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CHAPTER 10

CONSERVATION LAWS IN FLUID DYNAMICS AND THE ENFORCEMENT
OF THEIR PRESERVATION IN NUMERICAL DISCRETIZATIONS

I. M. Navon

1.  INTRODUCTION

The existence of conservation laws for fluid dynamics problems has been
recognized to be of vital importance to the understanding of basic physi=
cal and mathematical properties of problems of interest. Almost all the
equations describing fluid dynamics problems can be interpreted as the
Taws of conservation of mass, momentum and energy. In this short lecture
note we will adopt two different approaches which essentially characterize
different Tines of thought as far as conservation laws are concerned.

The first is the 'theoretical' approach whereby one considers what is

a conservation law and the problem of obtainjng conservation laws in the
sense of physics from a system of equations as an integrability problem

on a manifold (Eiseman and Stone 1980 [11).

In this approach we are also concerned with the preservation of conserva=
tion laws under coordinate transformations. One then might ask how many
conservation laws are contained in a system of partial differential equa=
tions describing some fluid dynamic phenomenon. This brings us to the
Korteweg-de Vries equations which possess an infinity of conservation laws
and to other similar equations. This can be connected with other types

of conservation laws recently found for the KdV equation by Wahlquist

and Estabrook [2]1. For another excellent survey on this topic see Manin

[3]. This topic is also re]ate& to the inverse scattering problem.
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For the discretized non-linear partial differential equations of fluid
dynamics the author has preferred to bring examples from numerical weather
prediction and the accent was ﬁut mainly on finite difference schemes.

Here conservative spatial finite difference discretizations. were frequently
used in order to reduce the tendency towards non-linear instability

(Gary [41, Kalnay de Rivas et al [5]).

There is still a controversy if the use of a conservative spatial approxi=
mation will totally avoid non-linear instability (Gary [41). However in
atmospheric sciences and numerical weather prediction it is common ex=
perience that enstrophy conserving schemes and quadratically or energy
conserving schemes provide a more accurate approximation to the spectrum
and avoid the unbounded growth associated with catastrophic non-linear

instability.

It should be stressed that in any numerical model, the finite resofution
Aimposes an antificial ‘wall' at the shont-wave end of the spectrum, in=
ducing an excessive accumulation of energy in the shortest waves (KaTnay
de Rivas et al [5]). This problem is worst in non-conservative schemes
but it appears even in alias-free, energy and enstrophy conserving spectral
models. This justifies using besides the conservative finite-difference
schemes some parametrization of the unresolved subgrid eddies to withdraw
energy from the smallest resolved scales (Kalnay de Rivas et al [5]),

(Gary [41).

In this lecture-note we have stressed only some aspects of finite diffe=
rence conserving schemes. A survey of 'a posteriori' methods for enforcing
conservation in discretized finite difference models is also provided.

Two small sections are dedicated to the conservative properties of spectral

and finite element discretization methods.
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Finally it should be mentioned that we are far from having exhausted the

fluid-dynamics conservation laws (see Mobbs [61). |

We have also not treated systems of non-linear hyperbolic partial differen=
tial equations in conservation law form (see Lax [71), the entropy condi=
tion, shock-waves, rarefaction-waves and contact discontinuities. The
interested reader is referred to Liu [8], [91, Glium, [10] and Glium

and Lax [117.

1. THE THEORETICAL APPROACH TO CONSERVATION LAWS

1.1 The Basic Equations
Definition 1. A conservative law on a manifold is defined exactly as
any exact differential 1-form 6 whose image h6é under a Tinear operator

h, is also exact.

Definition 2. The rate of change of a quantity U in a volume M is classi=
cally expressed as the negative sum of fluxes F(U) of a quantity U across

a boundary 3M.

g_tsfa Udv = | F(U)ds (1)

where dV and dS are volume elements on M and 3M respectively. Using
Stokes theorem and the fact that M was arbitrarily chosen, we obtain finally

the partial differential equation

3u
stV FU)y =0 (2)

in divergence form or in conservation law form.
Example 1

The divergence form of a heat conducting viscous fluid is given by the

continuity equation

289
d
FEHV (e0) =0, (3)
the energy equation
oF 3
Y EV - KIT + {11V} =0 (4)
K  thermal conductivity E total energy
p density vV velocity vector
T temperature [t]1 the stress tensor
® the tensor product,
and the momentum equation
Slov) + V- {oV @V + [t1)=0 (5)
E = o(E + 3In?) (6)

where E is the internal energy, and E the total energy. The stress-tensor
for a Newtonian fluid is:

[t] = (p - AV-V)LI] - 2u[D] (7)
where
p is pressure ® is the tensor product
A,k viscosity coefficients
[1] the identity dyadic

[D] the deformation tensor
For an ideal gas the equation of state is given by:

p = oRT (8)
where

cp  specific heat at constant pressure cv  specific heat at constant

: volume
R the gas constant

E internal energy = CvT R= c¢cp-cv
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The conservation law form of the fluid dynamic equations is important for
the numerical computation of certain flow fields. This is particularly
true for flows with shock waves where in fact the Rankine-Hugoniot condi=

tions can be satisfied by a mesh adjustment.

1.2 Fluid dynamic equations in curvilinear coordinates

Following the approach of Eiseman and Stone [1] let xi,....x" be fixed
Cartesian coordinates and let yl,...,yn be curvilinear coordinates. The
local vector fields {a/axl,...,a/ax“} form the basis of R" while
(a/ayl,...,a/ay"} are an alternate basis related to the first by

aray’ = (ax%/ay7)(a/0x®) (9)
using the Einstein summation convention.
We assume the Jacobian J = det(3x1/3y3) to be different from 0 and we
denote

g = vy’ , i=1,2,...,n. (10)

A metric on the vector fields is an inner product < «,->. By applying

the metric to the basis elements 3i we get

(P
95 =<e e, > X 3 23

J 7y ayt oy ax® T ayP
o B o
= B_X{EX_ S = a_x{ € sumation on . (11)
ay' oy ey gy

The differential element of arc length ds can be obtained from the rela=

tionship:

8
(ds)? = 65 ax™ dx® = 5 at z" ay” ay® = g M A% (12)
Y Y

If A is the Jacobian transformation 3xi/ay3 we have gij = AAt; then

g = det(g;;) = det At = (det A)? = 32 (13)
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i.e. (g1J) is non-singular if JA0 i.e. the matrix g . has an inverse which

will be denoted by (gij)'

Following Eiseman and Stone [11, we note that to express the system (3)-(5)
of fluid dynamic equations in curvilinear coordinates we need to define

a dual basis {31,..ﬁ"} by

<t F>-4 (14)
where
i
8, = 6.,
j 613 (15)
Then the gradient is defined as
-k
Vv=¢ ® Dk (16)
and the divergence V is defined by replacing the tensor product in Vv by

a dot product. To obtain the dot product one applies the metric to Ek

and the first component of the tensor on the right.

