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Abstract

A wavelet regularization approach is presented for dealing with an ill-posed problem of adjoint parameter estimation applied to
estimating inflow parameters from down-flow data in an inverse convection case applied to the two-dimensional parabolized
Navier—Stokes equations. The wavelet method provides a decomposition into two subspaces, by identifying both a well-posed as well
as an ill-posed subspace, the scale of which is determined by finding the minimal eigenvalues of the Hessian of a cost functional
measuring the lack of fit between model prediction and observed parameters. The control space is transformed into a wavelet space.
The Hessian of the cost is obtained either by a discrete differentiation of the gradients of the cost derived from the first-order adjoint or
by using the full second-order adjoint. The minimum eigenvalues of the Hessian are obtained either by employing a shifted iteration
method [X. Zou, I.M. Navon, F.X. Le Dimet., Tellus 44A (4) (1992) 273] or by using the Rayleigh quotient. The numerical results
obtained show the usefulness and applicability of this algorithm if the Hessian minimal eigenvalue is greater or equal to the square of
the data error dispersion, in which case the problem can be considered as well-posed (i.e., regularized). If the regularization fails, i.e.,
the minimal Hessian eigenvalue is less than the square of the data error dispersion of the problem, the following wavelet scale should be
neglected, followed by another algorithm iteration. The use of wavelets also allowed computational efficiency due to reduction of the
control dimension obtained by neglecting the small-scale wavelet coefficients. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The method of well-posed subspace determination using multi-scale (wavelet) approach was proposed
in [1] for the solution of ill-posed problems. This algorithm is significantly faster than the method of
optimal decomposition of control space into “well-posed” and ““ill-posed” subspaces based on the total
set of eigenvalues. Nevertheless, the approach proposed in [1] is based on the direct search of eigenvalues
and eigenvectors of an explicitly defined linear operator (more precisely, the product of forward and
adjoint operators A*A4). As an alternative, we consider applying here an algorithm for finding the
minimum eigenvalue of the Hessian of the cost functional based on the second-order adjoint approach
presented in [2] to a nonlinear problem in the form of a system of coupled partial differential equations
(PDEs).

The present paper describes an algorithm for determining a well-posed subspace using elements of both
approaches presented in [1,2].
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Liu [11] gave a quantitative relation between the sensitivity of the mapping from the parameter space
into the observation space. In this way, the Haar basis decomposes parameters to be estimated into parts
with different sensitivity order, thus providing an easy method to identify suitability of multi-resolution
methods for inverse problems.

The choice of the scale of wavelet transformation is determined by performing a subsequent search for
the minimum eigenvalues of a Hessian obtained by considering the first- and second-order adjoint prob-
lems. The algorithm is based on cheap calculation of Hessian action using adjoint problems and on the
information on the data error (we assume the data error dispersion o to be known). We calculate the
minimal eigenvalue of the Hessian of the cost functional using iterations and adjoint approach. If it is
greater or equal to ¢ then the problem is considered to be well-posed. If it is less than ¢ then the following
operations should be performed:

e Control space is transformed into wavelet space.

o The detailed coefficients of smallest scale are neglected (i.e. we are effectively decreasing the control space
dimension by a factor of 2).

e Recalculate the Hessian minimal eigenvalue. If it is greater or equal to ¢ then the problem is considered
to be well-posed in this subspace and iterations are stopped. If it is less than ¢° then the following scale
should be neglected and the iteration is to be repeated.

This algorithm is implemented for a parabolized Navier-Stokes equations model. This model is used
because these equations may be solved by marching along the X-coordinate, which provides for very
fast computations. Despite its simplicity, this model correctly describes realistic and practically im-
portant flows with the restriction such that the flow is supersonic in the X-direction and viscous effects
along this direction are negligible. The simplest example is the spreading of the propulsion jet in a
supersonic airflow. The sketch of the flow-field and boundaries is presented in Fig. 1. The present state
of experimental art provides abundant data on spatial distributions of velocity components, tempera-
ture, density, and concentrations in flow-field. These methods provide both high spatial resolution and
high accuracy. Nevertheless, the direct measurement of flow parameters in regions of interest may
prove to be difficult, for example, due to lack of access. The measurements may be located in some
another zones. On the other hand, the estimation of total flow-field from measurement in some section
may be of interest also. Both these problems may be reduced to the estimation of entrance boundary
parameters from measurements in a downstream flow-field section (or set of sections). This problem
may be posed in a variational statement, where the discrepancy between measured and calculated flow
parameters is minimized. These problems are ill-posed and exhibit high instability in presence of data
error [8]. The instability is much more serious for these problems due to their high nonlinearity and the
solution failure at negative density or temperature. The parabolized Navier—Stokes equations are used
herein as a realistic example of viscous flow, which may be solved in a very fast and computationally
efficient way.

