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Abstract

We examine analytical and numerical aspects of optimal control problems for first-
order elliptic systems in three dimensions. The particular setting we use is that of div—
curl systems. After formulating some optimization problems, we prove the existence and
uniqueness of the optimal solution. We then demonstrate the existence of Lagrange
multipliers and derive an optimality system of partial differential equations from which
optimal controls and states may be deduced. We then define least-squares finite element
approximations of the solution of the optimality system and derive optimal estimates
for the error in these approximations. © 1999 Elsevier Science Inc. All rights reserved.
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1. Introduction

First-order elliptic systems arise in electromagnetics, fluid mechanics, and
many other applications areas. Optimal control and optimization problems
also arise in these connections. In this paper we study the latter type problem;
in order to keep the exposition simple, we consider the particular context of
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div—url systems in three dimensions. Most of what we present remains valid
for more general first-order elliptic systems in three dimensions.
We consider the first-order system

Veu=jf inQ : (1.1)
and

Vxu=g inQ (1.2)
along with either of the boundary conditions

un=0 onrl (1.3)
or

uxn=0 onT, (1.4)

where € is a bounded polyhedral domain in R* with Lipschitz continuous
boundary I', and n is the exterior unit normal vector on I'. The functions f and
g are assumed to satisfy the compatibility conditions

/fszO and V-g=0 inQ (1.5)
Q
if Eq. (1.3) is applied or

/fszO, V-g=0 inQ, and g-n=0 onrl (1.6)
Q

if Eq. (1.4) is applied.
Next, we introduce the functionals

/f(u,f)%/m—uf d9+.§/m2 dQ (17)
and -
Folug) =%/|u— U|2dg+g/4g|2 Q. (1.8)

The optimal control problems we consider are to seek a state variable # and a
control, either f or g as appropriate, such that one of the functionals (1.7) or
(1.8) is minimized subject to either (1.1), (1.2), (1.3), and (1.5) or (1.1), (1.2),
(1.4), and (1.6), where U is a given desired state. The real goal of optimization
is to minimize the first term appearing in the definitions (1.7) and (1.8) of the
functionals #, and ¢, respectively. The second terms are added to limit the
cost of control. The nonnegative penalty parameter 6 can be used to change the
relative importance of the two terms appearing in the definitions of the func-
tionals.
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Tte tincuonal ana’contral used’w tde qpuitazatian pradizms we dave wst
defined are but examples of the many possibilities that can be treated by
methods entirely simifar to the ones wsed in this paper.

1.1. Notation

IIn order to make precise some of the formal discussions of the previous
section, we introduce some function spaces and their norms, along with some

r1a

reladrel nowgiions: Tor beals seeY3.
For any nonnegative integer m. we define the Sobolev space H”(Q) by
H™(Q) = {p € [}(Q): D*p € L*(Q) for 0K |«| < m},
where D*p denoies the weak {or distributionaly partia) dervative and o 35 a

multi-index, |«| = Y, o;. Clearly, H°(Q) = L}(Q). We equip H"(Q) with the
norm

i/2
npumz{ > nD“pné} :

ool <m

The usual inner product associated with H™(Q) will be denoted by (.,.),,. We
will also make use of fractional order Sobolev spaces; see [1].
We will afso make use of the subspaces

L3(Q) = qeLZ(Q):/ngzo
Q
ang

Hy(Q)={y cH(Q):y=00nT}
For vector valued functions, we define the Sobolev space
H"(Q) = {wu; € H"(Q),i =1,2,3},

where » = {u,, 14,1}, and its associated norm by

3 1/2
lall,, = {Znu,»ni} :

Of special interest will be the subspaces
H\(Q)={ve H(Q):v-n| =0},
H)(Q) = {ve H(Q):vxn|, =0},

and

LY@ ={vel}(Q):v=Vqg+V xw Vg €H(Q),we H,(Q)}.
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All subspaces are equipped with the norms inherited from the underlying
spaces.

2. Solvability results and optimal control problems for first-order elliptic systems
2.1. General systems

The div—curl system which we study here is a special case of the more general
first-order system

£ (u) = Au, + Bu, + Cu, + Du, (2.1

where the coefficients 4 = (a;;), B = (by), C = (¢;) and D = (d;;) are given
2n x 2n matrices with C*(€2) entries, Q C R® is a bounded, simply connected
domain with piecewise continuously differentiable boundary I", and u is the
unknown 2n-vector.