Furthermore if /g = |J| the absolute value of the Jacobian is independent
of time, each equation can be multiplied by /g and v/g can also be brought

under the time derivative.
The continuity equation then becomes
3 3 i _
5x(e/9) + ;—T(DV /g) = 0 ., (17)
Yy

The energy equation becomes

3(6/) +—v[(Ev g™ zT + g T V)1 = 0 (18)
y
and the momentum equation is given by:
(pvJ/') + B o glt rJ o EJ. =0 (19)
y

where
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. jo  3g. . 3g Kk 99k
Mo=g el Tk Tk, (20)
ik~ 72 ayE ayl  oy®

is the Levi-Civita tensor, designed to be compatible with the metric

Bij = (pvivj + Tij)lﬁ' (21)
while
=792 02 = g - —m(v'“@))
75 ay
im avJ J Jm av 1
- g (= 4 vt L= ) - ug (a +vtr 2)} .'® & . (22)

In the curvilinear coordinate system the continuity and energy equations
remain in conservation law form while the momentum equation misses this
form due to the source-Like tenm Bir P%r. To transform it into a conser=
vation law form one has to rewrite the momentum equations in a way that
absorbs the source-like term. By using the work of Anderson, Preiser

and Rubin [12] and implementing the method of integrating factors, one

obtains momentum equations in conservative form:

ax
2 (ov® r ) +2_ YU, 0 ml,2,...n.(23)
Bt yJ By‘

The conservation law form of the fluid dynamic equations is important for
the numerical solution of flow fields. In particular this is true for
flows with shock-waves where the Rankine-Hugoniot conditions can be sa=

tisfied by a mesh-adjustment.

1.3 Conservation law forms from Stoke's theorem and differential forms

In a region M of an M-dimensional Euclidean space a quantity U is con=

served as a function of time if the rate of change of U in M is equal to the

negative sum of the flux w of quantity U across the boundary aM. Using
Flanders [13] notation of exterior differential forms, the conservation

of U is given by
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%-fr{luedv“éMw (24)

for a positively oriented n-form dV as a volume element on M and for some
(n-1) form w which is some function of U that describes the U-flux through
oM. If xl,xz,...,x" are Cartesian coordinates ordered in such a way that

dv=dxt adx? A ... A dx" the flux can be expressed as

n o + .
w= I (-1)'FY) e dda coaddT A A A"
io1

i
. . (25)
where F' is the flux in direction x'.

When U is a vector then F' are vectors in the same space and w is a (n-1)

vector form. Using Stokes theorem we obtain

noaei
[Rodv-2fved=[ w=fd=[(zF)ea. (26)
M M &M M M i=13x

Remembering that the region M is arbitrary, we obtain the conservation

Taw form

| i
au y aF (U
i=1 ax’

=0 ., (27)
An alternative definition of a conservation law is any pde in n indepen=
dent variables {x%,...,x"} and p dependent variables {yi....,yp} which
has the form:

n k]
b E‘L = (28)
i=1 ax

where w are functions of y > p

Example 2

The equations describing an inviscid ideal fluid in general curvilinear

coordinates are given by the system

9 9 S ayj _
s¢(e/G) + 5‘;5(3 b /g) =0 (29)

xS
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J
S (Ev3) + 2 (r(e+p)8® 2 1/G} = 0 (30)
L ay’ ax®
2 (6% B + Lo (B 4 5 & v - 0 (31)
L 3YJ e xS
where
#
p=(y1) [E - }(Z {§3}2)p] (32)
r
and
"= a‘j B_X"l
Eiy‘.l

o) - are contravariant coefficients

Y = cp/ev .

1.4 Expression of a system of pde's in “terms of conservation laws

Consider the conversion of a system of the form

Eu) + () 32 () = 0 (33)

where (u) is a column vector

(h) is a square matrix with entries depending only on (u).

Can we find a suitable nonsingular matrix depending only on (u) to obtain

a system of conservation laws.

3 .
FU+ V=0 (39)

where U and V are column-vectors depending only on (u)?

Example 3

Let us take the equations of one dimensional time-dependent, nonisentropic,

adiabatic fluid flow:
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p u p 0 p
(*)
3 u =10 u 1/ 9 ul =0 (35)
ot Pl
P 0 yp u P

p, U, p, Y - are density, velocity, pressure and adiabatic constant res=

pectively.

If S is entropy and p=p(p,S) and one assumes y > 1 then (35) is equivalent

to the system

o u p O p

9 2 3

3T (Y] * |/ v R/e| 5% |u| =0 (36)
5 0 0 u S

where pp = yp/p = ¢?>0.

Note that the eigenvalues of the 3x3 matrices which appear in (35) or
(36) are distinct. These are u-c, u, u+c, and their corresponding eigen=
vectors are (0,pc2,-c),(c2,0.1) and (O,QCZ,C). If p > 0, which is the
physical case, we can premultiply the system (35) by the nonsingular

matrix

1 0 0
u p 0 (37)
u? 2pu ;%T

to obtain the following system of conservation laws

p pu
3
5T | eu + %7 ou’+p =0. (38)
ou? + 7%% ou’+ %%T pu
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1.5 Conservation laws and variational principles (Noether's theorem)

Let us take again the form

1
¥ -9, (39)
1 ox

XK

i
The functions ¢1 may themselves be in the form of derivatives. Let f be
g "
a function of yJ, EXT and x’, j=1y...,p and i=1,...,n.
ax

Let

; J

J & 9

Y5 —‘é‘ s

ax

x=[x'1, (40)

We consider the n-fold integral f fdx where R is a closed bounded region
and we assume that the integral ?s invariant under a family of transfor=
mations with an arbitrary finite number of parameters. Further we suppose
that f does not explicitly depend on the n independent variables xi which

can then be taken as parameters.

If we now Took for a stationary value for [ fdx we obtain p Euler varia=
R
tional equations, which are:

3
fi= 3 &-fj5=0. (81)

1’
i=1 ax' Vi
‘Noether's theorem is a means of associating a conservation equation with

an infinitesimal transformation having an action integral invariant.

In our notation Noether's result asserts that n linear combinations of
(41) which have the form of conservation laws can be found. I.e., there

exist functions w;, 0 < k < n such that:

1 n
n Y Y

o 3 k k

Ffa- L 2 o F)s—t e —=0 (42)

YT ot Y axd ax"

where ai is an (nxp) matrix and the range of summation on o is from 1 to

p.
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Other relations with similar form are
3 i 3 ]
— (%) + (-y3) =0 (43)
axd KTk

The number of conservation laws which appear in (43) depends in general

on the group of transformations which fixes [ fdx.
R
Example 4
We seek a stationary value for
_ 2 2
J= £ / (wx.+ Wy )ax dy (44)

where R is the unit disc. Here we have n=2, p=l. The conservation laws

we can obtain from (44) have the form
= +2| Y]=0, (45)

The first of the above relationships is the variational equation
Wy ¥ Ny = M=, (46)
One observes that J is invariant under a one-parameter transformation

group given by

x* = x(cos 8) + y(sin 6)
(47)

<
*
[}

-x(sin 8) + y(cos 8)
That is

I (wi + w§)dx dy = [ [ (wi, + w§,)dx* dy* where R = R* .
R . (48)

When the number of dependent variables is greater than two, the problem

of obtaining conservation laws becomes more difficult. See Osborn [15].