The present paper is organized as follows. In Section 2, we present the multi-scale regularization ap-
proach for the ill-posed problem of adjoint parameter estimation, based on the work of Liu et al. [1] along
with use of the Fisher informational matrix for estimating the degree of the problem ill-posedness, based on
the work of Alifanov et al. [4].

Section 3 consists of brief conclusions and a succinct presentation of the multi-scale regularization al-
gorithm employed.

]
B
= o
A ® of ®
D

X

Fig. 1. Flow sketch. A — entrance boundary, C — section of measurements (outflow boundary).
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Section 4 consists of a short presentation of first- and second-order adjoint methods for inverse-con-
vection problems, followed in Section 5 by the presentation of the first- and second-order adjoint of the
parabolized Navier—Stokes equations as well as the explicit formulation of the cost functional to be min-
imized for optimal parameter estimation.

Section 6 provides a brief presentation of the Lagrangian as a first step in the derivation of full ex-
pressions for the first- and second-order adjoint model.

Section 7 describes in detail the tangent linear and Lagrangian variation as a function of the control
parameters for the parabolized Navier—Stokes equations. The technical details related to the adjoint
problem statement are presented in Appendix A.

Section § presents the first-order adjoint model equations followed in Section 9 by the derivation of the
second-order adjoint. Having in place the forward, tangent linear, first- and second-order adjoint models
we proceed to calculate the spectrum bounds of the Hessian of the cost functional with respect to the
control variables. This is done in Section 10 using a Rayleigh quotient and a calculation of the minimal
eigenvalues by a shifted iteration method. Results of the optimal parameter estimation using the wavelet
regularization procedure with different scales of wavelet transformation are presented for increasing
Reynolds numbers and using different scales of regularization related to the wavelet transformation.

The parameters were initially perturbed with a random value in order to simulate the data error. Nu-
merical tests show that the new algorithm performs successfully both in estimating and regularizing inflow
parameters related to the inverse-convection problem described by the parabolized Navier—Stokes equa-
tions and that the Hessian minimal eigenvalue increases with increasing Reynolds numbers as well as with
the increase in the wavelet scale.

Section 11 provides a comparison of the new method with the zeroth- and second-order Tikhonov
regularization. The details of the first-order adjoint calculation are presented in Appendix A.

2. Multi-scale regularization

Algorithms for ill-posed problems may be often reduced to the solution of an ill-conditioned system of
linear equations. The ill-conditioned operator may be represented in diagonal form using singular value
decomposition. Some eigenvalues of this operator may be zero or very close to zero. The solution may then
be searched in the subspace of those eigenvectors whose eigenvalues are greater than some value [3]. This
method may be viewed as a variant of Occam’s regularization where the ““simplest” solution is defined as
one composed of a minimum number of eigenvectors with large eigenvalues.

Let 4 be an operator (matrix) and ¢ be certain small value (to be considered below as the data mismatch
é(v) = ||Av = b|[7,)-

We define boundary functions for subspace U C V (V-being the control functions’ space):

[[4X]]
X

o — o lAX
ol 0) = Py

Binf(U) = inf

Using singular value decomposition, we can define the control functions’ space ¥ as a sum ¥V = V" + V.~ of
two subspaces, such that Bi,c(V,7) > ¢, By(V,”) < e&. VT, is spanned by eigenvectors {vy, vs,...,v,} while
V= by {vp+1,0142, ..., vy }. Herein, the eigenvectors are ordered according to the eigenvalues of magnitudes
AL > &> ;41 We may neglect V- and search the solution only in V* [1,3] for numerical stability. This
approach implies the calculation of all eigenvalues and eigenvectors, which is a computationally intensive
task.

Singular value decomposition may be replaced by a multi-scale (wavelet) decomposition [1]. We may
construct a sequence of subspaces with decreasing Bj,¢. This allows us to find two (suboptimal) subspaces
U;, U;r : Binf(U:) > E.

Multi-scale resolution is based on the sequence of subspaces: (¥} is a subspace spanned over the wavelet
mother function of scale j)

VoCViCh--CVCV.
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The subspace of scale j may be defined also using W}, which is a subspace spanned over the wavelet of
scale j:

Vi=heWmeme: & W,

The control functions’ space may be written in the form
V=heoemwmemeoe oW, -

The space ¥ may be decomposed into two subspaces for every scale
V="V +V

where VIl W, + W1 + - - - is the subspace of wavelets of high scale (details).

