERARRRRARRARA 000000
ARRARRARAREARRERAAR] 000000
ARRRRRARERRARARRERA] Q0020
ARRRRERRRRRRRRARRA] 00000
RRRARRAARERARARARE] 00000
ARARRRRARARARAREAR] 0000
ARARAREARRARARAAR! 00000
ARARSRAARARERARAL! 00000
ARRARAARREARARR A 0000
ARRRARARARAREREI 0000
ARRARRARAARRAR! 0000
1M1111111119 0000
11111111111 0000 9
ARARRERARE] 0000 9
AARRRRARRR] 0000 99
ARRARAARAI 0000 999
1111119111 0000 999
11911111 00000 9999
ARRARARE 0000 9999
1M1 0000 99999
11111111 0000 99999
AERERRRARI 0000 99999
11111111 0000 99999
1" 0000 9999
11111111 00000 99999
111111 0000 99999
AARARAN 00000 999999
11111111 00000 999999
ARRARARDI 00000 999999
111111111 00000 999999
1111111 00000 9999999
111111111 00009 9999999
ARRARRAN 00000 9999999
1111111 00000 9999999
11111111 00000 999999999
IAARARRAI 00000 999999999
ARRARARLRI 000000 999999999
1111111 00000 999999999
ARRARRAR] 00000 9999999999
111111 0000 999999999
1111111 00000 999999999
11 00000 9999999999
1111111 0000 99999999999
1M1t1n 0000 9999999999
11119111 0000 999999999
1MiInn 0000 9999999
111191 000 999999
LAREARE 0000 999999
11111111 0000 99999
1111119 0000 99999
1111111 0000 99999
1111111 0000 9999
ARARER 000 9999
11111111 0000 999 889
ARRARARE] 0000 9999
ARRRRARE] Q00 9999 88
1111411 0000 9999
111 0000 9999
111 0000 999
ARARRRA 0000 9999
1111111 0000 9999

[ 7 8 9 10 11 12 13

14 15 16 17 18 19 20 21

888888888838888388838%38888
888838841825889588%898238848
88983328338383580838%8381%8%¢8
8388888%883889898882888888
838888835388 98988888888888
88838383388829585888382848382
9 8808585888388888480688888082
9 BE33882988300859888888848
999 83883383988884858888882
9999 88380858838388828880888
99999 8889888%a3888838008889
99999 888988833%8482838888
99999 35488888883808388838
999999 8559888838888858882
999999 #88888%8800828488838
9999999 89818853893838881%82
9999999 8988885%88388883888
9999999 85888A893881%80888233
9999999 888583888890888848
9999999 2888882588888 08888
999999 838838888898988838
999999 883808883888088888
999999 82988582580 88%888
999999 883588888888838198
999999 8889008588388%838
999999 830888825388838122
999999 83356988588988888
999999 8838888282808888
999999 138383934888808538
999999 85888338888898828
99999 88888888888 52308
999999 85838038985588%8
999999 89598889898 0884%8
99999 38883383R878888389
999999 82823585848588388
99999 895889688888889388
999999 88%85883388898888
99999 883488888880888838
99999 8838389885888838%
99999 83881988385388388
99999 888831828884888%888
99999 83865838880888888
9999 83383888838838388
999 8888939588%88888
999 833888253888888
99 8888888589888838
9 58488885588580838
9 $588595888883838
9 58388883488095338%8
88888988808838848
838338384084888938
838488308888982888
B8%38838880588888
858838888388838888
9383585888839888R
238888588828 9888¢8
458888882888 985388
839988888281%838%88
39888888889182813
888353823888888%8
888888583%838288
8338388888819888
a8588828889988388
888988388%28888
838888858888883
88388388488838
8838368%888888889
89888158%838882883
8888883883382888
8888885888808¢8
58358888588828888
883583888885888888
8888888888388481882
888838388088882388
33888838838888888
8838583388383288808
£388888883888088888
8888888832388 %488888
838388888888883a8888
8383880885888888088888
8838588805008388283818888

83848888833388888838838848
888388898538888988488880882

88882488385 8582884834888

8389988888388 8328808888388888

888850888888835083888388888
58568508838888820880838328388

14 15 16 17 18 19 20 21

Height-field contours after two days of simulation using time-step A1-600 s.
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Height-field contours after two days of integration using time-step of 450 s.
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111111 0000 9999999999 8388828833838888
AARARARI 00000 9999999999 9898380068308 88838
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ARARARA] 2000 9999999 8388%898%889849898%3
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1111111 0000 9999 38880881984885858083808%888
11111111 0000 9999 83848885883089558088388888
1111119 0000 999 385088808558000828888081%4888
ARRARAREI 0000 9999 5380858808888538888853898%89
17111111 000 999 8888853183889808388838838
1111111 0000 9999 82888330858534388888080808888
111111 0000 9999 888885888888896830888808888%
111111 0000 999 88802888808423588480888288128
111111 0000 9999 838358834833888388483388888
111111 0000 9999 88388888895588888883898468
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Figure 4. Height-field contours using time-step of 450 s.
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tion using a time-step of 450 s, whereas Figure 4 shows
the height-field contours using a time-step of 450 s,
when the Shuman low-pass filter is applied every three
time-steps.
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APPENDIX

FOURTH-ORDER CALCULATIONS.

VARIOQUS DIAGNOSTICS.