For the existence of conservation Taws on manifolds see Eiseman and Stone [1
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Example 5

Conservative form of the time-dependent Navier-Stokes equations

The Navier-Stokes equations for plane-flows are written in cartesian

coordinates (x,y) as follows.

The unicolumn matrice U,F and G have the following expressions:

U= [p,pu,pv.pE]T

while F and G are split into
inviscid terms viscous terms
(F.6) = (F.6) - (R.S)

or component-wise

F = F, (U) - R(W,3H/3x,3H/3y)
G = Gl(u)'- S(W,3H/3x,3H/3y)
u
W= |v
e
p = (y-1l)pe
e= ch
pu pv
2
w="" 1, qwm=- |
F, (V) = ; =
& puv 1 pv2+p
(pE+p)u (pE+p)v

(49)

(50)

(51)

(52)

(53)

(54)

(55)
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0 0
Txx Tyx™Txy
R = . § = . (56)
X K 9 ¥ K 9
e e
UTXX L2 VTXy & —c‘; 3% UTxy  d VT_y_Y + c—v- g‘-y-

K - thermal conductivity

q ‘- KgradT
- du v
T ™ (A+2u) T DN 3y
Stress tensor T, = uEd 4 (57)
Xy 3y  ox
=) U v
Tyy ® Aagt (A+2u) 3y
A,u - viscosity coefficients
A= A(T), w=n (T), K=K(T)
M+ 2uz20,uz20, (58)

If one assumes local thermodynamic equilibrium one always makes use of the

Stekes relation

MN+2u=0 (59)

See also Viviand [16] and Vinokut [17].

1.6 The Korteweg de Vries Equation and its Conservation Laws

We consider the equation

up +uu +u =0 (60)

XXX

and its generalizations.

In this context a conservation law associated with an equation such as

(60) is expressed by an equation of the form

T, +X, =0 (61)
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where T the conseaved density and -X, the flux of T, are functionals of

u.

Deginition. (Kruskal, Muira and Gardner [18])

Local conservation laws

If T is a Local functional of u, i.e. if the value of T at any x depends
only on the values of u in an arbitrarily small neighbourhood of x, then
T is a Zocal conserved density. If X is also local, then (61) is a

Local conservation Law. If T is in particular a polynomial in u and its
x derivatives are not dependent explicitly on x and t, then we call T a
polynomial conserved density; if X is also such a polynomial we call (61)
a polynomial conservation Taw. There is a close relationship between

constants of motion and conservation laws.

For KdV equations (for a polynomial conservation law) T and X are each

. a3, a1 3
a finite sum of terms of the form Uy s Uy Taeansly where

J
u
U, = —= (62)
753

@ |w

and aj are nonnegative integers.
The rank is defined as the sum of the number of factors aj and half the
number of x differentiations

%
ry = jEO (1+ ;j)aj . (63)

A polynomial of rank r is one whose terms are all of rank r.

There is a polynomial conservation law with nontrivial conserved density
Tr for each positive integral rank r (and corresponding flux X, of rank

r+l).

Historically it is to be noted that Korteweg and de Vries [19] chose to
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exhibit their equation in conservation law form i.e.
3—“=§@3(§n2+%an+§aa—“), (64)

n surface elevation above equilibrium level

o small arbitrarily constant related to the uniform motion of the liquid
g gravitational constant

o 2%/3 - Ta/og

p liquid density

T surface capillary tension

The KdV equation describes the evolution of long water waves down a canal

of rectangular cross-section. The KdV equation can be rewritten as
Up - 6uux FUL o ™ 0 (65)
by the rescaling transformations
t' =32 t, X =-%, u=-ndo (66)

where we have dropped the primes.

The KdV equation is Galilean invariant. (Muira [20]). Conservation laws
can be used for deriving 'a priori' estimates and to obtain integrals of

the motion. Three first conservation laws for the KdV equation are

2 &
ug * (-3u“ + uxx)x =0 (67a)
(W) + (-4 + 2w, - ul) =0 (67b)
2
(u3+§u§)t + (—§u8+3u2uxx-6uu)2(+uxuxxx-5uxx)X 2 0 (67¢)

The first is the KdV equation in conservation law form. The second is

obtained by multiplying by 2u and the third by multiplying by 3u2-uXX and

algebraically manipulating the differentiations.
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These conserved densities can be interpreted as mass, momentum and energy
conservations for some physical systems. The infinity of conserved densi=
ties beyond these first three do not seem to have any physical interpre=
tation. The proof of the existence of an infinite member of polynomial
conservation laws was given by Kruskal, Muira, Gardner and Zabusky (18],
Gardner [21] and Kruskal [22]. Muira [23] studied the polynomial consers

vation laws of a general class of KdV equations
- 6WPuw * = =
wt 6W wx + wxxx 0 pely2yeni (68)

This was also the starting point for the inverse scattering method for

the exact solution of the KdV equations.

1.7 Conservation laws for generalized KdV equations

If we consider the class of equations

g%+upg—g+£%=o (69)
(with all coefficients equal to 1, without loss of generality) Kruskal
and Muira [22] obtained the following results:

a) if r is even (Burger's equation p=1, r=2, then there exists only one

polynomial conservation law i.e. the equation itself)

b) If r is odd i.e. r=2q+l, q=0,1 there exist always three conservation

laws for any p > 0 with the conserved densities given by

—
"
=

—
"

5 =il (70)

—f
1]

q
3 = W4 31 pr) (pr2) ()2
ax

For q=0, we define a new variable v = uP+l to get the equation
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Vet w, =0 (71)

t

which always has infinitely many conservation laws.

For the case p=0, the equation is linear and there are infinitely many

conservation laws with conserved densities

1= (3"/ax™? n=0,1,2,... . (72)

The cases p=1 and p=2 with g=1 correspond to the KdV equation or the modi=
fied KdV equation respectively. A1l the other cases have only the three

(polynomial) conservation laws.

Table 1
\}\z 0 1 2 pz3
0 o ™ ® o
1 © ™ o 3
q > 2 © 3 3 3

The results and concepts developed for the KdV equation 1ike conservation
laws have been extended to other nonlinear pde's 1ike the nonlinear

Schridinger equation

. 2 o
iy, t V[T =0 (73)
and the sine-Gordon equation (see Lamb [24])
Uy = sin u (74)
or
Upp = Uy + sihu=0, (75)
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1.8 Benney's equations and their conservation laws

These are fully nonlinear long-wave equations describing the motion over
a flat bottom of a two dimensionally inviscid fluid with a free surface

in a gravitational field in the long-wave approximation.
The equations have the form

y S

__ff”—’———__—_.\\\\«::fjfii:ii‘,,f”‘~\~\___,
|s
‘e

2 =
VaEGT 4 LT 7 777777 7

ux + Vy =0 (761)
up +uu, 4 vuy + ghX =0 (76.2)
hy + uohx = Vo =0,y = h(x,t) (76.3)

subject to boundary conditions

ht * uohx o T 0
Y = h(x,t) (76.4)

p = Po = constant

and v = 0 at y = 0.