Work by L1u et al. [1] demonstrates (for Haar basis) that Ba, (V) < C - 272, and for every ¢ we can find
a j such that BSUP(V ) < &. Thus, wavelet transformation provides an ordering of subspaces VL according to
the scale j and the mlmmal eigenvalues. There is no similar proof for Biy(7;) (although such ordermg seems
to be quite natural). So, our numerical tests are performed for estimating A, for the sequence ¥; depending
on the scale j. According to Liu et al. [1], the discrete wavelet transformation is used for the approximation
of the control functions

21

J
f) = aopy(y +ZZ@2W 2y —k),

Jj=0 k=0
which may be written in finite-dimensional form as
fi=W-a, (i=1,...,N),

where j is the scale, k£ translation, and N is the number of controls. The Daubechies-20 [5] transform
(implemented via the pyramidal algorithm) was used, as it is more suitable for smooth functions in com-
parison with the Haar transformation. Numerical tests confirmed a decrease of Awin(¥;) depending on the
scale j.

The work in [1] concerns only linear problems. The minimization of &(v) = ||dv — b||f{ may be reduced to
the solution of Euler equations 4*Ax = A*b and the subspaces of 4*4 are studied. For nonlinear problems,
the Hessian is used instead of the 4*4 operator. An approach using the Fisher information matrix (ap-
proximating the Hessian in vicinity of the solution) is described in [4] for the estimation of problem ill-
posedness.

Given the discrepancy (cost functional) &(u) = >_,(f°* — fi(u))*, where u is the vector of control pa-
rameters, the Hessian of the cost functional with respect to control parameters assumes the form

af; af; o obs _ o azfl
auk Z@u,»@uk Zz(i fl)@u,»auk'

Let S;; = 0f;/0u; denote the sensitivity matrix (rectangular) and M;; = (0f;/0u;)(0f/0u;) the informational
matrix (square). When divided by data error dispersion, the Fisher matrix is defined by

jk

1 of: Of:
M=) ——=—.
! Xk: o7 Qu; du;

The inverse matrix D = M~ is a dispersion matrix of the control parameters’ error ;. The magnitude of
the Fisher informational matrix minimal eigenvalue compared with the data error Ay, ~ ¢> may be used
for estimating the problem ill-posedness [4]. The calculation of the informational matrix is based on the
system of sensitivity equations, which is more time and memory consuming compared with the adjoint
approach.
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3. The sequent multi-scale regularization algorithm

The use of adjoint methods provides a cheap way for the calculation of the Hessian action and, con-
sequently, the bounds of its spectrum. Thus, we may not search for total spectrum of Hessian as it is done in
[1]. We may consequently check subspaces from the viewpoint of minimum eigenvalue of the Hessian and
the a priori known data error.

The schematic algorithm consists of the following stages:

1. We calculate the minimal eigenvalue of the Hessian of the cost functional. If it is greater or equal to ¢*
(o-data error dispersion) then the problem is considered to be well-posed. If it is less than ¢ the follow-
ing operations should be performed:

2. Control space is transformed into wavelet space.

3. The detailed coefficients of the smallest scale are neglected (i.e., we are effectively decreasing the control
space dimension by a factor of 2).

4. Recalculate the Hessian minimal eigenvalue. If it is greater or equal to ¢? then the problem is considered
to be well-posed in this subspace. If it is less than ¢ then the following scale should be neglected and the
iteration is to be repeated.

This algorithm is based on fast calculation of Hessian action that is connected with following adjoint

problems.

4. Adjoint problems of the first- and second-order

The solution of the adjoint problem used for gradient calculation is the standard approach used for the
inverse-convection problems [2,6]. The action of Hessian may be calculated by using the second-order
adjoint approach [2]. In accordance with [2], we consider here the general scheme for second-order adjoint
problem. Herein X denotes the marching coordinate (the time analogue), f is a vector of variables (flow
parameters), C is a matrix of observation, ¢ is the discrepancy between model calculation and the obser-
vations, and U is a vector of the control variables (parameters on the inflow boundary).

Forward problem:

df . 17 e

TP 1O =, o) =3 [ 167 = funl Y. (n
First-order adjoint problem:

dy oF" .

a"‘y Y=C (Cf_fobs)a lP(l) *07 VS(U) 7_111(()). (2)
Tangent problem:

df oF , .

oo f(0)=u. (3)

Second-order adjoint problem (tangent to first-order adjoint):

dy [oF . oFT] . s - -
a—k [a—fzf} Y+ [y } Y =C"'Cf, ¥(1)=0, V&U)=HU)u=-%0). 4)
Thus, the Hessian action on vector U may be obtained by sequentially solving Egs. (1)—(4) (all about the
forward problem from computer resources viewpoint). We consequently solve the following four initial-
boundary problems:

1. Forward problem, Eq. (1) (X is increasing).

2. First-order adjoint problem, Eq. (2) (X is decreasing, i.e., backward in time).

3. Tangent problem, Eq. (3) (X is increasing).

4. Second-order adjoint problem, Eq. (4) (X is decreasing).
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In order to find the Hessian, the calculations for N operations should be performed, so the Hessian’s
computational cost equals 4N.
Numerical differentiation using the Hessian-free finite difference expression (see Wang et al. [9])
H du = (grad(u + a du) — grad(u))/a
requires also four solutions of this type of problem but is somewhat less accurate.