The symbol ¢ of the system (2.1) is defined by

o(x,y,z,&,n,0) = 4+ B+ (C,

where ¢, 1, and { are real scalars. The system (2.1) is called elliptic in the sense

of Petrovski if the symbol ¢ is invertible for each nonzero vector (¢,7,(). In

this case, .Z(.) is also strongly elliptic in the sense of Agmon et al. [2].
Associated with the operator .#(.) is the boundary value problem

P(u) =Au, +Bu,+ Cu, + Du=f in Q, (2.2)

Ru=g onT, (2.3)
and

Aj(u)zaj, j:1,2,...,N, (24)

where N is the nullity of the problem (2.2), (2.3), R is a given » x 2n matrix, and
A;: B* — R are linear functionals which span the null space. N is finite
whenever (%, R) is regular elliptic, i.e., .Z is an elliptic operator and R satisfies
the complementing condition of Agmon et al., see [2]. The data fand g are
required to satisfy compatibility conditions that depend on properties of the
adjoint problem; see [3].

The following theorem summarizes the existence and uniqueness results for
the problem (2.2)-(2.4); see [2,3].

Theorem 2.1. Let A, B, C and R have smooth elements, and let Q be a bounded
domain in R® with smooth boundary I'. Let (£,R) be regular elliptic and let
A;(.),j=1,...,N, be bounded linear functionals on [H*(Q)|*" that are indepen-
dent on the null space of (¥, R), where N is the nullity. Then, for s = 1, there
exists a constant C depending only on Q and n such that
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Clll, <12l + o]

b

r+z_:l/1j('v)!<cllvlls Yo € [H(Q)". (2.5)

Further, let f € [H™Y(Q)]”" and g € [H*V2(D)]", for s > 1, be given functions
satisfying the required compatibility conditions. Then, (2.2)—(2.4) has a unique
solution u € [H*(Q)]™". Moreover, this solution satisfies the inequality (2.5).

We note that for s = 1, the above results are valid for a merely piecewise
smooth boundary.

2.2. Div—curl systems

Now, let us return to the specific example of the div—curl systems. In three
dimensions, consider the div—url operator

M () = (;XD (2.6)

Since u has three components while the operator .#(.) has four components, .#
cannot be an elliptic operator. An elliptic operator can be defined by intro-
ducing an auxiliary function p and extending the operator .#(.) in Eq. (2.6) to
the operator

2(;)= (v rusvp)

Along with this extension, the system (1.1), (1.2) is extended to

3(;) - (v xvu-:v;) - (9 n & @7

The boundary condition (1.3) is extended to

-G Y

see [4]. It is easily shown that the operator % is elliptic in the sense of Pet-
rovski, that the boundary operator R satisfies the complementing condition of
[2], and that the nullity of (#,R) is zero. Thus, we have that there exists a
constant C > 0 such that

é(llvlll +llgll) <NV - vlly + IV x v+ Vglly < C(livll, + llgll)
V(v,q) € H,(Q) x Hy (%) (2.9)

and, if f satisfies the first compatibility condition in Eq. (1.5), the system (2.7),
(2.8) has a unique solution (u,p) € H\(2) x H}(Q) and this solution satisfies
2.9).
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Writing out the system (2.7) and (2.8), we have that the system (1.1)-(1.3) is
extended to the system

Veu=f in, (2.10)

Vxu+Vp=g in £, (2.11)

u'n=0 onlr, (2.12)
and

p=0 onT. (2.13)

Note that the system (2.7), (2.8), or (2.10)-(2.13), is uniquely solvable for
any g € L?; only the data f need satisfy a compatibility condition. However, if
g satisfies the second compatibility condition in Eq. (1.5), then one finds from
Egs. (2.11) and (2.13) that

Ap=0 inQ and p=0 onTl

so that p = 0in Q. Thus, if V - g = 0in Q, the system (2.10)~(2.13) has a unique
solution (u,0) if an only if # is a solution of the system (1.1)-(1.3). (These
formal considerations can easily be made rigorous; see Section 3.) We em-
phasize that the introduction of the auxiliary variable p is done for purely
analysis reasons; when finite element approximations are considered, we shall
not need to add this variable.

For the problems (1.1), (1.2), and (1.4), we again introduce an auxiliary
function p and consider the extended system

V-u=f in Q (2.14)

Vxu+Vp=g inQ, (2.15)

uxn=0 onl, ' (2.16)
and

/de=0. (2.17)

Q

At first glance, this system seems to be overdetermined since the vector
boundary condition (2.16) involves three equations. However, these equations
are not independent; what we really mean by Eq. (2.16) is that the tangential
components of ¥ vanish on I'. The nullity of the system (2.14)-(2.16) is one and
the condition (2.17) guarantees that solutions of (2.14)«2.17) are uniquely
determined, i.e., in terms of the general first-order system (2.2)~(2.4), we have
N =1and 4,((u,p)) = [,pdQ.
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Again, it is easily shown that there exists a constant C > 0 such that

/qu

<Clvlly +llglly)  ¥(v.g) € H,(Q) x Hy(Q)  (2.18)

and, if f satisfies the first compatibility condition in Eq. (1.6), the system
(2.14)(2.17) has a unique solution (u,p) € H:(Q2) x H'(Q) N L2() and this
solution satisfies (2.18).