The flat rigid bottom is denoted by y = 0 and the free surface by y=h(x,t)
(Benney [25]). Here u and v are the horizontal and vertical components

of velocity, p is density.
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If one defines the following integrals

h{x,t) i
An(x,t) = u(x,y,t) dy, n=0,1,2,... (Ao(x,t) = h(x,t))(77)
o

it was shown by Benney [25] that this system of equations possesses an

infinite number of conservation laws of the form
Tt + Xx =0 (78)

where T the conserved density and -X, the flux, are polynomials in the

An n=0,1,2,... . Muira [23] proved that the fully nonlinear long-wave

equations possess an infinite number of local conservation laws in the

form
T+ X+ ¥, =0 (79)

where T the local conserved densities and -X,-Y the Tocal fluxes are

polynomials in n and the An.

Eqn (76.1) is already in conservation form. Multiplying (76.1) by u and

adding to (76.2) yields a second conservation law
ug + (u2+gh)x + (), = 0. (80)
To find the third conservation law multiply (76.2) by u giving
2 1,3 ) 2 - 2 =
() + (), + (™), - puv + ghu =0, (81)

Using (76.1) to replace vy by M and integrating the Tast term by parts

and again using (76.1) we obtain

(qu)t + (§u3+ghu)x + [(5u2+gh)v]y =0 (82)

These three conservation laws have the usual interpretation of conserva=

tion of mass, momentum and energy respectively.
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Benney [25] obtained the following result for these equations: If u(x,y,t)

and h(x,t) are continuous functions with continuous first-order partial

derivatives for - ®* < x < + @ , 0 <y < h, and satisfy (76.1)-(76.4) then
(An)t + (An+1)x + ug An-lhx =0 n=0,1,2,... Ao=h, (83)

For other extensions see Muira [26].

2, DISCRETE APPROXIMATIONS OF CONSERVATION LAWS

2.1 The Arakawa approach for an 'a priori' method for enforcing conserva=

tion laws on the discrete approximation of a simple fluid-dynamics

equation

We shall introduce Arakawa's method [27] by considering the vorticity

equation

9
3% +V.Vg =0, 7=V (84)
where the velocity V is assumed to be nondivergent i.e. it can be ex=
pressed as
V==kxW (85)
where ¢ is a stream function and the vorticity is

g = k-vxv (86)

z = v (87)

and substituting (86) into (84). We obtain

F 7 = Fpem 3R = 3z = 3T, (88)

This equation gives the local change in vorticity as a result of advection

by a two-dimensional nondivergent velocity.
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If the Gauss divergence theorem is applied to (84) over a closed region
and there is no flux at the boundaries or the region is closed, the right-

hand side of (84) vanishes. This means

&
n
o

(89)

where Z means the integral over the region, so that we obtain that the
total (or mean) vorticity is conserved. If (84) is multiplied by ¢ we

obtain

2
] 2
FE(Sy) = - (%), (90)
Application of the Gauss divergence theorem again shows that the total
or mean square vorticity called enstrophy is also conserved,

Finally, multiplying (88) by ¢, we obtain
Va(V2p)/at = V- (cV) (91)
Modifying each term as follows

YO(T-W9)/3t = y7-7 $E = V- (4 %‘{,i) - VeV %‘t‘i (92)

W (gV) = v-(zV) - Vv (93)
and substituting these expressions in (91) gives
Vy+y %‘lti = Ve (W g—‘g) + V- (ygV) - vy . (98)
The term -gV-Vy vanishes i&entically since
Vitowy, (95)
Also

R %‘;’- = -3 aVy-Vy/3t (96)

where Vi-Vy is twice the kinetic energy. When the Gauss theorem is applie
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the right-hand side of (94) vanishes and we obtain

2(TTF) /ot = 0 (97)

which means that the mean kinetic energy is .conserved over a closed
region. This means that for the vorticity equation (84) over a closed

region, mean kinetic energy, mean vorticity and enstrophy are conserved.

In a famous paper published in 1959, using the vorticity equation, Phillips
[28] showed that the leapfrog centred space-differencing scheme leads to
nonlinear instability with a catastrophic 'blow-up' in kinetic energy in
the short wavelenghts range. This is contrary to the results of Fjgrtoft
[29] who has shown that, in the continuous case, total kinetic energy

is conserved and also that there is no cascade of energy towards short
wavelengths in the continuous case, i.e. the average wave number is also

conserved.

Phillips [28] found that a mere reduction in grid-size or time increment
did not eliminate the nonlinear instability. The instability could how=
ever be controlled by periodically removing wavelengths 4d and smaller.

This was done either by the application of a space filter
A= (1+kv®)" A (98)
or by an artificial diffusing term such as DVZA, where D is the eddy-

diffusivity, or finally by using a selective finite-difference scheme.

AT1 these methods are not very satisfying as they distort the solution
by affecting longer waves in the process of a long-term numerical inte=

gration.

Arakawa [27] sought to prevent a false cascade of energy and enstrophy

by maintaining the conservation of mean enstrophy, kinetic energy and

vorticity for the barotropic vorticity equation for a time-continuous space
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difference discretization. He started with the barotropic vorticity equ:

tion written in Jacobian form

3 ..y 99

'a—f = (\U.C) ( )
by considering each of the products

zd(¥sz) and YI(¥,z) (100;

with several different finite difference Jacobians to determine whether
they conserve kinetic energy or enstrophy.
The essence of the Arakawa 'a priori' method will be exposed now.

The analytic Jacobian can be expressed as

_BWAT BB D BTy B B,
) = JE-FR-HeR -G

R ) (101)

Using the following 9 point stencil

we can obtain the following finite difference Jacobians
++ 2
37 = L, 0 ) (T,ym,) = (-, ) (2, -0, ) 1/4d (102)

XD, (gmtg) 0y (25-5,) ¥, (5525 )4, (24-2,) 1/4d? (103)

X+ 2
I = 02, (Um) -0, (Vgm0 )-8, (V50 )48, (0 -v,)1/8d° | (104)

The superscript + or x denotes the points from which the finite differenc

approximations for the derivatives of ¢ and ¢ (in that order) are formed
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A + symbol indicates use of the points (1,2,3,4) and the x symbol indi=
cates the use of points (5,6,7,8). A1l the Jacobians (102-104) are of
the general bilinear form

<1,0,+1

Jij(‘J’nC) = z

(105)
KsZamyn

€i,3sko2,m,n Viek,j42 Siem,jen -
The coefficients c can be determined so that the finite difference dis=
cretization possesses as many of the conservation properties of the ana=
Tytic (continuous) differential equation as desired. If (99) is multi=

plied by Cij the left-hand side represents the local rate of change of

2
C'ij'

In this case the right-hand side may then be written as
-1,0,1

z
m,n

4 (106)

24,3 i4m,5+n Sism,d+n 5,5 -
The rate of change of ;2 at the point (i,j) may be considered to be the
consequence of interaction between the given point and adjacent points.
Also the change of g2 at point (i+m,j+n) will receive a corresponding con=
tribution from point Zig A net change of mean square vorticity (i.e.
non-conservation) may be avoided if the gain at the point (i,j) due to
interaction with point (i+m,j+n) is exactly balanced by a corresponding
loss at (i+m,j+n) due to point (i,j). This occurs if the coefficients

a fulfil the condition

ai’j)i*'m,j*'n = -ai+m.j+n,1,j (107)

Consider now the gain in square vorticity at point o due to the value at

point 1 and vice versa. The results, excluding the term 4d? are

gt .