In the following, we consider the scheme (1)-(4) for the two-dimensional parabolized Navier—Stokes
equations.

5. First- and second-order adjoint problems for parabolized Navier—Stokes equations
We consider here the problem estimation of the inflow parameters u = f,,(¥) =(p(Y), U(Y),V(Y),T(Y))
from outflow measurements (Fig. 1). The flow is two-dimensional supersonic laminar one governed by the

parabolized Navier-Stokes equations (viscosity is neglected in the X-direction, which rapidly decreases the
computational time, but at a sacrifice of the applicability range).

opU) | a(aﬂV) ~0, (5)

U dU 1oP 1 U
U§+Vﬁ+pax Rep Y%’ ©)

o, v 1P 4 @Y
oxX oY pdY 3pRe 0Y?’

de de oU v\ 1[ x o 4 [dU\?
Usx tVap tle—1De (6X+6Y) p<RePr6Y2+3 <ay)> ®)

e=CT=R/(k—1)T, P=(k—-1)pe, (X,Y)eQ0=0<X<1, 0<Y <)

The boundary conditions of the undisturbed external flow (9) are used on the boundaries Y =0, ¥ = 1.
e(foo(Y // (fors(X, Y) = f(X,Y))0(X — X,)0(Y — ¥,,) dX dY. 9)

We search for f,(Y) = (p(Y),U(Y),V(Y),e(Y)) using outflow data (Fig. 1) by minimizing discrepancy
cost functional

e(foo (Y //(fobsX Y)— f(X,Y))*0(X — X,)0(Y — ,,) dX dY. (10)

6. Lagrangian

According to [2,4,6], we define the Lagrangian using the weak form of Eqgs. (5)—(8) and the discrepancy
(10).
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co(foo(Y)) = e(foc (Y / /< gYV)>q/p(X, Y) dx dy

Vay oo e s )TU(X Y) dx dy

aU 6U 1 opP 1 *U
p0X Rep 0Y?
6V

oV 10oP 4 v

EAC S S

//( 5475—%&2)%()( Y)dx dy

//( —+V—+( — e (Z—ngZ—I;)—M%%—ﬁ(Z—I;))

x W, (X,Y)dX dY. (11)

We consider (¥,(X,Y), Pu(X,Y), ¥r(X,Y), P.(X,Y)) € H'*(Q), where H'2(Q) is a Hilbert space of first-
and second-order distributions.

7. Tangent linear problem and Lagrangian variation

The tangent linear problem should be stated for determination of the Lagrangian’s (11) variation as a
function of the control parameters’ variation. We disturb the boundary condition (9)

Af(0,Y) = Af(Y) (12)
and obtain corresponding variations of Ap, AU, AV, Ae in (5)—(8) by subtracting the undisturbed variables.
0(Ap) o(AU) o(AV) o(Ap) oU op oV op
U e +p e +p a7 +V 57 + Ap &"‘AU@ +Ap W—FAVGY 0, (13)
O0AU oU oU OAU 1 *°AU  Ap *U Ap 0P
2V AU A2 oy S ey, AP rrY 2P
Uax T " ey Y Sy T ore o7 TR v ot oX
(k—1) ae 6Ap 0Ae o
+ ; Ap aX % +p6X + Ae ax =0, (14)
OAV oV oV OAV 4 AV 4Ap O’V  Ap OP
AU — + AV — - ———
Uax ™ U6X+ ov VoY “3pRe 017 3pRedY:  pt 0¥
(k—1) de  0Ap  0Ae op
Ap— 4 e—— Ae = 1
Moy teqy Tray Ay ) =0 (15)

UaA +AU$+AV%+V%+( —1)Ae (6U+6V>+(K—1)e<aAU+aAV>

ox ox oY oY ox oy ox ' ory
I x PAe  k ApFe 8 (BAUN(OUN\ Ap 4 (U : o (16)
o\ RePr dY? RePr p 0Y? 3Re\ oY oY p 3Re \ 0Y -
Af(0,Y) = Af(Y), Af(X,1) =Afc(1), Af(X,0) = Af(0). (17)

The tangent linear problem is used not only for deriving the first-order adjoint problem but also serves as a
component for solution of the second-order adjoint problem (Hessian action calculation).
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8. First-order adjoint equations