OO0

THE MAIN PROGRAM SHALL4 READS A DATA CARD
SETUP, LOOK AND UVOUT, PERFORMING INITIAL FIELD CALCULATIONS.

PROGRAM SHALLACINPUT,OQUTPUT,TAPEI=INPUT,TAPE3I=QUTPUT)

AND CALLS SUBROUTINES

IT THEN CALLS SUBROUTINE ADIC4 WHICH PERFORMS THE COMPACT

EVERY IPR TIMESTEPS SUSROUTINE LOOK IS CALLED YO CALCULATE

COMMONZCONST/FL,D,T,DX,DY,DT,G,TIME,IPR,I0PY

COMMON/RITE/NIN,NOUT

DIMENSION U(30,232,v(30,23),PH1(37,23),H(30,2%),
1DIC9,23),E1(9,23),F1(9,23),61(3,23),
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2DJ(9,30),EJ(9,30),FJ(9,30),GJ(3,30),
IX(3,30,23),Y(3,30,23)»
4ACL,30),8(4,30),FC23)
DIMENSION TK(30,23),w(3,30,23),GA(9,30),TEM(30)
6=10.
NIN=1
NOUT=3
READ(NIN,10) FL,D,T,DX,DY,DT,1PR
10 FORMAT(SE1C.4r15)
Lx=30
LY=23
NX=FL/DX
NY=141FIX(D/DY)
IF(NX.GT.LX) GO TO 30
IF(NY.LE.LY) GO TO SO
30 WRITE(NOUT,4O)
40 FORMAT(BLHCHANGE ARRAY DIMENSIONS AND VALUES ASSISNED TO LX AND LY
1TO ACCOMMODATE THIS DATA SET)
CALL EXIT

SO CONTINUE
NT=T/DT
IF(IPR.EQ.Q) IPR=1
CALL SETUP(U,V,PHI,H,F,NX/NY,R,B,LX)
TIME=Q.

CALL LOOKCU,V,PHI,H,NX,NY,LX,F)
WRITECNOUT,40)

60 FORMAT(20MH1 INITIAL U=-FIELD)
CALL UVOUTCU,NX,NY,LX)
WRITE(NOUT,?70)

70 FORMAT(20H1 INITIAL V=FIELD)
CALL UVOUT(V,NX,NY,LX)
10PT=D

C LOOP FOR EACH TIMESTEP
DO 50 IT=1,NT
WRITECNOUT,?71) IT

71 FORMAT(9HOTIMESTER,I4)
IOPT=IOPT+1
CALL ADICACU,V,PHI M, F/NX/NY/LX,

101, E1,F1, Gl D0, B0 FJ GlrWoXsYsGAsTK,TEM)
TIMESTIMESDT

IFCIOPT.GEL.IPR) GO TO 80

IFCITLLTONT) GO TO 90

80 CALL LOOK{U,V,PHIsHsNX,NY,LX,F)
10PT=0

90 CONTINUE

C END OF TIME LOOP
WRITE(NOUT,100)

100 FORMAT(17H1 FINAL U-FIELD)
CALL UVOUT(U,NX,/NY,LX)
WRITE(NOUT,110)

110 FORMAT(17MH1 FINAL V=FIELD)
CALL UVOUT(V,NX,/NY,LX)

STOP
END

SUBROUTINE SETUP(U,V,PHILH, FANX/NY,S,C LX)
TO SET UP THE INITIAL VALUES OF THE HEIGHT AND VELOCITY FIELDS

HOXsYYSHOPHTIATANH(PI *H2Z#SINCQ) #(SECH(R) ) *22,
WHERE P = 9.,#(D/2-Y)/(2.+D),
AND @ = TUPI*X/FL , AND R = 2P,
PHIC(J,K)Z2.#SQRT(G*H(J,K))
UCI,KI==C(G/F(K)I*(PARTTIAL DERIVATIVE DH/DY AT J,X)
VCI,K)= (G/7F(K))*(PARTIAL DERIVATIVE DH/OX AT J,X)

e ¥aXa e Ra¥aXaXaXal

COMMON/CONST/FLAD,T,0OX,DY,DY,G,TIMELIPR,IOPT
COMMON/RITE/NIN,NOUT
DIMENSION UCLX/NY),VILX/NY) ,PHICLX,NY) o FANY),SCLX) A CCLX) »HELX/NY)
DATA TUPI/6.28315530?1796/

1 FORMAT(SE10.4)

3 FORMAT(25HT SHALLOW WATER EQUATIONS/)

4 FORMAT(17HO CONSTANTS: HO=,F5.0,2H M,10X,SHFHAT=,E9.2,4H/SEC,

1 12X,2HL=+,F9.0,2H Mr12X,3HDX=2,FB8.0,2H M/14X,3HNT1=,F5.0,2H M, 10X,
2 SHBETA®,E9.2,6H/SEC/M 10X, 2HD=,F3.0,2H M,12X,3HDY=,F8,0,2H M/

3 14X, IHH2=,F5,.0,2H M, 40%, 2HTY=,F9.0,4H SEC,10X,3HDT=,FB8.0,4H SEC/)

C HGs H1, H2 ARE CONSTANTS IN THE HEIGHY FUNCTION
C FHAT, BETA ARE CONSTANTS IN F = FHAY + BETA#(Y=D/2)

