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POD History
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POD Galerkin reduced order model

POD Galerkin reduced order model

POD Galerkin
reduced order model

m Let y(x,t) with x € Q and t € (t, to + T) be the state variable
in the original system and let H be a Hilbert space.

m The complex flow, typically nonlinear and time dependent is
governed by a system of PDE's.

m The PDE system comprised of an infinite numbers of degrees of
freedom reads

Find y(-, t) € H satisfying :
y(x,t) = f(t, y(x, 1)) (1)
y(x, to) = yo(x)
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POD Galerkin reduced order model

e POD Galerkin reduced order model

POD Galerkin

reduced order model

m An approximation of (12) using well established numerical
methods such as finite difference (FD) or finite element (FEM)
with large number of degrees of freedom generates an ODE
system that reads

Find y(-,t) € RV satisfying :
y(x,t) = f(t, y(x, 1)) ()
y(x, t0) = yo(x)

m The base premise of model reduction (MOR) is to approximate a
full order model (2) using only a handful of degrees of freedom.

m The resulting low-dimensional model becomes a system of ODEs
with a dramatically reduced dimension r (r < N)
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POD Galerkin reduced order model

POD Galerkin reduced order model

POD Galerkin
reduced order model

m POD is one of the most significant projection-based reduction
methods for non-linear dynamical systems.

m |t is also known as Karhunen - Loéve expansion, principal
component analysis in statistics, singular value decomposition
(SVD) in matrix theory and empirical orthogonal functions
(EOF) in meteorology and geophysical fluid dynamics

m Introduced in the field of turbulence by Lumley

m It was Sirovich (1987 a,b,c) that introduced the method of
snapshots obtained from either experiments or numerical
simulation

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012
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POD Galerkin reduced order model

POD Galerkin reduced order model

POD Galerkin
reduced order model

m Generating POD-ROMs consists in first simulating the full-order
system and then finding a set of "representative” state variable
vectors (snapshots) to find an optimal basis {¢1(x), .., o, (x)}

m Use of Galerkin projection to obtain a low-order dynamical
system for the basis coefficients

{a1(t), a2(t), ..., a,(t)}
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POD Galerkin reduced order model

POD Galerkin reduced-order model |

POD Galerkin Algorithm

reduced order model

m Given y(-, t) from complex system 7 for t € (to,to + T)
Compute a POD basis {¢1(x), .., ¢pr(x)} such that
Xr = Span{@l, S027 cety SOF}

is a good approximation to the data space

(s t)}te(to,to+T)
A Define reduced order approximation
v t) =D pi()ai(t) € X
j=1

where {a;(t)}/_; are the sought time varying POD basis

coefficient functions.
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POD Galerkin reduced order model

POD Galerkin reduced-order model Il

POD Galerkin Substitute POD approximation into full-order system 7 and

reduced order model

apply Galerkin procedure

< Z% 3(1), 0i(-) >=< (£, ) @i()ai(1), i) >

=1
<Z<p, aj(0), () >=<yo,0i(-) >, fori=1,.,r
yielding the POD-Galerkin ROM for {a;(t)}i_;

ai(t) <f(tz%( aj(t)), pi(*) >

ai(0) =< yo,sa,( ) > fori=1,.
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POD definition

POD definition

m Assume y(x,t) € L2(H, to,to+ T) i.e.
to+ T
[ o <o

to

POD definition

m Given time instances ty, ta, .., ty € [0, T] consider ensemble of
snapshots

S= Span{y('v tl)a “'a)/('a tM)}
with dim$S = M.
m POD MOR methods seek a low dimensional (r) basis {¢1, .., ¢}
that optimally approximates the input collection s.t.

M r
min = Z et = 30 <y 1)) > Ol

(*) s.t. conditions that
<@L, >p=06j, 1<i,j<r<M
d;j is the Kroneker delta.
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POD definition

POD definition

m To solve it we consider the eigenvalue problem

Kv = \v, K € RMxM

POD definition

and

1
Kk/ = M < y(7 tl)ay('a tk) >H

is the snapshot correlation matrix, v;, j =1,.., M are the
eigenvectors
DY U ¥

are the positive eigenvalues.
m Then solution of (*) is given by

i) = \/—Zv”y 4), 1<j <r

Jll

where (v;); is the /—th component of the eigenvector v;.
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POD definition

POD definition

m A known error estimate is

POD definition

r

M
<y, 1), 050) > 0 OE = Y A
1 Jj=r+1

1M
2SIy ) -
=1 i
m The relative error in L,

T r
RISy <y, 9() 2B M

- to+ T M ’
% tOU ||.y(7 t)”%dt Zj:l )‘J

m ¢ is a heuristic criterion to determine number of POD modes to
be retained in the ROM
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POD/DEIM POD/EIM justification and methodology

POD/DEIM POD/EIM justification and methodology

m Model order reduction : Reduce the computational
POD/DEM complexity/time of large scale dynamical systems by
(REmyfE approximations of much lower dimension with nearly the same

Jjustification and

methodology input/output response characteristics.

m Goal : Construct reduced-order model for different types of
discretization method (finite difference (FD), finite element
(FEM), finite volume (FV)) of unsteady and/or parametrized
nonlinear PDEs. E.g., PDE:

Y (x,0) = Lly(x, ) + Fy(x. 1), £€ 10, 7]

where L is a linear function and F a nonlinear one.

I.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 14 / 144



POD/DEIM POD/EIM justification and methodology

POD/DEIM methodology applied to FD SCHEMES

PO/ m The corresponding FD scheme is a n dimensional ordinary
justification and
Jmethodology

differential system

Syt = Ay(t) + Fly(1), A€ R,
where y(t) = [y1(t), y2(t), .., ya(t)] € R” and y;(t) € R are the
spatial components y(x;,t), i =1,..,n. F is a nonlinear
function evaluated at y(t) componentwise, i.e.

F=[F(y(t)), .., F(ya(t))]", F: ICR = R.
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POD/DEIM POD/EIM justification and methodology

POD/DEIM methodology applied to FD SCHEMES

POD/DEM m A common model order reduction method involves the Galerkin

justification and projection with basis V, € R"*k obtained from Proper

methodology

Orthogonal Decomposition (POD), for k < n, i.e. y = V,§¥(t),
§(t) € R¥. Applying an inner product to the ODE discrete
system we get

d . - -
St = VLAV, §(t) + ViU F(Vi (1)) (4)
t —— —_———
kxk N(y)

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 16 / 144



POD/DEIM POD/EIM justification and methodology

POD/DEIM methodology applied to FD SCHEMES

m The efficiency of POD - Galerkin technique is limited to the
linear or bilinear terms. The projected nonlinear term still
depends on the dimension of the original system

POD/DEIM

POD/EIM
Jjustification and
methodology

N(F) = \VII/F(ka(t)) :

kxn nx1

m To mitigate this inefficiency we introduce " Discrete Empirical
Interpolation Method (DEIM) " for nonlinear approximation.
For m< n

N(F) = Vi UPTU) ' F(PTVi§(t)).

precomputed kX m mx1

I.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 17 / 144



POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

m The corresponding Finite Element (FE) scheme is a n
dimensional ordinary differential system

POD/DEIM d
Justitcation and My—y(t) = Kay(t) + Na(y(t)), M, Ky € R™,

methodology

(5)

m M, is the mass matrix

m K, corresponds to the linear terms in the PDE

y(t) = Da(t), ya(t), - ya(t)] € R”, yi(t) € R.

y(t,x) = Z%’(X)yj'(t) = V(x)y(t), V(x) € R™".

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 18 / 144



POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

POD/EM m Ny(y(t)) € R" is a nonlinear functional which can be of the

justification and

methodology following form

[Nh(y(t))],-:A%@F(w(x)y(t))dg, i=1,.n.

[Na(y(t)]i = / Yi(x)F(V(x)y(t)dQ, i =1,..n.