We look for (¥,, Py, ¥y, ¥.) such that Agy = [, grad(¢)Af.(Y) dY while all other first-order terms
vanish. Details of first-order adjoint (FOA) derivation are presented in Appendix A.

ow, ow, o(¥re/p) ,

0(Pye/p) Kk—1/( 0e Oe
Uy Ty Te- D=y ===y o \ar Drtax Tv
L(Lep 1 @UN, o Lep 4@y, 1y @ 4 (U,
020X pRedY?) YT p2\oy 3Redy?) " p2\ ReProy? ' 3Re\dY ¢
+2(p0bs(X7 Y) - ,D(X, Y))a(X _Xm)é(Y_ Ym) = 07 (18)

o, o(V¥yV L4 ov 0 o /P 02 1
S (i) () i G

oX oY oX oX oX oX 0Y2 \ pRe
0 8 aU
. <% i ) +2(Uspal(X, Y) — U(X, Y)3(X = X,)0(Y — ,,) = 0, (19)
ax ey (aYWU+aYW€>+ W*W(‘%)*ﬁm 3
+2(Vops (X, Y) = V(X,Y))0(X — X,,)0(Y — ¥,,) =0, (20)

a(UT8)+a(W")—K;1 (ap w, + P %) —(K—l)(eraV)q/eJr(K—l)a%

)¢ oY oY X oX oY oY
6‘PU K @2 '{I
e s < > £ 2(eons(X, ¥) — e(X, Y))3(X — X,)0(Y — Y,,) = 0. 1)

Initial (X = 1) and boundary (Y =0, ¥ = 1) conditions yield:

(UY, + Pue/p)|”" =0, v =0, v, =0,
(UPy+Pp+P(c—1e) " =0,  w|"'=0, W¥y|,,=0, )
Uy, +(K— DY) =0, W7 =0, |y, =0,
(Pr) =0, v, =0, ¥, ,=0.

If Egs. (18)—(22) are satisfied then

danlf (1) = [

Y

(VU + (k= 1)Pu)Aec (V)| 4—p dY+/Y((?’,,U+(K—1)'I’Ue/p)ApOC(Y))\X:0 dy
+/ (PuU+ p¥, + (kK — 1)¥ee) AU (Y)) |y dY+/(‘PVUAVOC(Y))|X:O dy.
(23)

This expression provides the fast calculation of the discrepancy gradient using both flow and adjoint field
parameters. It also serves as the basis for calculating the second-order information (action of Hessian).
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9. Second-order adjoint problem

According to Eq. (4), we can pose the second-order adjoint problem for O,, Oy, Oy, O.:

Ly, 00, 3Qvelp) | 0(Que/p) k-1 [ = de
1 1 - * o, +
Uax VVay Tl D%y + - D=5 o \ar & T
1oP 1 QU 1 (oP 4 ¥ y e 4 (03U
+<—za‘—sze aY2>Q 7(5‘%@)9 (RePraY2+ (ay) )Qc
— ov, ov, o(¥rA(e/p)) o(¥YuAle/p))
= 2Ap3(X —X,)0(Y = ¥,,) = AU =L = AV =L — (e = ) =20 — (e — 1) =28
k—1(0Ae e, \ _(LloAP 1 AU\, 1 (0AP 4 AV
p \oy "Toax Y p2 X pRe O )Y oY 3Re Ov2 )"
1 y PAe 4 [OAU\’ k—1 de de
(g2 T (2T Ny, Ay (K, Ly
02 (RePr or? +3Re< 3% ) T p(@Y e U)

20P 1 U 2 (0P 4 @V
. A o)A
+( 33X piRe aYZ) p¥u+s (aY 3Re aw) P¥y

2 y % 4 [0U
_Z 2 (22 apw 24
g (RePr6Y2+3Re<6Y>> ple (24)
0y 8(0uV) 00, aV a s o (8 U
Usx T Tor TP QV+ Qe Qe a2\ pre?Y) "y \3Re v &
B aavU a(avUAV) %, [(0AV . dAe
= +2AUS(Y = X,)3(Y = ¥,) =AU =L = =22 Ap = — (- Wy + 5 W
d P * [ Ap 2 [ 8 AU
var (4(5) %) +are (k) or (30 o ) %)
6(UQV) aQV aU ae an 4 62 QV
) ar & T ay 9 ) tPay + Qe tireor2\
- AAUY)) alPV 0AU dAe
ow, o [ P 4 0 [(WAp
-4 W‘W(A;T‘)J“Eﬁ( P ) (26)
2qUQ,) 8(V0.) Kk—1[dp dp v, o 20,
ox oy P 6YQV+6XQU =Dy Toy )&t -D3y

+(K—1)6QU+ ‘ (Q)

dX ' ReProy?
=2Aed(X — X,)0(Y = ¥,,) — AAU¥.) - aart.) + el (@A_p b4 aAp Wu)

v+

X 5% p \or X
0AU 0AV dp dp kAp O [V,
1 p, (P, Py A (2. 2
+(x )<6X+6Y> ¢ p2 <6Y Pty U) Pt Reprov? \ 2 27)

Initial data D(X = 1)
o' =0.
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Boundary conditions at B,C (Y =0,Y =1) : 00/0Y = 0.
Hessian action on Af, : H(f)Afoe = —0(0). (28)

This expression provides a fast and precise calculation of Hessian action on a vector, which is the basis
for the considered algorithm.