READ(NIN,1) HC,H1,HM2,FHAT,BETA
WRITE(NOUT,3)
WRITE(NOUT,4) HO,FHAY,FL,DX/H1,9ETA,D,DY,H2,T,DT
YE=9,/D
YF=0,5+YE
p2=0/2.
XF=TUPI/FL
FNXI=TUPI/FLOATINX)

8 FJ=0.
D0 1G J=1,NX
Flz=FJ*1.
TEMP=FJ«FNXT
SCIISSIN(TEMP)

10 C{JY=COSCTEMP)

SINX)=0.
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C(NX) =1,
NYM=NY=~1
FNYMI=9./FLOAT(NYM)
FRKM=0.
Y=0.
DO 20 K=1,NY
TEMP=D2-Y
F(K)=FHAT-BETA~TEMP
GH= G/F(K)
YA=4 , S=FKMeFNYM]
YB=0.5+YA
TNH=TANH(YB)
SH2=1.=TNH*#TNH
C1=HO+*H1=TNH
C4==YF*SH2#H1
TNH=TANH(YA)
SH2=1.~TNH*TNH
C2=H2*5H2
IF(X.EQ.1) €2=0.
IF(K.EQ.NY) (2=0,
C3=C2*xF
CS5=2.#C2%YE*TNH
DO 15 J=1,NX
TEMP=5(J)
H{J,K)=(14C2+TEMP
PHICI,K) =2, *SQART(G*H(J,K))

14 VCI/K)=GH*C3xC(J)
U(J/KI==GH¥(C4L+CS*TEMP)

15 CONTINUE
Y=Y+DY

20 FKM=FKM+1,

24 DO 25 J=1,NX
v(J,1)=0.

25 V(@I NY)=0.
RETURN
END

SUBROUTINE LOOKCU,V,PHI,H/NX/NY,LX,F)

THIS SUBROUTINE CALCULATES THE TOTAL ENERGY, THE TOTAL MASS AND
POTENTIAL ENSTROPHY, WHICH ARE INTEGRAL INVARIANTS OF THE
SHALLOW WATER EQUATIONS.

IT ALSO PRINTS THE VALUES OF THE HEIGHT FIELD BY CALLING
SUBROUTINE HOUT.

o R o RaNa NN Nalal

REAL MSVRT
COMMON/N/ NAME
COMMON/CONST/FLAD»T,DX,DY,DT,G,TIME,IPR,IOPT
COMMON/RITE/NIN,NOUT
DIMENSION UCLX/NY)oVCLXoNY) ,PHICLXANY) ,HCLX,NY) #FUNY)
DATA IND/O/,NSTEP/O/,TIMEA/O./
2 FORMAT(1HT)
3 FORMAT(7HT TIME=,F9.0,4H SEC, 10X, SHNMEANZ,FB8.2,2H M, 10X, 7HENERGY=,
1 1PE12.6,10X,12HCPU TIME FOR,I4,8H STEPS =,0PFB.2,4H SEC)
4 FORMAT(23H MEAN SQUARE VORTICITY=,1PE13.6)
55 FORMAT(S5X,4HLOOK)
TIME3=SECOND(CPL)
DPTIME=TIMEB-TIMEA
IF(IND.GT.0) GO TO S5
G4INV=1,.7(4.*G)
AREA=NX* (NY~-1)
ECNST=DX*#DY/(G+G)
5 SUMENG=0.
HMEAN=O,
IMEAN=Q,
ECNST2=DX*DY
NY1=NY-1
FAC=0.5
b0 40 K=1,NY
IF(X,EQ.NY) FAC=0.5
HEL=0.
ENEREL=0.
DO 10 J=1,NX
PHSQ=PHI(J,K)*PHI(J,K) /4,
ENEREL=PHSQ*(PHSQ+UCI,K)»UCJ,KI+V(J,KI2V(J,KII+ENEREL
10 CONTINUE
IFCIND.GT.0) GO TO 20
D0 15 J=1,NX
15 HEL=HEL+H(J,K)
G0 10 30
20 DO 25 J=1,NX
HOJ K)ZPHTI(I,KI*PHI(J,KI2GLINY
25 HELSHEL+H(J, XD
30 IF(FAC.EQ.1.) GO TO 35
HELSHEL*FAC
35 HMEAN=HMEANSHEL
SUMENG=SUMENG+ENEREL
40 FAC=1.0
B0 60 K=2,NY1
MSVRT=0.
DO 56 J=1,NX
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JP1=J41

JMI=4-1

IFCIMILLTLT) JMI=NX
IF(IPTI.GT.NX) JP1=1
MSVRT=(CCVCIPI,K)=VIIMT,K)I)/(R.2DX)~C(UCI, K+1)=UCJrK=1))/(R2.4DY)+
TF(K))*#2) /H(J4KI+MSVRT
CONTINUE

IMEANSZIMEAN+MSVRT

CONTINUE

HMEANZHMEAN/AREA
ENERGY=SUMENG*ECNST
IMEAN=ZMEAN*ECNST2
WRITEC(NOUT,3) TIME,HMEAN,ENERGY,NSTEP,DPTIME
WRITE(3,4) IMEAN

NSTEP=IPR

CALL HOUT(H/NX/NY,LX)
WRITECNOUT,2)

CALL MAPPA(H,0.02,NX,NY,LX)
TIMEAZSECOND (CPU)
IFCIND.NE.O) GO TO 45
EN2=ENERGY+ENERGY

IND=1

60 T0 50

CONTINUE

WRITE(NOUT,SS)

RETURN

END

SUBROUTINE MAPPA(FUN,C,NX/NZ,LX)

THIS SUSBROUTINE PROVIDES A VISUAL OISPLAY OF THE FIELD 9Y
PRINTING AN ISCLINE CONTOUR OF THE FIELD USING THE DIGITS O TO 9.