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 19 / 144



POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

m Using the Galerkin projection with basis ®(x) = W(x) Uy,
boD/DElN P(x) € Rk Uy € R™¥ calculated via POD, for k < n, i.e.
[ y(t,x) =~ ®(x)§(t), §(t) € Rk we apply the following inner

methodology prod uct
<X,y >m,= XTMhy'

One obtains the corresponding discretized reduced order model:

d. - -
UM, Uy —§(t) = U7 KnUs §(t) + U7 N (5(1))
—— at —_——— —_———
1Rk xk kx k N(y(t))

(6)
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POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

POD/DEIM
POD/EIM
justification and

m The projected nonlinear term still depends on the dimension of
the original system

N(F (1) = iNh(y(t)) :

methodology

nx1

INA(5(®)]; = /Q Gi(X)F(O()F(8)dD, i =1, .n.
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POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

POD/DEIM m The Empirical Interpolation Method (EIM) approximation of the

POD/EIM

justfication and nonlinear function F(®(x)§(t)) is given by

methodology

F(®(x)§(t) = Q(x)p(t) = Q(x)(Q(2)) ' F(®(2)§(1)),

Q(x) = [g1(x), -, gm(X)], z=[21, ..., Zm], M<K n
Q(Z) c Rmxm7 ¢(Z) c Rmxk7
F(®(2)§(t)) € R™! — F is applied componentwise

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 22 / 144



POD/DEIM POD/EIM justification and methodology

POD/EIM methodology applied to FE SCHEMES

m Thus
FoD/em N (¥(t)) ~ / V(x)TQ(x)dQ (Q(2)) ! F(®(2)§(t))
e Q T
nxXm

m Now we are able to separate the unknown §(t) from the
integrals allowing us the precomputation of the integrals which
then can be used in all of the time steps.

/‘/(37(t))2ggj/ﬂ"’(X)TQ(X)dQ(Q(Z))‘1 F(®(2)y(t))

kxn mx1
nxm
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POD/DEIM nonlinear model reduction for SWE

POD/DEIM nonlinear model reduction for SWE

m We applied DEIM to a POD alternating direction implicit (ADI)
OB /DEIM nonfinear FD scheme of the SWE on a rectangular domain.

B o for m We considered the alternating direction fully implicit
finite-difference scheme (Gustafsson 1971, Fairweather and
Navon 1980, Navon and De Villiers 1986, Kreiss and Widlund
1966) on a rectangular domain since the scheme remains stable
at large Courant numbers (CFL).
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POD/DEIM nonlinear model reduction for SWE

SWE model
ow ow ow
E_A( )3—+5( )—y‘*‘C(Y)Wa (7)

OSXSLa OSySDa tE[O,tf],

where w = (u,v,¢)7, u, v are the velocity components in the x and
LRy directions, respectively, h is the depth of the fluid, g is the
model reduction for

SWE acceleration due to gravity and ¢ = 24/gh.
The matrices A, B and C are expressed

u 0 ¢/2 v 0 0
A=—| o u 0o |, B==-|0 v ¢2
$/2 0 u 0 ¢/2 v
0 f O
c=| -f 0 0|,
0 0O

~ f o
f = f+p(y—D/2) (Coriolis force), 8 = g—y,with f and 8 constants.
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POD/DEIM nonlinear model reduction for SWE

SWE model

m We assume periodic solutions in the x-direction
w(x,y, t) =w(x+ Ly, t),

POD/DEIM nonlinear while in the y—direction we have

model reduction for
SWE

v(x,0,t) = v(x,D, t) = 0.

m The initial conditions are derived from the initial height-field
condition No. 1 of Grammelvedt (1969), i.e.

D/2 - D/2 - 2
hx.y) = H0+H1+tanh<9%)+,_/2sech2 <9 2 y) sin<%x)

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 26 / 144



POD/DEIM nonlinear model reduction for SWE

SWE model

m The initial velocity fields were derived from the initial height
field using the geostrophic relationship

u— (Z8\oh , _(&)oh
POD/DEIM nonlinear B f 8)/’ T \f ox.

model reduction for

SWE

m The constants used were:

L = 6000km g =10ms™?2
D = 4400km Ho = 2000m
f=10"%s"1 Hy = 220mm

f=15-10"1s"tm! H, = 133m.

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012
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POD/DEIM nonlinear model reduction for SWE

m First we introduce a network of N, - N, equidistant points on
[0, L] x [0, D], with dx = L/(N, —1), dy = D/(N, —1). We
also discretize the time interval [0, t¢] using NT equally
distributed points and dt = t¢/(NT — 1).

POD/DEIM nonlinear
model reduction for
SWE

m Next we define vectors of unknown variables of dimension
Ny = Ny - N, containing approximate solutions such as

U(t) ~ U(Xiayj7 t),V(t) ~ V(Xl'ayj) t)a()b ~ (b(xiayja t) € R™

m The idea behind the ADI method is to split the finite difference
equations into two, one with the x-derivative taken implicitly
and the next with the y-derivative taken implicitly,

The nonlinear Gustafsson ADI finite difference implicit scheme

I.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 28 / 144



m For t,,1, the Gustafsson nonlinear ADI difference scheme is
defined by

| First step - get solution at t(n+ 3)

alty) + 5 P (). 9(t012) ) = ultn) = 5P (w)v(en) ) +

A

Sl b AT (),
2 N —

Ny
At At ;
vlty) + 5 P (e Dty ) ) + 510 ] () = v(t)-
Ny
At

5 P (V(tn)u ¢>(fn))>

Otriy) + 5 Fn (u(tn+;), ¢(tn+;)> — o(ts) - 51 F <v(rn), ¢(rn)),
(8)

with "*" denoting MATLAB componentwise multiplication and
the nonlinear functions F11, F12, F21, F22, ll:317 F32 R x
R™ — R™ are defined as follows



POD/DEIM nonlinear model reduction for SWE

The nonlinear Gustafsson ADI finite difference implicit scheme

Fua(u,8) = us Au+ 6 Ag

Fio(u,v) = v Aju, F1(u,v) =ux A,

POD/DEIM nonlinear
model reduction for

1
mode Fo(v,¢) =vx A+ §¢ * Ay @,
Fi(u.9) = 16+ At us A,

1
Fsa(v, 9) = §¢ * Av+vxAQ,

where Ay, A, € R™ > are constant coefficient matrices for discrete
first-order and second-order differential operators which take into
account the boundary conditions.
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POD/DEIM nonlinear model reduction for SWE

The Quasi-Newton Method

m The nonlinear systems of algebraic equations denoted by
g(a) = 0 are solved using the quasi-Newton method.

POD/DEIM anlinear m The computationally expensive LU decomposition is performed

model reduction for _ C A . . .
mods only once every M — th time-step, where M is a fixed integer.

m The quasi-Newton formula is
almtD) = o(m _ 371 (o(M)g(al™), where

J=J(a®@) + O(dr).
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POD/DEIM nonlinear model reduction for SWE

The POD version of SWE model

m The POD reduced-order system is constructed by applying the

POD/DEIM nonlinear

model reduction for Galerkin projection method to ADI FD discrete model by first

SWE

replacing u, v, ¢ with their POD based approximation Ui, V'V,
®¢, respectively, and then premultiplying the corresponding
equations by UT, VT and ®7, the POD bases.
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m The resulting POD reduced system for the first step (t,,1) of
the ADI FD scheme is

0(tye) + 5 U Fir (86, 8001) ) = 006) — 55U Foa (86,900
+ A;UT([f, foo f]7 « VV(t,,)),
——

x

. At - ~ ~ At T ~
V(tn-f-%) + 7VTF21 (u(tnﬂ)7 v(tn+;)> + > vT <[f, £ f] = Uu(t,,+;)>
Nx
) At o [, -
= V(tn) — 7\/ F22<V(tn)7¢(tn)>a

tey) 4 507 B (0001, 1) ) = ) = 507 P (300 600) ).

where fz_ll, f’:_12, f’:_217 f’:_22, f’:_31, i"_32 i RFx R¥ — R¥ are defined by



POD/DEIM nonlinear

model reduction for
SWE

.M. Navon, R. Stefinescu (Florida State University)

POD/DEIM nonlinear model reduction for SWE

The POD version of SWE model

Fia (@, ¢) = (Ut * (AUT) + (<b¢) (A 9),

Fio(0, 7) = (VV) * (é,i//u),Fgl(u,v)

Fao(7,0) = (V) (i’ZV)+ L(0d)« * (A 9),

~~
Fa(@,8) = 5(03) * (A, UD) + (U5) x (4:2.6),
Fal9.6) = 5(06) + (A, V.9 + (VD) + (4,0 9)

November 27, 2012 34 / 144



POD/DEIM nonlinear model reduction for SWE

The POD version of SWE model

m The coefficient matrices defined in the linear terms of the POD
reduced system as well as the coefficient matrices in the
nonlinear functions (i.e. AU, A, U,

AV AV AP A, ® € R™K grouped by the curly braces) can
be precomputed, saved and re-used in all time steps.