10. Hessian spectrum bounds calculation

For obtaining the Hessian action calculation we should solve the forward, tangent linear, first-order
adjoint, and second-order adjoint problems. This is a very difficult task to accomplish from the code de-
bugging viewpoint, and the full correctness of the second-order adjoint problem was not fully verified so
far. Instead, the Hessian action was calculated by using the Hessian-free differentiation gradients [10]
obtained from the first-order adjoint problem in the form:

H du = (grad(u + a du) — grad(u))/a.

The codes for the forward (5)—(8) and first-order adjoint (21)-(24) problems were fully verified for
correctness.

The flow-field was computed by marching along X from X =0 to X = 1. The adjoint problem was
solved by marching along the X-coordinate in the backward direction (from X =1 to X = 0). The finite
difference algorithm was used for the solution of both the forward and adjoint problems. The algorithm is
second order accurate in Y-direction and of first-order accuracy in the X-direction. The forward and adjoint
problems were solved using the same grid.

We used the limited memory Quasi-Newton LBFGS method of large-scale optimization [7] to perform
the minimization.

The iterations X,,,; = HX,;; 4 = max(X,,1)/ max(X,,) are used for the maximum eigenvalue calculation.
The minimum eigenvalue is calculated by a method of shifted iteration [2] (M x E — H), where M is the
eigenvalues’ majorant and E is the unit matrix.

The minimum eigenvalue is calculated also by using the Rayleigh quotient algorithm:

 (HX,X)

min(R(X)) = Amn, grad(R(X)) = C(HX — R(X)X).

Iterations were performed using the steepest descent method:
X = X* — a(HX — R(X)X).

When minimal eigenvalues are relatively large (to 1073), both algorithms present similar results
(Re = 107, Amin = 3.1-3.7 x 1072). For smaller eigenvalues the Rayleigh quotient turned out to be more
accurate.

We now consider the minimum eigenvalue from the viewpoint of ill-posed problems description. Nu-
merical results (when Mach number equals 4, while the Reynolds numbers vary in the range 10>-107)
demonstrated that the Ay, is increasing as the Reynolds number increases. This is connected with the
changes in dissipative loss of information. (Herein, large Reynolds numbers (107) are formal coefficients at
viscous terms). Nevertheless, the qualitative variation of the eigenvalues is correlated with the physics of the
process.

The quality of the solution is also correlated to Ay, (Fig. 2). The low Reynolds numbers (high viscosity)
correlate with small eigenvalues in Table 1 and poor quality of corresponding curves in Fig. 2.

Calculations were performed for estimating the variation of the A, eigenvalue with the change of scale ;.
The discrete wavelet transformation was used for control functions approximation.

The Daubechies-20 transformation [5] was used. The magnitude of A, (Re = 1000) for different scales
is presented in Table 2.

The value of /,,;, increases as the scale increases in accordance with results of [5]. If we chose scales j such
that Ay, = ¢® (where o is data error dispersion) then we obtain a well-posed subspace of control functions.
The subspaces of smaller scales do not contain useful information and can cause the instability.



A.K. Alekseev, 1. Michael Navon | Comput. Methods Appl. Mech. Engrg. 190 (2001) 1937-1953 1947

1.6
T(Yk)
P
15 ] ] ‘
——1
1.4 ——2
: 3
/\ 4
. /J N
1.2

1.1

o
1 %-—-ﬁ:/./’\ w’ ‘\\//i/.\.\'—‘\ﬁ%

0.9 "k
0 5 10 15 20 25 30

Fig. 2. The quality of the solution (7 (y)) for different Re (Re = 102,103, 10%, 107 (107 coincides with exact)) numbers. It is correlated to

/lmin~
Table 1

Re 100 1000 10* 107

Amin 8.6 x 10°¢ 5.5%x 107 6.4 x 1073 3.4 %1072
Table 2

J 6 5 4 3

Amin 9 x 107 1.5x 107 8.4 x 1074 9.9 x 1073

Fig. 3 presents results of all parameters (e,p,U,V) (J=6,N =256 parameters) estimation
(Re =10 000) using different scales of wavelet transformation. Fig. 4 presents same results for e (temper-
ature) only. The instability was developing from data error ¢ = 0.01. The use of 128 parameters (J = 5) (we
neglected the detailed information of finest scale) cured the instability. The following subspaces presented
similar results. The corresponding minimum eigenvalues are presented in Table 3. The success obtained is
due to the smoothness of the searched control functions. If discontinuities are present, then large wavelet
coefficients are present at every scale and the regularization negatively affects the approximation in a more
significant way.