THE PARAMETER FUN GIVES THE FIELD YO BE CONTOURED, WHILE C IS5 A
PARAMETER GIVING THE INVEASE OF THE CONTOUR CONSTANT.

COMMON/RITE/ NIN,NOUT
OIMENSION FUNCLX,NZ) ,ANSC(4,116),TANSC116),NUMCID)
DATA NUMC1) /THT/,NUMC2)Z1H2/,NUMC3) 7TH3I/, NUMCG) 7RG/ A NUMCS) JTHS /7,
1 NUMCE) JIHE NUNCTI ZTIHT /I, NUMC) JIHE/ ,NUMCD) JTHD/ o NUMCTD) 7 T1HOY/ »
2 BLNK/1H /
FORMAT(SX,215)

FORMATC(//5X,231577)
FORMAT(1H ,1I3)

FORMATC(IH »7X,116A1)
FORMAT(1H*,7X,116A1)

K=3

N=5

FK=K

FN=N

I=0

NY=NZ-=1

WRITECNOUT,111) NX,NY
LEND=K

WRITE(NOUT,1) (J,J=1,N2)
Jg=1

I=141

WRITE(NOUT,2) I

IPI=141

IFCIPT.GT.NX) IP1=1

00 15 J=1,N2
XDIF=C(FUNCIPT,J)=FUNCI,J))/FK
JXZ1+N* (J-JB)
ANSC1,JX)Y=FUNCT,J)

DO 15 L=2,LEND
ANSCLAJIX)SANSCL=1,JX)*¢XDIF
00 20 J=1,NY

JX=TeNR(J-4B)

JXPN=JX4N

b0 20 L=1,LEND
YOIF=CANS(L,JXPN) =ANSCL,JX))/FN
M1=)X+1

M3=JX+N-1

DO 20 MzM1,M3
ANSCL,MI=ANSCL, M=1) +YDIF
MEND=M3

00 50 L=1,LEND

DO 40 M=1,MEND
TFCANSC(L,M>.GE.0.) GO TO 30
AANS=-ANS(L.M)

KANS=C#AANS
KKANS=2«(KANS/2)
IF(XANS.EQ.KKANS) GO TO 35
KANS=XANS/2
KANS=MOD(KANS,10)
IF(KANS.EQ.0) KANS=10
TANS(MY=NUMCKANS)

GO0 TO 40

KANS=C*ANSC(L,M)

KKANS=2+ (KANS/2)
IFC(KANS.EQ.KKANS) GO TO 25
IANS(M)=BLNX

143
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40 CONTINUE
IF(L.GT.T) GO TO 45
WRITE(NOUT, &) (TANS(MI,M=1,MEND)
G2 10 50
45 WRITE(NOUT,3) (IANS(M),M=1,MEND)
50 CONTINUVE
IFCI=-NX) 10,55,65
55 LEND=1
I=1+1
WRITE(NOUT,2) I
DO 60 J=1,N1
JX=T#N*(J-42)
60 ANSC1,0X)=FUNCI, )
60 TO0 18
65 WRITE(NOUT,1) (J,J=1,N2)
RETURN
END

SUBROUTINE UVOUT(W,NX/NY,LX)

THIS SUBRQUTINE PRINTS OUT THE VALUES OF THE VELOCITY FIELD
COMPONENTS IN MATRIX FORM,

W STANDS FOR EITHER U OR VvV COMPONENTS OF THE VELOCITY FIELD,

LN RaXa¥alal

COMMON/RITE/NINSNOUT
DIMENSION W(LX,NY)

1 FORMAT(3IHO ,12111/)
JE=0

2 FORMAT(IX,12,12€11.4)

5 JB=JEH
JEZMINO(NX,JE*12)
WRITE(NOUT,1) (J,32J8,JE)
KX=NY
00 10 K=1,NY
KM=KK=1
WRITE(NOUT,2)KM, (W(J,XKK),JI=JB,JE)

10 KK=KM
IFCJELLT.NX)GO TO §
RETURN

END

SUBROUTINE HOUT(H,NX,NY,LX)

~

C THIS SUBROUTINE PRINTS OUT THE HEIGHT FIELD VALUES IN MATRIX FORMAT.

COMMON/RITE/NIN,NOUT
DIMENSION HCLX,NY)
FORMAT(15H0 HEIGHT VALUES/)
FORMAT(3X.,2216/)
FORMAT(1X,12,22F6.0)
JE=0
5 JB=JE+T
JE=MIND(NX,JE+22)
WRITE(NOUT,S)
WRITE(NOUT,7) (J,J=J8,JE)
KX=NY
DO 10 K=1,NY
KM=KK=1
WRITE(NOUT,B)KM, (H(JsKK),J=JB,JE)
10 KK=KM
IFCJELLT.NX) GO TO §
RETURN
END

™ N

SUBROUTINE ADICLC(ULV,PHILH,FINX,NY,LX,
10I,EX,F1,GLsDJ EJrFIsGl WsXsYrGAL,TK,TEM)

THIS SUBROUTINE PERFORMS THE FOURTH-ORDER COMPACT SOLUTION OF THE
SHALLOW WATER EQUATIONS.