POD/DEIM nonlinear ™
model reduction for

However, performing the componentwise multiplications in (10)
and computing the projected nonlinear terms in (9)

SWE

UT ,}ll(aa(g)a UTﬁlZ(av ‘7)7 VTﬁ21(f17 ‘7)7
kxny p %1 (11)
VTI':_22(‘77 (Z';)a ¢T,’}31(a7 (5)7 q)T’E32(‘77 q’;)a
still have computational complexities depending on the
dimension n,, of the original system from both evaluating the

nonlinear functions and performing matrix multiplications to
project on POD bases.
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POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Discrete Empirical Interpolation Method (DEIM)

m DEIM is a discrete variation of the Empirical Interpolation
method proposed by Barrault et al. (2004). The application was
suggested by Chaturantabut and Sorensen (2008, 2010, 2012).

m let f: D — R", D CR"” be a nonlinear function. If
U={w}l, uieR" i=1,..,mis a linearly independent set,
POD/DEIM as a for m < n, then for 7 € D, the DEIM approximation of order m

discrete variant of

) e ey e for £(7) in the space spanned by {u}; is given by

- algorithms

f(r) ~ Uc(r), U e R™™ c(r) € R™. (12)

m The basis U can be constructed effectively by applying the POD
method on the nonlinear snapshots f(7%), i =1, .., n;.

.M. Navon, R. Stefinescu (Florida State University)
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Discrete Empirical Interpolation Method (DEIM)

m Interpolation is used to determine the coefficient vector c¢(7) by
selecting m rows p1, .., pm, pi € N*, of the overdetermined linear
system (12)

fl(’T) ui1 N Uim
c(r)
cm(7)
fo(7) Uyl  ovv Upm | ———
c(T)ER™
f(T)ER" UeRnxm
to form a m-by-m linear system
fpl (T) Upi1 -+ Upm Cl(T)
fom(T) Upp1 +-- Uppm cm(T)

fz(T)ER™ UzeRmxm c(t)eER™



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Discrete Empirical Interpolation Method (DEIM)

m In the short notation form
Uzc(T) = f5(7).

m Lemma 2.3.1 in Chaturantabut (2008) proves that U is

‘ invertible, thus we can uniquely determine c(7)
POD/DEIM as a

discrete variant of

Bt c(r) = Up?lf,;(T).
m The DEIM approximation of F(7) € R" is

f(r) ~ Uc(r) = UUS (7).

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012

38 / 144



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Discrete Empirical Interpolation Method (DEIM)

m U and f3(7) can be written in terms of U and f(7)
Us=PTU, fir)=PTf(7)

where

POD/DEIM as a _ _ T
discrete variant of P= [epu ) epm] € Rnxm7 ep,' - [O, "07 1 ) 07 70] € R"

EIM and their pseudo
- algorithms Pi

m The DEIM approximation of f € R” becomes

f(r) = UPTU)TPTF(1).
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Discrete Empirical Interpolation Method (DEIM)

m Using the DEIM approximation, the complexity for computing
the nonlinear term of the reduced system in each time step is
now independent of the dimension n of the original full-order
sytem.

m The only unknowns need to be specified are the indices
D1, P25 -+ Pm OF matrix P.



DEIM: Algorithm for Interpolation Indices

INPUT: {u;}7; C R” (linearly independent):
OUTPUT: p'= [p1,.., pm] € R™
[l] p1] = max|ui|, € R and p; is the component position of

the largest absolute value of up, with the smallest index taken in
case of a tie.

U= [u1]7 pP= [eP1]7 p= [Pl]-
For I =2,..,mdo

a Solve (P"U)c = Py for c
b r=u-Uc
c [I[9l o] = max{|r[}

d U« [U u], P[P e,], 7+ [ 5 ]
]

A end for.



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

The DEIM version of SWE model

m DEIM is used to remove this dependency.

m The projected nonlinear functions can be approximated by DEIM
in a form that enables precomputation so that the computational
cost is decreased and independent of the original system.

disnee varionsof

EIM and their pseudo
- algorithms

m Only a few entries of the nonlinear term corresponding to the
specially selected interpolation indices from DEIM must be
evaluated at each time step.

m DEIM approximation is applied to each of the nonlinear
functions Fu1, Fia, Fo1, Foo, Fa1, Fso defined in (10).
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POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

The DEIM version of SWE model

m Let UFr ¢ R™X™ m < n, be the POD basis matrix of rank m
for snapshots of the nonlinear function Fi; (obtained from ADI
FD scheme).

m Using the DEIM algorithm we select a set of m DEIM indices
corresponding to U1, denoting by [pF“ ,pi]T € R™. The
DEIM approximation of Fy; is

i Fu ~ UM (PLURY) TR,

EIM and their pseudo
- algorithms

so the projected nonlinear term U7 Fi1(ii, ¢) in the POD
reduced system (9) can be approximated as

UTFu(a, ¢) =~ UTUR(PE UP) Y (T, 9),
——

E,€ERkxm mx1

where F1(i1,¢) = PL Fi1 (@i, §).
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Since Fi; is a pointwise function, F/7 : RK x RK — R™ can be defined as
i ; 1 . .
F{1(a, ¢) = (PL, UTi) * (P AU ) + 5(P,;cb(b) « (PL AD 9)

—— ——

Similarly we obtain the DEIM approximation for the rest of the projected
nonlinear terms in (11)

UTﬁ12(D; V) ~ UTUFIZ(PZ;Z UFlZ)*]. ﬁ{’z’(’[], 9)7

——
E;€Rkxm mx1
VTIi_Ql([l, V) ~ VTUFu(,D'Z;1 Ule)—l I,';—znl,(a7 7,
———
E3eRkxm mx1
VT?Zz(G,Q';) ~ VTUFzz(P,Z;Z UFZZ)_I Nzrg(v)d;)>
——
E,€RkXxm mx1
¢T/:_31(I~J,€5) ~ d)TUFsl(PZ_;I UF31)71 ,':—3,,1;(17’&)7
—_——
EseRkxm mx1

¢TF_32(05 J)) ~ ¢TUF32(P;;2 UF32)71 'E3n27(‘77 (E)v
—_—

Eg€Rkxm mx1
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POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

The DEIM version of SWE model

'El'g([l V) (PFlzv ) ('DF12A Uu)

N—_——
Fii(, 7) = (PL,UT) * (PL AV 7),

N—_——
Fp(v, ) = (PL,VV)* (PLA V) + 2(P£2¢¢3)*(P£2Ay¢<5)7
Fii(a.9) = (PR, @) x (PE AU G) + (P UD) * (PL A ),
o 1 - . B .
F35(7,0) = E(PFCZM) * (PE,A V) + (PL V)« (PEA,® D).

(13)
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m Each of the k x m coefficient matrices grouped by the curly
brackets in (13), as well as E;, i =1,2,..,6 can be precomputed
and re-used at all time steps, so that the computational
complexity of the approximate nonlinear terms are independent
of the full-order dimension n,,. Finally, the POD-DEIM reduced
system for the first step of ADI FD SWE model is of the form

0(tyss) + 5 B (0(0001), 8001 ) ) = i) — 5 (a0, 900

+ EUTAIV(tn),

o(t 1)+At5ﬁm(~(t ) Ut )>+AtVTA it 1)

n+3 5 3for| Ulth 1),V 2U(thy 1
() - A E4F22(v(r) (e )),

trey) + 5 BF (00, 8t011) ) = 30 - 5 6P (906, 8t ).

(14)



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Numerical Results

m The domain was discretized using a mesh of 301 x 221 points,
with Ax = Ay = 20km. Thus the dimension of the full-order
discretized model is 66521. The integration time window was
24h and we used 91 time steps (NT = 91) with At = 960s.

POD/DEIM o o m ADI FD scheme proposed by Gustafsson (1971) was first

B e Thei oot o employed in order to obtain the numerical solution of the SWE

- algorithms model .

m The initial condition were derived from the geopotential height
formulation introduced by Grammelvedt (1969) using the

geostrophic balance relationship.
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Fig.3 Initial condition: Geopotential height field for the Grammeltvedt initial
condition (left). Wind field (arrows are scaled by a factor of 1km) calculated

from the geopotential field by using the geostrophic approximation (right).
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POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Numerical Results

m The implicit scheme allowed us to integrate in time using a
larger time step deduced from the following
Courant-Friedrichs-Levy (CFL) condition

At

m The nonlinear algebraic systems of ADI FD SWE scheme were
solved with the Quasi-Newton method and the LU
decomposition was performed only once every 6 — th time step.
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Numerical Results

Contour of geopotential at time t, = 24h Wind field at time t, = 24h
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Fig.4 The geopotential field (left) and the wind field (the velocity unit is
lkm/s) at t = tf = 24h obtained using the ADI FD SWE scheme for
At = 960s.