The wavelet transformation provides the parameters regularization using some physical properties of the
control functions (their smallest scale, for example). It requires only about In(N) calculation of eigenvalues
instead of N when the entire Hessian spectrum is used.
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Fig. 3. Results of all parameters (e, p, U, V) estimation using different scales of wavelet transformation (Re = 10 000): (1) exact inflow
data (J = 6); (2) data error s = 0.01 (J = 6); (3) first-scale regularization (J = 5); (4) second-scale regularization (J = 4).
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Fig. 4. Results of temperature estimation using different scales of wavelet transformation (Re = 10 000): (1) exact inflow data (J = 6);
(2) data error o = 0.01 (J = 6); (3) first-scale regularization (J = 5); (4) second-scale regularization (J = 4).
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Table 3
J 6 5 4 3
Amin 2.8 x107* 1.9 x 1073 1.08 x 1072 5.5 %1072

11. Comparison with Tikhonov regularization

In order to provide a comparison for the wavelet regularization, we consider the Tikhonov [9] regu-
larization.

The standard Tikhonov regularization [4] of zero-order for the problem under consideration transforms
the discrepancy (10) to

(/oY) = / (P (Y) = f (Ko ¥))* Y + 2 / (7)),

where o is the regularization parameter. This variant of regularization provides unacceptable results (too
smooth) for the inflow parameters. The addition of a second order regularization term o(f;y — 2f; + fi.1)’
to the residual ¢(f) provides a much better quality (see Fig. 5). The result is similar in quality to the result
obtained using the wavelet transformation (Fig. 3). Herein, we calculated the discrepancy for different o’s
and analyzed the variation of the discrepancy ¢ as a function of o and data error according to the dis-
crepancy principle [4]. This search for the magnitude of a suitable regularization parameter « is not so
transparent and does not provide an automatic procedure as the comparison of eigenvalue and data error
used in wavelet regularization.

V(K)

—— |-Exact
—— 2-error

3- wavelet
—%— 4-Tikhonov

0.8

0.7

k

0.6
194 204 214 224 234 244 254

Fig. 5. The inflow parameter estimation from noisy (¢ = 0.01) outflow parameters fP(Y) using second-order Tikhonov regular-
ization (transversal velocity): (1) exact; (2) without regularization; (3) first-scale regularization (J = 5); (4) second-order Tikhonov
regularization (« = 0.005).
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12. Conclusion

Numerical tests demonstrated a monotonous decreasing of the Hessian minimal eigenvalues as the scale
of wavelet transformation decreases.

The new proposed algorithm is offered for control functions’ space decomposition into “well-posed” and
“ill-posed” subspaces for regularization of ill-posed problems.

This algorithm is based on multi-scale resolution (wavelet analysis) and Hessian minimal eigenvalue
calculation using the solution of the second-order adjoint problem.

Numerical tests conducted with the two-dimensional parabolized Navier—Stokes equations demon-
strated the applicability of this algorithm to the solution of the inverse-convection problem for optimally
estimating inflow parameters from down-flow data.

This new approach can be readily extended to other problems where ill-posedness is present when
adjoint parameter estimation is being carried out.

A comparison with the standard Tikhonov regularization of zeroth-order reveals that it yields unac-
ceptable results for the inflow parameters, while a second-order Tikhonov regularization performs rea-
sonably well, providing results comparable in quality to those obtained using the wavelet analysis.
However, the choice of the regularization parameter for the Tikhonov second-order regularization is not
transparent, i.e., one proceeds by trial and error — whereas the procedure in the newly proposed algorithm is
automatic and efficient.

Appendix A. First-order adjoint problem

We now form the Lagrangian variation (11) with respect to Ap, AU, AV, Ae. By subtracting the undis-
turbed solution and retaining only first order terms we get

Aeo(foe (V) = Ae(foo (Y //< a(§;)+pa(§ym+Va%A;>>WdedY
+/Y/(A T rau i a 2—Y+AV2—Y>¥/ dx dy
(O A e o ks o
+K;1<Ap§—; eaaA—Xp aaie Aeap)>'{’U(X,Y)dXdY
o (O A A Y e o ke v g oy
+K;1<Aa aaA;’ p%JFA 2’;)>%(XY)dXdY
oy (Uggf v B e (WL 2
(Y28
N ORI