Once again, the system (2.14)~(2.17) is uniquely solvable for any g € L3;
only the data f need satisfy a compatibility condition. However, if g satisfies
the second and third compatibility conditions in Eq. (1.6), then one finds from
(2.15)+2.17) that

1
E(“”“l +1lglly) <V vllg + IV x v+ Vgl +

Ap=0 in Q, g%=0 on ', and /pd9=0
Q
so that again p=01in Q. Thus, if V- g=0in Q and g+ n =0 on I, the system
(2.14)(2.17) has a unique solution (x4, 0) if an only if # is a solution of the
system (1.1), (1.2), and (1.4). (Again, these formal considerations can easily be
made rigorous.) We again emphasize that the introduction of the auxiliary
variable p is done for purely analysis reasons.

2.3. Optimal control problems for augmented div—curl-grad systems
We consider four optimal control problems. In each case the compatibility
condition on the data discussed in Section 2.2 now appears as constraints on

the control variables.

Problem 2.2. Given a target function U, find the control f and the state
variables # and p such that the cost functional (1.7) is minimized subject to

Veu=f in®, (2.19)
Vxu+Vp=0 inQ, (2.20)
u'n=0 onTl, (2.21)
p=0 onTl, (2.22)

and
/f dQ =0. (2.23)
o
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Problem 2.3. Given a target function U, find the control g and the state
variables # and p such that the cost functional (1.8) is minimized subject to

V-u=0 ing, (2.24)

Vxu+Vp=g inQ, (2.25)

u-n=0 onT, (2.26)

p=0 onl, (2.27)
and

V:g=0 inQ (2.28)

Problem 2.4. Given a target function U, find the control f and the state
variables # and p such that the cost functional (1.7) is minimized subject to

Veu=f inQ, (2.29)
Vxu+Vp=0 in Q, (2.30)
uxn=0 onl, (2.31)
/p dQ = 0. (2.32)
7

Problem 2.5. Given a target function U, find the control g and the state
variables u and p such that the cost functional (1.8) is minimized subject to

Vou=0 in Q, (2.33)
Vxu+Vp=g in (2.34)
uxn=0 onT, (2.35)
/p dQ =0, (2.36)
Q

Veg=0 in@Q, (2.37)

and
g'n=0 onl. (2.38)

Without any essential additional difficulties, we could also treat problems
for which both f and g are simultaneously active as controls.
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3. The first optimal control problem and the existence of optimal solutions

In this section and in Sections 4 and 5, we treat in detail the first optimi-
zation problem of Section 2.3. Then, in Section 6, we briefly discuss the other
three optimization problems.

3.1. The first optimization problem

Let u € H)(2) and p € H}(Q) denote the state variables and let f € L*(Q)
denote the distributed control. The use of constrained spaces for # and p is
motivated by the constraints (2.21) and (2.22), respectively. The state and
control variables are also constrained to satisfy the system (2.19), (2.20), and
(2.23) which we recast into the weak form

/(V-u—f)z// d2 =0 vy e *(Q) (3.1)
Q

and
/(v Xu+Vp)-vd2=0 VveL(Q). (3.2)
Q

Clearly, if (u,p,f) satisfies Eqs. (2.19), (2.20) and (2.23), then Egs. (3.1) and
(3.2) hold. On the other hand, we see that since u € H(f2), the constraint (2.23)
is recovered from Eq. (3.1) by choosing y = constant. Furthermore, choosing
V=V-.u—fecl*Q) in Eq. (3.1) yields Eq.(2.19). Finally, choosing
v="Vp+V xuc L in Eq. (3.2) yields Eq. (2.20).