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Numerical Results

m The POD basis functions were constructed using 91 snapshots
obtained from the numerical solution of the full - order ADI FD
SWE model at equally spaced time steps in the interval [0, 24h].
POD/DEIM as a

e m Next figure shows the decay around the eigenvalues of the

EIM and their pseudo

~algorithms snapshot solutions for u, v, ¢ and the nonlinear snapshots
Fi1, Fi2, Fo1, Fa2, F31, F32.
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Fig.5 The decay around the singular values of the snapshots solutions for
u,v, ¢ and nonlinear functions for At = 960s.



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Numerical Results

m The dimension of the POD bases for each variable was taken to
be 35, capturing more than 99.9% of the system energy.

m We applied the DEIM algorithm for interpolation indices to
improve the efficiency of the POD approximation and to achieve
POD/DEIM a5 2 a complexity reduction of the nonlinear terms with a complexity

EIM and their pseudo proportional to the number of reduced variables.

- algorithms

m Next image illustrates the distribution of the first 40 spatial
points selected from the DEIM algorithm using the POD bases
of F31 and F3; as inputs.
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Numerical Results
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Numerical Results

m Using the following norms

1 tr HWADI FD(:’I-)inOD ADI(:’I-)H2
NT & [[wAPT (-, )],
i=

1 tr ||WADI FD(. I) _ WPOD/DE/M ADI( ,I)

o : ||2
NT P HWADI FD(:),')

)

1 B

i =1,2,.., tr we calculated the average relative errors in
Euclidian norm for all three variables of SWE model w = u, v, ¢.

POD ADI SWE | POD/DEIM ADI SWE
E, 7.127e-005 1.106e-004
E, 4.905e-003 6.189e-003
E, 6.356e-003 9.183e-003

Table 1 Average relative errors for each of the model variables.
The POD bases dimensions were taken 35 capturing more than
99.9% of the system energy. 90 DEIM points were chosen.



Numerical Results

m We also propose an Euler explicit FD SWE scheme as the
starting point for a POD, POD/DEIM reduced model. The
POD bases were constructed using the same 91 snapshots as in
the POD ADI SWE case, only this time the Galerkin projection
was applied to the Euler FD SWE model.

m This time we employed the root mean square error calculation in
order to compare the POD and POD/DEIM techniques at time

t = 24h.
ADI SWE | POD ADI SWE | POD/DEIM ADI SWE | POD EE SWE | POD/DEIM EE SWE
CPU time seconds 73.081 43.021 0.582 43.921 0.639
RMSE, - 5.416e-005 9.668e-005 1.545e-004 1.792e-004
RMSE, 1.650e-004 2.579e-004 1.918e-004 3.126e-004
RMSE, 8.795e-005 1.604e-004 1.667e-004 2.237e-004

Table 2 CPU time gains and the root mean square errors for
each of the model variables at t = tr. The POD bases
dimensions were taken as 35 capturing more than 99.9% of the

system energy. 90 DEIM points were chosen.




Numerical Results

m Applying DEIM method to POD ADI SWE model we reduced
the computational time by a factor of 73.91.

m In the case of the explicit scheme the DEIM algorithm decreased
the CPU time by a factor of 68.733.

CPU time vs. number of spatial discretization points
80

—— ADI SWE

7ot —— POD ADI SWE I

—— PODIDEIM ADI SWE
POD EE SWE

POD/DEIM EE SWE [

@
=}

o
=)

CPU time (seconds)
8 8

N
=}

-
1S}

2745 4256 10769 16761 66521

Fig.7 Cpu time vs. Spatial discretization points; POD DIM = 35, No. DEIM
points = 90.



POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Conclusion and future research

m POD/DEIM Nonlinear model order reduction of an ADI implicit
shallow water equations model, R. Stefanescu and I.M. Navon,
Journal of Computational Physics, in press (2012).

m To obtain the approximate solution in case of both POD and
POD/DEIM reduced systems, one must store POD or

POD/DEIM as 2 POD/DEIM solutions of order O(kNT), k being the POD bases

I aher preudo dimension and NT the number of time steps in the integration

et window.

m The coefficient matrices that must be retained while solving the
POD reduced system are of order of O(k?) for projected linear
terms and O(nyy, k) for the nonlinear term, where n,, is the
space dimension.
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POD/DEIM as a discrete variant of EIM and their pseudo - algorithms

Conclusion and future research

In the case of solving POD/DEIM reduced system the
coefficient matrices that need to be stored are of order of O(k?)
for projected linear terms and O(mk) for the nonlinear terms,
where m is the number of DEIM points determined by the DEIM
indexes algorithm, m < n,, .

Therefore DEIM improves the efficiency of the POD
approximation and achieves a complexity reduction of the
nonlinear term with a complexity proportional to the number of
reduced variables.

We proved the efficiency of DEIM using two different schemes,
the ADI FD SWE fully implicit model and the Euler explicit FD
SWE scheme.

In future research we plan to apply the DEIM technique to

different inverse problems such as POD 4-D VAR of the limited
area finite element shallow water equations and adaptive POD
4-D VAR applied to a finite volume SWE model on the sphere.



Dual weighted POD in 4-D Var data assimilation

Dual weighted POD in 4-D Var data assimilation

m Work of Meyer and Matthies (2003)
m Goal oriented model constrained optimization
m Bui-Thanh et al. (2007)

m We aim to incorporate data assimilation system (DAS) into
model reduction

m We propose a dual-weighted POD method (DW POD)

T m Combine info from both model dynamics and DAS

in 4-D Var data

assimilation m Data weighting in POD, considered by Graham and Kevrekidis
(1996)

m Kunisch and Volkwein (2002) use time distribution of snapshots
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Dual weighted POD in 4-D Var data assimilation

Dual weighted POD in 4-D Var data assimilation

m Start by defining weighted ensemble average of the data

=n

X = wiX',

Il
—

I
with the snapshots weights w; € (0,1) and >_7_, w; = 1.
m They assign degree of importance to each member of the
assemble
m In standard approach w; = 1.
m The modified m x n matrix obtained by subtracting the mean
from each snapshot is
Dual weighted POD

in 4-D Var data 1 = 2 - =
assimilation X = [x — XX —=X,... ,Xn — x]

m Weighted covariance matrix CIR™*™
C = Xwx"

where
W = diag[w, .., wy].
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Dual weighted POD in 4-D Var data assimilation
Dual weighted POD in 4-D Var data assimilation
m We consider general norm
2 T
IX[[a = (x,x)p = x"Ax,

AeR™™Miss.pd.
m POD basis of order k < n minimizes the averaged projection

error
. 2
min ZW' X' —X) = Py (x' — %
o iy 2 1O =R = Pusc (=)
Dual weighted POD
in 4-D Var d. . ) ) ) .
sssmiation s.t. A orthonormality constraint <z/)’,q/}!>/2 = §; and Py is the

projection operator onto the k—dimensional space

Span{yt, 42, ..., vM}

k

Py i(x) = Z (X, Vi) 4 Y-

i=1
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Dual weighted POD in 4-D Var data assimilation

Dual weighted POD in 4-D Var data assimilation

m POD modes v; € R™ are eigenvectors of m dimensional
eigenvalue problem

CAY' = ofy);

m Compute
WY2XTAXWY 2 = o2y,

A is identity for Euclidian norm

H A is diagonal for total energy metric

Dual weighted POD . .
in 4D Var data m Once we obtain eigenvectors p; € R” orthonormal w.r.t.

sssimilation Euclidian norms, compute the POD modes

b= —XWip,

aj
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Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m The k-dimensional reduced-order control problem is obtained by
projecting xp — X on the POD space

P\II,k( 0 — X an"/}l

where matrix
= [¢1,.., k] € R™XK

Dual weighted POD has the POD basis vectors as columns, and
in 4. Var data n = (n,..,etax)” € R¥ is the coordinate vector in reduced space

assimilation

ni =] A(xo — X)

n=WTA(Xy - X)
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Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m Large scale 4-D Var optimization

ot /o)
for x¢? = argmin J.
1 _
J= 5(xo_xb)TB ! (x0 — xp)

Z (Hoxw = v@) T R (Hioxi — y2)

I\Jll—l

Dual weighted POD
in 4-D Var data
assimilation

B background error covariance matrix

R, observation error covariance matrix at time level k

Hy observation operator at time level k which has linear
representation

xg control variables vector represented by POD basis

X, vector of variables obtained from the reduced-order model at
the time level k
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Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m It is now replaced by reduced-order 4D-Var of finding optimal
coefficients n s.t.