THE SUBROUTINE EXPLOITS THE (3#3) SLOCK-MATRICES STRUCTURES FOR
COMPUTATIONAL ECONOMY,

IT USES SUBROUTINE BLKTRI AND CYCTRI FOR BLOCK AND CYCLIC BLOCK
TRIDIAGONAL SOLUTION OF THE LINEAR ALGEBRAIC EQUATIONS SYSTE™S.

e RaXaXaRaXaXaXal

COMMON/CONST/FL,D,TsDX,DY,DT,G,TIME,IPR,IOPT

DIMENSION UCLX/NY), VCLXSNY) ,PHICLX,NY)oH(LX,NY),FINYI,
1DTC9,NY),ELC(9/NY),FI(O,NY),GI(3,NY),

2DILO,NXD P EJCO, M) L FICO,NX)»GI (3 NX)»
SWC3,LXANY) 2 XC3oLXINY) 2 Y3/ LXANY)SGACO/NX) ,TKINX/NYI, TEMCLX)
NX1aNX=1

NX2=NX=~2

NY1=NY=1

NY2=NY=-2

T1=,5+DT

C3=1./0¥

Cl=,5+(3

€2=3,#(3

Ch=2.+C3

A1=1.5+DT/DX

AZ=A1/3,

C=DT#+DT*DT
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CS=C/(DX*DX)
C6=C/7(DY*DY)

€Ps=1.
T
b0 5 K=1,9

DO S5 J=1,NY

DIC(K,J)=0.

E1(X,J)=0.

FI(K,J)=0.

00 10 K=1,9,4

EI(K,1D=1.

FI{X,1)=2.

DI(X,NY)=2.

EI(K,NY)=%.

E1(K,2)=2.

FI(X,2)=1.

DICK,NY1)=1,

EICK,NY1) =2,

DO 10 J=3,NY2

DI(K,JI=T.

EICK,J)=h.

FI(K,3)=1.

DO 30 I=1,NX

DO 15 J=1,NY

SEN(I,4)2V(I,J)

Y(1,1,4)=820(1,J)

Y(2,1,0)=S2V(Isd) *GoH{T,J)»H(T,3)

Y(3,1,J4)=8

DO 20 K=1,3

GICK,TI=CIn (=S 2V (K, I, 1)+, #Y(K,1,2)4Y(K,1,3))

GI(K, 2)=C1#( S, *Y(K,I, 3)=&,eY(K,1, 2)-Y(X,1, 1))
GICK/NYT1)SCta (=S vY K, I/ NY2) 44, #Y(K,TANY1IHY(K, T, NY))
GICKANYI=CT12 (S, *Y (K I /NY)=b oY (K, I, NY=1)~Y(K,I,NY=2))
00 20 J=3,NY2

GICK,IIZC2W (YUK I J*1)=Y(K,T,d=1))

CALL BLXTRI(DILEILFI,GI,NY,1,NY,GA)

DO 25 J=1,NY

S=H(1,d)*V(1,J)
XC1,120)=HCT ) YU J)TIA(S#F(I)*GIC(T,J))
X(2,1,J)=S4T1#%G1(2,J)
XC3,1,J)=HCT,3Y+T1261(3, )

CONTINUE

X(2,1,13=0.

X€¢2,1,NY)=0.

CONTINUE

(8)

DO 35 K=1,9

00 35 J=1,NY

0I(X,J)=0.

EI(X,3)=0.

FI(X,J)=0.

20 37 K=1,9,4

EI(X, 1=,

FI(K,1)=2.

EI(K,2)=2.

FI(K,2)=1.

DI(KX,NY1)21,

EI(X,NY1)=2.,

DI(K,NY)=2,

ET(K/NY)=1,

DO 37 J=3,NY2

DI(K,J)=1.

EI(K, I =4,

FI(K,J)®1o

DO 55 I=1,NX

00 40 J=1,NY

YC2,1+42=Y02,1,0)~.5¢GaH (1, J) *N(I,J)

00 45 K=1.3
GI(K,T)SCI*(=S5.*Y(KrIo1) 46 vV (K,I,2)4Y(K,1,3))

GI(K, 2)=C1%C S.aY(Kol, 3I)=b,*Y(K,I, 2)=Y(K,1, 1))
GICK/NYI)ZCInC=S.vY(KsI,NY2)446, 2Y(K,I/,NY1)*Y(K,1, NY))
GICK, NY)=CIn( 5.2Y(Kels NYI=4 2Y(K,I,NY1)=Y(K,I,NY2))
DO 45 J=3.,NY2

GIIK, )= C2#(Y(K,1,J*1)=Y(K,1\rI=1))

CALL BLKTRI(DI,EI,FI,GI,NY,1,NY,GA)

DO SO J=1.NY

S3X(3,1,J)42.%H(1,J)

R=X(3,1,0)=H(1,2)
YC1r1od)22.%UCT /3 eXC12T,0)=UCT,J)+UCT,J)+S+GAH(T,JI R
Y(2,123)=V(T0d) #XC1,1,d)4UCTLI)*X(2,1,3)=UCTI,J) 2V, dYsS
Y(3,1,3)=X{1,1,0)=2.0H(T,3)2UC1,J)
XC1,1,323XC1,1,8)=DT*GIC1,0)
X€R,1,3)2XC2,1,3)=DTHGIC2,J)~T1*F(JI*X(1,1,))
XC3,1¢3)=XC3,1,3)=-DT*GIC3, )
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50 CONTINVE
55 CONTINUE