We can also make precise the derivation in Section 2.2 which showed that
p=0in Q. Indeed, we need only choose, in Eq. (3.2), v = Vr, where r is ar-
bitrary in H;(Q), so that v € Lﬁo. As a result, we conclude that

/Vp-VrdQ=0 Vr € Hy ()
2

so that p=0in Q.
With #,(.,.) given by Eq. (1.7), the admissibility set %4 is defined by
Uss = {(u,p,f) € H,(Q) x Hy(R) x L*(Q): £ ;(u, f) < o0

and (u,p, f) satisfies (3.1) and (3.2)}. Then, (&, 5, fle Uaq is called a (local)
optimal solution if there exists ¢ > 0 such that ¢ (&, /)< # (u,f) for all
(u,f) € Uqq satisfying

lu—all, + llp = Bll, +1lf — fllo <e
The optimal control problem can now be formulated as a constrained
minimization in a Hilbert space:
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min ¢ (u,f). (3.3)

(wpS)EWag

3.2. Existence and uniqueness of the optimal solution

Theorem 3.1, There exists a unique optimal solution (&,p,f) € Uaa.

Proof. We first note that #%,q is clearly not empty. Let (&®,p®, f®)) be a
minimizing sequence, i.e., (8, p®), £8)) € 9,4 for all k and satisfies

lim ff(u(k)vp(k)7f(k)) = inf jf(uapaf)

k—00 ("ﬁj)eq{ad

along with
/(V ¥ — P AR =0 Vg€ LXQ) (34)
0

and
/(vp(k) + V X u(k)) L) dQ =0 Vv € Lio(g)- (3'5)
]

Due to the explicit appearance of |f|l, in #,(&®,f®) and the definition of
WU a0, we deduce the {||f®|,} is uniformly bounded. Then, by (2.9), ||«®|, and
lp®]|, are also uniformly bounded. We may then extract subsequences such
that

O —7 inI¥Q),

u® — @ in HY(Q),

p¥ —p in Hy(Q),

u® — & in L*(Q)
for some (i1, p, f) € H-(Q) x H}(RQ) x L*(Q). The above last convergence result
follows from the compact embedding H'(2) ¢ L*(R). We may then easily pass
to the limit in Egs. (3.4) and (3.5) to determine that (&, g, 1} satisfies (3.1), (3.2).

Now, by the weak lower semi-continuity of # (., .), we conclude that (@, p, f)is
an optimal solution, i.e.,
Fea,p)= inf £ (u,p).
[@p)=  inf, #p)

Thus, we have shown that an optimal solution belonging to %,4 exists. Finally,
the uniqueness of the optimal solution follows from the convexity of the
functional and the linearity of the constraint equations. [
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4. The existence of Lagrange multipliers and an optimality system
4.1. Existence of Lagrange multipliers

In this section we wish to use the method of Lagrange multipliers to turn the
constrained optimization problem (3.3) into an unconstrained one.

Specializing an abstract theorem concerning the existence of Lagrange
multipliers for minimizations on Banach space [5], we obtain:

Theorem 4.1. Let V| and V3 be two Hilbert spaces, § a functional on V,, and % a
mapping from Vi to Va. Assume 14 is a solution of the following constrained
minimization problem:

find u € Vi that minimizes §(u) subject to 4(u) = 0.

Assume further that the following conditions are satisfied:
(A) # : Nbhd(it) C V| — R is Frechet-differentiable at i;
(B) % is continuously Frechet-differentiable at u;

(O ' (a): V| — V, is onto.
Then, there exists a p € (V)" such that

F(@o—(u%@wy=0 Voe . (4.1)
Proof. See [5], Theorem 43.19. O

Here, (.,.) denotes the duality pairing between ¥; and (J5)" and ¢'(iz)v and
&'(2)v denote the actions of #'(i) as an operator mapping v € V; into R and
%'(ii) as an operator mapping v € V] into V5, respectively.

We will fit our optimization problem (3.3) into the above abstract
framework. Let V; = H.(Q) x H}(Q) x L(Q) and ¥ =I1*(Q) x L2(Q). Let
% : 1} — ¥, denote the (generalized) constraint equations, i.e., %(u,p, f) =
(h,z) for (u,p.f) € V; and (h,z) € ¥, if and only if

/(V-u—f)n//dﬂz/hwdg Y € L3(9),
Q Q
and

/(V xu)+Vp-vdQ= /z-de vv € L2,(Q).
Q Q
Thus the constraint (3.1), (3.2) can be expressed as %(u, p, f) =0.
Given (u,p,f) € W, the operator 4'(u,p,f) € £(W,V;) may be defined
as follows: ¥'(u,p, f) - (w,r,g) (h,7) for {w,r,g) € V; and (h,Z)€ ¥, if and only
if
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/(V ‘w—glydQ = /ﬁ(// dQ vy e LX(Q) (4.2)
e o

and
/(wa+Vr)-de=f2'de Wy € L3 (Q). (4.3)
e 2

Conditions (A) and (B) in Theorem 4.1 are easily verified using the as-
sumptions on the functional and the linerity and continuity of the mapping .
Thus, we need only verify condition (C).