J(n) = J(x+ Wn) and min J(n).
neRk

m If »? denotes solution of this problem, an approximation to
analysis (x) is given by

a3 a
Xg ~ X + Wn.
Dual weighted POD
in 4-D Var data e e . .
assimilation m Only the initial conditions are projected into the POD space and

cost functional is computed using the full-model dynamics

vﬂj(n) = wT(vXUJ)|Xo =X+ W¥n,

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 66 / 144



Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m For any fixed time instant 7 < t, we have x(t) = M, ¢[x(7].

m We make use of time-varying sensitivities of 4-D Var functional
w.r.t. perturbations in the state at time instants t;, i =1,2,..,n
where snapshots are taken.

m We can estimate impact of perturbation dx; in state vector at
snapshot time t; < t on J using the TLM model M(t;,t) and its
adjoint model M*(t,t;)

Dual weighted POD
in 4-D Var data
assimilation

VJ =< Vi JIx(t)], 0x(t) >= Vi Jx(t)], M(t;, t)ox(t;) >

=< M*(t, t;) V) JX(t)], 0x(ti) >=< A(ti), ox(t;) > .
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Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m where A(t;) € R™, A(t;) = M*(t, t;) V() J[x(t)] are the adjoint
state variables at time t;.

m It follows
|(5J| ~ | < )\(t,-),éx(t,-) > | = | < A_l)\(t,-),dx(t,-) >A |

< [[ATIX () lallox(t)]|a

m The dual weights w; corresponding to the snapshots are defined
Dy P as normalized values

assimilation

o = [|A7IA(t)||a and w; = ,?é—i, for i=1,2,..,n.

Zj:l Qj
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Dual weighted POD in 4-D Var data assimilation

Reduced-order 4D-Var

m They provide a measure of relative impact of the state errors
[|0x(t;)||a on the cost functional.

m The weights are determined by the cost functional s.t.
information from DAS is incorporated directly into the
optimality criteria.

m This is a time - targeting assigning weights to time distributed
snapshot data using a time-varying adjoint sensitivity field.

m |t requires (evaluation of all dual weights) only one adjoint

model integration.
Dual weighted POD

in 4-D Var data
assimilation

A(tN.H_) - 0
A(tk) = M*(tir, t)A(ts1) + HER (Hixi — )
for k=N,N—-1,..,0, and

A(to) = A(to) + B (xo — xp)
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Dual weighted POD in 4-D Var data assimilation

Numerical Experiments

m Uses 2-D S-W equations model on the sphere using the explicit
flux form semi-Lagrangian (FF-SL) scheme

m Adjoint developed by Akella and Navon (2006) using TAMC
(Giering and Kaminski, 1998) AD Software

m We consider a total energy norm
1 g
iz = Sl + 11vIF + £111P),

in 4-D Var data
assimilation

where h is the mean height of the reference data.
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Dual weighted POD in 4-D Var data assimilation

Results

m DAS-I - data provided for all discrete state components - no
background term included.

m DAS-II - background term included, data provided every fourth
grid point in longitudinal and latitudinal directions

Dual weighted POD

in 4-D Var data
assimilation
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Dual weighted POD in 4-D Var data assimilation

Results

Dual weighted POD
in 4-D Var data
assimilation

Fig.8 Isopleths of the geopotential height (m) for the reference run:
configuration at the initial time specified from ERA-40 datasets;
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Dual weighted POD in 4-D Var data assimilation

Results

Dual weighted POD
in 4-D Var data
assimilation

Fig.9 Isopleths of the geopotential height (m) for the reference run: the 24-h
forecast of the shallow-water model.
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Dual weighted POD in 4-D Var data assimilation

Results
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Fig.11 Comparative results for the reduced-order POD and DWPOD forecasts
as the dimension of the reduced space varies for k = 5, 10, 15, 20, and 25.
(left) Error (log 10) in the reduced order representation of the time-integrated
total energy of the system. (right) Time-averaged state forecast error (log 10).
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Dual weighted POD in 4-D Var data assimilation

Results
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Fig.12 The dual weights for the snapshot data determined by the adjoint
model in DAS-I and in DAS-II.
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Dual weighted POD in 4-D Var data assimilation

Results
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Fig.13 The iterative minimization process in the reduced space for the POD
and DWPOD spaces of dimension 5, 10, and 15. (left) Optimization without
background term and dense observations, corresponding to DAS-I. (right)
Optimization with background term and sparse observations, corresponding to
DAS-II
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Fig.14 Zonally averaged errors (m? s—2) in the background estimate and in the
analysis provided by the reduced-order 4DVAR data assimilation. Results for
the DAS-I experiments with POD and DWPOD spaces of dimension 5, 10, and
15.



Dual weighted POD in 4-D Var data assimilation

Conclusions

m Beneficial results for use with small dimensional bases in context
of adaptive order reduction as minimization approaches optimal
solution.

m Increase accuracy using DWPOD in representation of forecast
aspect by one order of magnitude

Dual weighted POD
in 4-D Var data
assimilation
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Proper orthogonal decomposition of structurally dominated turbulent flows

I Proper orthogonal decomposition of structurally dominated
Stefinescu turbulent flows

m The POD/Galerkin finite-element model (FEM) lacks stability
and spurious oscillations can degrade the reduced order solution
for flows with high Reynolds numbers.

m The instabilities commonly observed in the POD method are
due to the oscillations forming in the solutions as a result of
applying a standard Bubnov-Galerkin projection of the equations
onto the reduced order sapce.

m These oscillations feed into the nonlinear terms at moderate to
high Reynolds number resulting in unstable simulations.

Proper orthogonal
decomposition of .
structurally m We address one specific way for turbulence closure the

dominated turbulent

flows Petrov-Galerkin projection with ROM
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Proper orthogonal
decomposition of
structurally
dominated turbulent
flows

Proper orthogonal decomposition of structurally dominated turbulent flows

Proper orthogonal decomposition of structurally dominated

turbulent flows

The reason for the inadequate behavior of POD-Galerkin
truncation is that although the discarded POD modes
{®,11,..,Pq} do not contain a significant amount of kinetic
energy in the system, they do however have a significant role in
the dynamics of the reduced-order system.

Indeed, the interaction between the discarded POD modes
{®,11,..,Pg} and the POD modes retained in the ROM
{®4,..,9,} is essential for an accurate prediction of th dynamics
of the ROM.

This situation is similar to the traditional Fourier setting for
turbulence, in which the effect of the discard Fourier modes
needs to be modeled, i.e. one needs to solve the celebrated
closure problem.

This similarity is not surprising since in the limit of
homogeneous flows the POD basis reduces to the Fourier basis
(Holmes et al. 1996, 2012).
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Proper orthogonal decomposition of structurally dominated turbulent flows

Proper orthogonal decomposition of structurally dominated
turbulent flows

m It was recognized early that a simple Galerkin truncation of POD
basis will generally produce inaccurate results no matter that the
retained POD modes capture most of the system energy

m Various closure methods have been proposed.

m Basic work of Kunisch and Volkwein (1999,2002)

m Calibration methods Galetti (1986,1987)

m State calibration method and flow calibration method Couplet
e

dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Other methods

m Numerical stability enhancing closure models

m Sirisup and Karniadakis (2005) show that onset of divergence
from correct limit cycle depends on number of modes in the
Galerkin expansion, The Reynolds number and the flow geometry

m Replacing L2 inner product with the H' inner product Gradient
information is also incorporated in the POD modes

m Bergman et al (2009) used streamline upwind Petrov-Galerkin

method
Proper orthogonal m Closure models based on physical input (addition of eddy
decomposition of . .
el viscosity) by Aubry et al. 1988

dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin method

m Many stabilization methods involve optimization of many
parameters to achieve a required accuracy.

m Recently Carlberg et al (2011) introduced the Petrov Galerkin
method to control the stability of a 1-D nonlinear static problem

m The Petrov-Galerkin method offers a natural and easy way to
introduce a diffusion term into ROM without tuning
optimization.