~

)

DO 45 I=1,NX
DJ(2,1)=0.
DJC(7,1)==A1
0J(8,1)=0.
DJI(9,1)=1.
FJ(2,1)=0.
FI(T7,1)=A1
FI(8,1)=0.
FJ(9,1)=1,
DO 60 x=1,9
60 EJ(K,I)=0,
DO 65 K=1,9,4
65 EJ(K,I)=4,
DO 95 J=1,NY
00 70 K=1,3
GICKAT)ZX(KINX LI ¥t X (K 100 EXCKP2,J)4RT€(Y(K,2,3)-Y(KINX,J))
GICKANX)=XCK, NX=T, )44, * X (KsNX,J)EXLKAT,II A2V (K, T1,I)=Y(K,NX=T,J
1)
00 70 I=2,NX1
70 GICK I)=X(KAI=T1,d) 44 aX(K T JI*NCK,I+T,0)4AT12(Y(KATI*+1,0) =YK, 11,
1)
S=AT*U(NX,J)
DI(1,1)=1.-2.%S
DJ(3,1)=S+UINX,J)=AT*GeH(NX,J)
DIC4,1)==A1&VINX,J)+TTI*F(J)
DI(5,1)=1.-S
DJCS,1)=S*VINX, 1)
S=A1=U(1,0)
FICTANXIZ1,42.#S
FICI NX)==-SaUCt, ) +AT2GoH(1,))
FICL NXI=AI#V(T1,J)+TI#F ()
FJCS/NXDI=1.+§
FICO,NX) =-S5V (1,J)
DO 75 I=1,NX
75 EJChs1)=4 *T1#F ()
DO 80 I=2,NX
S=A12UCI-1,0)
DIC1,1)=1,~2.#S
DIC3,1)=5UCI=1,J)~AT25*H(I~1,))
DIC4,I)==A1#V(I=1,0)4T1+F(J)
DJ(5,1)=1,.~8S
80 DJC6,1)=5*V(I-1,J)
00 85 I=1,NX1
SAT*Y(I+1,3)
FICT1,1)=1.42,.#8
FICI,1)==5+U(CI+1,J)4A14G2H(I*1,))
FICL,II=ATRVII*1,0)+T12F(J)
FI(5,1)=1.48
85 FI(6,1)==S*V(I+1,J)

CALL CYCTRICDJI,ES/FI,GI/NX,W,GR)

D0 90 K=1,3
00 90 I=1,NX
Q0 X(KsI,J)=GJ(K,])
95 CONTINUE
00 91 I=1,NX
x(2,1,1)=0,
XC2,1,NY)=0.
91 CONTINUE

(0)

[aXaNal

DO 100 K=1,9
DI(K,1)=0,
100 FICK,NY)=Q,
€1¢4,1)=0.
EIC7,1)=0.
EI(8,1)3~-a3
EI(9,1)=1.
FIC4,1)=0.
FI(7,1)=0.
FI(8,1)=A3
F1(9,1)=0.
DIC4,NY)Y=0,
DI(7,NY)=0,
DIC8,NY)==A3
DI(9,NY)=0.
EIC4,NY)=0,
EIC(7,NY)=0.
EI(8,NY)=A3
EI(9,NY)Y=1,
b0 115 J=2,NY1
DI(4,3)=0,
01¢(?,43=0.
DIC8,3)==A1
DIC9,4)=1.
D0 105 x=1,9
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EI(K,J)=0.
DO 110 k=1,9,4

ET(X,J) =4,
E1(2,3)2=b.*T12F(J)
FI1C¢4,4)=0.

FI1(7,9)=0.

FI(8,J)=A1

FI(9,)=1.

DO 135 I=1.,NX

DO 120 x=1,2

GI(K,1)= X(K/,I1,1)
GI(K,NY)= X(K,1,NY)

DO 120 J=2,NY1

GI(K,I)= X(KsI,J=1)%4,% X(K,I»J)*
S=A3*v(1,1)

R=A3+U(CI, 1)

g§1(1,1)=1.~$
EI(2,1)==R=T1*F(1)
E1(3,1)=R*V(I,1)
EI1C(5,1)=1.~2.4§
EI(6,1)=S*V(I,1)-ASAGH(I,1)
S=A3ev(1,2)

=A3#U(I,2)

FI1(1,1)=$

FI(2,1)=R

FIC(3,1)==ReV(1,2)
FI(S5,1)=2.#S
FIC6,1)==SaV(I,2)+A32GwH(T1,2)
$=A3=V(I,NY-1)

R=A32U(I,NY-1)

DIC1,NY)2=§

DIC2,NY)==R
DIC3/NY)I=RaV(I,NY=1)
DICS,NY)==2.25
DICA/NY)=SaV(I,NY=1)=A3+G*H(I,NY~1)
S=A3+V(I,NY)

R=AZ*UCI,NY)

EICI,NY)=1,+S
EIC2,NY)=R=T1#F(NY)
EIC3/NY)==ReV(I,NY)
ET(S,NY)=1_ 42,45
EICO,NY)==SeV (I, NY)+AS2GaH(I,NY)
00 125 J=2,NY1