Lemma 4.2. Let (a,p,f) € H\(Q) x H}(Q) x L*(Q) be the solution of the
optimal control problem (3.3). Then, the operator 4 (i, p, f) from V| into V5 is
onto.

Proof. We first note that for (u,p, /) € Vj, the operator 4'(n, p, f) has closed
range since it is linear and continuous.

Assume that %' (i, p, f) is not onto. Then, the image of (&, p, f) is strictly
contained in ¥ and is closed, so that there exists a nonzero
(¥,¥) € ()" = LA(Q) x L2,(R) such that (¥, v), %' (&, p,/)-(w,r,g)} = 0 for all
(w,r,g) € I, i.e., using Egs. (4.2) and (4.3),

/(l//V'W-FV'(VXW)) d0 =0 vYwe H\(Q), (4.4)

/v-VrdQ:O vr e H(Q), (4.5)
and

/ YygdQ =0 Vgecl*(Q). (4.6)

From Eq. (4.6) we conclude that =0 a.e. in Q. Also, since v € L2, we
have that v = Vg + V x v for some g € H}(Q) and v € H}(Q). From Eq. (4.5)
we then have that

/(Vq+V>< 'v)-Vrdﬂz/Vq°VrdQ=0 Vr € Hj(Q)
Q Q
so that ¢ = 0 in Q. Finally, from Eq. (4.4) we have that

/(Vq+Vxv)-wadQ:/va-wadQ:O Yw e H\(Q)
Q Q
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so that V x v =0 in Q. Thus, v = 0 in Q. We have then shown that (v, ) =0
in L2,(Q) x LX) which contradicts the assumption that (v,¥) # 0. Thus,

G'(,p, f) is onto. [
4.2. The optimality system

In the setting of the optimization problem (3.3), we have that Eq. (4.1) is
equivalent to

/(qbV w4+ p-(Vxw)d2= /(u~ U)-wdQ vwe H,I,(Q), 4.7
Q

Q
/y-wdgzo Vr € H) (Q), (4.8)
Q
and
/(5f +¢)gd2 =0 Vge L*(Q), (4.9)

Q
where (¢, u) € (V2)" = L}(Q) x L%,(). Thus, the weak form of the optimality
system is given by the state equations (3.1) and (3.2), the adjoint or co-state
equations (4.7) and (4.8), and the optimality condition (4.9). Solutions of the
optimality system are solutions of the optimization problem (3.3), where we
have dropped the (.) notation to denote optimal solutions.
From Eq. (4.9), we find that the optimality condition is equivalent to

f= —%q& in ©, (4.10)

where this holds in an L?(£) sense. Integration by parts in the adjoint equations
(4.7) and (4.8) yields that, in the sense of distributions,

Veu=0 inQ, (4.11)

Vxp—V¢—u=-U in Q, (4.12)
and

uxn=90 onl. (4.13)

We have that Eqs. (4.11)-(4.13) hold in the sense of H'(Q) = (H(Q))",
(H)(Q))*, and H™'(I') = (H'*(I'))*, respectively. Finally, since f satisfies the
compatibility condition (2.23), we have, from Eq. (4.10) or by choosing
g=const in Eq. (4.9), that

/(15 dQ =0o. (4.14)

Q
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Since U is given in L*(Q) and u € H'(Q), we have that Egs. (4.11)(4.13)
also hold in the sense of L?(2), L*(Q), and H'*(I'), respectively.

We may use Eq. (4.10) to eliminate the control f from the optimality sys-
tem, i.e., we have, from Egs. (2.19) and (4.10) that

V'uz—%qﬁ in Q. (4.15)

Then, the optimality system is given, as a boundary value problem for a system
of differential equation, by Eqgs. (4.15), (2.20)~(2.22) and Egs. (4.11)(4.14).
Solving this system for (u, p, 4, ¢) yields the optimal solution # and Eq. (4.10)
can be used to then determine the optimal control f. Note that the optimal
solution for p satisfies p = 0 in Q; however, we have that ¢ # 0 in Q. In fact,
from Eqgs. (4.12) and (4.15) we have that

—A¢+§¢=—V-U in Q

along with Eq. (4.14). Even if V - U =0, this is not enough to conclude that
¢=0in Q.

4.3. Properties of solutions of the optimality system

We now examine the optimality system in the context of Section 2.1. the
optimality system is given by

V-u+%¢=0 in Q,

Vxu+Vp=0 in Q, (4.16)
u'n=0 onr,
p=0 onlr,
and
Vep=0 inQ,
Vxp—Vo—u=-U in Q,
auxn=0 onl, (4.17)
/d)szO
Q

This system of eight first-order differential equations in eight unknowns, along
with boundary conditions, can be shown to satisfy the hypotheses of Theorem
2.1 so that we have the following result.