Proper orthogonal
decomposition of
structurally
dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin method

m In Fang et al. (2012), a new Petrov-Galerkin method is used for
stabilization of reduced order modeling of a nonlinear hybrid
unstructured mesh applied to the Navier-Stokes equations.

m A mixed Pipg P> FEM pair (Cotter et al. 2009) which remains
LBB stable is introduced to further stabilize the numerical
oscillations.

m It consists of discontinuous linear elements for velocity and
continuous quadratic elements for pressure in the Navier-Stokes

Proper orthogonal equations.

decomposition of
structurally
dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

m The Petrov-Galerkin method is used to form a stable POD ROM
for nonlinear hybrid problems.

m At a given time step the discretization of the Navier-Stokes
equations has the form

AV = b, (15)
where

V=(UV,W,P)" U= (u,...,up...,un),

Proper orthogonal

decomposition of — ( . ) —_ ( . )
b V=_(vi,...,Viy...,vn)y, W= (wy,....,w,...,wWn
dominated turbulent

flows P=(p1,- -, Pis -, PN)

(N is the number of nodes in the computational domain).
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

m A modified system of equations (15) is written as
C'F AV =CTF b, (16)
in which for the least squares (LS) methods,
C=A

m The solution of (16) is the same as that of equation (15), but it
p—— is not the same when ROM is applied.

decomposition of
structurally
dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

.M. Navon, R
Stefdnescu

m F—the weighting matrix can be chosen to render the system of
equations dimensionally consistent and contains also the mass
matrix of system.

m The LS methods have dissipative properties but are not
generally conservative for coupled systems of equations.

m A common solution to divergence of ROM solutions is to add
diffusion terms to the equations and tune these diffusion terms
to best match the full forward solution.

m It seems natural to explore using the above Petrov-Galerkin
decompottion ot methodology to introduce diffusion into ROM’s and avoid this

structurally .
dominated turbulent tun|ng.

flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

m The matrix equation (15) can be converted into a reduced order
system spanned by a set of m POD basis functions
{®1,...,Pm} where each POD function is represented by a
vector of size A/ that represents the functions over the FEM
space.

m The POD functions are grouped into a matrix MPOP of size
N x M
MPOD — [y, ..., dp]

m Using this matrix, the reduced order system can now be
decsrmpontion of generated by operating directly on the discretised system given

structurally .
dominated turbulent by equat|0n (15)

flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

m The standard Galerkin is resulting in the ROM system,
MPOD T AMPODyPOD _ MPODT(b —AY), (17)

where WPOP are the reduced order solution coefficients, W is the
mean of the variables W over the time, and the relationship
between the POD variables and full solutions is given by,

W = MPOPT (yPOD ) (18)

Proper orthogonal
decomposition of
structurally
dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

m For LS methods, equation (17) is:

MPOD CTF lAMPODwPOD MPODTC F~ (b—A\Tj)
(19)

and using the non-linear Petrov-Galerkin methods one obtains:

MPOD (|+CTF I)AMPOD\UPOD MPOD (I—'—CTF—l)(b—A\_U),

(20)
Proper orthogonal or in a diffusion form:
decomposition of
structurally
:Z\r:vwsinated turbulent (MPOD TAMPOD + D)WPOD _ MPOD T(b _ A\TJ)
(21)
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

Proper orthogonal
decomposition of

structurally Fig.15 a mixed finite element P;pc P> pair for velocity and pressure (white one

dominated turbulent

flows for u nodes, black one for p nodes)
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

Example I: 2D-Navier-Stokes flow past a cylinder
Example Il: Gyre problem

Example I1l: Sod shock tube problem

Example IV: 2D Advection

Proper orthogonal
decomposition of
structurally
dominated turbulent
flows
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decomposition of
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dominated turbulent
flows
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM
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(c) POD/Petrov-Galerkin

November 27, 2012

Fig.16 Flow past a cylinder: Velocity solution from the full, POD/Galerkin and
POD/Petrov-Galerkin models using P1P; (t = 3.6, Re = 2000).
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Petrov-Galerkin ROM
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Fig.17 Flow past a cylinder: Velocity solution from the full, POD/Galerkin and
POD/Petrov-Galerkin models using P1P; at t = 2.4 and t =7 (Re = 3600).



Petrov-Galerkin ROM
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Fig.18 Comparison of velocity results between the full and Petrov-Galerkin
POD models at a point(near right side of the circle).



Petrov-Galerkin ROM
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Fig.19 Flow past a cylinder: solution of full model, POD/Galerkin and
POD /Petrov-Galerkin using PipgP> at t = 2.4 and t = 7 (Re = 3600)



Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM

-

velocity [m/s]

Proper orthogonal

decomposition of i
structurally

dominated turbulent

flows

Fig.20 The comparison of velocity solution at point (x=0.3,y=0.3) between
the Galerkin/POD model and Petrov-Galerkin/POD model using P1pcP>.
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM
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Fig.21 The correlation coefficient of the Galerkin/POD and
Petrov-Galerkin/POD models using a mixed finite element P,pc P> pair for
velocity and pressure.
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Petrov-Galerkin ROM
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Fig.22 Gyre: Comparison of the results between the full and POD models at
t =0.35 using PlDGpQ.



Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM
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Proper orthogonal decomposition of structurally dominated turbulent flows

Petrov-Galerkin ROM
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Fig.24 Correlation coefficient of Galerkin/POD model and
Petrov-Galerkin/POD model.
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Fig.25 The Sod shock tube problem: Comparison of the results obtained from
the POD and full model at time level t = 0.2 s (where 15 POD bases are used
to represent 95% of the original energy).
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Fig.26 The Sod shock tube problem: Comparison of the results obtained from
the POD and full model at time level t = 0.2 s (where 25 POD bases are used
to represent 99.4% of the original energy).



(a) Galerkin POD model at t = 0.2s  (b) Petrov-Galerkin POD model at t = 0.2s

(c) Full model at t =0.2s

Fig.27 2D 45° advection: Comparison of the results obtained from the POD
models and full model, where 15 POD bases are used, which represent 95% of
the original energy.



T T 1 T T T
0.007 0.998
0.006 \
=
o £0.996/- bt
0.005 g
= s
2 0.004 E
v 50994} .
0.003 K AN — Petrov-Galerkin POD model
0.002 3 0.992 N
0.001 E
1 1 Il Il Il
% 0.05 0.1 0.15 099 0.05 0.1 0.15
Time (s) Time (s)
(a) RMSE (10 POD base) (b) Correlation (10 POD bases)

Fig.28 2D 45° advection: RMSE and correlation coefficient of tracer results
between the POD and the full models



Trust Region POD 4-D VAR of the limited area FEM SWE

Limited - Area SWE

m The shallow - water equations model on a S—plane

0 0 0 0
u u u+_¢_

E—i—ua—l—v@ I fr=20

@—Fu@—kv@%—@—kfu—o
ot Ox dy Oy N

¢ 0¢ 0 du ov
ot " Vax TVay "% %9, =0

(x,y) €[0,L] % [0,D], t >0

where L and D are the dimensions of a rectangular domain of
Trust Region POD . . . .
4-D VAR of the integration, u and v are the velocity components in the x and y
limited area FEM

SWE axis respectively, ¢ = gh is the geopotential height, h is the
depth of the fluid and g is the acceleration of gravity.
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Trust Region POD 4-D VAR of the limited area FEM SWE

Limited - Area SWE

m The scalar function f is the Coriolis parameter.

. D of
f:f+ﬁ<y—§>,5:5;

m The 7 is the Coriolis frequency

f:)A’—i-B(y—g)

m The Coriolis parameter
f=2Qsin6

ot Resion POD is defined at a mean latitude 0y, where Q is the angular velocity
rust Region

4-D VAR of the of the earth’s rotation and @ is latitude.
limited area FEM

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Limited - Area SWE

m We impose initial conditions
w(x,y,0) = ¢(x,y), where state variables are

w = W(X7y7 t) = (U(X,_y, t)7 V(Xay7 t)7 (b(xaya t)) 1)
with periodic boundary conditions are assumed in the
x-direction:

w(0,y,t) = w(L,y,t)
whereas solid wall boundary condition are used in y-direction:

v(x,0,t) = v(x,D,t) = 0.