S=ATeV(I,3-1)

=A1*U(T,8-1)
DIC1,J)=1.~$S
DI(2,J)==R=-T1#F(J=1)
DIC3,J)=R*V(I,J~1)
DIC5,4)=1.=2.4§
DIC6,J)2SaV(I,J=1)-A1+G+H(I,J=1)
S=AT=V(I,J+1)
R=AT*UCT,J+1)

FI(1,J)=1.+8
FIC2,3)=R=T1+F(J+1)
FIC3,3)==RaV(I,i*1)
FICS,3)=1.42,.28
FI(6,9)2=SeV(I,Je1)4AT10GaH(I,34Y)

CALL BLKTRICDI,EI,FI,GI,NY,1,NY,GA)

D0 130 J=1,NY

$=1./61¢(3J)
UCI,3)=6IC1,4)*S
V(I,4)=GI(2,0)*S
H(I,J)=GI(3,J)
PHI(I,J)=2.+SQRT(G*H(I,J))
CONTINUE

v(I,1)=0C.

V(I/,NY)=0.

CONTINUE

110PT=2+(10PT/2)
IFCIIOPT.NEL.TIOPT) GO TO 137
CALL SMOOTH(U,TEM,LX,NY)
CALL SMOOTH(V,TEM,LX,NY)
CALL SMOOTH(M,TEM,LX,NY)
CONTINUE

RETURN

END

SUBROUTINE SMOOTH(ZK,TEM,LX,NY)

THIS SUBROUTINE FILTERS OUT SHORT WAVES FROM THE U» V.,
USING THE SCHUMAN FILTER TO PREVENY NONLINEAR ALIASING.

(K, T,0+1)

AND H FIELDS

THE FILTER ACTS FIRST IN THE Y~ AND THEN IN THE X-DIRECTION.

DIMENSION C(3,2),ZK(LX,NY,1),TEM(LX)

DATA CC1,1)73,8798/,0€2,1)/=1.770977,C(%,1)/70.331065/,

CC1,2)/0.3757,€€2,2)/0.25/,0€3,2)/0.0625/

NX=12
NX1=NX=1
NY1=NY=1
M=1
00 300 kKk=1,2
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€C1=C(1,XKK)

€2=20(2,KK)

€3=C(3,kK)

SMOOTH IN Y-DIRSCTION

00 301 I=1,NX

00 3005 J=2,NY1

IF(J.EQ.2) GO TO 25

IF(J.EQ.NYT) GO TO 35

GO TO 40

TWO=ZKCI 42, MI42, #IK(I =1, M) =2k C1sdsM)
GO TO 50

TWO=2.#IK(I,J*1/,M)=IK(I1,J MIPZK(T1,0=2,M)
GO TO SO

TWO=ZK(T,042, M +IK(I,0=2,M)

CONTINUE
TEM(JISCT*IK(T, 3, MI4C22CIKCT I~T1, M) 42K(T,J+1,M))+TWO*C3
CONTINUE

b0 3006 J=2,NY1

IK(I, 0 ,M)=TEMCY)

CONTINUE

SMOOTH IN X~DIRECTION

0O 303 J=1,NY

D0 302 I1=2,NX1

IF(I.EQ.2) 60 TO 170

IF(I.EQ.NX1) GO TO 185

GO TO 200

TWO=2 . #IK(I=1,3/M)=2K(Xrd ,MI*ZK(I+2,0sM)
GO TO 230
TWORIK(I=2,4,M)+2,2ZK(T1+15J,M)=2K(1,J/M)
60 T0 230

TWORZK(I~2,J,M)4IK(TI+2,0,M)

TEM(I)I®CI*ZK (T, J MI4C27C2ZK(T=1,0, M) +2ZK(I+1,0,M))+C32TUO
CONTINUE

DO 3025 I=2,NX1

IK(I,J,M)STEMC(I)

CONTINUE

CONTINUE

RETURN

END

SUSROUTINE BLXTRICA,B,C D/ N/, MM, NN,G)

THTIS 1S A 3LOCX~TRIDIAGONAL SCLVER OPTIMIZEDP FOR THE CASE WHEN
THE INDIVIODUAL BLOCK MATRICES ARE (3+3).
A DIRECT SOLUTION 3ASED ON GAUSSIAN ELIMINATION I. USED.

DIMENSION AC9,NND+BCO NN, CLI,NND LD (3, NN, MM) L ECO) V(9D ,5(O,NN)
00 110 1=1,N
fM=1-1

ALPHA

0d 10 x=1,9
€(K)=B(K,I)
IF(1.2Q.1) GO 710 30
b9 20 k=1,9
L=3x((K=1)/3)+1
L1=L+1

La=L+2

M=K=L+1
M3=M+

ME=M+6
E(KI=E(KIFACL,I) #GIM IMIHACLT, I)RGIME, IMIACL2, 1) *#G(M6,1M)
CONTINUE

INVERSE OF ALPHA

V(1)=E(5)E(9)~E(E)*E(8)
V(2)=E(3)*E(B)=E(2I%E(9)
V(3)=E(IwE(6)~E(3)IE(S)
VEE)=Z(6InT(7) =2 (L) %E(Q)
V(5)=E(T1)I*E(D)-E(3)I*E(7)
V(6I=E(3I*E(L)-ECT1I*E(S)
V(7)2E(L)*E(B)-E(S)=E(7)
V(8)=E(2)+E(7)-2(1)*E(8)
V(9)=ECT1)*ECS)-E(I*E(&)
DET=1./CECII#V(II+EC2)*V(4)+ E(3)aV(7))
D0 40 x=1,9
VIKY=DET*V(K)