Proposition 4.3. Let Q € R? be a bounded domain with smooth boundary T'. Then,
for all s = 1, there exists a constant C > 0 such that
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1
¢ Ul + gl + Ivll, + Nill,) < + IV xv+ Vel
s—1

IV vl + IV x v = VY — ol < Cl[oll, + llgll, + VIl + lwll,)
Y(v,q,v,¥) € H;(Q) x Hy(Q) x H}(Q) x H (Q) N L}(Q), (4.18)

where H,(Q) = H(Q)NH,(Q), Hy(Q) = H*(Q)NHXQ), and H(Q)=
H’(Q) N H}(Q). Furthermore, if U € H(Q), then the system (4.16) and
(4.17) has a unique solution (u,p,p, ) € Hi(Q) x Hy(Q) x H}(Q)
x H*(Q) N L(Q) and this solution satisfies

These results hold for Libschitz continuous boundaries if s=1or 2. O

1
\Y% v——gd)

In the above proposition, we have considered (4.16) and (4.17) as a coupled
system. More refined results can be obtained if we also examine these sepa-
rately. For example, suppose U is given in L*(Q). Since we then know that
¢ € H'(Q), we obtain from the system

V‘u+—(1§qb:0 in Q,

Vxu+Vp=0 inQ,

u'n=0 onl,

p=0 onlr,
that (u,p) € HX(Q) x H}(Q). This is typical in that, for smooth enough
boundary I' and data U, one can show that the smoothness of (u,p) is one
order higher than that for (g, ¢).

We have previously shown (see Section 3.1) that p = 0 in Q. In fact, we may

now eliminate p from the optimality system (4.16) and (4.17) from Proposition
4.3. Thus, we have the reduced optimality system

V-u+%¢=0 in Q, (4.19)

Vxu=0 in Q,
u-n=0 onrl,
and Eq. (4.17) for which the following result holds.

Theorem 4.4. Let Q@ € R® be a bounded domain with a Libschitz continuous
boundary I'. Then, there exists constants C, > 0 and C» > 0 such that
2

Callolf + vl + 11D <[V 0+ 36 417 ol +19 ol

+ IV x v =Wy — vl < Ci([lwlly + [Ivll, + ]l
Y(v,v,¥) € H.(Q) x H(2) x H'(Q) N L3(Q). (4.20)
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Let U € H ' (Q) for s = | or 2. Then, the system (4.19) and (4.17) has a unique

solution (u, p, §) € H(Q) N HX(Q) x H(Q) N H! (Q) x H(Q) N L3(Q). More-
over, for this solution there exists a constant C > 0 such that

lull; + 1ol + ¢l <CIUl,_ fors=1or2. (4.21)

Proof. The a priori estimate (4.20) follows from (4.18) with s= 1. The
remaining results also follow from Proposition 4.3 and the fact that p =0in Q
(see Section 3.1). O

5. Least-squares finite element approximations
5.1. The least-squares principle

We now apply a least-squares finite element method to out optimality sys-
tem. This method is based on reformulating Egs. (4.19) and (4.17) as a least-
squares problem. To this end we introduce the space

vV =H\Q)x H(Q) x H(2)NL}Q),
the functional

+ 11V x vllg + 1V - vllg
Q

H (v, v, ) :%{HV'v—I—%w

+|IVXV—V¢—U+ U“(Z)} V(”,V,w)EV’

and the minimization problem

(vTﬁgV A (v, v, ). (5.1
It is easily shown that the solution (u, g, ¢) of the optimality system (4.19) and
(4.17) is also the unique solution of the minimization problem (5.1), and
conversely.
Applying standard techniques from the calculus of variations, we can de-
duce the Euler-Lagrange equations for the minimization problem (5.1). These
are given by

B((u, 1, 9), (v,v,¥)) = F(v,v,¥) V(v,v,§) €V, (5.2)

where the bilinear form B(.,.) and linear functional F{(.) are given by



M.D. Gunzburger, H.-C. Lee | Appl. Math. Comput. 100 (1999) 49-70 65

BKMMWJ%W¢»=/(V'u—%)6%v—%)dQ

/qu VXU)dQ+/(V'ﬂ)(V'V)dQ
o

Q

+/V><y Vé—u) (Vxv—Vy—v)dQ
Q

Y, 4, @), (v,v, ) €

and
F((v,v,¥)) = —/U'(V xv—Vi—v)dQ V(v,v,¥) eV,
o

respectively.