Trust Region POD
4-D VAR of the
limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

POD version of SWE

m To obtain a reduced model, we first employ a FEM scheme to
solve the PDE. Then we obtain an ensemble of snapshots and
use a Galerkin projection scheme of the model equations onto
the space spanned by the POD basis elements.

m A system of ODE is obtained as follows

do; M
_— = F ph i h t h
o y'+ ; i t ],

with i.c.

ai(o):<yh(x70)_.)_/h7wlh>:<y0_.)_/7¢i>A7 ’:17 X

Trust Region POD
4-D VAR of the
limited area FEM
SWE
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Trust Region POD
4-D VAR of the
limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Reduced order POD 4-D VAR

m We project the control variable on a basis of characteristic
vectors capturing most of the energy and main directions of
variability of the model, i.e. SVD.

m We then attempt to control the vector of initial conditions in the
reduced space model

1
JPoD (y(;voo) =3 (yévoo _yb)T B-! (yévoo _ yb) T
k=n
1
5 27 (%P = ) R (HiyfoP — )
k=0

B background error covariance matrix

R, observation error covariance matrix at time level k

Hy observation operator at time level k

y§OP vector of control variables (initial conditions) represented
by POD basis

m y/OP vector of variables obtained from the reduced-order model

at the time level k



Trust Region POD 4-D VAR of the limited area FEM SWE

Reduced order POD 4-D VAR

m The initial value y5'°P and the reduced-order model solution

yFOP can be expressed as

WP =g+ 1a:(O)¢;=Y+Wao
yEOP =y + 3oy ai (t9) vy = 7 + Way,

where U = {1/)1,1/)2, e ,z/JM} is an ensemble of POD basis.

Trust Region POD
4-D VAR of the
limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Reduced order POD 4-D VAR

m We can rewrite the reduced - order cost functional as follows
1 _ T .1/
JPOP () = > (y+\lla0—yb) B! (y+\|fa0—yb)+

k=n

(Hi (7 + Vo) — y2) T R (Hie (7 + Vo) — y¢)

N -
P
Il Il
o

m The reduced model can be written as
ax = ML (ag) , Yk

ak = MEOD, (ak—1) = MEOP (au—r) VK
and by recurrence

Trust Region POD

4-D VAR of the Qp = M/:OD ce IPODOéo, vk
limited area FEM

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Reduced order POD 4-D VAR

m The reduced-order cost functional JPOP (

two components

ap) can be divided into

POD _ ;POD,b POD,o
J =J] +J,

and more,

JSOD JPOD b + Z POD o

where JPOD ° = (Hy (7 + Vay) — y2)" dk and dj denotes the
normallzed departure’

Trust Region POD di = R (Hie (7 + Waw) — 7).

4-D VAR of the
limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Reduced order POD 4-D VAR

m Hence the gradient of the POD reduced-order cost functional
w.r.t. aq is written as

Vo dEOP =WTB™! (¥ + Wag — y°)
+37 (M5OP)T L (MEOP) T wTH] d
k=0

where (MPOP)T is the POD reduced-order adjoint model at
time step k.

Trust Region POD
4-D VAR of the
limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Pseudo - Algorithmic form

Initialize reduced-order adjoint variables o* at final time to zero:
ar =0

B For each step k — 1, adjoint variables aj_; are obtained by
adding reduced-order adjoint forcing term WTH[ dj to ajand
performing reduced-order adjoint integration by multiplying

T . T
result by (MEOP) ", ie. aj_; = (MEP)" (a; + WTH] dy)
At the end of recurrence, the value of adjoint variable of = 59,
yields the gradient of the observational cost functional

@ Compute
Vo JFOPP = WTB™! (y + Wag — y°)
obtaining

Trust Region POD. \v4 JPOD =V JPOD,b +V JPOD,o.
4-D VAR of the S lige? (&7 e aoa

limited area FEM

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Trust region POD optimal control approach

m The Trust - Region algorithm hooks direction of descent and
step-size simultaneously. It approximate a certain region, the
trust region (a sphere in R” of the objective function with a
quadratic model function

1
mi (p) = fic + VAT + EPTkav where

fu = f(xx), Vi = Vf (xx) and By is an approximation to the Hessian

m We seek a solution of

. 1
min my (p) =fi + VAT + EpTka
st [lpll < 0k,

Trust Region POD

4-D VAR of the 1 _ 1 1
& VAR of the where d; > 0 is the trust-region radius.

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Trust region POD optimal control approach

m The trust-region radius dx at each iteration is determined by
analyzing the following ratio
P f(Xk) — f(Xk + pk)
my (0) — mu (pk)

m If px <0, the new objective value is greater than the current
value so that the step must be rejected.

m If py is close to 1, there is good agreement between the
approximate model my and the object function f, over this step,
so it is safe to expand the trust region radius for the next
iteration

m If py is positive but not close to 1, we do not alter the trust
oo region radius, but if it is close to zero or negative, we shrink the

Trust Region . .

4D VAR of the trust region radius.

limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Trust region POD 4D-VAR algorithm |

Let0<m <m<1,0<v <792 <1< 73 and yéo), dg be given,
set k=0
Compute snapshot set Y2NV4P based on initial condition yék)

Compute the POD basis W(k) and build up the corresponding
POD based control model based on the initial condition

af’ = <yc§°) -7 W(°)>

Compute the minimizer s* of
min my (agk) + s) = JPob (aék) + s)

subject to ||s|| < o
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SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Trust region POD 4D-VAR algorithm 11

[ Compute the new J (}7 + wk-1) (a(()k) + sk)) of the full model
and

J(7+wDaf?) - (74 vk (of) 4 5))

my (a(()k)> — my (a(()k) + sk)

H Update the trust-region radius:

Pk =

m If px > 72 implement outer projection
Y — g kD) (agk) + sk> and increase trust-region radius
5k+1 = 735/( and GOTO 1

m If 1 < px < mp: implement outer iteration

yékﬂ) =y + wk-1) <agk) + sk> and decrease trust-region
Tt Region POD radius 0,11 = 720k and GOTO 1
it aren FEM mIf p < mp: oset yékH) = yék) and decrease trust-region radius

SWE

5k+1 = '715k and GOTO 3
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Flow-chart of Dual Weighted TR-POD

‘ Initial conditions ‘ ‘ Initial conditions ‘

4-{ Full adjoint to generate dual weights ‘ 4-{ Full adjoint to generate dual weights ‘

‘ Snapshots from full FEM SWE ‘ ‘ Dual weighted snapshots ‘
POD reduced-order FEM SWE | [ POD reduced-order modelling |
‘ POD reduced-order adjoint and gradient ‘ Trust region POD 4-D VAR ‘

Outer iteration cycle POD ueranoﬂ‘l

‘ Sub-optimal initial conditions ‘
!
‘ Optimal initial conditions ‘

‘ DW TRPOD 4-D VAR is completed ‘

Fig.29 1. adaptive POD reduced order model for dual - weighted snapshots of
the full model (left); 2. dual - weighted snapshots and TR-POD adaptivity.



Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

Wind field calculated from the field by
Contour of geopotential from 22000 to 18000 by 500
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Fig.30 Initial condition:(a) Geopotential field for the Grammeltvedt initial
st Region POD condition. (b) Wind field calculated from the geopotential field by the

4-D VAR of th . . .
ot e B geostrophic approximation.

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

m We employed linear piecewise polynomials on triangular
elements in the formulation of Galerkin finite-element
shallow-water equations model, in which the global matrix was
stored into a compact matrix.

m A time-extrapolated Crank-Nicholson time differencing scheme
was applied for integrating in time the system of ordinary
differential equations.

m The Galerkin finite-element boundary conditions were treated
using the approach suggested by Payne and Irons (1963) and
mentioned by Huebner (1975), i.e. modifying the diagonal terms
of the global matrix associated withthe nodal variables by
multiplying them by a large number, say 10%°, while the
corresponding term in the right-hand vector is replaced by the

N — specified boundary nodal variable multiplied by the same large

4-D VAR of th H H H
AR factor times the corresponding diagonal term.

SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

m We applied a 1% uniform random perturbations on the initial
conditions in order to provide twin-experiment “observations”.

m The data assimilation was carried on a 48 hours window using
the At = 1800s in time and a mesh of 30 x 24 grid points in
space with Ax = Ay = 200km.

m We generated 96 snapshots by integrating the full finite-element
shallow-water equations model forward in time, from which we
choose 10 POD bases for each of the u(x,y),v(x,y).and ¢(x,y)
to capture over 99.9% of the energy.

m The dimension of control variables vector for the reduced-order
4-D Var is 10 x 3 = 30.

Trust Region POD
4-D VAR of the
limited area FEM
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

m The Polak Ribiere nonlinear conjugate gradient (CG) technique
was employed for high-fidelity full model 4-D VAR and all
variants of ad-hoc POD 4-D Var, while the steepest-descent
strategy was used in the trust-region POD 4-D Var.

m In the ad-hoc POD 4-D Var, the POD bases are re-calculated
when the value of the cost function cannot be decreased by
more than 107! for ad-hoc POD 4-D Var and 10~2 for ad-hoc
DWPOD 4-D Var between the consecutive minimization
iterations.