C00

- ¢, &, (by=y,) + other terms (108)

T, 3y 5y Golbemyg) + other terms | (109)
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Since the terms donot cancel and no other opportunity for the product
gy &y occurs over the grid, the sum ™ cannot vanish in general and E2

will not be conserved i.e.

SZE/atfo .
Similarly
2o Jor ~ Co (by0,) *+ .o (110)
£ 2% ~ gy golhy) + oo (111)
and
Ty I = - Ty & (WgU) + e (112)
g 0~ gleymw) e (113)

Arakawa [27] found that J** does conserve 72 since the contributions at
adjacent points exactly cancel one another, while a comparison of terms
comprising zd™ and ;Jx+ shows that they are opposite in sign. So it is
clear that

I Q(J++ & JX+) conserves cz. (114)
A similar examination of the finite difference approximation of yJ(y,z)
shows that

e 3™« J**) conserves . (115)

By combining (114) and (115) it is seen that the Arakawa Jacobian

++

1 (" e g% 5 3 (116)

conserves enstrophy Z2, mean vorticity I and mean kinetic emergy K .

Arakawa [271 has shown that his Jacobian also conserves the mean wave

number. As a result of these discrete conservation properties, the Arakaw
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Jacobian prevents the continued growth of very short waves, which is charac=
teristic of ponlinear instability. Aliasing is still present in the form

of phase errors but these also result from Tinear finite-difference trun=
cation-errors. Lilly [30] has given a rigorous proof by spectral methods
that Arakawa's quadratic conserving scheme eliminates the type of nonlinear
instability demonstrated by Phillips [281. The conservative properties

of the Arakawa Jacobian have been established for the time continuous case,
but not for time discretization. For instance when the time derivative

is approximated with the leapfrog time differencing scheme and the Arakawa

Jacobian is used, it follows that

Zo.n{o,ne1 ™ So,n-1) = 28t Zo,n Jo,n = 0- (117)

Hence

%o,n %o,n+1 = %o,n So,n-1, (118)
But this is not the correct conservation property for mean square vorti=

city, which should be written as

T e,
;o,n+1 o,n = 50,n-1 atc, (119)

If the time differencing gives

So,n = (Zo,me1 * ‘r=o,n-1)/2 (120)
the above (119) property holds but this requires a rather complicated
implicit scheme. We shall come back to this shortcoming in another sec=
tion. It has been demonstrated by Jespersen [31] that the Arakawa Jacobian

is a special case of a finite-element method using rectangular 9-noded

elements.
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2.2 Generalization of Arakawa's scheme to the shallow-water equations

(Grammeltvedt [321)

We write the equations for a barotropic, frictionless, divergent flow

with a free surface (shallow-water equations) as

3u u 3u i

TErum T W=D (121a)
v v 3V % _
sttUstV 3y + fu + 3y 0 (121b)
3 . A(wu) . 3(ev) .
et Y 3y 0. (121c)

The velocities u and v are in the x and y directions respectively and
v=gh is the geopotential of the fluid where g is the acceleration of
gravity and h is the height of the free surface; f is the Coriolis para=

meter.

These equations conserve the integrals of mass, total energy and enstroph
in the channel 0 s x <D , 0<y <L, t=0. In the following we will
use a regular grid with horizontal spacing Ax = Ay = A, and time increment

At.

To derive the discretized finite-difference equations we will use the

Shuman sum and difference operators

o =} ra(x; + ) - alx; - )1 (122)
= 3 alx; + ) +alx - 51 (123)
% = jla(x; + 4) + a(xy - )] (124)

e g =
= (%) =a+ _Ar Oy = BLo(xHA)4a(x;-)+2a(x;)T . (125)

A second and fourth-order finite-difference approximation to the first anc
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second derivatives of a can then be written as

32 =3¢+ 0(a%) (126)
My & -1a2 oY (127)
Pa_, oy 0(42%) (128)
3)(2 XX
32 " y
3 .
m = = C‘XX d 5‘ 0.2x2x + O(A ) (129)

Now the Arakawa scheme for the two-dimensional vorticity equation describing
frictionless, non-divergent flow in a closed domain is written in the

Shuman notation

= -X - -y =% oy X —¥
g + 4 Dby B - ) &+ (2, - (B, + (130)
o 4 v X
+ (Bl - B =0.

If we now use the vorticity components u and v in the x and y direction
respectively, instead of the stream function y and the vorticity ¢, by

using the following relationships

P -3
U--wandv—ﬁ (131)
1485
u=- wy and v = by (132)

and if we use second-order finite-difference approximations and ¢ = vx-uy
for the vorticity, Grammeltvedt [32] after some lengthy algebra derived
the following generalization of Arakawa's scheme for the barotropic equa=

tions (shallow-water equations).

315
=t =X =X 242"y %
Uy + ${@"u )y * Bu(ura®v uy))x +

Xy = = 7 -
+ Y u§ + v uy} - Y 4 #y = 0 (133a)

X —————m—¥
b1 oponXy oX =Y ey =y 292 =Xy .
Vet 3 {2u Vg UV (v v )y + 3(v(v+ay v))y + fu™ + vy 0(133b
and
~t =X -y »
op (0 ), + (e v)y 0 (133c)
where

Yu=u,_+u (134)

¢ u v u 14
vp veo VJ
A u 14 \d )
- e Fig.2
vp v v
X b, Y
¥ ¢

For the non-divergent flow, the generalized Arakawa scheme will conserve

mean kinetic energy, mean vorticity and enstrophy.

2.3 Two general conservation laws for shallow-water equations

If we consider the equations describing the motion in a homogeneous in=

compressible fluid with a free surface having bottom topography, we obtain

%% + gk x UV* + V-(K+0) = 0 (135)
% +7* =0, (136)

Here q is the potential vorticity and V* the mass flux defined by
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q = (f+z)/h (137)

V* = hv (138)
where V is the horizontal velocity, t the time, f the Coriolis parameter,
¢ the vorticity, z=k-VXV , k is the vertical unit vector, V the horizontal
del operator, h the vertical extent of a fluid column above the bottom
surface, . K the kinetic energy per unit mass, ng , g the gravitation
acceleration and hs the bottom surface height and

¢ = g(h+h ) , (139)

If we multiply (135) by V* and combine the results with (136),we obtain

the equation for the time change of total kinetic energy

SH(NK) + - (V*K) + V*v0 = 0., (140)

If we multiply (136) by & we obtain the equation for the time change of

potential energy,

Z-(agh®+ghhy) + V+(V*0) - ¥*-98 = 0, (141)

Surmation of (140) and (141) yields the equation of the conservation of

total energy

3
35 [n(K + 3gh + gh )1 = 0 (142)

where the overbar denotes the mean over a finite domain with no inflow
or outflow through the boundaries. The vorticity equation for this fluid

motion is obtained from (135) and can be written as

3:(hg) + v-(V*q) = 0. (143)

Subtracting (136) times g from (143) and dividing by h gives
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g% +Vvg=0, (144)

Now hq times (144) plus qu times (136) gives the equation for the time
change of potential enstrophy (Ertel's theorem [33]).