One can easily verify that the bilinear form B(.,.) : ¥ x ¥ — R and linear
functional F(.) : ¥ — R are continuous, i.e., that there exist constants K| and
K; such that

|B((u’ i, ¢)a (vv v, w))l <K1 ”("’ H, d))]i,,“(v, v, l1’)“V
= Ki(llall; + all, + o)l + vl + 1wl
Vi, p, ), (v,v, ) €V
and
|F((0, v,y DI S Ks[[U ol (v, v, ), = K2l Ullp(llolly + Iivll,
+Ilh) Y(v,v ) er.
Note also that the bilinear form B(.,.) is symmetric, i.e.,
B(("? B ¢)7 (v’ v, 'p)) = B((”’ v, ¢)> (ua i, 4))) V(u, B, ¢)a ('U, v, 'p) ev.
Furthermore, from (4.20) we deduce that the bilinear form B(., .) is coercive on
V, i.e., that there exists a constant K3 > 0 such that

B((u, 1, 9), (u, 1, 9)) = Ksl|(w, m, $)Il} = Ks(llully + |1zl

+gll)* Y mg) eV
Thus, given Uc L*(Q), by the Lax-Milgram theorem (see[6]), we conclude that
there exist a unique solution (u, 4, ¢) € ¥V = H.(Q) x H}(Q) x H(Q) N L3(Q)
of Eq. (5.2); moreover, this solution satisfies Eq. (4.21) with s = 1.
Of course, the solution of Eq. (5.2) is also the unique solution of the opti-
mality system (4.19) and (4.17) and, along with p = 0, is therefore the solution
of the first optimization problem (3.3).

3.2, Finite element approximations

We choose finite dimensional subspaces ' C H!(),S! ¢ H)(2), and
St ¢ H'(Q) N L3(Q) parameterized by a parameter # that tends to zero. We let
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vh = 8" x Sf x Sh. We assume the following approximation property for the
space F": There exists ¥ = 1 such that, for some constant X,

inf (v, v,¥) — (@ V" Y],

[CRBSTI
— : _ A _ P 3 N
= (vh’vl},r,}/f)EV"(“v N+ v = v+l =)
<KW ([[vlle + [l + 191l
Vo v, ) € H(@) x HI@) x H'(@ L) (53

Approximations of the solutions of the optimality system are obtained by
solving the approximate problem

B((u", ', ¢*), (0" V', 4M) = F( V' ") V(o vh ) e 1. (5.4)
Note that Eq. (5.4) is the Euler-Lagrange equation for the finite-dimensional
minimization problem

min (v, v, ¢").
{vh vh e ph

Theorem 5.1. The problem (5.4) has a unique solution (u*, p", ") € V", Further,
let (u, p,\y) € V denote the solution of (5.2). Then,
H(uv”’ ¢) - (uh"‘ha¢h)1|V<C inf " Il(u,y, ¢) - (vh’vhvwh))”V (55)

(vh vh ey
and, if (u, p, ) € HY(Q) x HY(Q) x H¥(Q) N LY(Q) for some k = 1, then also

llae =, + [l = 11, + ¢ = &"ll, < KB (lal, + Nl + 1 @lle)- (5:6)

Proof. In Section 5.1 we saw that the bilinear form B(.,.) is continuous and
coercive over all of ¥ and the linear functional F(-) is continuous over all of V.
Thus, again by the Lax-Milgram theorem, the problem (5.4) has a unique
solution (&, u*, ¢*) € ¥* C V. Standard finite element analyses (see, e.g., [7])
then yield the error estimate (5.5) and the approximation property (5.3) then
yields (5.6). O

Corollary 5.2. Let the hypotheses of Theorem 5.1 hold. Let the approximate
control be defined by f* = —¢" /8. Then, there exists a constant K > 0 such that

If = £l < KRS (Jlall + el + Tl
Proof. The result follows from (4.10) and (5.6). O
Under certain circumstances, i.e., convex or smooth domains, duality ar-

guments can be used to obtain an estimate for the L?(€) norms of the errors of
the type
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e — "o+ e = dllg + N6 — D" Ml + ILF = 1l
<Kh(lu—a'|l, + =l + ¢ - ¢'ll,)
for some constant K.