(A.1)
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After rearranging the terms with Ap, AU, AV, Ae we obtain

s o

oxX oY
k—1(0(4p) 2 K—1[3(Ap) g

LMo op  TRUN, Ap( 0P 4TV,
02 X "RedY2) Ul p2 oY ' 3Redy? )’
Ap [ «k % 4 [OUN’
+?<Rewm+@<ﬁ> )“”) edr

OAU U 0AU 1 AU [
LY A ey WX, Y ¥,A
+/X/y(<U6X+ Uax "oy ) v(X, )+ v

pRe Y2 ax
0AU or Oe 0AU 8 00U 0AU
+,0 GX '}I/J+AU6 'IIV+AUa +(K*1)667 e@a_ya—Y,}/e)dXdY

oAV o OAV 4 PAV oU
//((U—JFAVWJFV T "3k o7 )WV(X V) AV 2Py

de oAV, p
+paYlP+AVay'P+( ~ ey ¥ )dXdY+an/AV

A (G 57) e e ) D

pRe Pr 0Y?
op 0Ae op 0Ae
(aYA +p ay)?’y (OXA +p aX)‘PU)dXdY. (A.2)

We integrate this equation by parts and taking into account boundary conditions for Ap, AU, AV, Ae
respectively, we get

Agy(foo(Y)) =

Terms with Ap:

X=1 Y=1

_//a“”’v)A dXdY+/'I/pVAde _//a(”% dx dy
Yy JX aX X Y=0 Yy JX 6
oUu v » =

//(6)( aY)'{’pA,odXdY+(K—1)/){‘1’Vep Adey:o

X=1

—(K—l)//MAdedY—F(K—l)/lPUe‘/pAde

K—l// l‘””e/”A dXdY+// ( ‘I’V+aae‘PU)AdedY

aP 1 2*U 4 v
// <( X " Re aYZ)'p +( oY 3Ran2>lPV
Kk 0% 4 [OU

+<Rmﬁ+ﬁ(ﬁ))%>““dy

= [ [ 2o 1) = oL 1) BPLY VRO~ )oY~ i) ¥ Y+

/‘P UAde

X=0
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terms with AU:

Y=1

X=1
'Z

+/'I’UUAUdY —//a(U U)AUdXdY—i—/‘I’UVAUdX
X=0 Yy JX X

oxX Y=o

¥y) r=l P
// ey AUdXdY+/ ¥, pAU dY —//a(a”p)AUdXdY
X=0 Yy JX X
// AUdXdY+// 5v + Py, Cey AUdXdYJr/‘PfAUdY
P oX YTax aX T “p
—//— AUdXdY—i a—AUdX // AU dXx dY
v Jx 0X 3Re an 3Re oY
Y=1 Y:l
I oAU +/a(1‘PU)AUdY // < 'I’U>AUdXdY
Y=0 y

_ P, dX
// (Uops(X, Y) — U(X, Y))AU(X, Y)3(X — X,)3(Y — ¥,,) dX d¥+

X=1

X=0

pRe oY

terms with AV

X=1
/‘PVUAVdY _/ / a(UlPV)AVdXdY+/‘PVVAVdX
X=0 Yy JX

Oe P
//( lPV+ lPUJFaY e)AVdXdY+/<?’pp+—Y/e>AVdX
p Y=0
0 4 OAV
//6Y< P+ — 'I’)AVdXdY+//'I’payAVdXdY /3pR 5 ¥,dX

+/Xay(3p‘; )A dXYO—E// ( )waxay | [ 20

— VX, Y)AV(X,Y)o(X — X,,)0(Y — Y,,) dX dY+

Y=1
—//a(g%)AdedY
Y=0 Yy JX Y

Y=1

Y=1

Y=0

terms with Ae:

X=1

/‘I’ UAedY

_//G(UT)A dXdY+/‘I’VAedX // OU™e) pp dax dy
X aX X ¥Y=0

K—l op ou or
//( ( ‘PV+6X‘I’U> (k 1)<&+5>‘P6)AedXdY+(K—1)/X‘PVAedX
x=1 3
— y)A — Yy A — (k- — (Yy)A
(k 1//6Y edX dY + (x 1/ U edYX:0 (x 1)/,,/)(6X( v)AedX dY

Kk OAe r=1
_ +/X /YZ(eobs(X, Y) —e(X,Y))Ae(X,Y)d(X — X,)0(Y — Y,,) dX dY — /

. pRe Pr OY o
0 K
— ¥, |A dY
+/Xay(pRePr ) ‘

// (pRePr e)AedXdY. (A.3)

We look for (¥, Pu, ¥y, P.) such that Agy = [, grad(¢)Af.(Y) dY while all other first-order terms vanish.
The corresponding conditions form the adjoint problem.

Y=1

Y=0

Y, dX
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