Fp(3ha?) + - (V30?) = 0 (145)

which leads to the conservation-law of potential enstrophy

3g(3ha®) = 0. (146)

Arakawa and Lamb [34] derived, after a very lengthy algebra, a potential
enstrophy and energy conserving scheme for the shallow-water (S-W) equa=
tions with bottom topography for general flow. They have shown that their
scheme suppresses the spurious energy cascade towards short-wave numbers
and that the overall flow regime is adequately represented. This potentia
enstrophy 'a priori' conserving scheme was generalized by Arakawa and

Lamb to a spherical grid while K.Takano [34] of UCLA derived a fourth-order

accurate version of the scheme, both for square and spherical grids.

2.4 The global barotropic (S-W) equations and their conservation laws

(spherical coordinates)

These equations can be written as:

- ook ov cos 0) + o 2o + 3(uPn?)) = 0 (147a)
%% + 20U + % %-(w +3(u’w?) =0 (147b)
%%'+‘3;E%§_§ {gi(wu) + §§ (ev cos 68)} =0 (147¢)
where
1 ) )
2= {f+35s (5% - slu cos 8))}/e (148)
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is the potential vorticity. g_" = 2§02 % 56(¢+e) (154)
a - radius of the globe

N : % _ 1
8 - Tongitude 3" " T cos T By U+ 8V cos 9)) (155)

A - latitude

where the zonal and meridianal mass fluxes are given by
This system has the following conservation laws

U =&, v = 3% respectively (156)
53 7 2n 2
’a-t({ J; ¢ cos 6 a° dxde = 0 - (149) and
'é 1 2 Y i
conservation of 'mass’ e = 3(u” + TR (v© cos 8) (kinetic energy) (157)
R
3_? ?ﬂ N S (u cos 8)} cos 8 a%drde = 0 (150) 2= ———)‘\ {Ff cosd + B - Bglu cos 6)) 1168)
atooacose 3A 238 ’ I wcosaw‘v A 8
conservation of vorticity | and GA, 69 are the two-point centred derivatives acting on immediate
Ton 2 neighbours along 6 or A directions. These finite differences used with
21 % + ¢ 3(u”sv?)}a® cos 6 drde = O (151) o o
at 20 the regular staggered grid illustrated in fig 2 conserves total mass,
conservation of energy vorticity and the potential enstrophy, apart from boundary fluxes at or
a2 near the poles.
mm
%‘E /[ t2% a%cos o dxde = 0 (152)
0o

Although energy is not conserved formally by these finite difference forms
conservation of potential enstrophy. it turns out that the model conserves energy very accurately. Near the
: " " oles a special form of finite differences i ired f
Sadourny [35] has shown that formal conservation of potential enstrophy is P p 1nite ditferences 1s required to enforce the
. " same conservation laws. Details can be found in Burridge [36].
more important than formal conservation of total energy, in that potential g 3|

enstrophy conserving models of the S-W equations are inherently more stable 2.5 Conservation laws for baroclinic primitive equations models

and maintain more realistic energy spectra.
il The equations for a dry adiabatic version of a baroclinic model are in

In this case we choose to conserve mass, vorticity and potential enstrophy. | the normalized vertical pressure coordinate o
Away from the poles such a finite element discretization is (Burridge |

[361)

ap
S tl . 5
3t vc-(psv) + -ﬁ(psc) = 0 (conservation of mass)

—b)
3u

i
= = #®Vcos e ~acosd o (vre) f158)

g—: +zkx v+ VU(-p+e) + RTvulnpS = 0 (momentum) (160)

90




320
2—(p cT) +V (p.bc T) + 2—(p gc T) - AW 0 (thermodynamics)(161)
at'*FsTp o \Pg p 90 "s p g Y
% _ . _RT (hydrostati ti 162
e = ydrostatic equation) (162)

where the vertical coordinate is ¢ and is defined by

o = p/pg g = do/dt (163)

where Ps is the surface pressure.

At the surface p=pg hence o=1 and 6=0; at the top of the atmosphere

p=0 hence 0=0 and &=0.

! 1 3v 23
z-p—sf+—a——m—e[-ﬁ-—§(acose)] (164)
e = 3(uZn?) = vy (165)
& - 3pg
W=p=po+o {EE_'+ v.vops} . (166)
Here
T - is the temperature
R - gas constant for air
cp- specific heat at constant pressure
The boundary conditions are
(pso)c=0 =0 (167)
(Pg0)goy = O (168)

('no flux' conditions).

For this baroclinic model we require mass and total energy conservation.

Integration of the continuity equation gives
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ap

1 1
<q1
3T &= £ VG'(DSV)dG ™ [psU]o = 'Vo‘ t{ psVdu . (169)

1
The divergence term in (169) integrates to zero over the globe which means

that the total mass is conserved.

A 'kinetic' energy equation can be derived from the momentum equations

in the form

3e - Je
P 3¢ * psv-vae + PO as + psv-(vow+RTV°£nps) =0, (170)

Using. the continuity equation (159), (170) can be written as

) 5
2pge) +ﬁ(psm + %G(pscej + PGV (Vgo#RTV wp ) = 0. (171)

In order to construct the total energy equation the pressure gradient
terms must be expressed in another form. Using the continuity equation

(159) we have
3 5 o o By o B P
PVV e = Ty (W) + 55le(0 5~ + PO)) - 55{0 5~ + Pgo), (172)

Combining (171) and (172) we have

ap
9
Fe(pee) + |V - (pgve) + 3-(pg3e) + V (pyo) + o5 (73)

R s
- 55 {o Tt pso} + RTpsV-VGLups .

+ po)e)

Now

3pg B
Sap * psc) + RTpSV-Volnps =

]
3le

op
_ RT S . 2 _ RT
== (o 5%t psc) + RTV VC’ps Bre="" 3 (174)

Addition of the kinetic energy equation and the flux form of the thermo=

dynamic equation and integration from o=0 to 1 gives
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1 1
9
st (P + £ ps(e+cpT)da} L { psV(e+cpT+¢)du =0, (175)

This equation expresses the energy conservation for the o system (159)-

(163). The divergence term integrates to zero over the whole globe - i.e.

we have that the total energy, potential plus kinetic, is conserved.

2.6 The discretized version of the baroclinic primitive equations which

maintains conservation of energy and mass (Burridge [36])

The vertical grid (see Fig.3) is such that the primary variables V and T
are carried at integral levels, while the vertical velocity ¢ and the
geopotential ¢ are carried at half integer levels. The variable vertical

grid spacing Ack is defined by

bo = ck+§ - ck_; . (1786)
Vertical grid Fig.3
Index
3 0=0,¢; o=03=0
1 eeccana- memmmesee e —————— V,T,w; 0=0y
3 0,03 0=03
2
2 e = T
i .
1]
k-1 Os03 wobé
Kk Sessisassms s s s s V,Tow; o=0p
k+3 - P 0=uk+é
:l.
N-3 0,93 °=°N-§
N mmmmemccee e e V,T,w; 0=0y
N+3 Owp=p 3 0=0y, =1

s N+

|
\

323

The vertically discretized continuity equation takes the form

Bps , A(psd)k
3t Vc°(psbk) *+ Bo, = k)

Multiplying (177) by Aoy and summing (instead of integration) from
k=1,2,...,k gives

pg Kk 5
Oksy 3T T kflva'(psvk)Aok + PsOkey = 0 (178)

(as pgoy = 0).
For k=N we have

3ps N N
g kfl Vc-(psvk)Ack = - Vc‘kfl Vo-(psvk)Aok . (179)

This equation is the finite-difference analogue of. (169) which obviously

conserves the total mass of the model atmosphere.