5.3. Example: Piecewise linear finite element approximations

We subdivide a convex polyhedral domain Q € R® into a regular subdivision
7, consisting of T tetrahedrons £;,i = 1,...,T; see [7] for details. Then, if &,
denotes the diameter of the ith tetrahedron ;, we have that there exists a
constant 0 < K < co such that max, ¢;¢r b <K min ¢;<r#; and we may
choose /= max,¢;<r k. We let P(Q,) denote the space of polynomials of
degree less than equal to one, defined over the set ;.
We define the approximating spaces S c H)(Q), $" c H!(Q), and
Sy C H'(Q) NL3(Q) as follows:
S ={v" e H\(Q):v" = (v’l',vg,vg),vﬂgi € P (Q)
fori=1,...,T,j=1,23},
St = {v" € H/(Q):v" = (v}, 0, %), o, € P(Q)
fori=1,...,7,j=1,2,3},
and

S ={y" € H(Q)NL{(Q): '], € P(Q) fori=1,...,T}.

Then Eq. (5.3) holds with k = 2. Furthermore, if U € H'(Q) we have from
(4.21) that

[l + llull, + 161l < CI U,
and from (5.6) that

llw— |, + Nl = 6, + 119 — @11, < KR(llall, + llal, + )
Combining the last two results yields the optimal estimate

la = 1], + lli ~ 1}y + ¢ ~ $"Il, < CR U,
where (u, g, ) denotes the exact solution of the optimization problem and
(u",yh,l//h) denotes its piecewise linear finite element approximation. If we

define the approximate control by f* = —¢" /8, we have, since the exact control
f = —¢/$, that, for some constant C > 0,
f =l < Cal U,

Higher-order error estimates can be obtained using higher degree piece-
wise polynomial spaces, provided the exact optimal solution is sufficiently
smooth.
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6. The other optimal control problems

The treatment of Problems 2.3-2.5 of Section 2.3 proceeds in exactly the
same manner as that given in Sections 3-35 for Problem 2.2. One, of course, has
to use function spaces appropriate for each problem, but these are obvious
from the context. Thus, here we merely state the optimality systems for the
optimal control problems 2.3-2.5. For the sake of completeness, we also restate
the optimality system for Problem 2.2.

Problem 6.1. The optimality system for the optimal control problem 2.2 is

V'u—l—%d):() in Q,

Vxu+Vp=0 inQ, (6.1)
u-n=0 onl,
p=0 onl,
and
Vep=0 mQ,
Vxu~-Vé—u=-U inQ,
uxn=0 onl, (6.2)
/¢d9:0.
Q

Problem 6.2. The optimality system for the optimal control problem 2.3 is

Vu=0 1in Q,
1 .
qu+Vp+3;¢:0 in Q, (6.3)
u-n=0 onTr,
p=0 onl,
and
V-u=0 in Q,
Vxp—V¢—u=-U inQ,
uxn=0 onl, (6.4)

/(/)ds’l——-O.

Q
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Problem 6.3. The optimality system for the optimal control problem 2.4 is

V-u+%d)=0 in Q,

Vxu+Vp=0 inQ,

uxn=0 onT, (6.5)
/dezO,
Q
and
V-u=0 in Q,
Vxu—Vo—u=-U inQ,
#oVo-u (6.6)
u-n=0 onlr,
¢=0 onl.

Problem 6.4. The optimality system for the optimal control problem 2.5 is

V.u=0 in Q,
1 .
qu+Vp+5y=0 in £,
uxn=0 onl, (6.7)
/de:O,
Q
and

V-u=0 in Q,
Vxp—-Véo—u=-U in@Q,

poNp—u ' (6.8)
un=0 onl,
¢=0 onl.

We note that in each case p =0 in © and thus may be omitted from the
optimal control problems. For Eq. (6.3), this follows for the same reason as it
did for Eq. (6.1); see Section 3.1. For Egs. (6.5) and (6.7), the fact that p = 0 in
Q can be deduced as follows. For example, from the second equation in
Eq. (6.5), we have that Ap =0 in Q and dp/0n = —(V x u) - non I'. Since u x
n=0on I', we then have that dp/dn = 0 on I'. This, together with Ap = 0 in Q
and the last equation in Eq. (6.5) implies that p = 0 in Q. (These formal ar-
guments can easily be made rigorous.) Since in each case p =0 in 2, we may
omit p when we define approximate solutions, i.e., p need not enter into the
definition of the approximate problem.
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Note that, on the other hand, ¢ # 0 in general. In fact, in order for ¢ = 0 in
Q we need V- U =0 in Q for (6.5), (6.6), and (6.7), (6.8) and, for (6.1), (6.2)
and (6.3), (6.4), weneed V- U =0in Q and U - n = 0 on I'. If these conditions
on U hold, then the optimal control problems have the trivial solution # = 0 in
Q, i.e., the problems are uninteresting.
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