GAMMA

00 50 K=1,9

Ls3*((K=1)/3)+1

Li=L+t

L2=L+2

M= +1
M3xMe

ME=M+ &
ECKYI=VALICCAM, I 4VILI) *CCM3, II+V(L2)*#C(M6,T)
DO 60 k=1,9

G(K,T)==E(K)



o

[aKaXaKaKal

70

80
90

100
110

120

130
140

10

20

1

SHALL4

Y

bo 110 J=1,MM
DO 70 x=1,3
E(K)=D(K, 1, )
T1F(I.EQ.1) GO TO 90
L=1

DO 80 k=1,3
L1=L#+9

L2=L+2
E(K)=E(K)~ACL/1I*DC1,IM,J)=ACLI,ID*D(2,IM, J)=ACL2,1)*D(3,IM,J)
L=L+3

CONTINUE

L=1
po 100 k=1,3
L1=L+1
L2=L+2
DK, T I)=VCLINECT)+VILI) CE(2I 4V (LRI *EL(D)
Lzt +3
CONTINUE

X

M=N
00 140 I=2,N
MP=M
M=z=M=1
0O 140 J=1,MM
L=1
DO 120 K=1,3
Li=L+1
L2=L+2
ECK) =D (K, M I)+GEL MIADCT, MP,U)+GILT,MI*D(2,MP, ) +G(L2, M) =D (3, MP,J)
L=L+3
b0 130 k=1,3
D(K,M,$)=2(K)
CONTINUE
RETURN
END

SUSRQUTINE CYCTRICP,I,R,D,N,W,G)

THIS IS A CYCLIC BLOCK TRIDIAGONAL SOLVER USING THE FACT THAT THE
UNIT BLOCK MATIICES ARE (3+3),
THIS ALGORITHM GENERALIZES THE AMLBE9G, NILSON AND WALSH METHOD (1947),

DIMENSION P(S,NI, QLI NILREF,NI, DL N, W3, N L) ECDILV(S),G(O,N)

NM=N-1

DO 10 I=1,N%

DC 10 Kx=1,3
W{K,1,1)=p(K,])
W(x,1,2)=0.
W(x,1,3)=0.
W{K,1,4)=0.

wi1,1,2)=P(1,1)
W(2,1,2)=P(4,1)

wWi3,1,2Y=P(7,1)

W(1,1.3)=P(2,1)
W(2,1,3)2P(5,1)
W(2,1,3)=P(8,1)
W(l,1,4)=P(3,1)
W(2,1,4)=P(6,1)
W(1,1,4)=P(9,1)
WCT/NM 2)=R(T,NM)
W(2,NM,2)=2R(4,NM)
W(3/NM,2)=R(7,NM)
W(1,NM,3)=R(2,NM)
W(2,NM,3)=R(5,NM)
W(3,NM,3)=R(3,NM)
WCT/NM,4)=R(3,NM)
W(2,NM,4)=R(6,NM)
W(3,NM,4)=R(I,NM)

CALL SLKTRIC(P,Q,RsWs/N™,4,N,G)

D0 20 Kk=1,9
L=3*((K~1)/3)+1
L1=L+1
L2=L+2
M=K-L+2
ECK)=QIR,NI=RCL NI *W (1,1, MI=R(LYISNIWW(2, 1, M)=RCL2, NI *W (3,1, M)
~PCL NI *R (T NM, M) =PLLT NI *W (2, N, M) =P (L2, NI *W(3,NM, M)

VI1)=E(S)I*E(I)~E(E)*E(8)
V(2)=2(3)*2(8)=S(2)*2(9)
V(3)=E(2I*E(6)~E(3IwE(S)
V(L) =E(EI*E(TI=E(L)*E(Y)
VISIZECT) *E(PI-E(I) *E(T7)
VISISE(II*E(LI=S(1)I+E(6)
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VIT?IZECLI*EC(EI=E(S)~E(T)
V(EI=SE(I*E(?I~E(1)*E(3)
V(9)ZE(1)*E(S)-E(2)+E(4)
DET=1./7CECI)aV(T) +EC)aV(A)+E(3IwV(7))
o0 30 x=1,9

VIKI=DET*V(K)

L=1

DO 40 K=1.,3

Li=b+1

L2=1L+2

ECKI=D(K, N)=RCLANY*WCT1, 1, 1)=RCLT,N)*W(2,1,1)=RCL2, NI *W(3,1,1)

“PL/NI*W{T,NM, 1) =PCLI/ NI *W(2,NM,1)=P(L2/N)*W(3,NM,1)
L=L¢3

DINZVL1)wS(1)+V(2INE(2) 4V (3IwE(D)
D2N=V(LI®EC(T1)+V(SIVE(2)I+V(6IWE(T)
DINTV(Z)IWECT1)4V(BI*E(2)+V(FInE(D)

b0 50 x=1,3

D0 50 I=1,NM

O(K II=W(K,T21)~WCK T 2) 4D INW(K, T, 3)*D2N-WCK, 1,4 *D3IN
CONTINVE

D(T,N)=DIN
D(2,N)=D2N
DC3,N)=D3IN

RETURN
END