The vertically discretized finite-difference momentum equation is

v, Sy 1 (Vy 1=V, )40, 4 (V, -V
VK 42k x 0, + 30 ek ety Vi *9%-3 (Ve k-l)}
ot k A o
ok
* Vy (o +e } + RTV tnp_ = 0 (180)
where
Pk = Yxey + Bk”k-; with oty =1 (181)

uk’ek are weights.

The finite difference kinetic energy equation is
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B i (PO Vi Vi Ps%k-3 "k Yk-1)
Ps 3% Ack

Alpgoly v =0, (182)
- 3 Vi Y 5%, +pVpve + psllk-(vU k+RTchan5} =0,

This equation may be rewritten in flux form by using the ‘finite difference

continuity equation

~0
aV?

3 ~ s
3E(Psei) * U (PgVpey) + 8, (—5—)y

+ PV {1V, + RV Lnp.} = 0 (183)

where

g
(V2)k+§ = kag'"k (geometric mean) . (184)

For the hydrostatic equation we write

Ay
(ﬁﬁ)k = -RT, (185)

and we obtain a finite-difference analogue of (172)

o
")

N2k = Yot pgVieid = 9,75 (pgVy)
’ 3p, 8(p.G)

=0 . S orSTEk

= V5t loglieyd + oyl 5=+ B }

o

8(0(0 52 + D))

(186)
Ao’k

= Vot {pghieid +
-(8g0) 3pg i apg ;
Zo, CBylo 5g + Psiay * 4 lo g~ + PsT)gy]
o+ Bk =1

as

‘°k(Ak+§'Ak-§) = yay Ak+§ " V-3 Ak-; =

" (Pray iy By Ay *+ oy Ay) (187)
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If we require total energy conservation then the form of the last term in

(186) is a constraint in our choice of the w term

Tw _ 1 RT
et s o
in the thermodynamic equation whose discretized form is
aT, 6,1 (T =T 140, o (Ty=T, +)
k . k3 k+l "k’T"k-3) 'k k-1
Ps 3t * PsViVoTk * Ps i ] 4, 1
1 _RTw, _
) [—c"]k =0, (189)

If the w-term is chosen so as to maintain energy conservation we have

1 R, _ 1 . (%) ¥, -
B Tl AR POy
apg .
+oplo 5+ ps")k—i} +RT, V,+9p,1

ap
Is i A &no S :
= op RNy 1By (0 55 + POy
w, .
+ uk(o = F psc)k_é} + RTk P Vk°V£npS] . (190)

The term [Abu’Ao]k can be interpreted as a definition of (llck) for the

baroclinic model.

Our remaining degree of freedom is in the choice of the weights o and Bk

subject to ak+ek=1. The ECMWF operational model uses ak=8k=§.

More about this topic can be found in an article by Arakawa and Lamb [37]

describing the UCLA general circulation model.

Mesinger [38] developed a series of enstrophy and energy conserving finite-
difference schemes for the horizontal advection. An explicit potential

vorticity conservation by finite-difference schemes framed in generalized

vertical coordinates was developed by Bleck [391.
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3. 'A POSTERIORI' METHODS FOR ENFORCING CONSERVATION LAWS IN DISCRETIZED
FLUID-DYNAMICS EQUATIONS

ATl the 'a priori' numerical schemes modelling the discrete conservation
laws result in rather complicated finite-difference schemes that are

difficult to generalize to fluid-dynamics problems of interest.

A different approach is to enforce the conservation relationships expli=
citly by modifying the forecast field values, at each time step of the
numerical integration,Sasaki ([401, [41], [42]) proposed such a variational
approach and applied it to conserve total energy and mass in one and

two-dimensional shallow-water equations models on a rotating plane.

Bayliss and Isaacson [43], Isaacson and Turkel [44] and Isaacson [45]
presented a simple method of making any finite difference scheme conser=
vative with respect to any quantity. In their approach the conservative
constraints were linearized about the predicted values by means of a
gradient method for modifying the predicted values at each time step of

the numerical integration.

Isaacson et al [46] and Isaacson et al [47] have implemented the same
technique in terms of simultaneous conservation for the shallow-water

equations over a sphere, taking into account orography effects.

Their approach has been tested by Kalnay-Rivas et al [48] with enstrophy
as the conserved quantity. Ka]nay-Riva§ [48], [49] found that the use
of an enstrophy conserving scheme can be successfully replaced by using
a fourth-order quadratically conserving scheme on a global domain, com=
bined with the periodic application of a 16th-order Shapiro filter re=

moving waves shorter than four times the grid size before they attain

finite amplitude.
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Navon [50] has shown that it is possible to achieve stable long-term
integrations of the shallow-water equations using the above mentioned
techniques. In these Tecture notes a modified Sasaki variational approach
to enforce conservation of total mass and potential enstrophy will be
developed and then a modified Bayliss-Isaacson technique also designed

to enforce conservation of potential enstrophy and total mass, will be

described.

A new approach based on viewing the problem of enforcing conservation

laws in discretized models as a nonlinearly constrained optimization

problem solved by an augmented Lagrangian penalty method will be men=

tioned (Navon-de Villiers [51]).

3.1 Formulation of the modified Sasaki varjational method for enforcing

conservation of potential enstrophy and mass

3.2 The numerical varjational algorithm

3.3 The Bayliss-Isaacson algorithm

[Editor's note: As this material has already been published elsewhere
(C501, §2-54), copyright restrictions do not allow its repetition. It
should nevertheless be regarded as an integral part of the present survey,
and for that reason the paragraph headings have been retained.]

4. [INTEGRAL CONSTRAINTS FOR THE TRUNCATED SPECTRAL EQUATION

We shall illustrate in brief the properties of the spectral method by

using the barotropic nondivergent equation

3
3% = UeV(z) (191)

with the usual meaning for all symbols.
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For a non-divergent flow on the spherical globe we obtain

g=keVx V=% (192)

where ¢ is a scalar stream function. We write

V= (U,V) (193)
where

_cos 6 3 213y
U= 08 gyl (194)

Equation (191) is written in spherical polar coordinates as

2 2
9 ;o2 2 1 V7Y 3y Yy VY 2Q Y
(VY) = ———[ == - —_ 1- = (195)
3t + tox ¢ XA o¢ oA a2 X
where v,X, a and Q denote respectively, latitude, longitude and the earth's

radius and rotation rate.