® In the trust-region 4-D Var, the POD bases are re-calculated
when the ratio py is larger than the trust-region parameter 7; in
the process of updating the trust-region radius.

Trust Region POD

4-D VAR of the

limited area FEM
SWE
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Fig.31 Comparison of the performance of minimization of cost functional in
terms of number of iterations for ad-hoc POD 4-D Var, ad-hoc dual weighed
POD 4-D Var, trust-region POD 4-D Var, trust-region dual weighed POD 4-D
Var and the full model 4-D Var.



Trust Region POD 4-D VAR of the limited area FEM SWE

m To quantify the performance of the dual weighted trust-region
4-D Var, we use two metrics namely the root mean square error
(RMSE) and correlation of the difference between the POD
reduced-order simulation and high-fidelity model.

[ POD 4D Var | ADPOD | DWAHPOD | TRPOD | DWTRPOD | Full

Iterations 22 42 46 57 80
Outer projections 2 6 10 12 N/A
Error 1071 102 10> 108 1010
CPU time (s) 15.2 38.7 121.2 142.8 222.6

Table 1Comparison of iterations, outer projections, RMSE and

CPU time for ad-hoc POD 4-D Var, ad-hoc dual weighed POD

4-D Var, trust-region POD 4-D Var, trust-region dual weighed
POD 4-D Var and the full model 4-D Var.

m Next image depicts the errors between the retrieved initial
geopotential and true initial geopotential applying dual weighted
trust-region POD 4-D Var to the 5% uniform random

4D VARt the perturbations of the true initial conditions taken as initial guess.

limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

m The correlation coefficient r used to evaluate quality of the
inversion simulation is defined below

covi,
=
01072
where
Jj=N ) Jj=N 5
i T POD _ 77POD .
=3 (Uy-T)" o= (ULPP-TUPOD)", ij=1,...
j=1 =
=N
T POD _ [jPOD .
coviz2 = (U"J - UJ) (Ui,j - UPODj) y 1) = 1, cees N
=1
T with U; and UPOD; are the means over the simulation period
amR [0, T] obtained from the full model and ones obtained by

optimal POD reduced-order model at node j, respectively.
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Trust Region POD VAR of the limited area FEM SWE

Numerical Results

1.001 1.002

——— CORRELATION of geopotential before the DWTRPO ——— CORRELATION of velocity before the DWTRPO
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Fig.32 Comparison of the correlation between the full model and the ROM
before and after data assimilation applying dual weighted trust-region POD

Trust Region POD 4-D Var to the 5% uniform random perturbations of the true initial conditions

D VAR ofthe serving as initial guess: geopotential (left), wind field (right).
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

Geopotential after 4D-Var Velocity after 4D-Var

Full 4D~Var
UW ad-hoc POD 4D-Vaf

O Full 4D-Var
~0- UW ad-hoc POD 4D-Vaf
—%- DW ad-hoc POD 4D-Vaf
— - UW TRPOD 4D-Var -3
—+ DW TRPOD 4D-Var

DW ad-hoc POD 4D-Val
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DW TRPOD 4D-Var
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Fig.33 Comparison of the RMSE of between ad-hoc POD 4-D Var, ad-hoc dual
weighed POD 4-D Var, trust-region POD 4-D Var, trust-region dual weighed
ist Region POD POD 4-D Var and the full model 4-D Var: geopotential (left), wind field

4-D VAR of the

limited area FEM (right).
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

Numerical Results

Geopotential after 4D-Var Velocity after 4D-Var

Full 4D~Var
—0- UW ad-hoc POD 4D-Vaf
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Fig.34 Comparison of correlation between ad-hoc POD 4-D Var, ad-hoc dual
weighed POD 4-D Var, trust-region POD 4-D Var, trust-region dual weighed
ist Region POD POD 4-D Var and the full model 4-D Var: geopotential (left), wind field
e ares FEM (right).
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Trust Region POD 4-D VAR of the limited area FEM SWE

The Global SWE model

m Our intention here is to generalize the efficient state-of-the-art
POD implementation from the previous work on finite element
SWE on the limited area (FE-SWE) to global finite volume (FV)
SWE model with realistic initial conditions, i.e.,

m This methodology combines efficiently the snapshot selection in
the presence of data assimilation system by merging dual
weighting of snapshots with trust region POD techniques.

Trust Region POD
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Trust Region POD 4-D VAR of the limited area FEM SWE

The Global SWE model

m The global SWE model was discretized using a semi-lagrangian
finite volume scheme, which serves as the dynamical core in the
community atmosphere model (CAM), version 3.0, and its
operational version implemented at NCAR and NASA is known
as finite volume-general circulation model (FV-GCM).

m A two grid combination based on C-grid and D-grid is used for
advancing from time step t, to t, + At. In the first half of the
time step, advective winds (time centered winds on the C-grid:
(u*,v*)) are updated on the C-grid, and in the other half of the
time step, the prognostic variables (h, u, v) are updated on the
D-grid.
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Trust Region POD VAR of the limited area FEM SWE

st Region POD Fig.35 Isopleths of the geopotential height for the reference trajectory. The

D VAR ofthe configuration at the initial time specified from ERA-40 data sets

SWE

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 135 / 144



Trust Region POD VAR of the limited area FEM SWE

ust Region POD

4-D VAR of the Fig.36 Isopleths of the geopotential height for the reference trajectory. The

limited area FEM
SWE

.M. Navon, R. Stefinescu (Florida State University)

18-h forecast of the FV-SWE model
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Fig.37 Isopleths of the POD modes of dimension 1, 5 and 10 respectively
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Fig.38 Comparison of the performance of the iterative minimization process of
the scaled cost functional for unweighted ad-hoc POD 4-D Var, dual weighted
ad-hoc POD 4-D Var, unweighted trust-region POD 4-D Var, dual weighted

trust-region 4-D Var, and full model 4-D Var respectively.
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Fig.39 Isopleths(scaled by multiplying 1000) of the geopotential height for the
difference between the 18h-forecast using true initial conditions and the one
i 7elD using retrieved initial condition after DWTRPOD 4-D Var - DAS-I

limited area FEM
SWE
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Trust Region POD 4-D VAR of the limited area FEM SWE

The observations of height field only

m Suppose that only the geopotential field is observed but the
observations for the wind field are unavailable (i.e., the number
of observations is decreased from 144 x 72 x 3 X 6 to
144 x 72 x 6).

m We refer to this case by DAS-III(a), in which the initial
perturbed field is the same as the one used to start DAS-I.
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The observations of height field only

m Suppose that only the geopotential field is observed but the
observations for the wind field are unavailable (i.e., the number
of observations is decreased from 144 x 72 x 3 X 6 to
144 x 72 x 6).

m We refer to this case by DAS-III(a), in which the initial
perturbed field is the same as the one used to start DAS-I.
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The observations of height field only
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Fig.40 DAS-I11(a)(Observations of height field only): Comparison of the
performance of the iterative minimization process of the scaled cost functional

and the scaled norm of the gradient of the cost functional for unweighted
trust-region POD 4-D Var and full 4-D Var.



The observations of height field only

Fig.41 DAS-IlI(a): Isopleths(scaled by multiplying 1000) of the geopotential
height for the difference between the 18h-forecast using true initial conditions
and the one using retrieved initial condition after UWTRPOD 4-D Var.



Trust Region POD
4-D VAR of the
limited area FEM
SWE

.M. Navon, R. Stefinescu (Florida State University) November 27, 2012 144 / 144

Trust Region POD 4-D VAR of the limited area FEM SWE

Conclusions

m We compared several variants of POD 4-D Var, namely

unweighted ad-hoc POD 4-D Var, dual-weighed ad-hoc POD
4-D Var, unweighted trust-region POD 4-D Var and
dual-weighed trust-region POD 4-D Var, respectively.

We found that the ad-hoc POD 4-D Var version yielded the
least reduction of the cost functional compared with the
trust-region 4-D VAR . We assume that this result may be
attributed to lack of feedbacks from the high-fidelity model.

The trust-region POD 4-D Var version yielded a sizably better
reduction of the cost functional, due to inherent properties of
TRPOD allowing local minimizer of the full problem to be
attained by minimizing the TRPOD sub-problem. Thus
trust-region 4-D Var resulted in global convergence to the high
fidelity local minimum starting from any initial iterates.
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