Using an expansion of ¢ in 6rthogona1 surface spherical harmonics, a
truncated expression for the stream function is

+ |m]+d
)

V(hw) = a V() Yo(ree) (196)

m=-J 2=|m|

() = pJ(sin p)e™ (197)

where pz(sin ¢) is the associated Legendre polynomial of the first kind
normalized to unity, and the truncation parameter J denotes a rhomboidal
wave number truncation, while m denotes a planetary wave number and £-m

denotes a meridional wave number.

The nonlinear advection term is written as

2 2) +J  |m|+d
L1 av%y 3y _ av2y ay
Ce—— % " H ® - L.  Z

i 1 (198)
a“ cos ¢ m=-J 2=|m|

LR

and
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M=lrorr oz (e 41)-n (2 41) 0 0 2L(L L2, 0sm, m). (199)
L2 sx9 1% .18 Bl S i S
omg hm 4, 172
Here
m m
dpl2 dpz1

2

+ m m,
1 2 1
L(2, 2%,,85m, m,,m) = j o {mipzl . m2p22 5 %, (200)

LV E B E

Lorenz [58] proved that as a consequence of the non-aliased truncation,

the integral invariants of the non-divergent barotropic vorticity equation
(191) are also valid for the solution to the truncated spectral equa=
tions. Lorenz [58] proved this for plane geometry using a representa=

tion in terms of double Fourier series, while Platzman [59] did the proof
for spherical geometry. Merilees [601 explicitly illustrated the result
that the truncated set of spectral equations retains as invariant the
domain integral of kinetiq energy via conservative redistribution of energy
within each individual interaction.‘ For an extensive review on this

issue see Machenhauer [613).

While spectral approximations conserve the gross characteristics of the
energy spectrum and a systematic energy cascade towards higher wavenumbers
is not possible, a certain bfocking of energy in the highest wavenumbers
occurs. In actual numerical integrations the integral constraints are

of course only approximately valid due to time truncation and round-off

errors.

For three dimensional models the property of the spectral approximation
of non-aliased truncation of the non-Tinear terms. implies quasi-conser=
vation of energy in adiabatic, friction-free numerical integrations.
(Merilees [601). Weigle [621 has made a detailed study of the comserva=
tion properties of a spectral shallow-water equations model while for
more general sigma-levels models Bourke [631 and Hoskins and Simmons [64]

found that energy is very nearly conserved during adiabatic, friction-free

integration.
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The blocking phenomenon resulting from neglecting interactions involving
components outside the truncation limits was observed by Gordon and Stern

[651 and Bourke [631].

In long-term low resolution spectrally truncated models the amplitudes
of small-scale components will grow unrealistically large and a scale-

selective damping parametrization is required.
5. CONSERVATION LAWS AND FINITE-ELEMENT DISCRETIZATION

Here we will only refer to the Galerkin finite-element method. This
method (see Cullen [66]1) has a property of satisfying certain.conserva=

tion laws.

If we set
U
W=ﬁ (201)
and express w = anxn(x,y) where Xn are basis functions, the Galerkin
method gives
- By -
é (w ax)xn =0 (202)

using the basic functions as test functions.

If we multiply the n-th member of the system (202) by Un and sum over n

we get
fw-zu x =0 (203)
so that
Jow - 3 =0 (204)
exactly.

In many problems, this equation expresses conservation of energy or mo=

mentum,
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In general, any conservation law which can be expressed by multiplying
the differential equation by one variable and integrating will be satis=
fied exactly in the Galerkin method. Raymond and Garder [67] however

find that conservation is a disadvantage on irregular grids.

The two-stage highly accurate Galerkin method does not conserve 'energy’
(Cullen [681). It is Tikely that this is because the aliasing effect

is removed in this finite element integration and that instability is
less likely. Lee et al [69] considered the Boussinesq inviscid problem
by finite-element discretization and found out that a method which con=
served the quadratic quantities was most stable in terms of time integra=
tion, whereas the standard advective form, which does not conserve any
of the three quantities conserved by the Boussinesq equation namely total
energy (E), total temperature (T) and total temperature squared (72),

performed very poorly in time integrations.

5.1 Conservation properties of the Boussinesq equation for finite-elemen

discretization

The equations for an inviscid Boussinesq fluid in a two dimensional regio

Q, with boundary T' are:

] .
] [5% + u-Vul = -Up - pgyT in Q (205a)
Veu =0 in @ (205b)
aT "
aEt u-vT =0 in @ (205¢)

where p is density, u the velocity, p the pressure, g the acceleration
due to gravity,y the volumetric coefficient of thermal expansion and T

the temperature.

For the case of a contained flow the boundary conditions are
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usn=0onT (206)
where n is the outward pointing unit normal vector on T.

From (205c) we have

Tt w20 (207)
so that
N
a% f1=] % =-Juvi"=- [ve(u") = - [ (um)T" = 0. (208)
Q 1] Q Q T

Thus any integral of T is conserved.

From (205a) we find

o(Fg 3% + ue¥ W?) = -urTp - purgyT (209)
= Se 4 ou? = - [ v-(3ouep)u - [ ouegyT =
Q Q Q
= - | (un)(3ou®+p) - [ ousgyT.
T Q
Now

{'ﬁé pregyT = sIz oregy —g—% =- sz pregy(u-vr)

= - pyge{ [(u=n)rT - [ [r(v-u)+ulT} = [ pyg-uT (210)
T Q
where r is the position vector.

From (206),(208),(209) and {210) we get:

{}fé (30u? + pyg-rT) = 0. (211)

This equation expresses the conservation-Taw of the total energy of the

fluid.

In a breakthrough paper Cliffe [701 found a particular Galerkin discreti=

zation (using two parameters o and B and different finite-element inter=
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polation spaces for pressure and temperature) such that the total energy
E, the total temperature T and the total temperature squared (72) were
conserved. He used an eight-neded quadrilateral serendipity element

for the pressure field, while for the temperature field a standard four-

noded element was used. The weights were o=B=}.

5.2 The effect of time-discretization and other errors on conservation

laws (Cliffe [701, Sanz-Serna [71]).

We will first examine the effect of time-discretization. A semi-discrete

equation can be written as

y = fly). (212)
To preserve the discrete conservation law we require a non-dissipative

method of integration for (212). The simplest is the trapezoidal rule

(Crank-Nicolson) leading to
y(M) o y(m) L BE (r(y(nH1)) 4 £y (213)

Lee et al [69]as well as Sanz-Serna [711 have observed that whilst (213)
will preserve the conservation properties of linear quantities, for
quadratic quantities which are conserved in the semi-discrete equation

(213) the conservation properties are lost.

A second-order non-dissipative method, the midpoint rule, does however

preserve the conservation properties of quadratic quantities i.e.

y D ) o f (M) 4 0y, (214)

Other sources of error are the solution of nonlinear systems of equa=
tions. In exact arithmetic, linear conservation properties are preserved
at each iteration while for quadratic quantities, conservation properties

are only preserved in the 1imit of convergence.
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If the region is not regular then isoparametric transformations of the

boundary finite-elements lead to integrals which have to be evaluated

by Gaussian integration schemes introducing quadrature errons. Finally,

all conservation properties are affected by rounding-errors, which are

usually quite smail.
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